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Abstract

In this paper we consider the degree-wise effect of a second step for a random walk on a
graph. We prove that under the configuration model, for any fixed degree sequence the
probability of exceeding a given degree threshold is smaller after two steps than after
one. This builds on recent work of Kramer et al. (2016) regarding the friendship paradox
under random walks.
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1. Introduction

The friendship paradox, introduced by Feld [15], states roughly that, in a network scenario,
one’s neighbours have (on average) more neighbours than oneself. The result has recently
been employed to advantage in epidemic detection and more general sampling scenarios (see
[11],[12], [14], [17], [18], [22], [34]), and has received considerable attention from researchers
across disciplines. For a recent discussion of societal welfare implications, see [20].

Throughout, we will assume that G = (V, E) is a multigraph with a set of vertices
or nodes V = {vy, v2,...,v,} and a multiset of unordered pairs of elements of V, E =
{e1, €2, ..., ey} with each unordered pair (or edge) of the form {v, w} having nonnegative
multiplicity w(v, w)=w(w, v). We will refer to w: V x V — Z%* U {0} as the multiplicity
Sfunction of the multigraph G.

For v € V, define the degree function d from V to Z* as

d(v) = Z o, w).

weV

We will assume throughout that G has no zero-degree vertices, i.e. d(v) > O forallv € V.
If w(v, w) € {0, 1} for all (v, w) € V x V, we will say that the graph G is simple.
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For the purposes of neighbour selection, as in [24], it will be convenient to consider a time-
homogeneous random walk X = (Xy, X1, ...) on the graph G dictated by a transition matrix
P = (P )),ie.

P j ZZP(X[+1=UJ'|X1=U,') forl <i, j<n,l>0.

We will assume throughout that X is uniformly selected from V.
Recently, Cao and Ross [9] proved the following version of the friendship paradox (see
also [20]).

Theorem 1. Suppose that X = (Xo, X1, ...) is a random walk on a simple graph G. Then,
the degree of X is stochastically larger than the degree of X, i.e. forallt € R,

Pd(X1) = 1) = P(d(Xo) = 1).

In addition, Kramer et al. [24] proved the following result regarding random walks on simple
graphs (see also [35, Theorem 1.2]).

Theorem 2. Suppose that X = (Xo, X1, ...) is a random walk on a simple graph G. Then,
for k = 0, the degree of Xy is no less than the degree of X in expected value, i.e.

E(d(Xy)) = E(d(Xo)).

For related results for weighted and directed networks, see [5].

For further recent work related to the friendship paradox, see, e.g. [13], [16], [19], [21], [23],
[25], [32], [33], [36], and for further information on random walks on graphs, see also [1], [8],
[26], and [27].

In light of recent applications of the friendship paradox, Theorems 1 and 2 suggest investi-
gation of the relative benefit of additional random walk steps (i.e. friends of friends, friends of
friends of friends, and so on, in a social network context). It is, in fact, possible to construct
small simple graphs where additional steps can be either beneficial or detrimental, if the goal at
hand is to obtain a node of sufficiently high degree. We illustrate this in the following example.

Example. Consider the six node eight-edge simple graph presented in Figure 1(a). Here,
Pd(X;) =3) = 108 < 108 = P(d(X>) > 3). On the other hand, for the six-node seven- edge
graph in Figure 1(b) (with the edge connecting nodes 1 and 4 removed) Pd(X;) =3) = 27

27 = P(d(X») > 3). Note that in both instances, P(d(Xg) > 3) =

Here, we will show that one step is more beneficial than two steps, on average, for a
given degree sequence, in a certain sense. In particular, consider the degree sequence, d =
(d(vy),d(v2),...,d(v,)). The configuration (or matching) model provides a well-studied

FIGURE 1: Two six-node networks. Degrees are indicated adjacent to the corresponding nodes.

https://doi.org/10.1017/jpr.2018.79 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.79

Degree-wise effect for a random walk on a graph 1205

means to produce a random multigraph with degree sequence d; see, e.g. [10], [29], and [35,
Chapter 7]. In particular, assign to each node v, d(v) stubs, and randomly pair these stubs
to create a (random) graph with degree sequence d. For further discussion of configuration
models, see, e.g. [3], [30], and [31].

Now, for a given degree sequence d, and ¢ > 0, define the sets

83T =48t ={v:d(v) >t} and S =38 ={v:d(v) <t}, (1)
and the constants

Dt =D} =" d). D™ =D; =Y d). M =D + D;.

vest ved,

Here, 87 and 8~ are the sets of high and low degree nodes, respectively, while D,Jr and D,
are their respective degree sums. Note that total degree sum M must always be even.
We will prove the following result.

