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ON THE COMPLETENESS
CONDITION IN NONPARAMETRIC
INSTRUMENTAL PROBLEMS

XAVIER D'HAULTFOEUILLE
CREST-INSEE

The notion of completeness between two random elements has been considered re-
cently to provide identification in nonparametric instrumental problems. This con-
dition is quite abstract, however, and characterizations have been obtained only in
special cases. This paper considers a nonparametric model between the two variables
with an additive separability and a large support condition. In this framework, differ-
ent versions of completeness are obtained, depending on which regularity conditions
are imposed. This result allows one to establish identification in an instrumental non-
parametric regression with limited endogenous regressor, a case where the control
variate approach breaks down.

1. INTRODUCTION

Let X and Z denote two random elements. X is said to be complete for Z if, for
all measurable real functions £ such that E[|2(X)|] < +o0,

<]E[h(X)|Z] =0 a.s.) — (h(X) -0 a.s.>. (1.1)

X is bounded complete (resp. P-complete) for Z if the same holds for any bounded
h (resp. for any h bounded by a polynomial).! Completeness is equivalent to the
injectivity of the conditional expectation operator. Thus, not surprisingly, it has
appeared to be a key identifying condition in nonparametric instrumental prob-
lems. Applications include nonparametric instrumental regression under additive
separability (see Newey and Powell, 2003; Blundell, Chen, and Kristensen, 2007,
Darolles, Fan, Florens, and Renault, 2010),2 local instrumental variables (see
Florens, Heckman, Meghir, and Vytlacil 2003), and nonclassical measurement
error problems (see Chen and Hu, 2006; Hu and Schennach, 2008).3

This dependence condition is quite abstract though, and a characterization or at
least sufficient conditions on the joint distribution of (X, Z) are desirable. Newey
and Powell (2003) address the finite support and exponential families cases, but
results are still lacking to properly define completeness in terms of dependence
between the two variables. The aim of this paper is to go one step in this direction
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by considering a nonparametric model on (X, Z) for which an additive separabil-
ity and a large support condition hold. Building on the results of Mattner (1992,
1993) on the completeness of location families, I show that different versions
of completeness can be obtained, depending on which regularity conditions are
imposed on the error term. Bounded and P-completeness only require mild as-
sumptions, whereas completeness is restrictive. This contrast between the differ-
ent kinds of completeness is in line with previous results of the statistical literature
(see, e.g., Hoeffding, 1977; Lehmann, 1986; Mattner, 1993) and has also been ac-
knowledged by Chernozhukov and Hansen (2005) and Blundell et al. (2007).

Implications for the nonparametric instrumental regressions are also examined.
Recent analyses of such models (see, e.g., Imbens and Newey, 2009; Florens,
Heckman, Meghir, and Vytlacil, 2008) have relied on a control variate approach
rather than on a completeness assumption. Conditions for identification are indeed
easier to obtain, and the additivity structure of the model can be relaxed. On the
other hand, a strict monotonicity assumption is required, which rules out usual
models with limited endogenous regressors. The previous result allows one to
prove the identification of the structural function in a triangular system of simul-
taneous equations under, roughly, an additive decomposition and a large support
condition on the instrumental equation, but without any strict monotonicity con-
dition. This shows that actually, the completeness approach may be more fruitful
than the control variate approach in some circumstances. Since different versions
of completeness provide different identification results, there also appears to be
a trade-off in the identification of such models between the regularity condition
imposed on the error term of the instrumental equation and the assumptions on
the structural function.

The paper is organized as follows: The main results are given in Section 2. Sec-
tion 3 examines the consequence of these results on the identification of nonpara-
metric instrumental regression. Section 4 concludes, and the proofs are deferred
to the Appendix.

