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CRITICAL VALUES AND P VALUES
OF BESSEL PROCESS
DISTRIBUTIONS: COMPUTATION
AND APPLICATION TO
STRUCTURAL BREAK TESTS

ARTURO ESTRELLA
Federal Reserve Bank of New York

The p values of structural break testghen the break date or dates are unknpwn
must be calculated in terms of the probability distributions of functions of Bessel
processesThe literature so far has maintained that direct computation of these
values and of the corresponding critical values is too difficult and has relied on
approximations based on simulatipasymptotic expansionsr curve fitting This

paper presents a fast simple method of calculating gxaatues and critical val-

ues and uses the method to evaluate the accuracy of the various approximations

1. INTRODUCTION

The last decade has seen a surge in the development of statistical tests for breaks
in time series modeJgarticularly when the exact break point is unknowor
example Andrews(1993 provides an extensive study of the properties of un-
known break point tests based on generalized method of mor(i@hs) es-
timation These tests correspond to the classical \Wékelihood ratiq and
Lagrange multiplier testsGhysels Guay and Hall (1997 have developed an
alternative testalso applicable to GMM estimatethat is based on the accu-
racy of predictions of the orthogonality conditions used in estima@a and
Perron(1998 and Bai(1999 present tests for multiple unknown break points
In contrast to tests of known break poifghich have asymptotic chi square
distributions the asymptotic distribution of unknown break point tests is re-
lated to less standard Bessel process distributibhese Bessel distributions
present several challenges for the applied researEbeinstancethere are no
closed-form expressions for the distribution functierhich makes it difficult
to computep values Moreover the distribution depends on two parameters
which makes it somewhat inconvenient to tabulate critical values
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BESSEL PROCESS DISTRIBUTIONS 1129

Thus the literature has generally deemed it too difficult to calculate egact
values and critical values and has relied almost exclusively on approximations
to the distribution function or to its inverse functiobhese approximations are
based on simulation@s in Andrews1993, asymptotic formulagbased on the
limit of the distribution function as the test value approaches infiraky in
DeLong 1981, and otherg and curve fitting(as in Hansen1997).

The main objectives of this paper are to show that it is actually quite feasible
to calculate the exact values of the asymptotic distribution function and to ex-
amine the accuracy of the approximations that have been employed in the past
The computational method suggested is easily programmed using existing sta-
tistical packagesbe it as a subroutine or as a feature of the package.itself

Of course a compelling case for the calculation of exact values would make
the use of approximations less relevant going forwérié nevertheless impor-
tant to gauge the accuracy of the approximatjdnesause the literature already
contains many applications and it is useful to know whether existing results
would be affected by the substitution of approximations for exact values

The following section describes the Bessel process distribution and the role
it plays in tests for unknown break pointSection 3 then considers the calcu-
lation of exactp values and critical values and presents exact results analogous
to those of Andrew$1993, which are based on simulatiarSections 4 and 5
deal with the asymptotic and Hansen approximatioespectively and with
the accuracy of those approximatiosection 6 conclude$roofs of the prop-
ositions are found in the Appendix

2. THE USE OF BESSEL PROCESS DISTRIBUTIONS
IN BREAK TESTING

2.1. Tests for a Single Unknown Break Point

Suppose that the model to be tested is indexed by a vector of parartigters
wheret is an index of timeThe subscript indicates that the value of the param-
eter vector may change from period to peridéhe null hypothesis is that the
parameters are constant throughout the santipé is

H0:0t=90, t:1,2,...,T. (1)

The alternative is that the parameter vector changes at a propertufnthe
sample that is at time T:

0,(m), t=1,...,Tw
a0y =

0,(), t=Tw+1,...,T. )

To perform this testAndrews(1993 discusses GMM analogues of the three
classical testswWald, likelihood ratig and Lagrange multiplieThe exact form
of the statistics may be found in that papkike their classical counterparts
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these statistics are distributed asymptotically as chi squared when the break
point parameterr is known If 77 is unknown but is suspected to lie in a proper
subset of the unit intervathe break point may be estimated by locating the
value of7 that corresponds to the strongest indication of a hréwk is to the
largest value of one of the three statistidadrews and Plobergdid984) also
consider statistics based on the average or exponential average value of the
break statistic over a subset of the unit intervalthis paperwe focus on the
tests based on the supremum of the statistiuch are widely used and have a
direct intuitive interpretation

