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Abstract. The canonical unitary representation of a locally compact separable group
arising from an ergodic action of the group on a von Neumann algebra with separable
predual preserving a faithful normal semifinite (infinite) weight is weak mixing. On the
contrary, there exists a non-ergodic automorphism of a von Neumann algebra preserving a
faithful normal semifinite trace such that the spectral measure and the spectral multiplicity
of the induced action are respectively the Haar measure (on the unit circle) and co. Despite
not even being ergodic, this automorphism has the same spectral data as that of a Bernoulli
shift.

1. Introduction

Classical ergodic theory of probability measure preserving (p.m.p.) transformations and
its non-commutative counterpart dealing with group actions on von Neumann algebras
preserving faithful normal states are very well-developed areas of research. Developing
the analogous theory in which p.m.p. transformations are replaced by transformations
that preserve an infinite measure is quite hard, even when it comes to proving ergodic
theorems. For an excellent account of the subject, see [Aa]. In the context of von Neumann
algebras not much is known about group actions preserving faithful normal semifinite
(f.n.s.) weights.

Connes proved that there exist separably acting III; factors that have no almost periodic
faithful normal state or f.n.s. weight [Co]. Thus, the dynamics implemented by the
modular automorphism groups in Connes’ examples are always weak mixing on ‘large
regions’. For the same factors any ergodic action of any separable locally compact
group preserving any faithful normal state will be weak mixing on ‘large regions’ as well
([BCM, §6]; see also [HLS]). From this point of view, it is interesting to investigate
properties in ergodic hierarchy of f.n.s. weight preserving actions. Our interest in such
dynamics arises from its relationship to the non-commutative generalization of relatively
independent joinings of W*-dynamical systems over a common subsystem.

To contrast with f.n.s. weight preserving systems, in the classical ergodic theory of
p-m.p. (or faithful normal state preserving) dynamical systems, there are five levels
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of hierarchy, namely, Bernoulli = Kolmogorov => strong mixing = weak mixing =
ergodicity. It is remarkable that there are instances of systems for which some if not
all of the arrows in the aforesaid hierarchy can be reversed (in large regions, if not
entirely on the phase space) (cf. [Hal, Ka, BCM, JaPi, MSW, MuPa]). The first
occurrence of such rigidity in the ergodic hierarchy appeared in a work of Halmos
where he proved that a (continuous) automorphism of a separable compact abelian group
automatically preserves the normalized Haar measure, and the maximal spectral type of
the induced Z-action is Lebesgue and the spectral multiplicity is 8¢ [Hal]. This result
was extended further by Kaplansky to the context of arbitrary separable compact groups
by considering coordinates of irreducible representations in place of characters [Ka].
Kaplansky generalized Halmos’s theorem except for the statement related to the spectral
multiplicity. As far as is known today, for a compact metric abelian group (those for which
the Pontryagin dual is countable), ergodic group automorphisms are abstractly modelled
by independently and identically distributed stochastic processes popularly known as
Bernoulli shifts (see [MSW] for related results) and this was the handiwork of several
mathematicians.

Likewise, in the context of W*-dynamics, an ergodic action of R on a von Neumann
algebra preserving a KMS state is weakly mixing, that is, zero is the only simple eigenvalue
of the associated Liouvillean (see [JaPi, Theorem 1.3]). Recently, in [BCM, §6], it was
proved that if a locally compact separable group acts ergodically on a separably acting
von Neumann algebra M preserving a faithful normal state ¢, then any finite-dimensional
invariant subspace of the induced unitary representation of the group in the associated
GNS space lies within the image inside the GNS space of the centralizer M, thereby
strengthening a well-known result of Hgegh-Krohn, Landstad, and Stgrmer [HLS].
Consequently, if M¥ = C1 (which of course forces M to be a III; factor), then every ¢-
preserving ergodic action is weakly mixing. In the same vein, if a countable discrete group
acts on a separable compact quantum group by quantum automorphisms, then ergodicity
of the action is equivalent to topological transitivity and weak mixing of the induced action
on the GNS space associated to the Haar state (see [MuPa, §3]). Kaplansky’s result has
also been generalized to the context of compact quantum groups in [MuPa, §5].

However, similar results are not known in the context of actions of groups on von
Neumann algebras preserving f.n.s. weights. In the classical case, Hajian proved that if
T is an ergodic measure preserving transformation (automorphism) of a o -finite measure
space (X, p) such that (X) = oo, then, for any two measurable subsets A, B C X of
finite measure and any € > 0, there exists n € N such that u(7"A N B) < ¢; see [Ha,
Theorem 2]. Under the same set-up, Hajian and Kakutani proved that 7" always admits a
weakly wanderingf set; see [HaKa, Theorem 2]. The last statement is the fundamental
difference between the two kinds of ergodic measure preserving transformations (finite and
infinite measure preserving), as a p.m.p. ergodic transformation can never admit such a set.
Again, Hajian also proved that in the context of infinite ergodic theory, an ergodic measure
preserving transformation always admits a weakly wandering set of infinite measure [Ha,
Theorem 3]. For many more illuminating facts the interested reader is referred to [HaKa].

T A weakly wandering set W is a measurable subset of X with (W) > 0 such that there exists a subsequence
ng < np41 with {T"k (W)} being mutually disjoint.
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It is to be noted that f.n.s. weight preserving actions of groups on von Neumann algebras
arise naturally. The action of modular automorphism groups of f.n.s. weights is the
first example. Since the unitaries implementing the modular automorphisms generate an
abelian von Neumann algebra A on the standard Hilbert space associated to the underlying
f.n.s. weight, there is an abundance of unitaries that commute with A and that can
implement fruitful actions on the von Neumann algebra. In fact, any action of a group
that preserves an f.n.s. weight arises this way; see §3 for a short discussion.

Let us quickly sketch one more natural example. Let 8 be an action of a group G on
a von Neumann algebra M with separable predual by preserving a faithful normal state
@. Let L>(M, ¢) and J respectively denote the GNS space and the standard anti-linear
involution. Let 1 € B € M be an invariant subalgebra of the action 8 such that there exists
a g-preserving, faithful, normal conditional expectation E‘g from M onto B. Denote by
‘H p the associated Stinespring correspondence arising from the u.c.p. map ]Egg and let ep
denote the Jones projection associated to B. Similar to the tracial setting, one can define the
basic construction (M, ep) to be the von Neumann subalgebra J, B’ J, of B(L%(M, ¢)).
It is also easily seen to be the w*-closure of Mep M = span{xepy : x, y € M}. Moreover,
there is a unique f.n.s. weight @ on (M, eg) such that p(xegy) = ¢(xy), x, y € M. Then
Hp and L>((M, ep), §) are isomorphic as M—M correspondences via the map x ® y >
xepy, x, y € M. The action B8 on (M, ¢) extends further to an action Eon (M, eg), ©)
via ,B;(xeBy) = Bg(x)epPBy(¥), x, y € M and g € G. Thus, there are plenty of examples
and these examples lead to the investigation of f.n.s. weight preserving dynamical
systems.