2. MAIN RESULTS

In the following, X and Z belong to R? and RY, respectively, with p < q. Here
X and Z may share elements in common, and we let W denote these common el-
ements, with W € R”. For instance, in an instrumental nonparametric regression
(see, e.g., Newey and Powell, 2003), W corresponds to the exogenous compo-
nents of X. The remaining elements of X and Z are called, respectively, X and
Zy, so that X = (Xo, W) and Z = (Zo, W). In this framework we say that X is
complete (resp. bounded, P-complete) for Z if (1.1) holds for all # such that,
for P -almost all w, h(.,w) is integrable with respect to PX0 (resp. bounded,
bounded by a polynomial). Subsequently, we suppose that there exist maps 1
and v; from, respectively, R?~" and R? to RP~", such that

Xo=u1(vi(Z)+e1), 2.1

and we consider several assumptions.
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Assumption Al. Zy 1L g |W.

Assumption A2. For PY -almost all w, the measure of v|(Zo, w) is continuous
with respect to the Lebesgue measure and its support is R”~".

Assumption A3. For PW_almost all w, ¢; admits a continuous density

Sfeyw (L, w).

Assumption Al is a conditional independence assumption. Because mean-
independence can always be achieved through a proper normalization,* Assump-
tion Al actually strengthens this mean-independence into independence. Note
that if u1 is known, this assumption is testable in the data in general.

Assumption A2 is a continuity and large support condition. It may hold as soon
as Z has one continuous component. The large support condition is restrictive but
widespread in the literature (see, e.g., Manski, 1988, or Lewbel, 2000). Moreover,
only vy (Z), not necessarily Z, should satisfy this condition. This means that p —r
regressors with large support may be sufficient. This assumption, however, may
be too strong, and we consider below alternative assumptions (see Proposition
2.3). Lastly, Assumption A3 restricts the analysis to the case of a continuous
residual. The continuity condition on its density is satisfied by all usual densities
with infinite support.’

Despite the apparently strong assumption of an additive decomposition into in-
dependent terms, many nonlinear models are encompassed by this framework
beyond the nonparametric additive models with independent errors for which
1(x)=x. Usual ordered choice models correspond to u 1(x) = Zlf:lk]l]ak_l;ak] (x)
(where 1 4(x) = 1if x € A, 0 otherwise) for some given thresholds g = —oc0 <
a) < -+ <ag = ~+00.° Count data models can also be handled by taking w1 (x) =
[exp(x)] (where [a] denotes the integer part of a). Simple Tobit models corre-
spond to w1 (x) = max(0, x). These three examples underline the fact that X may
not be strictly monotonous in ¢7. Lastly, duration models like the accelerated fail-
ure time model or the proportional hazard model also fit in this framework. The
first corresponds to u1(x) = exp(x), while in the second, x; is an unknown in-
creasing function and —¢ is distributed according to a Gompertz distribution.

To achieve completeness, further restrictions are required.

Assumption A4. PV -almost surely, the conditional characteristic function
We 1w (., w) of 1 is infinitely often differentiable in R”\ A(w) for some finite set
A(w) and does not vanish on the real line.

Assumption AS. All the_ moments of ||e1]| are finite, and there exist B and j
such that ||« (¢)|| < B||t||/ (where ||.|| is the euclidian norm).

Assumption A6. ¢; is Gaussian or there exist C(.) and k(.) such that P%-
almost surely on w and for all x,y € RP™",

Ferw x4y, w) < C@)(A + X1 £ 1w (0, w).
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Zero-freeness of the characteristic function is a usual assumption in deconvo-
lution problems (see, e.g., Devroye, 1989; Fan and Truong, 1993; Li and Vuong,
1998; Schennach, 2004, 2007) and is satisfied by, among others, Gaussian,
Student, Laplace, and a-stable distributions. The only common continuous dis-
tributions that fail to satisfy it are the uniform and triangular ones. All standard
characteristic functions also satisfy the differentiability condition.

Assumption A5 rules out thick tails on the density of €1 and restricts the range
of nonlinear models between X and Z. It fails, for instance, with the previous
examples of count data and accelerated failure time models, but holds for all the
other aforementioned cases. A similar polynomial growth condition is imposed
by Schennach (2007) to identify a nonlinear errors-in-variables model with in-
struments (on this issue, see also Zinde-Walsh, 2007).

Lastly, Assumption A6 is rather restrictive. It imposes in particular that
Sfeyyw (., w) is either Gaussian or has heavy tails.” The condition holds, for
instance, for Student and a-stable distributions (see Mattner, 1992).

