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The Hamiltonian dynamics of a two-degree-of-freedom system is shown to 
mimic the structure of an  incompressible fluid if the fluid streamlines are 
considered instead of the pathlines used by many authors. This approach is 
formally equivalent to  the determination of magnetic field lines, which satisfy 
the same mathematical equations. Turbulence in this case is seen as 
Hamiltonian chaotic dynamics perturbed by time, which plays the role of the 
codimension parameter of such chaos. Any spatial Lie symmetry leads to a 
laminar flow, whereas stationary flow could be considered chaotic but not 
turbulent. The transition from laminar to  turbulent flow is associated with the 
destruction of KAM trajectories produced by time evolution. 

1. Introduction 
Understanding the turbulent behaviour of a fluid is one of the most important 
current areas of work in physics, and for many years has presented a continuous 
challenge to a number of researchers. 

In recent times, many papers have been published in which the meaning of 
turbulence in a fluid is illustrated by the chaotic behaviour of the pathlines of 
the hydrodynamic velocity field. I n  order to have a model of turbulence. the 
pathlines are shown to obey dynamic equations of the same type as those found 
in the chaotic dynamics of Hamiltonian systems. See Arnold (1965). H6non 
(1966). Aref (1984), Aref and Balanchander (1986). Dornbre et al. (1986). ('hien 
et al. (1986), Chaiken et al. (1987). Feingold ut al. (1988). Ziglin (1988). 
McLaughlin (1988), Zaslavski et al. (1988), Aref and Jones (1989). Polvani and 
Wisdom (1990), Wang et al. (1990. 1991). Zaslavski and Tippett (1991) and Lau 
and Finn ( 1992). 

However, the velocity fields considered in these papers are stationary fields 
independent of time, or time-dependent fields of one- or two-dimensional flows. 
Also, the independent variable in the pathlines is the time. and this choice 
forces the independent variable to  have the same physical meaning both in the 
hydrodynamic problem and in the differential equations of chaotic classical 
mechanics associated with the problem. 

In this paper, a different philosophy is assumed. The idea is to  use the 
streamlines, the tangent lines to  the velocity field, in order to  associate a 
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Hamiltonian dynamics to  any incompressible turbulent fluid. The streamlines 
are defined for each value of the time, and their coordinates are expressed in 
general in terms of a variable that is not equal to  the time. These streamlines 
will coincide with the pathlines used by other authors when the velocity field is 
timr-independent, but this case could be considered as a particular case of this 
moi2e general approach. The absence of an explicit time in the velocity is here 
interpreted as the possibility of existence of dynamic chaos, with no turbulence, 

The main change with respect to  the work of other authors is evident when 
one introduces an explicit time dependence in the velocity field. In  this 
philosopllj-, the time plays the role of the codimension of the space of 
parameters in Hamiltonian dynamics. The possibility of associating a chaotic 
behaviour with the set of streamlines for each time produces a time-dependent 
chaotic behaviour as the set of streamlines changes with time. I n  this case, 
turbulence is chaos very similar to  mechanical chaos, but moving, since each 
value of time can give a different image of tha t  chaotic structure. The 
definitions and the differential equations satisfied by the pathlines and the 
streamlines are the same as in many textbooks (e.g. Currie 1974). 

The hydrodynamic velocitr u of the incompressible fluid satisfies the 
continuity ecjuat ion 

v . u  = 0. ( 1 )  

In  acldition to this equation. the velocit,y u satisfies a nonlinear and time- 
de1)endent equation of motion such as the Euler or Navier-Stokes hydro- 
d j ~ ~ ~ a ~ n i ( d  equ R t '  ion: 

The velocit~r should also obey some boundary conditions expressing adherence 
to fixed or moving ~valls and the time dependence of incoming and outgoing 
fluid into the system. 

2. The hydrodynamics-mechanics equivalence 
The problem of finding the streamlines t>angent to  an incompressible velocity 

is equivalent to a two-degree-of-freedom Ilamiltonian dynamical system. This 
theorem is found in the literature associated with the field lines of a magnetic 
field. n-hich obey the differential equations 

The hydrodj-lramic velocity replaces the magnetic field in these equations. This 
has been espressed as a variational principle by Morozov and Solovev (1966) : 

6 driAi(r)  = 0, I (4) 

where Ai are the components of the vector potential for the hydrodynamic 
velocity : 

u = V x A .  ( 5 )  
These lines can be found using a Hamiltonian formalism given by several 

authors. I n  particular, Cary and Littlejohn (1983) have developed a 
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Hamiltonian formalism in non-canonical variables to  find these lines: and 
~ ~ ~ a k i  and Ghosh (1987) have given a Hamiltonian formalism with the 

where u, and u, are two components of the velocity. and (x. y. :) are spatial 
coordinates. The Hamiltonian H is a function of the canonical variables . I - .  1, and 
the 'time' z .  Piiia and Ortiz (1988) have shown the equivalence of the 
formulations of Cary and Littlejohn (1983) and Janaki and Ghosh (1987). 

