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Abstract. Let T1 and 7> be two commuting probability measure-preserving actions
of a countable amenable group such that the group spanned by these actions acts
ergodically. We show that (A N TEANTETS A) > u(A)* — € on a syndetic set for any
measurable set A and any € > 0. The proof uses the concept of a sated system, introduced
by Austin.

1. Introduction

In this article we are concerned with the correlation sequence c; = (AN Tlg AN
Tlg ng A), where A is a positive measure subset of a regular probability space (X, u) and
T\, T, are measure-preserving actions of a countable amenable group G, which commute
in the sense that Tlg Tzh = Tzh Tlg almost everywhere for any g, & € G. In the case G =7,
T1 = T, the ergodic theoretic version [14] of the Roth theorem [21] states that c, is
positive on a syndetic set. The ergodic theoretic version of the corners theorem [1] says
that the same continues to hold without the assumption 77 = 7. This has been extended
to general countable amenable groups in [8].

In the ergodic case, namely if the only sets that are both T7- and 7>-invariant are those
with measure O or 1, one can say more. If G = Z and T1 = T», it is known the correlation
function ¢, is not only positive on a syndetic set, but in fact bounded below by u(A)? —e
on a syndetic set, for any € > 0 [7, Theorem 1.2]. If G =7 but T; and T, are not
necessarily equal, then the best result to date is that ¢, is bounded below by w(A* — e
on a syndetic set for any € > 0 [9, Theorem 1.1]. The exponent 4 in the latter result
cannot be improved to 3; see Theorem B.1. Our purpose is to obtain a similar lower
bound for general countable amenable groups (in fact a similar result holds for locally
compact second countable amenable groups, although its formulation is more involved;
see Theorem 5.7).
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THEOREM 1.1. Let G be a countable amenable group and Ty, T>» be commuting measure-
preserving left G-actions on a probability space (X, (). Suppose that the group spanned
by Ty and T, acts ergodically on (X, ). Then, for every measurable set A C X and every
€ > 0, the set

Re:={geG:w(ANTFANTETS A) > u(A)* — €}
is both left and right syndetic.

By a version of the Furstenberg correspondence principle [6, Theorem 4.17], this result
has a combinatorial interpretation. Recall that the upper Banach density of a subset A C G
is defined by d(A) := sup rlimsupy |A N Fyl|/|Fn|, where the supremum is taken over
all left Fglner sequences in G.

THEOREM 1.2. Let G be a countable amenable group and let E C G x G. Then, for every
€ > 0, the set
{§€ G d(EN (g, IEN (g, 9E) = d(E)* — ¢}

is both left and right syndetic.

It is known that no result similar to Theorem 1.1 can hold for four commuting measure-
preserving actions [7, Theorem 1.3]. The question as to whether a power lower bound
exists for three commuting actions remains open, even for G =7Z. A proof that the
corresponding Cesaro limit is positive has been recently made available by Austin [3].

At first glance, it might appear that at least non-triviality of R, in Theorem 1.1
would follow from the previously known case G = Z upon restriction to a suitable cyclic
subgroup of G. However, there are at least two obstructions to such reasoning. First, G
can be a torsion group. Secondly, even if there exist copies of Z in G, the restrictions
of (T1, Tz) to these copies can be non-ergodic, preventing one from applying the G = Z
case.

Our arguments rely on a magic extension of the system (X, u, Ty, T»), obtained as
a sated extension in the sense of Austin [S]. The concept of a magic extension was
introduced by Host [17]. In the course of the proof, we obtain new proofs of two further
results about commuting actions of amenable groups. The first result is an extension
to arbitrary left Fglner sequences of the convergence theorem for cubic averages due
to Griesmer [15] (Corollary 3.8). This has been previously shown by Bergelson and
Leibman (private communication). The second result is the kK = 3 case of the convergence
theorem for multiple ergodic averages [23, Theorem 1.1(2)] (Proposition A.1). Another
proof (for arbitrary k) using sated extensions appeared after the completion of this work,
in [3, Theorem A].

