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Abstract An example is given of a one-dimensional foliation (or a flow) on an open surface
which admits no minimal set.

Every flow on a compact manifold has a minimal set (i.e. a closed, non-empty invariant
subset which does not contain any proper subset with these properties). In this paper
we show, by producing a concrete example, that this does not hold in general when the
manifold is not compact.

THEOREM. There exists a flow on an open surface which admits no minimal set.
This is an answer to problem 34-1 in the publicatigh [

Remark.In the case of foliations with leaf dimension greater than one, Hedjdnds

already constructed examples without minimal sets. Here, we want to note that in
his examples there are a series of leaves having infinitely many ends and non-trivial
holonomies, and that the existence of such leaves seems to be necessary for his construction
to realize the required complicated dynamics. In the case of leaf dimension one (i.e. the
flow case), similar methods do not work, because every non-compact leaf (trajectory) is
diffeomorphic to the real line and hence has only two ends and trivial holonomy.

Proof of the theoremTake sequence&u}, {bx}, {ck}, {di}, {ex} kK = 1,2,3,...)
such that:a; = 9/10,axr > by > cx > dx > e > ary1 (k = 1,2,3,...) and
liMi_ooar = 0. PutP = {(x,y) e R?| -1 <x <0, x —2 < y < min{x + 1, 9/10}},
Or = {(x,y) € R? 1 9/10 < x < 21/10, ¢x < y < ax} andR; = {(x,y) € R? |
29/10 < x < 41/10,bp41 <y < di} (k= 1,2,3,...), and consider on each of them a
foliation by the horizontal lines = constant.

Let N be the quotient space obtained from the disjoint urtdn  J;2; Ox U Uzoq Rk
by the following identifications: (x,y) € Qx (9/10 < x < 1) is identified with
x—-1,y—2 € P, (x,y) € O 2 < x < 21/10) with x + y — 3,y) € P,
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(x,y) € R, (29/10 < x < 3)with (x —3,y) € Pand(x,y) € R, (4 < x < 41/10)
with (4 —x, y — 1) € P. Denote byFy the foliation onN induced from the horizontal
foliations on the pieces.

Let (N,, Fn) (n = 1,2,3,...) be countably many copies o, Fy). PutR©@ =
{(x,y) € R? | 49/10 < x < 61/10, 0 < y < 9/10} and let(No, Fo) be the quotient
space obtained from the unighU R© by identifying (x, y) € R© (49/10 < x < 5)
with (x — 5, y) € P and(x, y) € R©@ (6 < x < 61/10) with (6 —x, y — 1) € P.

Foreachk =1,2,3,..., put

Si”):{(x,y)ePan|ak+1—1<x<ek—l} n=0,1,2...)

and

di — by —
k ekx+dk<y< k Ckx—i—bk n=123,...).
1— ¢ 1— ¢

™ = {(x,y) €ePCN,

For eachn > 0 andk > 1, choose a foliation-preserving diﬁeomorphispt{fi) from S,E”)
onto Tk("H) o) thatgo,g’”((l —Dags1 +tegy — Lagy1) = (L= ek — 1), cx) and that
o (L — a1+ tex — L ep —3) = (L—1)(dx — 1), dy) for 0 < 1 < 1.

Now, let M be the quotient space obtained from the disjoint unigff o N, by
identifying S,E”) with Tk(”“) via cp,((”) foralln > 0 andk > 1, and letF), be the foliation
on M induced from(N,,, F,,). We will show that(M, Fy,) has the desired property.

