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Abstract. We compute the exact lower bounds for some averages arising in ergodic
theory. In particular, we prove that for any measure-preserving system (X, B, u, T)
with (X) < oo, any A € Band any N € N, N7'YV 1y nr—74) >
VI + (1(X) = w(A)) + u(A) = p(X).

1. Lower bound for the averages N~ Zy]:];ol HWANTA)

1.1. Let T be a measure-preserving transformation of a probability measure space
(X,B,u). Let 0 < a < 1, it follows from the mean ergodic theorem that if A is a
subset of X with t(A) > a, then the limit of the averages

=

1
N O MANT"A) (1.1)
n=0

exists and satisfies limy_soo N ! ZQ’;O] wWANTTA) > a? [Kh]. This does not
a priori guarantee that there is a uniform positive lower bound of the averages (1.1)
for all A with u(A) > a, that is, that there is ¢ = c(a) > 0 such that for any X,
T and A with w(A) > a one has N~' YN ' y(A N T="A) > cforall N € N.
Indeed, for the more general expressions (N — M )1 2’;1‘11 w(A N T ™A) one still has
limy—p— oo (N — M)~} 2’;,&, UWANTTA) > a? [Kh], while, if a < %, for arbitrarily
large N — M one may have (N — M)~! Zﬁ;&l w(ANT"™A) = 0 for appropriately
chosen T, A and M. (For example, take X = [0,1], A = [0,a] with a < 1 and

T(x) = (x + o)mod 1 with ¢ <« 1 — 2a; then there are large intervals of n for vzvhich
ANTTA=0.)

The existence of a positive lower bound for averages of the form N ! Zflv:_ol Hm(A N
T/"AN---N T "A), where Ty, ..., Ty are pairwise commuting measure-preserving

transformations of X, is proven in [BHMP]. We compute the exact lower bound of the
averages (1.1).
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1.2. THEOREM. Let0 <a < 1.

(a)  For any probability measure-preserving system (X, B, u, T) and any A € B with
1(A) = a, one has N' YN N AN TA) > a2+ (1 —a)? +a — 1 forall
N eN

(b) For any § > O there exist a measure-preserving system (X, B, u, T), A € B with
(t(A) = a and N € N such that N-' YN L w(AnT14) < Va> + (1 —a)? +
a—1+34.

Proof. Passing, if needed, to the natural extension of (X, B, u, T) ([R]), we may assume
that 7 is invertible. We may also assume that X is finite with u(B) = |B|/|X|, B € B.
Indeed, glven A € B, u(A) = a,forany N € N and ¢ > 0 there exists a finite set X, a
permutation T of X and a set A C X such that

|A| JANT"A| Y
— —al<¢e and |——— —u(ANT "A)| <e
|X| |X|

for all n < N. (One can deduce this fact from the Rohlin Lemma, or prove it directly.)
Thus, we arrive at the following problem: given a permutation 7" of a finite set X, a subset
A of X with |A| = a|X|and N € N, we have to estimate (N|X|)~' Y- 1AnT—"4].

First, let us assume that 7' is a cyclic permutation: X = {l,...,m} and Tx =
(xmodm) + 1. Let A C {1, ..., m} with |A| = b = ma. For any k € N, if we replace X
by {l,...,km}and Aby AUA+m)U---U(A+ (k— Dm),

A A A4+m A+ (k—1)m
n im '] — —a im n im ... = im ']

|
T
1 m 1 m 2m km

then the quantities |A|/|X]| and |A N T~"A|/|X|, n € Z, do not change. Hence, we may
assume that m is arbitrarily large. Fix ¢ > 0 and assume that N/m < e. Under this
assumption, we will estimate from below the sum

N—1
S = ZlAﬂ(A—n)l:ZlAﬂ[x,x+N—1]|,
n=0 X€EA

which does not exceed Zn o [ANTTAL

To make the argument more transparent, let us reformulate the problem in combinatorial
language. Assume that b archers are positioned at the points 1, 2, ..., m of the real line,
no more than one archer at a point: there is an archer at x iff x € A. Every archer threatens
himself and all other archers positioned at his right at the distance less than N. (That is,
the archer located at a point x threatens the archers located in the interval [x, x + N — 1].)

1 1 1 11
8 e & §+|§f\§% & B.ooy @ [ R S Y D
1 z N1 m

The questions are, how should one position the archers in order to minimize ‘the total
number of threats’

S = Z the number of archers threatened by R,

R is an archer

and what is the minimal value of S?
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We start with an arbitrary positioning of archers

I§¥ 99??99% . Py P . & _u&._#*

1 N m

and ‘improve’ it by moving the archers in such a way that S will not increase.