2. Preliminaries

2.1. Fplner and Reiter sequences. Let G be a locally compact o-compact (Icsc) group
with a left Haar measure m. If the group G is amenable, then, by [18, Theorem 4.16], it
admits a left Fplner sequence, that is, a sequence of non-null compact sets Fy C G such
that m(g Fy AFy)/m(Fx) — 0 uniformly for g in compact subsets of G.
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The space M(G) of complex Radon measures on G is a Banach x-algebra
with the convolution [ f d(u % v) = fg’h f(gh) du(g) dv(h), the involution [ fdu* =
f f(g~Y dji(g), and the total variation norm (see [11] for more details). Let P(G) C
M (G) be the set of probability Radon measures. A sequence (Fy) C P(G) is called a
left Reiter sequence if |h x Fy — Fy|| — 0 as N — oo for every & € P(G). Right and
two-sided Reiter sequences are defined analogously. If (Fy) is a left Reiter sequence and
h € P(G), (Fy) CP(G), then (h x Fy) and (Fy * F),) are again left Reiter sequences,
as follows from the associativity of convolution. Note that (Fy) is a left Reiter sequence
if and only if (Fy) is a right Reiter sequence.

Given a left Fglner sequence F = (Fy), the sequence (m(Fy)~'1 Fym) is a left Reiter
sequence, which will be denoted by the same symbol F. The main conceptual reason
to work with Reiter sequences rather than Fglner sequences is that two-sided Reiter
sequences also exist in non-unimodular groups, as opposed to two-sided Fglner sequences.
Since for our purposes both concepts work equally well, we chose to use the more general
one.

For a fixed Reiter sequence F, we write C-limg u, := limy f ug d Fy(g) for the Cesaro
limit along F, if this limit exists. If the Cesaro limit exists for every Reiter sequence, then
it does not depend on the Reiter sequence. In this case, we call it the uniform Cesaro limit
and denote it by UC-limg u,.Recall the van der Corput lemma.

LEMMA 2.1. [8, Lemma 4.2] Let G be an lcsc group with a left Reiter sequence F.
Suppose that g — ug is a bounded measurable function to a Hilbert space. Then

2
/ g dFn(g)
8

lim sup
m

< inf limsu Upo, Ujo) dH (W) dH(]) dF, .
= upe p/{;/;/f” hg» Ulg) (h) () dFu(g)
Proof. By definition of a Reiter sequence, we have, for every H € P(G),

[ et #x F@)| =0
8

lim
m

Hence, it suffices to estimate
f / tng H (1) dF(g)
g Jh
<lim sup(/ / upg dH(h)
m glJh

flimsup/

m 8

—timsup [ [ [t ) dH 0 dH D) dF ),
m gJl Jh

where we used the triangle and the Cauchy—Schwarz inequalities. O

2

lim sup
m

2
dF,, (g))

2
dF(g)

/ ung dH(h)
h

COROLLARY 2.2. Under the assumptions of Lemma 2.1, we have

2
/ Ug dFy,(g)
8

for some two-sided Reiter sequence F'.

lim sup §inf1imsup/ /(ug, uhg)dF,/l(h) dF,(g),
m n m g Jh
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Proof. Substitute H = F,, in Lemma 2.1. By the Fubini theorem and the Reiter property,
we have

lim sup ///(uhg, ug) dFy,(h) dF,(l) dFy,(g)
= lim sup / / / (thg. t1g) (@)1 % Fu)(g) dFy () dF, (1)

=lim sup/ //(ug, l/tlh—lg) dF,(h)dF,() dF,(g).
m 8
The inner integrand can be written as
[ [ e i) aFu akiy = [ [ e wne) ariy ar;

- /<ug, Ung) d(Fy 5 FY)(h),

and we obtain the conclusion with F, = F,, x F’. O

2.2. Category of measure-preserving systems. From now on, let G be an Icsc amenable
group with a left Reiter sequence Fy.

Definition 2.3. The category Cj of k-tuples of commuting measure-preserving actions
consists of the following data. The objects are the tuples (X, X, u, T1, ..., Tx), where
(X, X, w) is a regular Borel probability space and T1, . . ., T} are continuous commuting
measure-preserving G-actions. The morphisms are the continuous factor maps, that is,
continuous measure-preserving maps that intertwine the respective G-actions.

The restriction to continuous actions on regular Borel spaces is not substantial.
Indeed, suppose that we are given a measurable measure-preserving G-action on a
separable measure space X. The associated unitary antirepresentation on L?(X) is weakly
measurable, and therefore strongly continuous by [16, Theorem 22.20(b)]. In view of
[19, Theorem 7.5.5], this implies that the action admits a topological model on a compact
metric space.