Thus letIT = [ 74, 7> ] be a closed interval contained (@,1) and letSbe the
set of observations from= [7,T]tot = [7,T], where[ -] denotes rounding
to the nearest integgthat is S= {t|[7,T] =t = [#,T]}. Consider the supre-
mum of the Wald'W), likelihood ratio(LR), or Lagrange multiplieLM ) sta-
tistic from among the values computed at every poinsand let{ denote one
of supsW, supsLR, or sug;LM. Andrews(1993 shows thatunder certain reg-
ularity conditions the distribution of{ is a function of multivariate Brownian
motion which may be constructed as follows

Let B,(-) be ap-dimensional vector of independent Brownian motiohisen
IBp()| = (By()'By(m))? is the Bessel process of ordprand BB,(7) =
Bo(m) — wBy(1), known as a Brownian bridgéf By(-) is defined or{0,1] and
restricted tdll, then

(Bp(ﬂ-) - 77-Bp(:l-))’(Bp(ﬂ-) - 77-Bp(j—))
m(l— )

Qp(77') =

P (BBy(7);)?
-5 ©

1 V(BB (7))

is the square of the standardized tied-down Bessel process ofmrder

When one of the GMM break tests is performed with a known value,of
the asymptotic distribution of the test statistic correspondSgr), which in
that case has ag distribution as demonstrated by Andrews and Fdif88.
However when 7 is unknown and is estimated by locating the supremum of
one of the test statisticAndrews(1993 shows that the relevant distribution is

B
P({>c)= P(squp(w) > c> = P( sup | Splij)” > cl/2>, (4)

1<s<A

where A = 7,(1 — 74)/m1(1 — 7,). Note that the probability depends an
and m,, not individually but only throughA. Note also that whenr; = 1 —
7o = o, then = ((1 — mq)/mo)2. The interpretation of equatio@d) is that the
distribution of the supremum of the tied-down Bessel process is equivalent to
the distribution of the supremum of the standard Bessel process exceeding a
square-root boundaryhich has been studied by DelLo081).

In addition to Andrews(1993, other papers have used Bessel process
distributions to test for single unknown breaks in modémong these are
Siegmund(1986 for a single parametedamesJamesand Siegmund1987)
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for multiple parametersand Akman and Raftery1986 for a single Poisson
parameter

Ghysels et al(1997) introduce a test for multiple parametgwghich is based
on estimating the model by GMM over a portion of the sample and predicting
the value of the GMM orthogonality conditions over the remaining portion
When the model is just-identifiedheir statistic measures the distance of the
orthogonality conditions from zeyrovhich would hold if the model fit per-
fectly over the remaining portion of the sampla this casethe asymptotic
distribution of the statistic is the same as in Andred/893.

2.2. Tests for Multiple Breakpoints

Some tests for multiple break points also use the Bessel process distribution
from equation(4). For instanceBai (1999 constructs a LR test fom + 1
breaks under the null aih breaks Let 0 < ¢, < -+ < ¢, < 1 be the pro-
portions of the sample representing tieebreak points estimated under the
null, with ¢; — ¢;_1 > 7o for some small valuer,. Define alson; = 7o/
(i — @i_1), i =1,...,m+ 1 where we takep, = 0 andg,1 = 1.

The LR test is obtained by estimating+ 1 break points and comparing the
likelihood to them break likelihood In this casethe distribution of the LR is
asymptotically

m+1

P(LR>C)=1—H<1—P< sup Qp(ﬂ')>c>>. (5)

i=1 €[, 1-n;]

Thus p values for LR may be computed by repeated application of the formula
for p values in the single-break case

Bai and Perron1998 also use the Bessel process distribution in tests for
multiple break pointsThey develop two types of testsne for no breaks va
fixed numberk of breaks and the other a sequential testmiors. m + 1 breaks
In the formey the asymptotic distribution is the Bessel process wken 1,
whereas in the sequential tete asymptotic distribution is given by repeated
application of the Bessel process in Bai(1999.

2.3. Other Statistical Applications

Bessel process distributions are also useful in statistical applications other than
structural break test$-or instanceAnderson and Darling1952 construct a
variant of the Kolmogorov—Smirnov test for goodness of iilhose distribu-

tion is given by the Bessel processiegmund(1985 is a comprehensive sur-

vey of sequential analysis testeveral of which are asymptotically distributed

as the Bessel procesBor instancea repeated significance test for nonzero
drift in Brownian motionW(t) is based on the first time thaw/(t)| = byt
within a time intervalmy = t = m. Its distribution is essentially the same

https://doi.org/10.1017/50266466603196107 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603196107

1132 ARTURO ESTRELLA

as(4). Siegmund(1986 contains a more detailed summary of these and other
applications