Note that Hajian’s theorem [Ha, Theorem 2] requires Birkhoff’s pointwise ergodic
theorem which is not available in the context of von Neumann algebras beyond semifinite
traces; Birkhoff’s theorem extends to a von Neumann algebra setting with respect to a
given normal state by a result of Lance, and with respect to a semifinite trace as proved
by Yeadon. However, we will justify that at the core of generalizing Hajian’s theorem
(or Hajian’s theorem itself) is polar decomposition. In this paper, using Hilbert algebra
techniques, we extend this classical theorem to the context of f.n.s. weights. We prove
that if a separable locally compact group acts on a separably acting von Neumann algebra
M preserving an f.n.s. weight ¢, then ergodicity of the action forces weak mixing of the
induced unitary representation of the group in the GNS space. Our proof relies heavily
on the techniques developed in [BCM]. We also show that weak mixing of the aforesaid
unitary representation does not entail ergodicity of the action. In fact, we provide an
example of an f.n.s. trace preserving dynamical system with underlying group Z for which
the induced unitary representation on the GNS space has countable Lebesgue spectrum but
the action fails to be ergodic.

The layout of the paper is as follows. In §2 we lay out the preliminary background on
Hilbert algebras that is needed to address the problem. In §3 we discuss the invariance
of objects associated with the standard forms of von Neumann algebras under f.n.s.
weight preserving automorphisms. In §4 we investigate polar decompositions of operators
affiliated to (full) left (respectively, right) Hilbert algebras and their connections with
automorphisms. In §5 we address the amplification of dynamical systems arising from
tensoring von Neumann algebras with matrix algebras. Finally, spectral properties of f.n.s.
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weight preserving dynamical systems, the non-commutative version of Hajian’s theorem
(the main result of this paper) and the striking example as depicted above appear in §6.
Readers familiar with Hilbert algebras can skip §2 and §3.

2. Preliminaries on Hilbert algebras

In this section we collect all the necessary facts about left (respectively, right) Hilbert
algebras that will be needed in the sequel. Much of this material can be found in [StZs].
We are mainly interested in automorphisms of a von Neumann algebra that preserve a fixed
f.n.s. weight. Thus, it is important to know to what extent such automorphisms preserve
and transform varieties of objects associated to a von Neumann algebra. In this paper all
Hilbert spaces are separable, all von Neumann algebras have separable preduals and inner
products are linear in the left variable.

Let 2 be a complex left Hilbert algebra with involution given by 2 > £ > &* € 2 and
a (definite) scalar product (-, -). Let H denote the Hilbert space obtained by completing
(A, (-, -)) with respect to the induced norm. Thus, for £ € 2, the densely defined operator
Lg defined by Lg(n) = &n, n € 2, has abounded extension denoted by L¢ to H and further
(Lg)* = Lg#. Consequently, A > & — Lg € B(H) is a *-representation of 2 in H, and
L) ={Lg : £ €A} is said to be the left von Neumann algebra of 2. The aforesaid
representation is actually injective. Moreover, H 2 A>3 & +— & # €9 C 7 is closable and
anti-linear.

The map H 2 A% 5 Yo iEini—> Q& n:)¥ € H, defines a closed anti-linear operator
S. The adjoint S* of S obeys (S*n, &) = (n, S&), for all £ € D(S) and n € D(S*).
Moreover, S2C 1, (§)2C1, S=S8"' and $*=(5*)"!. Let A=S5*S denote the
modular operator of the Hilbert algebra 2. Then A is positive, self-adjoint, non-singular
and A~! = 88*. Let S=JA!/2 be the polar decomposition of S; then J is an anti-
unitary with J = J* = J ! and J% = 1. Further, JAJ =A™, § = JAY/2 = A=1/2 ] and
§*=JA"2=AY2J.  Furthermore, A’"J=JA" for all re€R and in general
Jf(A)J = f(A™Y) for all complex-valued Borel functions on [0, o). Note that r - A'?
is a strong operator topology continuous group of unitaries and is called the modular group
associated to 2.

There are a few more natural operators associated to the left Hilbert algebra 2l that will
be useful for our purpose. For n € ©(S*), the linear operator R2 1A CH — H defined
by R?,(E) = L¢(n), § €2, is closable, with closure denoted by R;, and R, is affiliated
to £(2A)". Again, A = {n € D(S*) : R, € B(H)} is a right Hilbert algebra equipped with
product n1m2 = Ry, (1), N1, n2 € 2, involution given by n® = S*n, ne W, and scalar
product of H. Then 2" 5 n+> R, € B(H) is a x-antirepresentation of 2’ and R(A") =
{R, :n e A"} = L) is the right von Neumann algebra associated to 2.

Dualzing the above discussion, note that H 2 ()% 3 3", & — (3, n:i&)° € H, with
ni, & € A, extends to a closed anti-linear operator F such that F = §*. For & € D(S),
the map Lg A CH — H by Lg(n) =R,(§), n e, is closable and its closure L¢ is
affiliated to £(2(). Further, A" = {&§ € D(S) : L¢ € B(H)} is a left Hilbert algebra equipped
with multiplication &1& = Lg, (£2), &1, & € 21", and obvious involution given by S, and
20 is a left Hilbert subalgebra of 2(”. The left (respectively, right) Hilbert algebra 21"
(respectively, ) is full.

https://doi.org/10.1017/etds.2017.15 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.15

On dynamical systems preserving weight 2733

The (full) left Hilbert algebra 21" and the (full) right Hilbert algebra 21’ crucially interact
and this interaction is known as Tomita’s fundamental theorem, which states:

() JA"=A" and S*JE =JSE, Rye =JL¢J,

() A" =" and SA"E = A"SE, Lyuz =A"Le A", t€R, forall £ eA”;

(i) JA =2A" and SIn=JS*n, Lj,=JR,J,

(i) A" = and S*A''n = A" S*n, Rpin,=A"RyAT", t R, forallne’;
and further £(2A) > x —~ Jx*J € £(2)' is a x-anti-isomorphism. Consequently, £(2()
acting on H is in standard form. Moreover, o;(x) = A’xA™, x € £() and ¢ € R,
implements a one-parameter strong*-continuous group of automorphisms of £(2l) and is

called the modular automorphism group associated to 2.
Note that the association

[£]1%, if there exists & € A" such that L = x!/2, x € £() 4,

+o00, otherwise,

pa(x) = 1
defines an f.n.s. weight on £(2() which is invariant with respect to (o;) and @y is said to
be the weight associated to the left Hilbert algebra 2. Similarly, one can define the weight
@qu associated to the right Hilbert algebra 2. Moreover, gy satisfies the KMS condition
for any pair of elements in 9y, N ‘ﬂ;m, where Mgy = {x € L) : @ (x*x) < 00} and
the map A" 5 & > Lg € Nyy N 015, is a *-isomorphism such that (pg[(L?Lg) =(&,¢),
g, cedA.
The Tomita algebra

T = {5 e[ DA :AEeq" N,
zeC
D(ATLeA™) =D(A™) and AL A™% C Laze,

D(A*ReAT) =D(A™) and A*Re A™* C Razg forall z € (C} )

is a left Hilbert subalgebra of 21” such that ¥’ =" and ¥ =2('. Note that ¥ is a core
for A? and A*T =%, A%(&n) = (A%%)(A%p) forall zeCand &, neT. Also JT =5,
J(En) = (JE)(Un) and AJE = JATZE forall £, n € T. Clearly, T is dense in H.