Step 1. Assume that by archers are located at the points of the interval [1, N]. If b; > 0,
we move these archers to the left end of the interval [1, N]; clearly, this does not increase S.
As a result, all (integer) points in the interval [1, b1] become occupied (we will say that
[1, b1] is full), while all points in the interval [b; + 1, N] become free (we will say that
[b1 + 1, N] is empty):

posp s — R, P . 8. 5. & A

L
1 b N bEN m

Step 2. Now, if an archer R is located at a point x € [N, by + N — 1] and the point x + 1
is not occupied, then R can be moved to x + 1. Indeed, after this relocation R is no longer
threatened by the archer located at x — N + 1 € [1, b1] and so the number of archers
threatening R decreases by one. On the other hand, the number of archers threatened by R
increases by at most one and, hence, the total number of threats S does not increase. This
allows us to move all archers located in [N + 1, b1 + N] to the right end of this interval:

]§+§’*§*§*i§f ]_l>,§h§¥l.§'¥ B, 2P I,§f ., & B, 2 f%*

1 b N bidy b N bidrN m
Assume that there are ¢ archersin [N+ 1, b1+ N] (possibly, c; = 0) and putd; = N —c1;
then after this rearrangement the interval [N + 1, b1 + d1] becomes empty and the interval
[b1 + di + 1, by + N] becomes full. Note that c; < by and so, b +d; > N.

Step 3. We shift the archers located in [by + N + 1, b; + N + di] to the left end of this

interval; we can do this since, at any position, these archers are threatened by all archers

from the interval [b] + d; + 1, by + N] and are not threatened by the archers from [1, b1]:
pRpYY PHPPIHBHS S 9. ® . B BB B

1 by btd, bEN bidibs brdtN
Assume that the interval [b1 4+ N +1, b1 + N +d] contains e archers and put b, = ¢ +e;.
Then, after this rearrangement, the interval [b] 4+ di + 1, b1 + d1 + b2] becomes full and
the interval [b1 4+ di + b2 + 1, b1 4+ di + N] becomes empty. Note that b» > ¢ and so
di+by>di+c1=N.

We repeat Steps 2 and 3 starting at the point b1 + d; + 1 instead of 1, and obtain an
empty interval [by + di + by + 1,b1 4+ d1 4+ b> 4+ d»] and a full interval [b] 4 di +
by +dy+1,b1 +di + by + dy + bz]. And so on, until we reach the last archer. In the
process of the last application of Step 2 some archers will possibly be forced to cross the
boundary of the interval [1, m] and move to the interval [m + 1, m'] with m’" < m + N.
The resulting configuration will represent an alternating sequence of full/empty intervals
of lengths, respectively, by, d, ..., bx_1, dx—1, bx, where b;, d; satisfy 0 < b; < N for
i=1,...,k;0<di < N,bij+d; > Nandd; +bjy+1 = Nfori =1,...,k—1;
bi+---+by=bandd| +---+dy_1 =m' —b:

PSP P PEHHHEH B ... B PEHHHY
1 ™ — peyl
by dy by da di—1 b
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In this situation, the first (from the left) archer of the ith group of archers threatens all b;
members of this group, the next one threatens b; — 1 archers, and so on. In addition, the last
archer of the ith group threatens N —d; — 1 members of the (i 4+ 1)th group, the next-to-last
archer threatens N — d; — 2 archers of the (i + 1)th group, and so on. Hence, the number
of threats coming from the members of the ith group is

bi+bi—D+--+D+((N=di— 1)+ (N—-di —2)+---+1)

_bibi+1) (N —-d)(N—di —1)
= > + > .

The total number of threats S is, therefore,

k k—1
bi(b;i +1) (N —dj)(N —d; — 1)
S = +
2o th o
1 s 1 k 1k—1
(N —d;) +§Zb,-—5;(zv—di>

i=1 i=1 i=1

2 1 k—1 2 lkfl
bi) 4+ — (S V=—a)) +-3 i +di — N
T se(Sor a1 0eaw

> ib2 + L((k — )N —m'+b)* = i(b2+ (kN —m” + b)?), (1.2)
2k 2k 2k

v
2|~
/N
]

where m” = M’ + N. Considering the right-hand part of (1.2) as a function of k, one finds
that its minimum is reached when k = /b2 + (m” — b)2/N and it equals