3. EXACT P VALUES AND CRITICAL VALUES
3.1. Delong’s Exact Formula

Equation(4) in the previous section presents two equivalent formulations for
the asymptotic distribution of the supremum-based break, tesésin terms of
the standardized tied-down Bessel process and one in terms of the Bessel pro-
cess itselfln an important and influential papddeLong(1981) gives an exact
expression for the Bessel process formulatighich involves the crossing of a
square-root boundaryirtually all the numerical applications of the Bessel pro-
cess to break testing because 1981 correspond to approximations of DelLong’s
formula

The reason for the use of approximations is the generally perceived intracta-
bility of the expression of DeLon@l981J). In this sectionwe examine the ex-
pression and provide some results that simplify its calculatdith these resulis
we argue that the calculation is in fact fairly quick and simple and that there is
little reason to resort to approximatians

To state DeLong’s expressipiet M(a, b, z) be the confluent hypergeometric
function

z (@) z

M(ab,z) = >

& D)k ©)

where(a)y=a(a+1)...(a+ k—1) is the Pochhammer symhalith (a); = 1.
The infinite series converges as longkds not a negative integdret M (a, b, z)
be the partial derivative of this function with respect to its first argumbet
Long (1981 shows that

P({>c)= P(lilSLpAH Bp(s)| > cl/zsl/2> =1- é a; AP, (7)
wherep; is thejth root of M(3 + p/2,p/2,—¢/2) as a function of3 > 0,
exp(—c/2)(c/2)P2M(B; + p/2,p/2 + 1,—¢/2)
L(p/2+1)BMy(Bi +p/2,p/2,—¢/2)

a; =

andI'(-) is the gamma functian

Computationallythe only real challenge in this formula is the identification
of the rootsB;. Once these values are knomthe infinite sums in(6) and(7)
converge quicklyand their computation to any desired degree of accuracy is
straightforward Let us therefore focus on the calculation of the rogtsThe
main problem is that there is an infinity @, and there is no known closed-
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form expression for these valudsowever given a relatively close first approx-
imatiAon,éj, Newton’s method may be used to compgfeccuratelyThus how
cang; be obtained?

DelLong (1981 provides an asymptotic approximatidas approaches in-
finity) that is very accurate for large values jofand fairly accurate even for
smallj, unless the number of parametgrss large Thus

2

“—77—(' §+E> Piow 8
A=5c\72%4) "4 ‘ ®
Newton’s method could be applied using this value as an initial guess

(Bj(o) = ,éj). If ,BJ-(”) is thenth guessthen + 1 approximation is given by

 M(B" +p/2,p/2+1-¢/2)
My(B™ + p/2,p/2,~¢/2)

The derivativeM; may be computed analytically or numericalandg;
erally converges tg; quickly. A

The problem with this method is th@t is not always sufficiently accurate
particularly if the value ofp is large In such casesNewton’s method may
converge to the wrong;. A more reliable methadhough computationally some-
what more costlyis to perform a grid search to identify the approximate loca-
tion of eachB; and then to apply Newton’s method using each approximate
location as an initial approximatioBecause of its reliabilityan optimally con-
structed grid search is the preferable method

Thus consider a grid foi3 based on an increment of side> 0 and look
successively amM(né + p/2,p/2,—c¢/2), n = 0,1,... until a change of sign is
detectedIf the sign changes fg8 betweemé and(n + 1)5, Newton's method
may be used locally to compute the z&rbhe initial guess is based on a linear
interpolation of the functio™ betweems and(n + 1)8. The value of6 must
be chosen to be small enough so that the fineness ohdhgrid is able to
detect all zerasHowever the smaller thej, the longer the program takes to
execute We present a few results that suggest #hat 1 is optimal Smaller
values are more costly and offer no additional informatiwhereas larger val-
ues may not identify some of the roots

(n+1) _ H(n
B =5

(9)

™ gen-

PROPOSITION 1 Let m,= M(n+ b,b,z) forn=0,1,.... Then ;g = exp(2),
my = ((b + 2)/b)mo, and My, = (2+ (z—b)/(n+ b)) m, + (b/(n+b) —1)m,_,
forn=1.

PROPOSITION 2 Letg; and ;,, be two consecutive roots of (8 + p/2,
p/2,—c/2) as a function of3 > 0. Then|Bj+1 — Bj| = Bj+1— B; > 1.