First let us check tha¥ is a Hausdorff (i.e. ordinary) open surface. ket| J,2 o N, —
M be the quotient map and I}, (C N,) be the copy ofP in N. Then one can easily
see thaty(P1 U Pp) is nothing but the open surface which is obtained from the open
disk ¢(PL U {(x,y) € Py | e1 —1 < x}) by attaching infinitely many open handles
{(x,y)e Pyl ei—1<x <a;—1} (i =2,3,...). Similarly, for everyp > 0,q(U"_, P»)
is obtained fromP, by successively attaching infinitely many open handles, and is hence
Hausdorff. Sincey (|, P.) is the increasing union of the open subsﬂisjfzo Py, it
follows thatg (|~ P,) is also Hausdorff. Finally}! is Hausdorff becaus# is obtained
fromq (52, P,) by attaching infinitely many further handlgs, y) € R© | 5 < x < 6},
(., e 1<x <2 and{(x,y) e R" |3<x <4} (k,n=1,2,3,...), where
Q,((”) andR,E") (C N,) denote the copies @b, andR; in N respectively. (Here we should
note that all the attaching intervals of our open handles are ‘apparently disjoint’ to each
other. Therefore no branching occursin)

Next we will prove the non-existence of minimal sets/ly. It suffices to show that
the closureF is not a minimal set for any leaf of Fy. LetL, n = 0,1,2,...) be a
leaf of F); defined byL, = (—1,0) x {0} ¢ P C N, C M. Then, by the construction,
one can observe thdt, = |J;., L; foralln > 0. Thus,L, 2 L,y1, and hence.,
is not a minimal set. Next let us consider a lgabf Fy, such thatF # L, for anyn.
Then, by the construction, either (maybe both) of the two ends, glye, is of the form
(-1, s] x {y} € P C N, forsomem > 0 and some, y < 0. In N,,, 11 the ence behaves
similarly to L,, and is asymptotic td.,,,, 1, that is,F O L, 1. This implies thatF is not
a minimal set becaus€ 2 L, 1. This proves the non-existence.

The foliationF), is transversely orientable, but not tangentially orientable. If one wants
to get an example of a tangentially orientable foliation (or a flow), one has only to take a
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suitable double covering df. This completes the proof of the theorem. |

The surfaceM constructed in the above proof has infinite genus. The infiniteness is
inevitable since in the case of finite genus the following holds.

ProPOSITION Every one-dimensional foliation on an open surface of finite genus has a
minimal set.

Proof. Let F be a foliation on an open surfadé. We suppose thaf has no minimal set
and will show that\f has infinite genus. First of all, by passing to a suitable 4-fold covering
if necessary, we may assume ttfats both transversely and tangentially orientable.

First Step.SinceZ has no minimal set, one can find three leakgesL, and L3 in F
such thatLy 2 L> 2 La. Take a point in Lz and a small curv& throughx transverse to
F. SinceL,NT accumulates t@, one can take points, z € L>NT so that the composite
curven = 1 % o is an embedded closed curvelify wherer is the curve which joing to
zin T ando is the curve which joing to y in L,. Then,n does not separate (hence
the genus of\f is > 1), becausd. is asymptotic tal., and hence intersectsinfinitely
many times. The saturatiaf{n) of n does not coincide witM, because if(n) = M then
the saturation of a holonomy invariant minimal setifthe compactness afassures the
existence of such a minimal set) becomes a minimal sét @inceS(n) is openinM, we
can take a small compact neighborhaéd;) of n so thatN () is contained inS(»). This
finishes the first step.

Second StephVe take three leaves), L, andLj in M — S(n) such thatL} 2 L, 2 Lj.
Again, this can be done sincg has no minimal set. Then, sin@é(n) is compact, by
similar arguments as in the first step, we can find an embedded closedn¢uviaeeh is
disjoint from N () and does not separat¢ — N(n). This shows that the genus 8f is
> 2. This finishes the second step.

Since we are assuming th&t has no minimal set, we can repeat similar procedures
endlessly and can conclude that the genu&a$ infinite. This proves the propositiom

It is easy to see that the example constructed in this paper is not conjugate to a foliation
defined by a closed 1-form (although it is without holonomy). So, the following question,
posed to the author by H. Minakawa, might be interesting.

Question.Does a one-dimensional foliation on an open surface defined by a non-singular
closed 1-form always admit a minimal set?
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