Note that Ps={5£cD(S):SE=&and L >0} and Pg ={neD(S*):5"n=
n and R, > 0} are closed convex cones which are polar to each other, AV2Be = JPg =
Ps+ and hence P = AV/4Pg = A—1/4Pg« is a self-polar (dual) closed convex cone in
#H invariant under A, ¢ € R. Further, JE = £ for £ € P, H="L — L +i(P —P) and
PB={6(J§):§eTf={6JE A ={(Umn:neA}.

3. Invariance under automorphisms
In this section we record the invariance of various objects associated to a von Neumann
algebra under an automorphism preserving an f.n.s. weight and certain translational
properties under automorphisms.

Let M be a von Neumann algebra and let ¢ be an f.n.s. weight on M. Let §, ={x €
M, :@(x) <oo}, My ={x e M:p(x*x) < oo}and M, = ‘)’I;‘)’t(p SN, N ‘ﬁ;;. Then 91,
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M, are respectively left ideal and *-subalgebra of M, zm;g = 3§, and M, is the linear hull
of §y. The weight ¢ extends uniquely to a linear functional on 9, and the extension
is also denoted by ¢, and ¢ is lower w-semicontinuous on M ™. Let M act faithfully on
the GNS Hilbert space H, by left multiplication, the latter being obtained via separation
and completion of the form (x, y), = @(y*x), x, y € M,. The GNS representation will be
denoted by 7, while the norm and the inner product on H,, will respectively be denoted
by || - llp and (-, -),. For x € 9y N ‘ﬁf;, we will denote its image in H, by x,. Note
that Sﬁé is dense in M, in || - ||, which in turn is dense in H, in || - ||,. Then 91, N ‘ﬁ(’;
equipped with x-structure inherited from M and the inner product structure inherited from
H, is a left Hilbert algebra 2, € H,, and 7,(M) = £(RAy) = {Ly, : x4 € 2Ay}". We will
denote the canonical modular operator and the anti-linear unitary respectively by A, and
Jy, and S, will denote the closure of the involution in 2, that is, Sy = J,, A(i,/ 2. Moreover,
@2 = ¢. Further, in this case Ql;g ={§ €D(Sy) : Le e B(Hy)} =y, that is, ™Ay is a full
left Hilbert algebra and {(afi/z(x))(p ‘x € C‘D(afi/z) N2Ag} S A, = Jp2Ay.

Since the representation 7, will be fixed throughout the paper, we will regard 7, (M) =
M and write 7, (x) = x for x € M to reduce notation. Recall that o}’ (x) = Afptx A(;"’ , for
all x € M, t € R, defines the modular automorphism group of M associated to ¢ and (o;,”)
is strong*-continuous (that is, (o,”) is the modular automorphism group associated to the
left Hilbert algebra 2{,,). Thus, (o) preserves each of s Ny, M. Denoting T, and P,
respectively to be the Tomita algebra and the standard self-polar cone (of positives in H)
associated to ¢, it follows that Afp’ preserves 2, Qlfp (from (1)—(iv) in §2), T, and B, for
all ¢+ € R. For more details, we refer the reader to [St, Ta2].

Let o € Aut(M, ¢). Since « preserves ¢, it follows that oza;p = afaa for all + € R [St,
p. 69] (see also [HeTa]). Further, o preserves each of §yp, 91y, M, and A, and is
consequently implemented by an unique unitary V,, on H, such that Vyx, = (a(x))e,
for x, € 2y, thatis, Ad(Vy) =«a.

Let G(-) denote the graph of an (unbounded) operator. Parts of the next proposition are
known and for some parts we could not locate a reference. So we prove it entirely for the
sake of convenience.

PROPOSITION 3.1. The following hold.

(1) SpVa =VaSp, SyVa=VaSy,, JoVa = VaJy and ALV = Vo A, for all z € C (as
closed operators).

(2) Vi preserves 2y, 2.

(3) For& e®(Sy) andn e @(S;‘j), VoLeVy = Ly, and Vo R, V) = Ry,

(4) Vg preserves B, and &BS;.

(4) Vy preserves B, and <.

Proof. By the discussion above, it follows that V,, (2,) = 2l,. Note that VS, Ve S;‘j, and
Vo Aé, z € C, are closed operators, as V,, is a unitary.

(1) From the above discussion, first note that Afp’ Vo =Vy Afp’ for all r € R. Also note
that it is enough to show that Afp Vo = Vg Afﬁ for all s € R to conclude that Aé, Vo = Vy Aé,
for all z € C. Further, it is enough to establish the same when s > 0; the case for s <0
follows by a symmetric argument, and for s =0 the commutation is a tautology. Fix
0<selR
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Note that for & € H, the function iR > it — Afp’ (&) € Hy has an analytic extension
denoted by F to the interior of Dy = {z € C: 0 < 9R(z) < s} which is continuous up to the
boundary if and only if the function iR > it — Af/f (Vo &) € H,, has the same property with
analytic extension denoted by Fy,¢. By uniqueness of extension, note that Fy,s = V, F:.
It readily follows that D(A‘; Vi) =D (Vg A‘;) and A‘; Vo=Vy A‘;.

As D(S,) =D(A,/?), the above argument shows that D (S, Vi) = D(VaS,) = D(S,).

For x, € 2, one has S, Vyxy = Sy (a(x))y = Vo Syx,. Consequently,
g(StpVoqg[w) = g(VaSgo‘g[w) - g(vasrp‘glw) = g(VOlS(/))v

as 2, is a core for VS, and the last statement is a direct application of the Hahn—Banach
theorem. But g(SwVam«,) = Q(VaS(plmw), thus G (S, V"‘I%) =G(VySy). Comparing
domains, it follows that V,, S, = S, V.

Again, since S, = J,A,/%, it follows that S, = Vo J, Ay >V = Vo J,VEA? is the
polar decomposition of S, as well. Thus, J,V, =V,J, by uniqueness of polar

decomposition.  Since S = JoAy Y 2, so from what we have proved so far it readily
follows that S; Vo =Vy S;.

The proof shows that all operators prescribed in (1) of the statement are closed.

(2) Since J 2, = Qlfp and since V,, commutes with J,, we have Vanfp = Vo JoUy, =
JoVolly = Qléo.