THEOREM 2.1. Suppose that (2.1) and Assumptions AI1-A3 hold. Then

(i) if Assumption A4 holds, X is bounded complete for Z.
(ii) If Assumptions A4 and A5 hold, X is P-complete for Z.
(iii) If Assumptions A4 and A6 hold, X is complete for Z.

Theorem 2.1 gives conditions under which different versions of completeness
hold. The intuition of its proof can be explained as follows. First, one can show
that completeness is equivalent to the unicity of the convolution equation below
in g(., w) (for almost all w):

/g(t,w)f_gﬂw(u—t,w)dt:0. 2.2)
If g(., w) was integrable, this would imply, by the convolution theorem,
f(g(sw)) X.F(f_g”W(.,U))) =03 (2°3)

where F denotes the Fourier transform. Then, by Assumption A4, F(g(., w)) =0,
and since the Fourier transform is injective, g(., w) = 0. Actually, the problem is
more involved because a priori, g(., w) is not integrable, so that its usual Fourier
transform may not exist. To circumvent this issue, I rely on the techniques devel-
oped by Ghosh and Singh (1966) and Mattner (1992) to show completeness of
location families.

Theorem 2.1 shows that in model (2.1), bounded completeness holds under
rather weak conditions. Many of the usual densities also satisfy the moment con-
dition, which ensures P-completeness.® Completeness, on the other hand, is ob-
tained under the restrictive condition of Assumption A6. As Theorem 2.1 only
provides sufficient conditions, one may wonder whether completeness actually
holds under milder conditions. If it seems difficult to provide a full characteri-
zation of completeness, the following proposition shows that it really imposes
stringent conditions on the distribution of &.
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PROPOSITION 2.2. Suppose that (2.1) and Assumptions AI-A3 hold and
w1(t) =t. Assume also that, for PV -almost all w, €1 is not normal conditional on
W = w and there exist 01,0y > 0 such that E (exp ((51 llet ||1+(;2) |W = w) < +o00.
Then X is not complete for Z.

Hence, if f;,|w has light tails, X cannot be complete for Z. On the other hand,
X can still be bounded or P-complete for Z in such situations.

As mentioned above, the large support Assumption A2 is rather strong. It is
possible, though, to relax it at the cost of imposing regularity on the distribution
of ¢1. For the sake of simplicity, we restrict here to the case where X is real
(p—r=1).

Assumption A2'. For PV -almost all w, the measure of v{ (Zo, w) is continuous
with respect to the Lebesgue measure.

Assumption A7. There exists (ax(w))xen such that, for all x € R and for P%-
almost all w,

Ferw (x,w) = Y ar(w)x*. 2.4)

k=0

Moreover, there exists ro(w) > 0 such that f;,;w (., w), as a function on C
defined by (2.4), is bounded on {z/|Im(z)| < ro(w)}.

Assumption A2’ generally holds if Z, contains a continuous regressor. The first
part of Assumption A7 states that f; ;w (., w) is entire. Examples of entire func-
tions include the polynomials, the exponential function, and all compositions of
these functions (including Gaussian densities). On the other hand, all densities
with support different from R are not entire. Other counterexamples include the
Cauchy and Student distributions. The second part of Assumption A7 is a techni-
cal condition that is satisfied, for instance, by Gaussian densities.

PROPOSITION 2.3. Suppose that (2.1) and Assumptions Al, A2, A3, A4, and
A7 hold. Then X is bounded complete for Z.

Proposition 2.3 shows that the large support condition can be dropped, but at
the price of restricting the range of the densities of ;.

The easiest way to interpret (2.1) is that Z causes X. However, it may be con-
venient sometimes to suppose instead that X causes Z. In the measurement error
models of Chen and Hu (2006) and Hu and Schennach (2008), for instance, their
condition on the injectivity of operators can be restated into completeness of the
unobserved variable X for the measure Zy. In this case, model (2.1) is unnatu-
ral, since one would prefer to write the measure as a function of the unobserved
variable and an independent error, i.e., a model of the form

12(Z) =va(X) + &2, 2.5
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where u» and v, are maps from R? (resp. R?) to R?™". The standard measure-
ment error model, for instance, corresponds to w2 (zg, w) = zg and va (xg, w) = xg.
When u;(., w) is one-to-one, the model writes Zg = ,uz_l (v2(X) +¢&7) and is sim-
ilar to (2.1). However, in general we cannot simply switch Xy and Zg in (2.1)
to obtain completeness, as the simple example Zy = 1 shows. In such a model,
indeed, Zy would not necessarily be informative enough on X¢ for completeness
to hold.