Measure-preserving actions on X induce anti-actions on the spaces L?”(X), which are
denoted by the same symbol.

2.3. Conditionally almost periodic and weakly mixing functions. The following result
is folklore and goes back to Furstenberg in the case G = Z. A proof for Fglner sequences
in general Icsc amenable groups will appear in [20]; the same proof works without further
changes for Reiter sequences. The very last assertion is a pure Hilbert space result whose
proof may be found in [10].

THEOREM 2.4. Let G be an lcsc amenable group, T be a measure-preserving G-action
on a regular Borel probability space X, and X — Y be a factor map. Then we have

L2 (X)=AX|Y,T)® W(X|Y, T),

where:
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(1) the space A(X|Y, T) is spanned by the finite rank T -invariant L*°(Y)-submodules
of L*(X)*, and

(2) the space W(X|Y, T) consists of the functions f such that every h € L*°(X) and
some/every left Reiter sequence F, we have

lim / IEGTS 1Y) dF(g) =
n g

Moreover, for any two factor maps X1 — Y and X, — Y; we have
AX) xy X0|Y, T)=AX1|Y, T) ®y A(X3|Y, T).

Finally, if Y is the trivial factor, then A(X|Y, T) is the closed linear span of the finite-
dimensional T -invariant subspaces.

2.4. Couplings of measure spaces. We recall how to construct couplings of regular
measure spaces.

LEMMA 2.5. Let (X;i, &;, 1i)ic1 be (inner and outer) regular Borel probability spaces
and let p be a finitely additive positive function on the semiring of the sets of the
form [];c; Ai, where A; € X; and A; # X; only for finitely many i € I. Suppose that
;,L(]_L.E] A;) <min; u;(A;) for any A;, as above. Then u admits a unique extension to a
Borel probability measure on (X, X) := ([[;c; Xi» Qjer X)-

Proof. We will show that y is in fact o-additive. To this end, suppose that [[; A; =
WneN ]_[l. Ay, is a disjoint union with A;, A, ; € A;. By finite additivity, we have
w({T; A) =3 en #(I]; Am,i). In order to prove the converse inequality, we use the
regularity of the measures ;. Let § >0. By inner regularity, there exist compact
subsets C; C A; such that C; =X; if A;=X; and ) ;.; n(Ci) > ; u(A;) —6. It
follows that w([[; Ci) > u(]; Ai) — 8. By outer regularity, there exist open subsets
Un,i D Ap,i suchthat Y, u(Up,i) <D ; u(Am,i) +8/2™. It follows that u([[; Um i) <
M(Hi Am.i) +8/2™.

By construction, the compact set []; C; is covered by the open sets [[; U,,;. Hence,
there exists a finite subset M C N such that the corresponding open sets cover the whole
compact set. By additivity of u, this implies

u(]_[ Ai) < u(]_[ Cl-) +8< > u(]_[ Um,i) +85<y u(]_[ Um,,-> +35

i i meM i meN

< Z( (]‘[ A,,”) +5/2m> +8=> M(UAm,i> +28.

meN meN

Since & was arbitrary, this shows that u is o-subadditive. By the Carathéodory theorem,
the function p has a unique extension to a probability measure on the space (X, X). O

F All that we need to know is that both the Y-measurable and the T -invariant functions are in A(X|Y, T).
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3. Sated systems and cubic averages

We will use notation and vocabulary from Austin’s thesis [5]. A subclass of Cy is
called idempotent if it contains a trivial system and is closed under measure-theoretic
isomorphisms, inverse limits, and joinings.

LEMMA 3.1. [5, Definition 2.2.3] Let Ty be an idempotent subclass of Cx. Then we have a
functor on Cy, which we denote by the same symbol I, such that for each object X of Cy,
the object T X is the maximal factor of X contained in Iy (in particular, such a maximal
factor exists).

Let (X, X, u) be a measure space and B C X be a sub-o-algebra. Two sub-o -algebras
B C By, By C X are called relatively independent over B if, for every f € L?(B;) such
that f 1 B, we have f L B;. The notion of relative independence is in fact symmetric in
By and B,; we refer to [22, Appendix] for an exposition of several further characterizations
of relative independence.