(3) We only prove the statement for R,. The proof for L is similar. From (1), we have
that V,, keeps @(S;) invariant. Fix n € CD(S;). From the discussion in §2, Ry, , is closed.
We claim that Vo, R,V is closed as well. Let &, € ®(Vy R, V) and &, {o € H,, be such
that (&,, (Vo R, V)&,) — (%0, ¢0) as n — oo in H, @ H,,. Note that V', € D(R;) for
all n and V&, — V;& and (R, V)&, — Vi¢o as n — oo. As Ry is closed, it follows
that V& € D(R,;) and (R, V)& = Vo, that is, (Vo R, V)& = {o. This establishes the
claim. Now note that if x,, € 2, then by an easy approximation argument it follows that

(Va Ry Vi) () = (Va Ry) (@™ (1)) = Va (R (@ (1)) = V(L g1y, ()
= Vaail()C)n =x(Vun) = wa(van)
= RV(X,](.X(/)).

Now use the fact that 21, is a core for both V,, R, V¥ and Ry, to conclude that Vo R,V =
Ly,y.

(4) This follows directly from the definitions and (1) and (3).

(5) Note that Vo Af = Af Ve for all z€ C and Vo (Ap N Ql(’p) =2Ay, N Ql:p from (1)
and (2). Fix z € C. Let x, € T; then A; Vo (xp) = Vy (Af/-)x(/,) €Ay N Qlfp. Secondly, by
what has been proved so far, we have

AéLVaxV, A;Z = Aé VoLy, V;A;Z
= VO,(A;L%A;Z)VOZk - VaLA;X(p vy
=Ly, aix,

=1L A Vo, (from equation (2)). 3)
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From the first three equalities in equation (3), it follows that
E€D(A Ly, A, & £ €D(VaAiLy, AV & Vit € D(AL Ly, ALY
& VyEe D(A,) ©E€D(A,°) (asxy € Ty).
Similarly, it follows that AZ(/')RV&XW A;Z - RAéVax(p and Q(AéRVaxw A;Z) = CD(A(;Z).
As z € C was arbitrary, it follows that VT, = Ty.

Since Py = {xyJpxp : Xy € Ty} and J, commutes with Vy, it follows that VB, = Py.
This completes the proof. O

4. Polar decomposition

In this section, we investigate the polar decomposition of left and right multiplication
operators affiliated to von Neumann algebras. The set-up of this section is the same as that
of §3.

LEMMA 4.1. The following hold.

(1) For & € D(Sy), let L = v|Lg| denote the polar decomposition of Lg. Then |Lg| =
Ly with v*& € P, and S,v*E = v*E.

(2) Forne @(S;;), let R,y = v|Ry| denote the polar decomposition of Ry. Then |R;| =
Ry with v*n e ‘ﬁg; and Syv*n =v*n.

Proof. We will only prove (1); the proof of (2) is similar.

(1) As before, note that, for & € D(S,), the operator Lg with D(Lg) = Qlﬁp and (densely)
defined by Lg(;) = R;(§) for all ¢ € Ql(’ﬂ is closable and affiliated to M, and L¢ is the
closure of Lg. Thus, |L¢| is positive, self-adjoint, affiliated to M and v € M.

Following the discussion in §2, let Lg*g :Qlfp € Hy — H,y be defined by Lg*g(g) =
R:(v*€) =v*R; () =v*Le (), ¢ € 2[;,. As v is a partial isometry, it follows that Lg*%_
is closable and its closure L,+¢ is equal to v*Lg = |Lg| which is positive and self-adjoint.

From the alternative characterization of ‘,Bsw (see [StZs, pp. 260-261]), it follows that
v*§ € Ps,,. Consequently, S,v*E = v*E. O

The following lemma is crucial for our purposes.

LEMMA 4.2. Let M be a von Neumann algebra equipped with an f.n.s. weight ¢. Let
a € Aut(M, ¢). Let Vy : Hy — Hy denote the unique unitary defined by Vyxy = (@ (x)),
xy € Uy. Then the following hold.
(1) Let & € ©(Sy). Then V& € D(Sy), and if ¢ € B, is such that Lg = vL; denotes
the polar decomposition of Lg, then
Lv,e =)Ly,

is the polar decomposition of Ly,.
2) Letne CD(S;). Then Vyn € @(S;), and if ¢ € ‘ﬁg; is such that R, = vR; denotes
the polar decomposition of R, then

Ry,y =a()Ry,

is the polar decomposition of Ry,,.
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Proof. As for Lemma 4.1, we will only prove (1); the proof of (2) is similar.

(1) First note that from Lemma 4.1, the polar decomposition of L¢ is of the form as it
appears in the statement. Secondly, if Lg, = Lg, for &1, §& € D(Sy), then & = &>. Indeed,
for all n € A{, we have R, (&1) = Ry(&2). Thus R, (&1 — &) = 0 for all n € 2, and hence
M’ (&1 — &) = 0. Then the cyclic projection associated to the vector & — & swept by M’
is the zero projection in M. Consequently, & = &. Thus, ¢ is uniquely determined and
¢ =v*§ € Ps, from Lemma 4.1.

By Proposition 3.1, it follows that V& and V¢ are in D(S,). Therefore, L(\)/aé’ L(‘),a ¢
are closable and Ly,¢, Ly, respectively denote their closures. We have & = v¢. Thus,
Vo€ = Vy(v). Approximating ¢ by elements of 24, in || - ||, and using the continuity of
a(v), it is easy to check that Vo§ = a(v) Vi ¢. Thus, Lywyv, is closed. For n € 2!, note
that

La@)Ver () = Ry(@(0) Vo l) = a(v) Ry (Ve $) = a(v) Ly, ¢ ().

Since Qlfp is a core for both Ly (v, and a(v)Ly,; and both operators are closed, so

Ly,e =a(v)Ly,;. 4

We claim that equation (4) defines the polar decomposition of Ly,¢. Indeed, V¢ €
Bs, by Proposition 3.1, so Ly, is positive, self-adjoint and affiliated to M (again by
Proposition 3.1) and a(v) € M is a partial isometry. The left support of Ly,; (which is its
right support as well), is the projection onto the subspace Ly, 2y, ”'”w, as 2[20 is a core for
Ly, ;. Again, by Proposition 3.1, we have Ly, = Vo L; V.

From Lemma 3.1, V, Ql;) = Ql;) and hence

l-1l fl-1l [I-I T I
Ly, A, = VoL Vi, " =V LA, = Vo LA, .
But the projection onto L;Qlfpw(" is the left (as well as the right) support of L., which
by definition of polar decomposition is v*v. It follows that each of the left and the right
support of Ly, is Vov*v V) = a(v*v). The argument is then complete upon invoking the
uniqueness of the polar decomposition. O

5. Amplification

In the next section we will work with amplification of W*-dynamical systems where the
amplification is obtained by tensoring the original von Neumann algebra by a matrix
algebra of appropriate size. Thus, we give a short account of the standard form associated
to such amplification. For details the reader is referred to [St].