PROPOSITION 3 MUB, + p/2,p/2+1,-6/2) < 0, so thata; A A > 0
) o
My(B; + p/2,p/2,—¢/2) !

for all j.
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Proposition 2 implies that we can take= 1 with no danger of missing any
of the rootsg;. Any interval one unit long contains at most one raatd this
root is more than one unit away from the nearest rodtsreover to speed up
the grid searchwe may use the recursive formula in Proposition 1 and obviate
the need to evaluatel at every pointn = 0,1,.... Once a change is detected
specifically whenm,,,;m, = 0, we can find a root in the intervdim,, m,.]
using Newton's methadrhe initial guess is determined by linear interpolation
in this interval

This process may be used to continue identifying roots until the number of
terms in the infinite sum irf7) is sufficient to obtain the desired level of accu-
racy Proposition 3 implies that all the terms {i@) are positive and one may
stop when the last term computed is smaller than some positive tolerance level

3.2. Numerical Results

To check the accuracy of the computational method described previdhsly
method was used to replicate the relevant tables in Del(®8§1). DelLong’s
Table I (first four panel$ contains probabilities that correspond to the applica-
tion of (7) to 1,500 combinations of the parametgssa, and c. The method
was applied with tolerance levels that provide accuracy to at least the four dec-
imal places given by DeLong he results matched DelLong’s exactly in more
than 98% of cases

In cases where the results diff@elong’s figure was always slightly lower
suggesting perhaps the inclusion of fewer terms from expreg3io(tbecause
all are positive by Proposition)3Most differences were very minonowever
only 0.0001 A few larger differences were found only in cases in whick 1
andc = 1. These differences were all less tha@@2 and in most instances
were much smalleAs a robustness check in light of these puzzling discrepan-
cies the method of Section.B was applied witlp =1 andc =1 + ¢, for small
values ofe. The same results as with= 1 were obtained

DeLong’s Table Il presents critical valuesto two decimal placescorre-
sponding to various combinatiori875 altogetherof the parameterp and A.
This table was replicated by inverting the numerical probability function of
Section 31, using another application of Newton’s methddhe results of De-
Long’s Table Il were matched exactly

Finally, the method was used with the same tolerance level to recalculate
Table 1 of critical values in Andrew& 993, which is widely cited as a refer-
ence in both the theoretical and applied literatutesact results are presented
here in Table 1Note that following Andrews (1993, these results are tabu-
lated according targ, the proportion of data points dropped at either end of the
sample rather thamy, as given in equatiod). Andrews calculates his figures
by stochastic simulation of the Bessel process over the unit intéfliabe sim-
ulation results are subject to discretization bias and to sampling &risuret-
ization bias results because continuous Brownian motion is approximated using
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a large but finite number of normal distributions over small disjoint intervals
This bias is notoriously difficult to eliminateeven when using very small
intervals

Andrews(1993 splits the unit interval into 00 segmentsand yet his crit-
ical values tend to be a bit Igunost likely as a result of discretizatiom most
cases howevey the approximations are reasonably cloE&ceptions are the
values forp = 8, which are particularly low for no obvious reasgfndrews
(2003 provides a revised table based on a larger number of simulation itera-
tions The entries forp = 8 are no longer outlieysand the sampling error is
reduced However some discretization bias remains

Discretization does not necessarily lead to less accurate relsettause the
timing of observations in a finite sample maps to a discrete set of points in the
unit interval rather than the infinity of points corresponding to the asymptotic
theory However use of the exact asymptotic distribution seems preferable in
most applicationsOne important reason is that simple discretization assumes
that increments are independent and normally distripuae@sult that derives
from the application of central limit theoren{as in Andrews 1993 Theo-
rem 1 in the asymptotic casé@ssuming independence and normality directly
in finite samples is possible but is much more restrictive than the typical as-
sumptions of the asymptotic GMM approach

4. ASYMPTOTIC APPROXIMATION
4.1. Approximate Probability for Large ¢

Because DelLong’s formula has been considered intragtaat@us research-
ers have proposed using an asymptotic approximation to the formhlah is
accurate wher is large In fact, DeLong (1981 himself derives such an ap-
proximation though special cases had been known earlibe approximation
is based on an expansion of the probability from equat#nn terms of pow-
ers ofc. Specifically

P< sup [B,(s)| > 01/251/2>

1<s<A

T A P2
_F(p/2)<20> e Y2 <Iog(A)<1 C>+C+O(c 2)). (10)