We also assume the following hypotheses, which are close to Assumptions Al,
A2, and A4.

Assumption A8. Xy LL &> | W.

Assumption A9. For PW-almost all w, vy(., w) is a one-to-one mapping on
RI7".

Assumption A10. PW _almost surely, the characteristic function g, \w of &
conditional on W has isolated zeros.

Assumption A8 is exactly equivalent to Assumption Al. Assumption A9 is
similar but stronger than the large support Condition A2. Indeed, v, (., w) is im-
posed to be one-to-one, so that here ¢ = p. Assumption A10, on the other hand,
is weaker than A4 and holds for all usual distributions, including the uniform
and triangular ones. Actually, it holds for all distributions with exponential tails,
because then the corresponding characteristic function is holomorphic on a strip
of the complex plane and thus has isolated zeros (see Rudin, 1987, p. 208). The
Fejér-de la Vallée Poussin density x — (7x2)~!(1 —cos(x)) is a counterexample
of a distribution that violates Assumption A10, as its characteristic function is
equal to 1 — max(1 — |z, 0).

PROPOSITION 2.4. Suppose that (2.5) and Assumptions AS—-A10 hold. Then
X is complete for Z.

Thus, even if the completeness condition is asymmetric in X and Z, to a certain
extent the roles of X and Z in model (2.1) can be exchanged. The conditions on
vy are stronger than the one required for Theorem 2.1 to hold, but completeness
and not only bounded or P-completeness is achieved under weak restrictions on
the distribution of &,.

3. IMPLICATIONS FOR THE NONPARAMETRIC INSTRUMENTAL
REGRESSION

In this section we apply Theorem 2.1 to the identification of nonparametric in-
strumental regressions. Let us consider the following triangular system:

{ Y=¢(X)+n,  E@lz)=0.

Xo=u1(v1(Z) +¢1).

3.1
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In this model, X are the endogenous regressors, W are exogenous covariates,
and Zy denote the instruments. The aim is to recover the structural function ¢.
This system is close to the one studied by Newey, Powell, and Vella (1999), al-
though we allow for nonlinearity in the instrumental equation. A main restriction
is the additive separability assumption of the first equation. This is the price to pay
for a rather weak exogenous condition [E(#|Z) = 0. In particular, heteroskedastic-
ity is permitted in this framework.

Note that it is possible, through a control variate approach, to relax additive
separability under full independence between Z and (¢, 7). Recent contributions
include Chesher (2003), Imbens and Newey (2009), and Florens et al. (2008) (see
Chesher, 2007, for a survey). However, strict monotonicity in the error term of
the instrumental equation is required to identify this error. Hence, this approach
generally rules out limited endogenous regressors and cannot be applied to model
(3.1) unless x| is one-to-one.” The completeness approach, on the other hand,
can be applied with virtually no assumption on this function.

PROPOSITION 3.1. Suppose that (3.1) and Assumptions AI1-A3 hold. Then ¢
is identified if one of the following conditions is satisfied:

(i) Assumption A4 holds and ¢ (., w) is bounded for PV -almost all w;

(ii) Assumptions A4—AS hold and ¢ (., w) is bounded by a polynomial for PV -
almost all w;

(iii) Assumptions A4 and A6 hold.

Proposition 3.1 shows that to recover ¢, there is a trade-off between the regu-
larity conditions imposed on model (3.1) and the assumptions on the function ¢
itself. The first statement of the proposition is useful when X has finite sup-
port, but imposes a strong restriction on ¢(., w) otherwise. Linear forms, for
instance, cannot be handled by this case. The second statement widens consid-
erably the range of identified models, at the price of the moment condition on
€1 and the polynomial growth restriction on ui. Lastly, if one is reluctant to
make any assumption on ¢, identification is achieved under strong restrictions
on gg.