It is a general fact that if 2; € #; is a left Hilbert algebra with associated quadruple
(Si, SF, A, J;) and A; =H; (as a Hilbert space) for i = 1,2, then A=A Q Ay <
H1 ® H> equipped with the tensor product involutive algebra structure and scalar
product of H| ® Hs is a left Hilbert algebra with associated quadruple (S ® Sz, S7 ®
S;, A1 ® A, J1 ® Jo). Further, L gs, = Lg, ® Lg, for all £ € D(S)) and & € D(S)
and Ry g, = Ry ® Ry, for all ny € O(S}) and 1 € O(S5). Moreover, £(2) =
£(21) ® L(Aa) and REA) = RA}) B RAY).
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Again, if M; is a von Neumann algebra with an f.n.s. weight ¢; for i = 1, 2, then there
exists a unique f.n.s. weight ¥ on M{® M, such that

x1 €My, and  xp € My, = x1 @ x2 € My and ¥ (x1 @ x2) =1 (x)e2(x2).  (5)

Moreover, 0;/’ =o' ® 6/ forall t € R. This fact is extremely delicate. The f.n.s. weight

Y is denoted by 91 ® 2.

Thus, in accordance with tensor products of left Hilbert algebras, note that if g, is
the f.n.s. weight associated to a left Hilbert algebra ; € H; for i = 1, 2, as above, then
v, ® a1, is the f.n.s. weight associated to the left Hilbert algebra 2(; ® 2.

Asin §3 let M be a von Neumann algebra and let ¢ be an f.n.s. welght onM.Letn e N,
andlet M = M ® M,,(C). Consider the f.n.s. weight ¢ = ¢ ® tr on M, where tr denotes
the normalized trace on M,(C). The GNS Hilbert space Hy = L? (M , @) of M with
respect to @ is Hy @ M, (C). Let 1,, be the identity operator on the Hilbert space M, (C).

Vectors in Hy are viewed as n x n matrices with elements from #, and a generic
element in Hg will be written as [&;;] with &; € H, for 1 <i, j <n. The obvious
analogous notational convention is adopted for elements in M.

From the discussion in the beginning of this section, the associated operators in the
modular theory of M with respect to ¢ are given by Sz = §¢, & Jir, Jg=Jp @ Jyr,
Ay = Ay ® 1, and the modular automorphisms are given by of =0/ ®1,t €R. Thus,
Ag[’;‘ij] = [Agéij], for all t € R and all &;; € H, for 1 <i, j <n. Also note that, since
Sg =S, ® Jyp, it follows that [§;;] € D(Sy) if and only if &;; € D(S,) forall 1 <i, j <n.

Consequently, if [&;;] € ©(Sz), then the densely defined operator Log, defined as
before, is closable and its closure Lig,;j admits a polar decomposition Lig; 1 = [uij]|Lg;1l,
where [u;;] € Misa partial isometry and |Lg; | is positive, self-adjoint and affiliated to
M. From Proposition 4.1, [§;;] = [u;;1*[&j] € Ps; and

Lig;;y = [uijlLig;. (6)

6. Weight preserving dynamics
For the remainder of this paper, the terminology ‘f.n.s. weight’ will mean an infinite weight
which is faithful, normal and semifinite unless otherwise stated. A W*-dynamical system
denoted by M = (M, ¢, B, G) is a quadruple, such that M is a von Neumann algebra,
¢ is an f.n.s. weight on M and B is a strongly continuous action of a separable locally
compact group G on M by gp-preserving automorphisms. This assumption will be in force
throughout the rest of the paper (though more general groups can also be allowed).

Since G acts by ¢-preserving automorphisms, we have ,Bgat =o0; ,Bg for all t € R and
g € G (asnoted in §3); thus B(G) is a symmetry (sub)group of the associated Hamiltonian.
As noted before, B, is implemented by an unique unitary V, on H, such that Vyx, =
(Bg(x))y, for x € 2y, that is, Ad(V,) = B, forall g € G. It is easy to check that 7y : G >
gV, €eU(H,) is a strongly continuous unitary representation of G on H,. Recall that
A, =N, NN,
Definition 6.1. We make the following definitions.
(1) The action f is called ergodic if x € M and B,(x) = x for all g € G implies x € C1.
(2) The representation 7ty is called ergodic if § € H, and V & =& for all g € G implies

E=0.
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(3) The action B is called compact relative to 2, if the orbit {(B¢(x)), : g € G} is pre-
compact in H, in || - ||, for all x € 2.

(4) The representation 7y is called compact if the orbit {V,& : g € G} of & is pre-
compactin Hy in || - ||, for all & € H,,.

(5) The action B is called weak mixing relative to 2, if for each x, y €, and € > 0
there exists g € G such that |p(y*a, (x))| < €.

(6) The representation 7y is called weak mixing if for each &, n € H, and € > 0 there
exists g € G such that [{V &, n)y| < €.

(7)  The action B is called (strong) mixing if ¢ (y*a, (x)) — 0 as g — oo foreach x, y €
A, [KrSu].

(8) Therepresentation my is called (strong) mixing if (V,&, n), — 0as g — oo for each

&, neH,.

Note that by a simple approximation argument it follows that (5) and (6) in
Definition 6.1 are equivalent and they are further equivalent to the fact that 7y has no non-
trivial finite-dimensional invariant subspace. The last statement about finite-dimensional
invariant subspaces is a standard fact in ergodic theory concerning unitary representations
(see [KeLi]). Similarly, (7) and (8) are also equivalent.

It is trivial that (4) = (3). It is also true that (3) = (4). For the sake of completeness,
we sketch a proof. Fix & € H,. Assuming (3), we will show that {V,&: ¢ € G}M‘” is
sequentially compact, which will establish that {V,& : g € G}”'”‘” is compact. So let &, €
m”'”‘”. Given € > 0, for each n find g, € G such that ||§, — V&, <€/8 and
also choose x, € 2, such that ||§ — xylly < €/4. Thus, ||V,,& — Vg, x4l < (/4) for all

n. There exists a subsequence gy, of g, such that V,, x, is Cauchy. Consequently,

”énk - Eru”(p =< ||$nk - Vg,,k";:”go + ”Enl - Vg,,,é”go + ”Vg,,ké - Vg,,;é”(p
€
< Py + Ve § = VeuXollo + Ve § = Ve, Xollp + 1V, Xo — Ve, Xpllg

€
<7 + 1 Ve Xo — Ve Xpllp, forallk, 1.

It follows that {&,, } is Cauchy and hence converges in mu'”‘”. This shows that
(3) and (4) are equivalent.

However, (1) and (2) of Definition 6.1 are not equivalent unless ¢(1) < co. For a proof
of the equivalence of (1) and (2) when ¢ is a state, see [BCM]. Nevertheless, (1) implies
(2) for f.n.s. weights, and its proof requires delicate and rigorous argument as we show in
the next result.