m” 2 m"
Nvb%+ (m" —b)2 — N(m” —b) =mN a2+<——a) +a——
m m

Since 1 < m”/m < (m 4+ 2N)/m < 1 + 2¢ and ¢ can be taken arbitrarily small, we have
S >mN(/a?+ (1 —a)?+a—1). (Returning to the archers, we see that, if we ignore the
fact that k, b/k and m/k must be integers, the ‘safest’ configuration is the following one:
the b archers form k = /b2 4 (m — b)2/N equal groups with equal distances between the
groups:

l.§*§*.§*§*§* S PPPY 2HEPYHY

1 m

For this configuration S = N+/b2 + (m — b)2 — N(m — b).)
We obtain, therefore, that in the case 7 is a cyclic permutation,

lel B lel 1
NZOMHT ”A|zNZO|AO(A—n)|:NSzm(\/a2+(1—a)2+a—1).
n=! n=

Now let T be an arbitrary permutation of an m-element set X. Let X = X; U--- U X;
be the partition of X into the union of disjoint cyclesof T and letm ; = |X;|,j =1,...,[.
Let A C X,|Al =b,A; = ANXjanda; = |Aj|/IXjl, j = 1,...,1. Then for any
N € N we have

| N=t 1 d
— ANT"Al = —
TN L

=

1
|A;NT™"Aj| > Zm.j(,/ajﬂl —aj)?+a; - 1).
0 =

n
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Since the function ¢(a) = /a2 + (1 —a)? + a — 1 is convex, the conditions m + - - -
+m;=mand m~(aym| + - - + qym;) = a imply lezl mjg(a;) > me(a). Hence,

1N
NZlAﬂT”A|>m(\/ +(1-al+a-—1)
and
lel 1 N-—1
- ANT"A) = — ANT"Al> Va2 +( —a)2+a—1.
N;)u( ) mNnX:(j)| |>Va2+(1—a)2+a

To prove part (b) of the theorem, we take X = [0,1], A = [0,a] and T(x) =
(x + m~')Ymod 1 with m to be specified later. We may assume that a is rational and,
moreover, thata = b/m, b € N. Then form — b < N < m we have

a (bb+1) (N—m+b)(N—m+b—1)
m( 2 2 )

! (a<a+ 1>+(y+a—1>(y+a—1—l)), (13)
2y m

where we put y = N/m. By taking m large enough, we may make (1.3) be less than
Cy) " Na?+ (y+a— 1> +(8/2) forall y € [0, 1]. For y = \/a? + (1 — a)? one has
Cy'a@*+ (y+a—-13%=a?+ (1 —a)?+a— 1. Therefore, choosing N and m so
that y = N/m is sufficiently close to /a2 + (1 — a)2, we get (2y) " (a*>+ (y4+a—1)?) <

Va2 + 1 —-a)?+a—14(8/2) and so

1 N-—1
— Z w(ANT"A) =
N n=0

N—
ﬁZOM(AﬂT”A)<\/ +(—a)l+a—1+6. O
13 Given a > 0, a positive lower bound also exists for the averages

-1 Z f fT" f dj where f is a non-negative function with [ f du = a.

THEOREM. Leta > 0.
(a)  For any probability measure-preserving system (X, B, u, T) and any non-negative
integrable function f on X with f fdun > a one has N~} Z f fT" fdu >
a%/2 forall N € N.
(b) Forany 8 > 0 there exist a measure-preserving system (X, B, i, T) a measurable
function f on X with [ fdu = a and N € N such that N~ IZ fanfd/,L <
(a@?/2) + 6.

Proof. Fix N € N. Again, we may replace our system by a finite one and assume that T is
a permutation of a finite set X, | X| = m, and that f takes on only integer values. We have
to estimate the sum Z,]:];()l cex f(xX) f(T"x), where f(x), x € X, are non-negative
integers satisfying )y f(x) = am.

First, let T be a cyclic permutation: X = {1,...,m}, Tx = (x modm) + 1. Then the
problem is equivalent to the following one: b = am archers are positioned at the points
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1,...,m, f(x) archers are at a point x. An archer located at x threatens the archers located
in the interval [x, x + N — 1], totalling Zn —0 f (x 4+ n) archers. We have to estimate

m

N-1
S=) D ff+n

n=0 x=1

m N-—1

=Y f) Y flx+n
x=1 n=0
m_ f(x)

; ; (1:;1 f(x+n)>

Z (the number of archers threatened by R).
R is an archer

Having replaced X = {1,...,m} by {l,..., Nm} and extended f to {1,..., Nm} by
f(x) = f(x —m) for x > m, we may assume that m is divisible by N. Let us subdivide
{1,...,m} into m/N intervals of length N. Let b;, i = 1,...,m/N, be the number of
archers located in the ith interval. Fix i and enumerate the archers of the ith interval in
succession from the left to the right. Then the first archer threatens all b; archers in the
interval, the second archer threatens at least b; — 1 archers, etc. The total number of threats

coming from the archers located in the ith interval (to the archers in the same interval) is
>bi(bj +1)/2 > biz/Z. Hence, the total number of threats S satisfies

m/N b2 N m/N 2 sz
S > - > — bi| = —.