In (6) the two components of the velocity are writken only as functions of the 
position, not the time. to  emphasize that  in (6) the coordinate 2 plays the role 
of the mechanical ' t ime'  whereas the real time of hydrodynamics is only a 
constant parameter in this formalism. 

The converse theorem is also true. Birkhoff (1935), in considering the 
Hamiltonian dynamics of the restricted three-body problen~ (a two-degree-of- 
freedom problem). observed that  one can associate the set of trajectories with 
the stationary movement of an incompressible fluid. 

This idea can be generalized to  any two-degree-of-freedom Hamiltonian 
dynamics. One can associate with it an incompressible flow as follows. ,4ssume 
as starting point a Lagrangian of any two-degree-of-freedom dynamical 
system : 

where the dot denotes the de r i~a t~ ive  with respect to a real time and  and :, 
are the two coordinates. and the functions a,,, a,,, a,,, b,. b,  and Q are functions 
of the coordinates (not explicitly writt,en in the following). 

By using Maupertius' principle, the orbits are solutions to  the variational 
principle, which does not depend explicitly on the real time. 

where E is the constant of motion 

Using the coordinate z2 as a new independent variable. renamed s. 

an explicit s-dependent Lagrangian function L results from Ala,upertius' 
principle as 
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and from it a Hamiltonian formalism follows : 

= b, + [l (E  - a11 dz1lds + a12 
[all( i lz l /ds)2 + 2a12 dr l /ds  + a,,]'" ' 

-a1, dz l /ds  - a,, 
= - b2 + [2(E - $ ) ] ' I 2  

[a l l (d i l /ds )2  + 2a12 dzl /ds + a2,11J2 ' 

This can be recognized as a particular case of the previous formalism associated 
with the streanllines of the incompressible fluid by Janaki and Ghosh (1987) if 
one iclent ifies 

.I' = z,. y = . f(dz,/ds),  z = s = z,, (13) 

where f is an arbitrary function. 
The components of the hydrodynamic velocity. which has zero divergence. 

can be found if an equivalence is made between the corresponding terms of (6) 
and (12 ) .  Birkhoff's example in his treatment of the restricted three-body 
problem is a particular case of this calculation. 

Xote that in this case the 'real t,ime' of the mechanical system does not 
appear in (1 2 ) .  The ' time ' associated with the Hamiltonian system in (12)  is the 
coordinate : , . 

3. Discussion 
,I conwclurllcde of these results is the possibility of relating all the experience 
obtained recently in the study of two-degree-of-freedom Hamiltonian systems 
(Licahtenberg and Leiberman 1983 : Ozorio de Almeida 1988 ; Roberts and 
Quispel 1992 : AI.rnold r t  crl. 1993) with this particular way of regarding the 
turbulent flow of an incompressible fluid. 

The first aspect to  take into account is the chaotic dynamics of those systems 
that are high117 unstable with respect to  initial conditions (Lichtenberg and 
Leiberman 1983 : Ozorio de Almeida 1988: Roberts and Qilispel 1992 ; Arnold 
~t ( [ I .  1993). The periodic orbits of these systenis are isolated. and do not form 
parts of foliated structures. These periodic orbits are, in general, classified into 
tn-o tj-l)es stable and unstable. The stable orbits have a n  infinite number of 
other longer-periodic orbits turning around them an integer number of 
windings. These turning orbits come in pairs of one stable and another 
un\taI)le orbit of similar length. These orbits around a closed orbit are ordered 
from neal.eht to farthest by the Farey sequence, the denominator in that 
sequence corresponding to  the winding number of the orbit. Between any two 
winding numbers. there exists another winding number. 

After the identification made in this paper. we find tha t  the hydrodynamic 
velocitj- field is tangent to  streamlines tha t  behave in a very similar way to the 
chaotic htroctures of Hamiltonian systems, including the same complex 
organization (Lichtenberg and Leiberman 1983; Ozorio de Almeida 1988; 
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Roberts and Quispel 1992; Arnold et al. 1993). Around any closed streamline. 
a  able of closed streamlines is formed, winding around the shortest streamlines 
in ordered series of turnings according to  the Farey sequence, in pairs of stable 

unstable closed streamlines. These streamlines are located around the 
shorter streamline, separated by tubes around tha t  streamline. These tubes are 
associated with KAM surfaces, which are densely covered by streamlines of 
infinite length. 