4. CONCLUSION

This paper provides general sufficient conditions to achieve varieties of com-
pleteness conditions and apply these results to the nonparametric instrumental
regression. Two questions on this topic are left for future research. First, one may
wonder whether the assumption of additive decomposition into independent parts
could be weakened. Second, the adaptation of the results above to the identifica-
tion condition of Chernozhukov and Hansen (2005) (see their Assump. L7) in the
context of nonseparable models remains a challenging issue.
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NOTES

1. This terminology is in analogy with the notion of complete statistic (see, e.g., Lehmann and
Schefté, 1947). Recall that a statistic T is said to be complete (resp. bounded complete) for a statistical
model (Py)gee if for all i (resp. all bounded %), Eg[h(T)] = 0 for all 8 € ® implies that 2(T) =0
a.s. Thus, Z plays the role of 8 in equation (1.1). Note also that (1.1) is sometimes referred to as a
strong identification condition (see, e.g., Florens, Mouchart, and Rolin, 1990)

2. Chernozhukov and Hansen (2005) also rely on a condition that is close to bounded completeness
(see their Assump. L7) for the identification of quantile treatment effects with instrumental variables.

3. Indeed, Assumption 2.4 of Chen and Hu (2006) and Assumption 2 of Hu and Schennach (2008)
are equivalent, under technical conditions, to a completeness condition.

4. Indeed, if we let v{(Z) = v1(Z) + E(¢1|Z) and €] = &] —E(¢|Z), then E(&{|Zy, W) =0 =
E(e1|W).

5. It fails for the uniform density, but this case is ruled out anyway by Assumption A4.

6. Binary choice models are obviously included. Note, however, that for binary variables X,
model (2.1) is unnecessary since completeness is simply equivalent to nonindependence between X
and Z, conditional on W. When Xy takes more than two values, it can be shown that the complete-
ness condition is equivalent to the positivity of a variance matrix (see Das, 2005, Thm. 2.1). However,
it is not obvious to check this condition for a given theoretical model.

7. Put x = —y to see that 1/f |w must be at most of polynomial order. It can also be shown
(see Mattner, 1992) that Assumption A6 is implied by the condition 0 < c(w) < fey w (¥, w)
A +11xID?®) < C(w) < oo for all x € RP~" and some real c(w), C(w) and y (w) > 0.

8. Moreover, a density that does not fulfill Assumption A5 has heavy tails and thus is likely to
satisfy Assumption A6.

9. One could redefine the instrumental equation as X = u(Z,z) with z strictly increasing in
€1, but then the independence condition Z L1 (¢7, 77) would not hold any more in general (see Florens
et al., 2008, for a discussion on this point).
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APPENDIX

Proof of Theorem 2.1. For all 4, let ﬁ(t, w) =h(u(t), w). By Assumption Al,
E[h(X)|Z) = E[h(v1 (2) + &1, W)|Z]

=/E(v1(2)+u,W)fg”W(u,W)du as.

- /E(r, W) foo w01 (Z) =1, W)ds  as.
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By Assumption A2 (and conditional on W), v{(Z) admits a continuous distribution
whose support is RP~". Thus

E[h(X)|Z] =0as. < /E(z, W) fegy W —t,w)dt =0 2@PV-ae. in (w,w) (A1)

where 1 denotes the Lebesgue measure. Because v{(Z) + ¢ also admits a continuous
distribution and its support is RP~", it follows that

hX)=0 as.<h(t,w)=0.0PY-ae.in (u,w). (A.2)

Moreover, h(X) integrable (resp. & bounded) implies that 71(1)1 (Z) + ¢1) is integrable
(resp. h is bounded). Similarly, by Assumption A5, if A (., w) is bounded by a polynomial,
h(., w) is also bounded by a polynomial. Hence, to prove completeness (resp. bounded
completeness, P-completeness), it suffices to prove that for all g such that g(v{(Z) +¢1)
is integrable (resp. g is bounded, bounded by a polynomial), PW -almost surely in w,

/g(t,w)f_mw(u—t,w)dt:O ae.inu= g, w)=0 ae.int. (A.3)

This statement corresponds to the completeness of the location family with density
f—&,|w» except that the left-hand part of (A.3) holds almost everywhere and not every-
where. But in Mattner (1992, Thm. 1.3) (and hence in his Thm. 1.1), the statement also
holds almost everywhere, so that we can apply it to obtain part 3 of the theorem.