It is a standard result (see, for example, [StZs, 10.16]) that for £ € H, and r > 0,

o0
_ L —rtzAil‘ d :
& = - e (pé t—§&, asr—ooin| - |le. 7
—o0

Note that each &, is analytic vector. We will refer to such a net of vectors (£.),~0 as an
analytic approximation of £ from the Gaussian core or simply analytic approximation of
&. Consequently, & € D(Sy) for all r > 0.
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THEOREM 6.2. Let G act ergodically on M preserving ¢. Let & € Hy be a vector such
that V& = (g, x)& for all g € G, where x is a (continuous) character of G. Then & = 0.
In particular, wy is ergodic.

Proof. Assume & # 0. Let {& :r > 0}, with &, defined in equation (7), be an analytic
approximation of &. Fix ryp > 0 such that &, # 0 for all » > r¢. Note that V&, = (g, x)é;
forall g € G and r > rg, as VgAfp’ = Afp’Vg forall g € G and for all r € R.

Fix r > rg. Since &, € D(S,,), from Proposition 3.1 it follows that V&, € D(S,) as well.
Let ¢ € P, be such that Lg, = v, Ly, is the polar decomposition of Lg, (see Lemma 4.1).
By Lemma 4.2, Ly,¢, = Bg(vr) Ly, is the polar decomposition of Ly,g,, for each g €
G. On the other hand, Ly,¢, = (g, x)Lg, = (g, x)vrL¢, for all g € G. Therefore, for all
g€G,

LVgEr = (g, X)erZr = ﬁg(vr)LVg{,-

Hence, by uniqueness of the polar decomposition, it follows that for all g € G,

Be(vr) = (g, x)vr and Vi =¢p.

It follows that B, (v;fv,) = viv, and B, (v-v)) = v,v] forall g € G, and thus the hypothesis
implies that viv, =1=v,v} (as & #0), as v, is supposed to be a non-zero partial
isometry. Consequently, v, is a unitary.

Note that L., is positive, self-adjoint and affiliated to M. Thus, by the spectral theorem,
write Ly, = fooo Adey. Note that e; € M for all A > 0. Since V,¢ = ¢, we have that
L = fooo A dBg(ey) for all g € G. By uniqueness of resolution of the identity in the
spectral theorem, it follows that S, (e;) = ey (cf. [KRI, p. 350]) for all g € G. Ergodicity
of B forces that ey is trivial for all A. Since the support of L, is 1, there exists 19 >0
such that e; =1 for all A > A9 and e) =0 for A < 1¢9. Consequently, L, =cl, where
c e (0, o0].

If ¢ € (0, 00), then L, is bounded and thus ¢, € Q(;Z = 2,. From equation (1), it follows
that (1) = (1/c?)||¢ 112, whence ¢ is a finite weight. Since this is impossible by the
hypothesis, we have ¢ = co. Since L. # 0 for any 0 # ¢ € D(Sy), it is only possible that
& =0.

Thus, we have a contradiction unless & = 0. This completes the proof. O

Remark 6.3. Note that ergodicity of my only entails absence of fixed points of g
inside 2(, but beyond this not much can be said. In fact, ergodicity of wy does not
guarantee ergodicity of the action B. We provide an example to justify this point.
Let K = L2([0, 1], A), where A is the normalized Lebesgue measure on [0, 1]. Let
M =B(K) and let Tr be the f.n.s. trace on M scaled so that it assigns the value 1 to each
minimal projection. Then Ht, = HS(K) (upon identification), where HS () denotes the
collection of Hilbert—Schmidt operators on KC. Let A = L°°([0, 1], 1) and let G CU(A)
be a discrete group of unitaries that generates A as a von Neumann algebra. Let G act
on M via unitary conjugation and let the action be denoted by f. Since the trace Tr
of an operator in M is independent of the choice of orthonormal basis, 8 preserves Tr.
Let 9 = (M, Tr, 8, G). In this case, my is ergodic. Indeed, if s € HS(K) is such that
usu* = s for all u € G, then s commutes with A. But A is a maximal abelian self-adjoint
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(masa) in M, as it is an abelian algebra having a cyclic vector in K. Consequently, s € A.
But this is impossible unless s = 0, as the spectral projections of s*s have to lie in A and
no projection in A is finite with respect to Tr. This proves my is ergodic. Clearly, § is not
ergodic. In fact, MG = A, as A is a masa.

The next theorem, the main theorem of this paper, is a generalization of [BCM,
Theorem 6.10]. The idea in its proof is to perform an appropriate ‘amplification’ of the
set-up in Theorem 6.2. In its proof, we invoke the set-up laid out in §5.

THEOREM 6.4. Let M = (M, ¢, B, G) be an ergodic dynamical system. Then wy cannot
have any non-zero finite-dimensional invariant subspace, that is, 9N is weakly mixing
relative to 2.

Proof. Suppose 0 # K is a finite-dimensional invariant subspace of wy. We claim that
there exists a non-zero finite-dimensional invariant subspace of wy of analytic vectors.
To see this, let dim(K) =m and let (&1, &, ..., &,) be an orthonormal basis of . Let
&i.r, r > 0, be analytic approximations of &; for all 1 <i < m obtained from equation (7).
Choose 79 > 0 such that &, #0 for all r > rg and for all 1 <i <m. Fixr >ry. V,
commutes with A;’ for all teR and all g€ G, so K, =span{&;,:1<i <m} is an

invariant subspace of wy. Let ({1, {2, ..., {;) be an orthonormal basis of /.. Clearly,
n < m. From equation (7), it follows that ¢; € C‘D(Aé) forall z € C, so §; € D(S,) for all
1<i<n.

Following §5, consider M =M ® M,(C), equipped with the f.n.s. weight § = ¢ ® tr,
where 77 is the normalized trace on M, (C). Note that M acts via left multiplication on Hy
in the GNS representation. Let G act on M via ,Bg = ﬂg ®1,g€G. By ergod1c1ty of the
G-action on M, it follows that the fixed point algebra M VG of the G-action on M is given
by M® =1® M,(C).

Note that Eg preserves ¢ for all g € G. Indeed, [x;;] € 1\7+ is such that ¢([x;;]) < oo
if and only if ¢(x;;) < oo for all 1 <i <n (note that x;; > 0). Now use the discussion
preceding Proposition 3.1 to see that Eg preserves @. Moreover, from equation (5) it
follows that Eg is implemented by the unitary \7g =V, ® 1, (see §5) foreach g € G.