Theorem 3. Suppose that V = {vy, ..., v,} and the degree sequence d is fixed. Consider the
ensemble of graphs, G, of all multigraphs with this degree sequence. If G € § (with multiplicity
Sfunction w) is formed randomly via the configuration model and P = (P; ;) is the resulting
(random) transition matrix for a random walk on G, i.e.

w(vi, vj)

P' ;=
M dw)

then fort > 0,
A=PdX)=1t)—PdX2) 21) >0
with equality if and only if min(|87 1, |87]) = 0.
For further recent work related to random walks on random graphs, see [2], [4], [6], [7],
and [28].
2. Proof of Theorem 3

In this section we will prove Theorem 3. The following lemma provides a helpful mean
inequality.
Lemma 1. Suppose that r,s > 1, and o = (;)i=1 and B = (Bi)i=1 are two sequences of

positive integers satisfying a; < B;j foralli, j > 1. Then

my(B) —m,(@) = 50ms(B)A (@) — m, (@) A (B)), 2

where for t > 1 and x = (x;);>1, m(x) is the mean of the first t entries in x, i.e. (x] + x2 +
<o« 4 x;)/t, and A;(x) is the mean of the reciprocals of the first t entries, i.e. (1/x1 + 1/x2 +
--« 4 1/xs)/t. Equality in (2) holds if and only if By = o = ..., Bs = 2.

Proof. Let W and Z be independent random variables uniformly distributed on the index
sets {1,2,...,r}and {1, 2, ..., s}, respectively, X = aw and ¥ = 7. Then

1 1
my(a) = E(X), ms(B) = E(Y), Ar(or) = E(;) As(B) = E(?)
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Setting B = m(B) — m (o) — 5 (ms(B)Ar (@) — m, (@) As(B)), we have
2 1 1
B=E®Y)-EX) - 3 <E(Y)]E<§) - ]E(X)E<?>>
2 y2
_ E((y _X)— %(u))
3 XY
2/(1 1
=s(0-0(1-3(3+7)))

Z 07
sinceP(Y >X>1)=1.fP(Y =2) =1thenP(X = 1) =1 and B = 0, otherwise B > 0
and the result follows. O
Proof of Theorem 3. For convenience, suppose that v; = i for 1 < i < n, and write d;
for d(v;).

Note that, employing the notation in (1), we have
A=PX| €8T —P(X; € 8™
=PX; €8T, X8 )+P(X; €487, X, e48h))
—(P(X1 €87, X2 8N +P(X, €487, X, €48T))
=PX1e8T, X8 )—P(X1 €8 ,X,e48M). 3)
If min(|87, [87|) = 0 then A = 0. So assume 81 and 4~ are both nonempty. Note that
D~ > 1and DT > 2,s0 M > 4 since M is even.
Suppose that the stubs outgoing from each node v have been ordered, and for (i, j) € Vx V,
1 <ky <dj,and 1 < kp < dj, define 1j; j i, ) to be the indicator of the event that the kith
stub outgoing from v; attaches to the k>th stub outgoing from v;. In addition, notationally, for

ze€Z%, let
[z1=1{1,2,...,z}.

Now, note that
P(Xi €8T, X, e 87)
=PXoed8 , X187, X268 )+PXoed8T, X1 €8T, X,e48).

First, consider P(Xg € 81, X; € 8%, X, € 87) and recall that X is assumed to be
uniformly selected from V. We have (see Figure 2(a))

P(Xoec 8T, X, €87, X287 )=n"'E(A+ B),
where

11
A=) ( > T Li i ki ko) 1{,-_;,;(3,;“})

(i,j)e8t x 8~ “(ki,ka,k3,ka)€ld;1x[d;1x[d;1x[d}], k1,k2,k3 distinct !

4)
and
11
B= ) = 7 Mgk Ltk k) -
(., )esT x 8t x 8= i£j “(ki,ka,k3,ka)eldi1x[d;1x[d;1x[di], katks 7
(%)
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FIGURE 2: (a) The configuration types leading to a positive value for P(Xg € 87, X; € 4%, X, € 7).

Nodes on the left and right are assumed to be in 8~ and 87, respectively. (b) The configuration types

leading to a positive value for P(Xg € 87, X1 € 41, X, € 7). The configurations corresponding to
4), (5), 9), (10), and (11) are given in A, B, C, D, and E, respectively.