> 2o n) =5

We therefore have
bZ
— Z D FEFT) = —s >
n=0 xeX m
Now let T be an arbitrary permutation of an m-element set X. Let X = X; U--- U X;

be the partition of X into the union of disjoint cycles of T, let m; = |X;| and let
bj = erXj f(x),j=1,...,1. We have

N-1 l

! b2
Z Y (T = ; ; ZX FEF(T"x) = Zﬁ’j. (1.4)

nOxeX

Under the conditions m +---+m; = m and by + - - - + b; = ma, the minimal value of the

right-hand side of (1.4) is reached when by/m| = --- = b;/m; = a and it equals %maz.
Hence,
| =l a2
n — n
< Z/fT fdp=— Z PINONUERS
n=0 n=0 xeX

To prove part (b) of the theorem, take f to be (a/c)l4, where A is a set of measure
¢ > 01in X. By the theorem in §1.2, for appropriately chosen X, A, T and N we have

N—1 >

1 . Sc
—ZM(AHT A) < c2+(1—c)2+c—1+2 5
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and so

11\/1 . 1 N2 0 .
/fT fdu—ﬁl;(;) WANTA)

2 s
( )(\/ (=P te—1)+3.
Since limg—0(a2/c2) (/2 + (1 — ¢)>+c—1) = a®/2, wehave N~V SNV [ 17 fdp <
(a2/2) + § when c is small enough. O

2. Lower bounds for some non-conventional ergodic averages
2.1. Let 71, ..., Ty be pairwise commuting measure-preserving transformations of a

probability measure space (X, B, ;) and let A be a set of positive measure in X. Let us
consider the averages

w50, (1)

Sc{l,.. ieS
Ni—1  N—1
Z Y wANTTMANT; AN "L T A).
nl—O ng=0
2.1
The convergence of (2.1) as Ny, ..., Ny — 00 is known only in the case 71 = --- = T

for k = 2 and k = 3 (cf. [B] and [HK]).

2.2. If 71, ..., Ty do not commute, the limit of the averages (2.1) may not exist.

Example. Let a measure-preserving transformation P of a probability measure space
(Y,D,v) and a set B € D with v(B) = a, a # 0, 1, be such that v(B N P7"(B)) = a?
foralln > 0. Let S € Nwith 1 ¢ §; define P, = P ifn € S and P, = Idy otherwise.
Take (X, B, u) = (Y,D,U)N, A=BxYxYx---anddefine T, T, : X — X
by T1(y1, y2,...) = (Piy1, P2y2,...) and T2(y1, y2,...) = (2, 3, ...). Then for any
ni,ny > lonehas wW(ANT, "MANT, "ANT " T, A) = da’ifny € S and = a” if
ny & S. Therefore, if S is such that the density d(S) = limy—_ N_IIS N [1, N]| is not
defined, then

Ni—1 Np—1
lim ANTMANT,™ANT, T, A
Ni,N;—o00 N1 N3 n12=:0 n22=:0 & ! 2 ! 2 )
does not exist.
2.3. Nevertheless, a positive lower bound of the averages (2.1) exists even for non-

commuting 7y, ..., Tk. Put 9(@) = ya?+(1-a) +a—1, g1 = ¢ and g(a) =
e(pr—1(a), k=2,3,....
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THEOREM. Let Ti,..., Ty be measure-preserving transformations of a probability
measure space (X, B, u) and let A € B, u(A) = a. Then for any Ny, ..., Ny € N

Nf MZI < ﬂ (HTnIA>)Z(Pk(a). 2.2)

c{l,. ieS
Proof. We use induction on k; the case k = 1 is Theorem 1.2. Forall ny, ..., nx_1 € Z+
define Ay, n, = msg{l,...,k—l} (HzeS T A) and an;..n_; = W(An;,.ong_y)-
Fix Ny, ..., Ni. By our induction hypothesis we have
1 Ni—1  Nyq—1
m Z any,...onp_y = Pk—1(a). (2.3)