The asymptotic approximation is obtained by ignoring the t€te~?) in
(10), resulting in a closed-form expression as a function of the argunpents
andc. Dirkse (1975 studies essentially the same distribution but with the Bessel
process constructed from univariate Brownian motign= 1). He does not
derive an expression for the exact probability but proceeds directly to the cal-
culation of the asymptotic approximatiowhich matcheq10) exactly (with
p=1).2
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TasLE 1. Exact asymptotic critical values, such thatP(sup,cn Qy(7) > ¢,) = @, a = 0.1, 0.05, 0.01

p=1 p=2 p=3 p=4 p=5
o A 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.50 100 271 384 663 461 599 921 625 7.81 1134 7.78 949 1328 924 1107 1509
0.49 108 346 473 77 558 7.09 1053 7.38 906 1281 903 1085 1485 1059 1254 1676
0.48 117 378 509 822 598 7.53 1105 7.83 955 1337 953 1139 1546 1114 1312 1740
0.47 127 403 537 855 628 7.86 1143 818 992 1379 991 1179 1590 1155 1355 1787
0.45 149 441 580 906 676 837 1201 872 1049 1442 1050 1241 1657 1218 1421 1858
0.40 225 511 657 994 7.60 927 1300 967 1149 1548 1154 1348 1771 1329 1535 1977
0.35 345 564 714 1057 823 993 1370 1037 1221 1624 1229 1426 1850 1410 1617 2061
0.30 544 609 761 1109 876 1047 1427 1095 1280 1685 1292 1489 1914 1476 1684 2128
0.25 900 650 804 1155 923 1096 1477 1147 1333 17.38 1348 1545 1970 1536 1742 2186
0.20 1600 690 845 1197 969 1141 1523 1196 1382 1787 1401 1597 2022 1591 1798 2240
0.15 3211 7.30 886 1240 1014 1187 1569 1246 1431 1836 1454 1650 2073 1647 1852 2293
0.10 8100 774 931 1286 1064 1237 1619 1300 1485 1888 1511 1706 2128 1707 1912 2350
0.05 36100 831 990 1345 1128 1301 1682 1369 1553 1955 1584 1778 2197 1784 1987 2421
p==6 p=7 p=28 p=9 p=10
o A 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.50 100 1064 1259 1681 1202 1407 1848 1336 1551 2009 1468 1692 2167 1599 1831 2321
0.49 108 1210 1415 1858 1356 1571 2032 1498 1723 2201 1638 1872 2366 1775 2018 2527
0.48 117 1268 1477 1925 1417 1636 2103 1563 1791 2274 1705 1942 2442 1846 2091 2605
0.47 127 1312 1522 1974 1463 1684 2154 1611 1841 2328 1756 1994 2497 1898 2145 2662
0.45 149 1379 1592 2048 1534 1757 2231 1685 1917 2408 1833 2074 2580 1978 2227 2747
0.40 225 1496 1712 2173 1657 1883 2360 1814 2048 2541 1967 2209 2717 2117 2367 2889
0.35 345 1581 1798 2260 1747 1972 2450 1907 2141 2634 2064 2306 2813 2218 2467 2987
0.30 544 1652 1868 2329 1820 2045 2522 1984 2217 2709 2143 2384 2889 2299 2547 3066
0.25 900 1714 1930 2390 1885 2109 2585 2051 2283 2773 2213 2452 2955 2371 2618 3133
0.20 1600 1772 1987 2445 1946 2169 2642 2114 2345 2832 2278 2516 3016 2439 2683 3196
0.15 3211 1830 2044 2500 2007 2228 2699 2177 2406 2890 2343 2879 3076 2506 2748 3257
0.10 8100 1894 2106 2559 2072 2292 2759 2245 2472 2953 2414 2647 3140 2578 2818 3322
0.05 36100 1974 2184 2633 2155 2373 2836 2331 2555 3031 2502 2732 3220 2669 2905 3404
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p=11 p=12 p=13 p=14 p=15
o A 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.50 100 1728 1968 2472 1855 2103 2622 1981 2236 2769 2106 2368 2914 2231 2500 3058
0.49 108 1911 2161 2685 2045 2303 2841 2177 2442 2994 2309 2580 3145 2439 2717 3294
0.48 117 1984 2237 2765 2120 2380 2923 2255 2522 3078 2388 2663 3231 2521 2801 3382
0.47 127 2038 2292 2824 2176 2438 2983 2313 2582 3140 2448 2723 3294 2582 2864 3447
0.45 149 2121 2377 2912 2262 2525 3073 2401 2671 3232 2539 2816 3388 2675 2958 3543
0.40 225 2265 2522 3057 2410 2674 3222 2553 2824 3384 2695 2972 3544 2835 3118 3702
0.35 345 2368 2624 3158 2517 2779 3325 2663 2932 3490 2807 3082 3652 2950 3231 3812
0.30 544 2453 2707 3238 2603 2864 3407 2752 3019 3574 2898 3172 3737 3043 3322 3899
0.25 900 2527 2780 3307 2679 2939 3478 2830 3095 3646 2978 3249 3811 3125 3402 3974
0.20 1600 2596 2847 3371 2751 3007 3543 2903 3166 3712 3053 3321 3879 3201 3475 4043
0.15 3211 2665 2913 3434 2821 3076 3607 2975 3235 3777 3127 3393 3945 3277 3548 4110
0.10 8100 2739 2985 3501 2897 3149 3675 3053 3310 3847 3207 3469 4016 3358 3626 4182
0.05 36100 2832 3074 3584 2993 3240 3761 3151 3404 3934 3306 3564 4104 3460 3723 4272
p=16 p=17 p=18 p=19 p=20
o A 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
0.50 100 2354 2630 3200 2477 2759 3341 2599 2887 3481 2720 3014 3619 2841 3141 3757
0.49 108 2568 2853 3441 2696 2987 3587 2823 3120 3732 2949 3253 3875 3075 3384 4017
0.48 117 2652 2939 3532 2782 3075 3679 2911 3211 3826 3039 3345 3971 3167 3478 4115
0.47 127 2714 3003 3597 2846 3141 3746 2977 3277 3894 3106 3413 4041 3235 3547 4186
0.45 149 2810 3099 3696 2944 3239 3847 3076 3378 3996 3208 3515 4144 3339 3652 4291
0.40 225 2974 3263 3858 3111 3406 4Q12 3248 3548 4164 3383 3689 4315 3518 3829 4465
0.35 345 3091 3378 3970 3231 3524 4126 3370 3668 4280 3508 3811 4433 3645 3953 4585
0.30 544 3187 3471 4058 3329 3619 4216 3470 3765 4372 3609 3910 4526 3748 4053 4679
0.25 900 3270 3552 4135 3414 3701 4294 3557 3849 4451 3698 3995 4606 3838 4140 4760
0.20 1600 3348 3627 4205 3493 3778 4365 3637 3927 4523 3780 4074 4680 3922 4220 4835
0.15 3211 3425 3701 4273 3572 3853 4435 3717 4003 4594 3861 4152 4752 4004 4299 4908
0.10 8100 3508 3780 4347 3656 3934 4509 3803 4085 4669 3949 4235 4828 4093 4384 4985
0.05 36100 3612 3880 4438 3762 4034 4602 3911 4188 4764 4058 4339 4924 4204 4490 5082
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4.2. Accuracy of Asymptotic Approximation