For a given node i € 47, there are d; (d; — 1)(d; — 2) distinct triples of stubs outgoing from
the node. For each of these, the probability that the first of these stubs connects to the second
and the third connects to a stub of anode in 8~ is (1/(M — 1))(D~ /(M — 3)). Thus,

11 1 D~

EA) =Y ——— di(d; — 1)(d; —2
(A) iy LA G )
iedt
1 - 2
= di —3+—
M—lM—3‘€5+ d;
l
1 D~ <
= Dt =318t +2 )" ) (6)
M—1M-3 d
Similarly,
11 1 D~
E(B) = —— — _4d;d; -1
®B=2 2 G, M—1m—3ii=h @

icst je{ﬁ i#]

(M—l)(M—3) 2 2. @-D

i€t jest,i#j

D~
=—————— Y (DY —d) - (187 - 1))
(M — 1)(M —3) Pyt

(I8FIDY — DT — |82 +18T])

T M —1)(M-3)
_ D~ + _ + + _
= ar=nar—s P - EhsTI= . ®)

For P(Xg € 87, X| € 87, X, € 87), we have (see Figure 2(b))
P(Xoed ., X1 €8V, X8 )=n""E(C+D+E),
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where

c- %

11
. . d J
(i, j,1)e8 x 8t x 87, i#l “(ki,kz.k3.ka)€ld;i1x[dj]x[d;]1x[d/], ko#ks3

— Li jok ko) 1k, k4}>
&)

11
D= < > Z;1{i,j,k.,kz}l{j,i,ka,ku),
(i,))e8~x 8% Mk ko k3 ka)eldi1x[d;1x[d;1x[d;), ki #ka, koks 7
(10)

11
E= ) < >, v l{i,j,kl,kz}) (11)

(i,j)e8= xS+ “(ki1,k2)€ld;i]x[d;]

‘We then have

E(C) = sz_d_—M—l—Dﬁ; Sy d; - 1)

i€ed~ jedt
1
= s > (DT —dp) Y (=)
(M —DM —3) = jest
1
TENTEE LD B
ied~
D~ b e o
= m(D —18TDASTI = 1), (12)

E(D)= Y 1t 1 d-1 dd(d -1

et L didi M — 1M —
icd™ jest
1
S di —1 di —1
REE 3)2( ) D (dj—1)
jest
1
=— (DT 18D =157, 13
a2 @ 157D (13)
and, finally,
E(E) = ZZ ! [did; = ! ZZ1:L|5+||5—| (14)
didiM—1""7" M—1 4 M—1 ’
ied jest i€ed~ jest
Thus,
P(Xi1 €8T, X8 )=n""E(AA+B+C+D+E), (15)

where A, B, C, D, and E are as in (6), (8), (12), (13), and (14). In a similar fashion, we have
P(X) €87, X2 € 8") =n""E(Ay + By + C2 + Dy + E), (16)

where A», B2, Ca, D, and E; are formed from A, B, C, D, and E by swapping signs for all
occurrences of DT, D™, 4%, and 4~ in (6), (8), (12), (13), and (14), respectively.
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Let A* = n(M — 1)(M — 3)A. Combining (3), (15), and (16) and noting that D, = D and
E> = E, we have

A= (M —1)(M —3)E((A+ B +C) — (A2 + Bs + C2))
—p D+ _3%" 1 +_ st +
=D (D 318 |+2i§di+(D EIEHESRY!

+ (DT =188 - 1))

1
- D+<D 38T +2 Y (DT = 187DASTI - D

ied—
+ (D™ —187D(8T| - 1))
=D (DT — 8D+ 18T =2) =D (D™ — 87 D(ST|+ 87| —2)

1 1
— 38T\ D~ = |87 |DY)+2D~ — —2D% —
(87107~ 1$71DD) +2D7 3 -~ 2D 3 -
iedt ied~

1 1

= (8T |+ 1847 |=2+3)(|8"|DT = |87 |D")+2D" — —2D7" —.

(87141871 =24+ 3)(87IDT = |87 1D7) +2D7 ) — >

; i ;
iedt i€~

Since |8~| 4+ |8T| = n, we have

1 1
- -1p+ +1p- - +
A*=(n+1(87|D" —|87|D7) +2D E Z—2D E @

icst ! ics-
Dt D~
=<n+1>|5+||5‘|((———>
EREENE
2 (D Yies Vdi DT Yicg 1/di
— — ) (17)
n+1\ |8t |4 18- 187

The result follows upon applying Lemma 1 with s = |87, r = [87|, (B1, B2, ..., Bs) an
ordering of (d(i): i € 47), and (&1, a2, ..., a,) an ordering of (d(i): i € 7). Note that the
quantity in (17) is strictly larger than 0, since if d(v) =2 forallv € 47 andn = 2, 4~ = {1}
and 87 = {2}, which contradicts the requirement that M is even. ([l

Remark. Note that it would be of interest to obtain comparison results akin to Theorem 3 for
fixed graphs (similar to Theorem 1). Consideration of the degree-wise effect of further random
walk steps remains an open problem.
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