I’l]:O I’lk_]:O

The left-hand part of (2.2) equals

Ni—1 Ni—1—1 Ni—1
8 (2 Ee 0T )
Nk 1

ng—1=0 nk:O
By Theorem 1.2, for any ny, ..., nir_1 one has
Ni—1
F Z /'L(An],...,nk_| m T_nkAn|,...,nk_]) Z w(am,...,nk_])-
ng=0

Since ¢ is a convex increasing function on [0, 1], taking into account (2.3) we get

Ni—1  Nei ] Ni—1  Ne_i—1
B Z Z (p(am S 1)>§0< N Z Z an|,...,nk_|)

nl—O ng—1=0

> ¢(pr-1(a)) = gr(a). o
2.4. We now pass to the averages
Ni—1 Ni—1
Z Z wWANT AN NT ™ A). (2.4)
THEOREM. Let Ty, ..., Ty be (not necessarily commuting) measure-preserving transfor-

mations of a probability measure space (X, B, n). Forany A € B, u(A) = a,

1 Ni—1  Ni—1
lim @ ——— Z Z WANT™MAN---N T, A)

Ni,...,Ny—>o0 Nl R Nk I’l]:O nk:O

exists and is not less than a**1.
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Proof. We have

Ni—1 Ni—1

lim p(ANT,™MAN---NT, "™ A)
Ni,..., Nip—o0 N] nlx—:() nkX—:O k
1 Nl 1 NA 1
=, lm Ta- T (14) -+ T (1) d
Ni,...,Ny—o00 Nl .. N / A~ ( A) k ( A) 122

Ni—1 1 Ni—1
/ 1a ( lim Z " (1A)> ----- (th Z T} (1A)) du
X k—)OO

Ni—oo N
=/ S fedp,
A
where
N—-1
fi= Jim — ZT”(IA) i=1,...,k
2.5. LEMMA. Let T be a measure-preserving transformation of a probability measure

space (X, B, ), let A € B, ju(A) > 0, and let f = limy—_0o N~' SN2 T7(14). Then
0< f <1, f(x)# 0 foralmostall x € Aanded;L/f <1

Proof. Without loss of generality we may assume that (X, B, ) is a Lebesgue space. Let
m: X — Y, u= fY iy dv be the ergodic decomposition of wandlet B = {y € Y |
/Ly(A) > 0}. For almost every y € Y we have limy_ 0o N~ ZN L Tn(1,) = Hy(A) in
LY(X, My) and so flﬂ_|(y) = y(A). Therefore,

nix e A1 f@)=0}) =p(A\77'(B)) < fy\B py(A)dv =0

/d“ /(/d‘”) u=/Mdu=u(3)§1. 0
B My(A)

2.6. We have, therefore, to determine the minimum of FF = f 4 f1-- fi du under
the conditions fi|4 > 0 and fAdu/fi =1,i = 1,...,k. We pass to a finite model:
A={l,...,m}and fi(j) =x;; >0, = l,...,m,wich']ﬁ:l l/xij=1i=1,... k.
We have to minimize the function F(x1,1, ..., Xk,m) = Z?:l X1,j -+ Xk, j. At a point of
extremum of F it must be

21 21
gradFeSpan{grad( E —),...,grad( E —)}
X1 .

and

=117 =1 Xk
that is, for some ci,...,cx € R, (x1j---xxj)/xij = ci/xl.2j fori = 1,...,k,
j =1,...,m. This implies x;1 = --- = Xim,{ = 1,...,k, thatis, f1,..., fi are
constant on A. Hence, the minimum of F' is attained when fi|4 = --- = fx|a = a and it
equals a¥p(A) = akt!. |
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2.7. The same proof works for the uniform version of Theorem 2.4.

THEOREM. For any measure-preserving transformations Ty, ..., Ty of a probability
measure space (X, B, u) and any A € B, u(A) = a,

1
lim
N{—My,...Ny—Mg—o0 (N1 — My) - - - (N, — My)
Ni—1 Ne—1

x Z Z WANT™MAN-- N T, A)
ni=M, ng=M;y

exists and is not less than a**1.

2.8. A lower bound for the averages (2.4) (which is not exact, of course) can be taken
from Theorem 2.3.

COROLLARY OF THEOREM 2.3. Let 71, ..., Ty be measure-preserving transformations
of a measure space (X, B, u) and let A € B, u(A) = a. Then for any Ny, ..., Ny € N,

1 Ni—1 Ni—1
—n —nk
N L L HANTTAN S ATTA) 2 @),
1 k n1=0 ng=0
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