To show part 1, we adapt the proof of Ghosh and Singh (1966, Thm. 2.4.) Let L! (resp.
L°°) denote the space of equivalent classes of integrable (resp. essentially bounded) func-
tions with respect to the Lebesgue measure. Let w be such that g(., w) € L™, w,, w (> w)
does not vanish anywhere and the left-hand part of (A.3) holds (the set of such w be-
ing of probability one). Let fiu(x) = f_g)jw (U —x, w), Py = span{fw,u, ueRPTT/
[8(t,w) fuwu(t)dt =0} and Qyy = { fu,u /u e RP™"}.

Let Ry ={u / fw,u € Pw}. Because the Lebesgue measure of “R,, is zero, there exists
a sequence (uy), N of elements of Ry, such that u, — u for all u € “Ry,. By continuity
of f_g,jw (., w) and Scheffé’s theorem (see, e.g., van der Vaart, 1998, p. 22), [ | fu,u, (t) —
Sfuw,u(®)|dt = 0. Thus Q,, is included in the closure of P, (for the L!-norm).

Now, by Assumption A4 and Wiener’s tauberian theorem (see, e.g., Rudin, 1991, p.
229), Q,, is dense in L!. Thus, P,, is dense in L. By continuity of the linear form ¢
J g, w)p(t)dt and the Riesz theorem (see, e.g., Rudin, 1987, p. 130), g(¢, w) = 0 for
almost every ¢ and almost all w.

Lastly, let us turn to part 2. First, because it is integrable, f_. jw (., w) € &', the space
of tempered distribution (see Rudin, 1991, p. 191, ex. d). Moreover, g(., w) is bounded by
a polynomial, so that g(., w) € S’ (see Rudin, 1991, p. 191, ex. d). Lastly, the function

c(,w):ur /g(t,w)f_mw(u —t,w)dt

equals zero almost everywhere. Hence, it is the zero distribution and, as such, is tempered.

Now let gn (., w) = g(.,w) x L[_y »7(.). Here gn (., w) is a tempered distribution with
compact support, so that it belongs to the space of quickly decreasing distributions (see
Schwartz, 1973, p. 244). Let us show that g, (., w) converges to g(., w) in S’. We have to
prove that

[ entwwipdu— [ g, )¢ du
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for all ¢ € S, the space of rapidly decreasing functions (see, e.g., Rudin, 1991, p. 161).
Let @ be any bounded set in S, the space of rapidly decreasing functions. There exists (see
Schwartz, 1973, p. 235) a continuous function b with b(x) = o(|x|™™) as |x| = oo and
for every m, such that |¢ (x)| < b(x) for every x € R and every ¢ € ®@. Because g(., w) is
bounded by a polynomial, g(., w) x b is integrable. Thus, by dominated convergence,

/ (1) (gn (11, ) — g (1, w)) du

sup‘ < [ b Lo @)l du — 0.
Pped

Hence, g, (., w) = g(.,,w)in S’

Let us show similarly that ¢, (., w) = [ gn (¢, w) f—_¢,|w (. —t, w) dt converges to c(., w)
inS’. Let D(w) and [(w) be such that |g(¢, w)] < D(w)(1+[|7]'(®)). We get

18wy lu =, w)ds
= [1gtu=t,0)1 gy . w)
< D(w) (1 +/||u—z||l<w> f—sl|W(t,w)dt>
< D(w) [1 +2/w)=1 (nun’(’”) + / g ) f_g,|w(t,w)dt)] ,

where the second inequality follows by convexity. Moreover, by Assumption AS,

S £ e, )i < +oo.

This, together with the previous inequality, implies that (¢, u) = b(u)g(t, w) f—gyjw (u —
t,w) is integrable. As a consequence, u — b(u)(c, (1, w) — c(u, w)) is also integrable.
Moreover, by dominated convergence,

/b(u)[c,, (u,w)—c(u, w)]du =//b(u)g(t, W) fgyw @ —t, w)Lep_p () dtdu — 0.