Let
2100 ---0
00 ---0
c=1. .. .| €Hp.
£, 00 ---0

Note that ¢ € D(Sp), since ¢; € D(Sy) for all 1 < j <n. Thus from the discussion
in §§2 and 3, L; is closed and affiliated to M. Let Ly = [Mij]L[m,-] denote the polar
decomposition of L;, where [n;;] € %Sa as in Lemma 4.1. Then by Lemma 4.2, it follows
that for all g € G,

Ly, = Be(uij DL, @®)
is the polar decomposition of ng ¢

Since K, is an invariant subspace of the G-action, for every g € G we have that
(Vggi)?zl is an orthonormal basis of .. Thus, for g € G, there exists a unitary Vg €
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U(Mn((c)) SUCh that (Vgé‘lv Vg§27 R VgCn)T = (1 ® vg)(glv §2, MR é‘n)T» Where the
superscript T denotes the transpose.
Hence, denoting by O, ,—1 the n x (n — 1) zero matrix, we have

Ve610---0 &1
~ Vg2 0 ---0 £
Ve = C = (1®Ug) . On,n—1
Vgn 0 ---0 &n
£ 0 -0
50 -0
= (1 ® vg) - :
£ 0 ---0
= (1 ® ve)lu;jllnijl, g€G. )

Let we, = (1 ® vg)[u;j], g € G. Since w;wg = [u;;1*[u;;], it follows from equation (9)

that L\7g; =(1® vg)[u,-j]L[mj] is also the polar decomposition of ng{ for all g € G.
Therefore, by uniqueness of the polar decomposition it follows that for all g € G,

Be(lwij) = (1 @ v)luyj] and Ly, 1= Liy). (10)

Denote by 2i5 the full left Hilbert algebra associated to M (that is, Az = Ql%).
Equation (10)~f0rces R[gij]vg[nij] = R[g,-,-][’lij] for all [g;j]e Ql:z and all geG.
Consequently, Vg[n;;] = [n;;] forall g € G.

Consider the speciral decomposition L, 1= fooo A de;, where e, € M=M®® M, (C)
for all A > 0. Since Vg[n;;] = [7;;], arguing as in the proof of Theorem 6.2, it follows that
Eg(e;\) =¢, forall A >0 and for all g € G. Thus, ¢; € 1 ® M, (C) for all » > 0.

For A > 0, write ¢), = 1 ® fy, where f, € M,,(C). Clearly, f;, A >0, is a commuting
family of projections in M, (C). Let py = XLln,-jJ[O’ N]. Then py € 1 ® M, (C) for all
N = 1. Note that L py ;) = PN Lin;;) = fON A de;, and thus L[y, is bounded for all N.
Thus L py(;;1 € M, and because its spectrum is contained inside [0, N1, it is positive for all
N > 1. But at the same time L,,N[,,,.j] €1® M, (C) forall N. Hence, for N > 1, there exist
(bounded) linear operators Ly : (M, (C), tr) — (M, (C), tr) such that LpN[mj] =1® Ly
and Ly = fON A dfy. Note that L = fooo A df is a densely defined, closed, positive, self-
adjoint operator on (M, (C), tr) and if gy = x ([0, N]), then gyL = Ly for all N > 1.
But, as M,,(C) is finite-dimensional, L is everywhere defined and bounded. Consequently,
if L = [a;;], then it follows that

L[m'j] =1Q®L= [aijl] € 1\7_,_.

It follows that [n;;] € g, and, using equations (1) and (5), it follows that ||[77ij]||% =
(1 ® L?) = co. This is a contradiction.

Consequently, 7y cannot admit any non-trivial finite-dimensional invariant subspace
and hence is weakly mixing from [KeLi]. O

https://doi.org/10.1017/etds.2017.15 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.15

On dynamical systems preserving weight 2743

COROLLARY 6.5. Let B be an action of a separable locally compact group G on a
von Neumann algebra M preserving an f.n.s. weight ¢, and having a non-zero compact
component (relative to ). Then M G £Cl.

The next example shows that ergodic hierarchy in the context of faithful normal state
preserving actions does not generalize in the sense of representation theory to the context
of f.n.s. weights. There are restrictions and the structure of these dynamical systems seems
far more complex than that of infinite measure preserving transformations.

Example 6.6. Consider the Tr-preserving dynamical system 9t discussed in Remark 6.3.
We will make free use of all the notation discussed in Remark 6.3. We claim that for an
appropriate choice of the group G, the induced representation my is in fact mixing and
has countable Lebesgue spectrum; thus y shares spectral properties similar to Bernoulli
shifts. But g is not even ergodic. Thus, semifiniteness of the fixed point subalgebra with
respect to the weight seems to play a role in the ergodic hierarchy.

In all that follows, it is understood that A acts on K via multiplication operators. Note
that Hr = HS(K). So let T, S € HS(K). Then there exist square integrable kernels
K7, Ks € L2(» ® 1) such that Int(K7) = T and Int(Kg) = S, where Int(K) denotes the
integral operator associated to a kernel K € L?(\ ® 1), that is,

Int(K) f(s) = /Ol K(s, ) f(t) dr(t) ae.s, feL*}). an
Note that if u € U(A), then
uTu™) f(s) = /(;1 u(s)Kr (s, Du(t) f(t) dr(r) ae.s, f € L*(1).
By the standard theory of Hilbert-Schmidt operators we have $* = Int(Kg o 6), where
0 :10, 1] x [0, 1] — [0, 1] x [0, 1] is the flip of coordinates. Again, from the standard

theory there is a unique (up to null sets) square integrable (convolution) kernel K such
that Int(K ) = S*(uTu*) € HS(K), where K is given by

1
Ky(s, 1) =/0 Ks(r, Y u()Kr(r, Hu(t) di(r) ae. dA(s) dA(t). (12)
Via the GNS construction with respect to Tr, we have (uTu*, S)1 = Tr(S*uTu*). Note
that S*uTu* € B(K), (identified as trace class operators), and so S*uTu* is traceable

(see [Br, p. 1186]). Consequently, by [Br, Theorems 3.1 and 3.5] and equation (12) it
follows that K (s, s) exists a.e. A and

1
Tr(S*(uTu™)) :/ K (s, s) dAr(s)
0
1 1
=/ (/ Ks(r, )u(r)Kr(r, s)mdx(r)> dxr(s)
0 0

1 1
=/ W(/ Ks(r, )Kr(r, s)u(r)dk(r)) dr(s), uelU(Ad). (13)
0 0
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Now assume G = Z by identifying n € Z with the function e, : [0, 1] > s > 27" ¢ C.
Since Z acts on M by unitary conjugation preserving Tr, we have M% = A. However, for
T, S eHS(K), we have

Tr(S*Ba(T))
1 1
=/ e—h"“(/ K o(r, ) K (1, s)d)»(r)) di(s) — 0, as|n| — oo.
0 0

The last statement is an application of the Riemann-Lebesgue lemma, dominated
convergence theorem and Holder’s inequality. Indeed,

1
sfo IKs(r. $)[|Kr(r, $)] dA(r)

1
‘/ Ks(r, s)K7(r, s) dA(r)
0

< IKsC, Ol20K7 (¢, s)ll2, A ae. s,

by Holder’s inequality. Note that s — ||[Ks(-, s)|l2]| K7 (-, s)||2 is measurable, and again
by Holder’s inequality we have

1
/0 IKsC )20 K7, $)ll2 dAls) < K7 ll2l|Ksll2 < oo,

Consequently, 7y is mixing.