The existence of whirlpools, densely distributed in the field, is explained by 
the fact that the neighbourhood of a closed stable streamline rotates with an 
angular velocity related to  the Poincare exponents of that  line. These exponents 
determine the linear behaviour near a periodic orbit. 

This rotation (and these exponents). change as functions of any parameter in 
the Hamiltonian (Lichtenberg and Leiberman 1983 : Ozorio de Alrneida 1988 : 
Roberts and Quispel 1992; Arnold et  al. 1993). For a time-dependent 
compressible fluid, such a parameter is the time. producing rotation of fluid 
around any closed stable streamline in the fluid. 

If the associated Hamiltonian system is non-integrable then the periodic 
closed streamlines are densely distributed in the fluid in non-foliated s t~~uctures .  
and the generation of whirlpools densely fills the regions of closed streamlines. 

On changing a parameter in the Hamiltonian. one finds bifurcation of one 
stable orbit, which becomes unstable and produces two st able orbits. separating 
from the unstable one (Lichtenberg and Leiberman 1983: Ozorio de Almeida 
1988 ; Roberts and Quispel 1992 : Arnold et al. 1993). This phenomena. as time 
evolves, will cause in many places of the fluid the formation of two vortes rings 
from one. or the reverse phenomenon. These bifurcations ha1.e been studied in 
great detail by several authors (e.g. Greene et (11. 1981). 

The hyperbolic closed streamlines of the fluid are a t  the centre of tlstl~emely 
chaotic structures of homoclinic orbits approaching ahymptoticallj- to that 
unstable closed streamlines (Lichtenberg and Leiberman 1983: Ozorio de 
Almeida 1998; Roberts and Quispel 1992: Arnold p t  crl. 1993). 

A physical consequence implicit in the prex-ious discussion is the fact that the 
extreme complexity of the turbulent fluid comes about froin the property of 
mass conservation in the continuity equation. The nonlinearit ies of the 
equation of motion are responsible for the time change of the chaotic structure. 
but not necessarily for the existence of that  structure. 

On the other hand, laminar flow can be associated with integrable cases of the 
dynamics where the periodic orbits are parabolic and non-isolated. having 
neighbouring orbits of the same period. all of them on a surface that  is a 
constant of motion. The constants of motion foliate the s11ac.e. giving the 
ordered structure of the laminar fluid. 

Because the chaotic structure shows its full complexity at  small distances. 
after considering the molecular structure and macroscopic experiments. one 
needs to take account of this chaotic structure only for length scales that are 
not too small. 

Therefore laminar flow should arise not only for exactly integrable 
Hamiltonians producing foliated structures. but also for those perturbed 
Hamiltonians that  are nearly integrable (Lichtenberg and Leiberman 1983: 
Ozorio de Almeida 1988; Roberts and Quispel 1992: A%rn~ld  el (11. 1993). with a 
set of parallel quasifoliated KAM surfaces, producing experimentall>- the 
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appearance of an  integrable Hamiltonian. The onset of turbulence should be 
assoc+iated with the moment a t  which a large number of the quasifoliated KAM 
surfaces disappear and the mixing of streamlines from all regions of the fluid is 
complete. 

Let us now compare this theory with other work. One notes tha t  the existence 
of a constant of motion in the Hamiltonian dynamics (12) gives the laminar 
integrability of the motion. The laminar behaviour of the two-dimensional 
stationary fluid dynamics, found by Aref and co-workers (Aref 1984 ; Aref and 
Balanchander 1986: Aref and Jones 1989) is a corollary. The chaotic structure 
that results when time dependence is included by these authors can be well 
understood from the particular point of view presented here. 

The chaotic cases with Eulerian time-independent velocities considered by 
manry authors (see the references in the first paragraph of Section 1) are 
particular cases of the present theory. Our streamlines coincide in such cases 
with pathlines tha t  could be parameterized in terms of the real time, but do not 
more globally. These authors have previously found a chaotic dynamical 
structure called Lagrangian turbulence, but with less complexity than our 
chaotic moving structure. which exists only when the velocity field is time- 
dependent with no symmetry. Note also tha t  the onset of turbulence has not 
been described by those authors, since an explicit time dependence in the 
velocity is avoided. 

In  conclusion, the set of streamlines of any incompressible fluid has, for each 
value of the time. the standard structure of the orbits of a Hamiltonian with 
two degrees of freedom. As time evolves, this set moves, as do the orbits of the 
dynamical system, which are modified by changes in the parameter of a 
pararneter-dependent Harniltonian. The onset of turbulence occurs when the 
KAM traj?c.tories disappear. 
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