To gauge the accuracy of the asymptotic approximatiea perform the fol-
lowing experimentFirst, using the exact distribution for a given set of param-
eter valueswe obtain the critical value corresponding to a significance lavel
wherea is 10 5, or 1% Then we apply the approximation formula to the crit-
ical value The more accurate the approximatidghe closer the resulting ap-
proximatep value will be toa. The first part of Table 2 provides results for
selected values qf ranging from 1 to 20 and for selected valuesmgfranging
from 0.05 to Q45. These ranges are likely to be representative of values en-
countered in practice

As the table indicategesults formry, = 0.05 and 015 are quite accurate for
all three significance levelparticularly fora = 0.01. This pattern is explained
by the assumptions underlying the asymptotic approximatwimich corre-
spond to low values of both andm,. To see thisnote that in DeLong’s deri-
vation he makes the assumption thats large andcorrespondinglythatz is
small Moreover the result is obtained by allowing the critical valago be
arbitrarily large which corresponds to an arbitrarily low significance leuel
When 7o = 0.25, the results deteriorate somewhand the errors are more
pronounced for largefry, particularly when bothry and p are large For in-
stance whenry = 0.45 p = 20, and the true significance level is 10%e
formula produces an approximate significance level .G6%

5. HANSEN APPROXIMATION

Hansen(1997) introduces an alternative approach to approximatingptheal-
ues of the supremum of the Bessel proc@$e approach involves very exten-
sive preliminary computation$ut once those results are obtained and stored
in look-up tablesthe approximation reduces to the computation of a chi square
probability (with noninteger degrees of freeddm

In arriving at this methodHansen(1997) observes that the shape of the dis-
tribution in question is roughly similar to that of the chi squdrkus for a pair
of parameter valuetr, p), he fits a curve of the form

y(c) =1- xZ(a+ bo) (11)

by selecting values of the parametéasb, ») so as to minimize a specific loss
function The “actual’y values are generated from simulations similar to those
of Andrews(1993, except that D00 points are used in the unit interyedther
than 3600 as in AndrewsThus the discretization bias will tend to be larger
Hansen’s loss function is a weighted sum of squared deviatiwite larger
weights attached to significance levels up t@@ which are generally the fo-
cus of empirical research
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TABLE 2. Approximatep values when the true significance levekis