As previously, this shows that ¢, (., w) = c¢(.,,w) in &’.

The previous results ensure that we can apply Lemma 2.1 of Mattner (1992) to
feew (), g(,w), c¢(,,w), and gn(.,w). As a consequence, we get, for almost all
w and everywhere except on A(w),

Fglw)) x F(fogjw (., 0)) =0.

Thus, by Assumption A4, F(g(.,w)) = 0 everywhere except on A(w). Applying the
same reasoning as at the end of the proof of Theorem 1.3 of Mattner (1992) finally yields
g(t, w) = 0 almost everywhere in 7. Part 2 follows and the proof is complete. n

Proof of Proposition 2.2. We keep the notations of the previous proof. Because x| (t) =

t, h = h. Hence, by (A.1) and (A.2), completeness is equivalent to

/h(t, ) fogw—t,w)dt =0 ae.inu= h(t,w)=0 ae.int. (A4)
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for PW -almost all w and all h such that E [Ih(Xp)l] < co. But Mattner (1993, Thm. 2.4)
implies that this condition is not satisfied. Hence, X is not complete for Z. u

Proof of Proposition 2.3. We still keep the previous notations. Following the same
lines as in the proof of Theorem 2.1, we can show that bounded completeness holds if, for
PY -almost all w and all bounded g(., w),

Jet,w)f_g,jwu—t,w)dt =0 forae. u € Supp(v{(2)|W = w) = g(t,w) =0
a.e.int. (A.5)

Suppose that the left-hand side holds. Then, by Assumption A2, c(., w) equals zero on

an open set Oy,.

Besides, by Assumption A7 and the fact that g(., w) is bounded for PY _almost all w,
the function

(I’M) = g(t’ w)f—S]|W(u_taw)

is bounded on {(#,u) € R x C/|[Im(u)| < ro(w)}. Moreover, u = g(t, w) f—gjw (u —t, w)
is holomorphic on {u € C/|Im(u)| < ro(w)} by Assumption A7. Thus (see Rudin, 1987, p.
229), ¢(., w) is holomorphic on this same set. A holomorphic function that vanishes on an
open set actually equals zero everywhere (see, e.g., Rudin, 1987, p. 209). Thus, ¢(., w) =0
everywhere and the end of the proof of Theorem 2.1, part 1, can be applied.

Proof of Proposmon 2.4. Let h be such that E[|h(X)|] < oo and IE[h(X)lZ] 0 almost
surely. Let also vy ( w) denote the inverse of v, (., w) and h(t, w) = h(v2 (t, w), w).
Letting T = v, (X), we have

E[R(T, W)lua(Z), W] =

Hence, for all 1; € RY™", almost surely,
B[R (T, W)e!1T+e2) 1wy =0

Then, by Assumption A8, almost surely,
B[R (T, W)e! I T |WIE[ 152 |W] = 0

This implies, by Assumption A10, that the function #; E[ﬁ(~T, W)e”{TlW] vanishes

everywhere except perhaps on isolated points. Now, because E[|A (T, W)|| W] < 400, the
~ iy

function #; — E[A(T, W)e”lT |W1] is continuous by dominated convergence. Thus, for all

(t1, 1) e RI™" xR",

E[(T, W)e! (1T+2 W) =0

This implies (see, e.g., Bierens, 1982, Thm. 1) that E[E(T, W)|T, W] =0 almost surely. In

other words, /(X) = 0 almost surely. n
Proof of Proposition 3.1. E(Y|Z) =E(¢(X)|Z), so that any candidate ¢’ for ¢ satisfies

El(p' - 9)(X0)1Z] =

If ¢(., W) is known to be bounded, any candidate must also be bounded so that (¢’ —
¢")(., W) is bounded. Then by Theorem 2.1 (part 1), ¢’ = ¢ so that ¢(., W) is identified.
If ¢(., W) is bounded by a polynomial, so is (¢’ — ¢')(., W), and the same conclusion
holds by part 2 of the theorem. Lastly, if Assumption A6 holds, ¢’ = ¢ by part 3 of the
theorem. n
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