Note that Hilbert—-Schmidt operators on L?(A) are in bijective correspondence with
functions in L*(A ® A).  Consider the continuous kernels given by K, (s, t) =
e2mims 2milt ¢ 't [0, 1], m, [ € Z. Then from equation (11) it follows that

Int(K, ) f = (f, e—1)rem, f € L*).

Denote Ty, =Int(K,, ), m,l € Z. Fix m,l €Z. From equation (13), the Fourier
coefficients of the elementary spectral measure w7, , of wy corresponding to the vector

T, have the property that

1 1
it (0) = Te(T;; B (Tn.0)) :/ e~ 2ins (/ exrinr dA(r)) di(s)=0, foralln#0.
0 0

Therefore, by uniqueness of Fourier coefficients, wr, , =m for all m, [ € Z, where m is
the normalized Haar measure on T. Consequently, the'spectral measure of my is the Haar
measure.

Furthermore, we claim that the orbit 7wy T, ; is orthogonal to T, with respect to Tr
whenever (m, ) # (m’, ") and m’" — m # 1 — I'. Indeed, from equation (13) we have

1 1
Tr(T,:/!l/ﬂn(T;n,l)) — / e—Zmns </ eZmnreZm(m—m )r62m(l—l )s d)»(r)) d)\.(S)
0

0

1 1
:/ e—2ninse2m’(l—l/)s dk(s)/ e271inre27ri(m—m’)r dr(r)
0 0

L ifn=m'—mandn=1-10,
N 0, otherwise.

Thus, choosing m’' — m #1 — I’ forces wy T, and my T, to be orthogonal, and hence
span iy T, ; is orthogonal to span wy 7, 7. Consequently, the spectral multiplicity of the
action is infinite.
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We record Example 6.6 in the form of a theorem below.

THEOREM 6.7. There exists a non-ergodic f.n.s. weight preserving automorphism of a von
Neumann algebra such that the induced representation on the GNS space has countable
Lebesgue spectrum.

It is not difficult to extend Example 6.6 to type I, and type III factors. First, consider
M to be a type Il factor and write M = N ® B(K), where N is a II; factor and K =
L?([0, 1], ) as before. Let Tr denote the semifinite trace on B(K) as in Example 6.6 and
let 7y be the unique normal tracial state of N. Then Try; = Ty ® Tr is an f.n.s. trace on
M. Let A denote the continuous masa in B(K) as in Example 6.6 together with the action
of Z considered there. Consider any diffuse masa B € N and consider the ty-preserving
action o of Z on N implemented by inner automorphisms resulting from a Haar unitary
generator of B. Then o ® 8 (where B is as in Example 6.6) is a Trys-preserving action of
Z? on M. By Tomita’s theorem on commutants, B ® A is a masa in M. Consequently,
MZ =B ® A and the action a ® B is thus not ergodic. But the action is clearly mixing
and the spectral multiplicity is infinite.

To find such examples in the context of type III factors consider the following. Let M
be a type III factor equipped with a faithful normal state ¢ such that (M%) N M =Cl,
where MY ={x e M : a,‘p (x) = x Vt € R} denotes the centralizer of ¢. Then M? contains
a diffuse masa By of M in fact one can choose By to be singular in M [Po]. Note that
the action of U/(By) on M by inner automorphisms preserves ¢ as Bgp € M¥. Now in the
previous paragraph replace N by M, Ty by ¢ and consider an analogous action of Z? on
M®B(K).

Example 6.6 highlights that in order to understand the failure of the statement ‘weak
mixing of the representation my = ergodicity of B’ in the context of f.n.s. weight
preserving actions, semifiniteness of ¢ with respect to the fixed point subalgebra M =
{xeM:B,(x) =xVg e G} is involved (see [Ta]). In the next result, we show that
Example 6.6 is prototypical in the failure of ergodicity of § in the presence of weak mixing
of y.

THEOREM 6.8. Let M= (M, ¢, B, G) be an fn.s. weight preserving W*-dynamical
system. Assume that I is weak mixing relative to 4,. Then either M is ergodic or

MG, = OO

Proof. If M© is trivial, there is nothing to prove. So, let M # C1. Suppose to the
contrary that there exists 0 # x € (M G)+ such that ¢(x) < co. Thus, M G intersects So
(defined in §3) non-trivially and the latter is contained in 2{,. But then 7y is weak mixing
and yet contain non-zero fixed points. This is a contradiction. Therefore, ¢(y6), = 00. O

Thus, we have the following corollary.

COROLLARY 6.9. Let M = (M, ¢, B, G) be an fn.s. weight preserving W*-dynamical
system such that my is weak mixing. If ¢ is semifinite on M©, then ¢ is a finite weight.
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In the next theorem, we allow finite weights as well. We now intend to show that up to
scaling there can be at most one f.n.s. weight that is preserved by an ergodic action. Let
W denote the collection of f.n.s. weights of a von Neumann algebra M.

THEOREM 6.10. Let 8 be an ergodic action of a group G on a von Neumann algebra M.
Suppose that there exists Y € VW such that y o Bg = forall g € G. If ¢ € W is such that
@ o Bg =@ forall g € G, then there exists ¢ > 0 such that ¢ = cyr. In particular, if both ¢
and r were states then ¢ = .

Moreover, if G = R and the action via modular automorphisms (a,'/f) is ergodic, then ¢
commutes with \r if and only if ¢ is a scalar multiple of .

Proof. Note that [Dg : DY), = u, € M is unitary for all € R as both ¢, ¥ € W. Then
ol (x) = u,atw(x)uf, xeM.
Then, for all g € G and 7 € R, we have

of (Be(x)) = u;0, (B (x))u,  while
of (Bg(x)) = Bg (0 (x))
= Be () Be (0 (X)) Be(ur)* = Bo(ur)o, (Be(x)Bg(ur)*, x € M.

Note that 8, preserves My, Ny, ‘)’t; and ‘ﬂ"&/ for all g € G. Therefore, it is routine
to check that r — B, (u;), t € R, satisfies all the properties of Connes’ cocycle derivative
(see [St, p. 46]) for all g € G. Consequently, by the uniqueness of the cocycle derivative
it follows that B, (u;) = u, for all € R and all g € G. Hence, by ergodicity of the action,
there exists a continuous function 4 : R — T such that u, = k()1 for all t € R. The
cocycle property of (u;) forces h(t + s) = h(t)h(s) fort, s € R. It follows that there exists
6 € R such that i (r) = ¢'?", for all € R. Thus, U_jjp= /71, Consequently,

Q) =Y pxu_ip) =e"Y(x), xeM,,

forcing M, = My,. Finally, put ¢ = el
The case when both ¢ (1) = (1) = 1 entails & = 0. Thus, ¢ = ¥. The last conclusion
is obvious. O
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