7o p=1 2 5 10 15 20

Asymptotic approximation formulax = 0.10

0.05 00976 01006 01039 01061 01073 01080
0.15 00917 00950 00985 01008 01020 01028
0.25 00853 00884 00917 00938 00948 00955
0.35 00775 00792 00811 00822 00828 00832
0.45 00705 00667 00625 00598 00584 00575

Asymptotic approximation formulax = 0.05

0.05 00489 00500 00512 00520 00525 00528
0.15 00467 00479 00493 00502 00506 00510
0.25 00441 00453 00466 Q0475 00479 00482
0.35 00404 00413 00422 00428 00431 00433
0.45 00358 00347 00333 00324 00319 00315

Asymptotic approximation formulax = 0.01

0.05 00098 00099 00101 00102 00102 00103
0.15 00096 00097 00098 00100 00100 00101
0.25 00092 00093 00095 00096 00097 00097
0.35 00086 Q0087 00089 Q0090 00090 00091
0.45 00075 00074 00073 00072 00072 00071

Hansen(1997) approximation methadx = 0.10

0.05 00887 00873 00856 00842 00874 00868
0.15 00905 00895 00884 00873 00896 00909
0.25 00914 00916 00890 00890 00904 00914
0.35 00909 00929 00879 00880 00904 00908
0.45 00912 00919 00875 00893 00921 00912

Hansen(1997) approximation methadx = 0.05

0.05 00435 00426 00415 00409 Q0427 00429
0.15 00445 00439 00435 Qo427 00441 Q0454
0.25 00450 00452 00440 00439 00445 00454
0.35 00447 00464 00431 00428 00442 00449
0.45 00448 00453 00426 00438 00455 00452

Hansen(1997) approximation methady = 0.01

0.05 00083 00080 00076 Q0075 00080 00083
0.15 00086 00084 00084 00081 00084 00091
0.25 00088 00088 00086 Q0086 00086 Q0090
0.35 00087 00093 00083 Q0080 00084 Q0088
0.45 00087 Q0088 00081 00084 00089 00089
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The method used in the previous section to gauge the accuracy of the as-
ymptotic approximation is applied to the Hansen approximation in the second
part of Table 2 In contrast to the results for the asymptotic approximation
the errors in this panel are very consistent across values of the parameters
The errors are not as large as some of those obtained with the asymptotic
approximation but the approximate values are all lower than the true val-
ues by about 10 to 20% of the@ value Thus the approximation uniformly
overstates significancét is likely that this pattern is related to the discretiza-
tion bias in the simulationsvhich, as noted earliercan be surprisingly large
even with a seemingly large number of points

6. CONCLUSIONS

This paper has demonstrated that exact asympfti@lues for supremum-
based break test statistics are not as intractable as they might appear from the
earlier literature A quick simple method is outlinedvhich may be executed
with existing statistical package¥he method is used to provide a table of
exact critical values corresponding to the table in André®893.

With the availability of this methodthe various approximations found in
the literature lose some of their appeldeverthelessit is important to exam-
ine the accuracy of these approximations to the extent that they have been
used in the empirical literature and may have possibly led to misleading con-
clusions regarding significance of resulfthus the paper analyzes the accu-
racy of the approximations and reaches several general conclusions

First, simulation-based approximations are subject to noticeable discretiza-
tion bias even when a large number of points is usedwever for the most
part the simulated critical values provided in Andre({®93 2003 are fairly
accuraté®

Second the asymptotic approximation is quite accurate fovalues up to
10% whenmy = 0.15. When the proportion of points not tested at the ends is
larger than L5, the accuracy of the asymptotic approximation can be substan-
tially lower.

Finally, conclusions based on the Hang&897) approximation are not likely
to be overturned if they are very strong or very welakcause the approxima-
tion error is not large and is consistent in magnitude across parameter.values
However results that are reported to be marginally significant may be misclas-
sified by the approximatian

NOTES

1. This approach was implemented with a small arbitrary valué @i Estrella and Fuhrer
(2003.
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2. Several papers have proposed approximations that are formally the s&h@ last with 4/c
replacing Zc within the last bracketsThese include Miller and Siegmuri@i982, Siegmund 1985
1986, James et al(1987), and Bai(1999. Siegmund(1985 equation(11.1)) and (1986 equation
(2.29)) also gives the formula with /2, although at least in the 1985 paper the preferred value
seems to be 4. A straightforward way to determine the appropriate value of this constant is to
evaluate the formula using parameter values that lead to a simplified expreSsioexampleif
p =1 andmq = 3, the exact distribution ig?. The asymptotic approximation with/@ (as in(10))
reduces toA(2) = 2¢(c?)/cY? + o(¢p(c¥?)/cY?), and it may be shown that lig,., A(2)/

(1= x3(c)) = 1, as expected!f 4/c is used lim¢,,A4)/(1 — x2(c)) = 2. Thus 2/c is correct
which confirms the results of DeLor@981) and Dirkse(1975 and the alternative results of Sieg-
mund (1985 1986.

3. The only caveat is that caution must be used when the number of parameters is 8 in the 1993

table because these values contain some large errors
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APPENDIX: PROOFS OF PROPOSITIONS

Proof of Proposition 1. Abramowitz and Stegu(iL964) provide the following results

M(b, b, z) = e* (equation 13.12), (A1)

b+z
M(b+1,b,z) = eM(—=1,b,—2) =

e? (equation 131.27), (A.2)

(b—aM(a—1,b,z) + (2a— b+ z)M(a,b,z) —aM(a+ 1, b, z) = 0 (equation 134.1).
(A.3)

The second equality ifA.2) follows by direct substitution of the argument values into
(6), becausd—1); = 0 forj > 1. Expressions fomg andm;, follow immediately from
equationgA.1) and(A.2), respectively Substitution ofa = n + b in (A.3) leads to the
difference equation in Proposition after solving form, ;. n

Proof of Proposition 2. Substituteb = p/2 andz = —c¢/2 in the difference equation
from Proposition 1which becomes

c+p>m_ 2n m (Ad)
2n+p/ " 2n+p ™V :

My = (2 -

The strategy is to show that the oscillatory frequencyngfihence the frequency of its

zerog increases as a function af In the limit asc — oo, the length of a cycle ap-

proaches 2independently of the value af, and the zeros are equally spaced at the

integers Thus for finite c, the difference between any two zeros is greater than 1
The characteristic equation correspondindA®d) is

/\2—(2— C+p>)\+ 2n =0 A.5
2n+p 2n+p (A-5)

which has roots given by

L 4n—c+p=\(c—p?-8nc

" 4n+2p

(A.6)

The local oscillatory frequency of the difference equation is giveroby= arg(A,),
where arg indicates the argument of the root as a complex nufikeisubscripts ok,
and 6, signify that these measures vary as a functiomabecause the coefficients in
(A.5) vary with n. If the coefficients were constant,, and 6,, would also be constant
and the solution could be expressed as a simple exponential function #f.the

Now, A, is real or complex according to the sign of the expression within the radical
in (A.6). Consider the root corresponding to the positive sigifAr6). The analysis of
the other root is analogou we focus on the value of, we have to treat three separate
caseslet

¢, =4n+p—2V4n? + 2np (A7)
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and
C, = 4n+p+ 2V4n? + 2np. (A.8)

Then if 0 < ¢ = ¢4, A, is real and positivehenced,, = 0. If ¢; < ¢ < ¢y, A, IS complex
with positive imaginary partand its real part is a decreasing functioncafsee(A.6)).
Thus 6, is an increasing function af. Finally, if ¢ = c,, A, is real and negativehence
0, = . Note thatf, is continuous at; andc, and that these results hold for allThus
for any givenn, 6, is a continuous nondecreasing functiorcpivhich is strictly increas-
ing in the oscillatory cases correspondingcto< ¢ < c,. The distance between two
zeros in the oscillatory case corresponds to one-half of the wavelengify which is
clearly decreasing ic.

To complete the proofwe cite DeLong’s(1981) result that if8; is thejth root of
M(B + p/2,p/2,—c/2) as a function of3, thenB; — ] — 1 asc — oo and hencgs; 1 —
Bi — 1. Note that this result is consistent with the preceding oscillation analgsis
causec — oo implies thatd, = 7 and that the half-wavelengttvhich corresponds to the
distance between consecutive zelisssuch thatr/6, — 1. |

Proof of Proposition 3. Let 3; be thejth zero ofM(B + p/2,p/2,—c/2) as a func-
tion of B. Then by equation 13.5 of Abramowitz and Stegu(l964),
(B; +p/2)p/2

M(B, +P/2,p/2+1,-0/2) = — o
]

M(B; + 1+ p/2,p/2,~¢/2). (A.9)

Because Proposition 2 implies that there are no zeros betgeand §; + 1, we also

have that
sign{M(B; + 1+ p/2,p/2,—c/2)} = sign{M(B; + p/2,p/2,—¢/2)}. (A.10)
The result follows immediately |
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