Suppose that C is a subclass of C; and Zy is an idempotent class. A system X in C is
called Zy-sated in C if for every extension X’ — X with X’ in C, the factors X and Z; X’ are
relatively independent over Z; X. Note that Austin considers satedness only with C = Cx;
we will have to work with a subclass in order to preserve ergodicity. Recall that the inverse
limit of a sequence (X;en) in Cy with factor maps w11 : Xi+1 — X; is a system X in Cy
with factor maps m; : X — X; such that m;41; omjy| =m; and X = v,‘ean](X,-). The
next result is a variant of [5, Theorem 2.3.2].

THEOREM 3.2. Suppose that C is a subclass of Cy that is closed under inverse limits of
sequences, and Iy is an idempotent subclass of Cy. Then, for every X in C, there exists an
extension X' that is T-sated in C.

Here and later, denote by I; the o -algebra of T;-invariant sets. We will use Theorem 3.2
with the subclass Z; of Cy consisting of systems X such that X =1} Vv - - - Vv I, and either
with C = C; or with the subclass Cng of jointly ergodic tuples of measure-preserving
actions. It is clear that the class Zy is idempotent.

The starting point of our investigation is a weak convergence result for cubic averages
of dimension 2. For brevity, we will write T = [Tice Tig and T8 = [Tice Tig[ for € C
{1,...,k}and g€ G, g=(g1,...,8) € GK. Thus, for instance, T{‘g;’z} = Tlgng and
T{%’z} = Tlg1 ngz. We will omit braces from subscripts if no confusion is possible, for
example, T{g1 2= Tﬁz.

LEMMA 3.3. Suppose that X € Cy. Then, for any fe € L°(X), € C {1, 2}, and any left
Reiter sequences ®, W the limit

lim f / / [172 s dnd®nien) dwaie) (3.4)

exists, and, in particular, it does not depend on ®, V. If, in addition, X is Ip-sated, then
the limit vanishes, provided that f1 1 1rX.
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Proof. Suppose first that X is Zp-sated and recall that we assume the underlying measure
space (X, X, u) to be regular. Let B be a countable dense subalgebra of X and pick a
subsequence of ® x W, which we denote by the same symbol, such that

uH (]_[ A€> = lim /f/ ]_[ TE A, di d®,(g1) dW,(g2)

exists for any A € B. The limit on the right-hand side of the above display is bounded
by min¢ (A¢), and it follows that uH extends to a function on the semiring of sets of the
form [, Ae, Ac € X, by the same formula. It is easy to see that uH is finitely additive.
By Lemma 2.5, the function uH has a unique extension to a probability measure on X*.
Since MD is clearly invariant under the side transformations 7t | and 71 », given by

Th,; = Xec(1,2)Tengiy

the uniqueness implies that the extension, which we again denote by the symbol uH,
is invariant with respect to these transformations. Thus, (X%, X®%, MD, Tg, Top) is
an extension of X under the projection 71 . Moreover, [ ®c fe d,uD is given by the
formula (3.4).

Suppose now that fj » L 7> X. By the satedness assumption, the function fj o w2 on
the cube extension is orthogonal to Iy ; V I 5 under MD. On the other hand, if e C {1, 2},
then f¢ o 7, is I ;-measurable for any i ¢ €, so that

0= f [ ] feomedu™ =1im //f [178 s dud®i(gn dwi(so).

Since this limit does not depend on the subsequence of @ x W that was chosen at the
beginning, a subsubsequence argument shows that this limit in fact exists and vanishes for
the original Reiter sequences.

On the other hand, in the case that f > is Zp X-measurable, by density and linearity, it
suffices to consider fj 2 = hiho, where each h; is T;-invariant. In this case, we obtain

lim / / / T 78f. did®,(e) dw,(g2)

—tim [ [ [ T8 CARTE o) i e a0 20) a5

_ f E(fihal DE(fohi | B) f di.

by the mean ergodic theorem. This limit is manifestly independent of the Reiter sequences.

In the general case of a not necessarily Z,-sated system X, we use Theorem 3.2 to pass
to a sated extension and note that the existence of the limit equation (3.4) for functions on
this extension implies the existence of that limit for functions on X. ad

Thus, we obtain a measure /LD on X* and two measure-preserving G-actions on
(X*, 1My such that the resulting measure-preserving system is an extension of X. This
explicitly constructed extension allows us to exploit satedness. Specifically, we aim at
obtaining systems with the following property.
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Definition 3.5. We call a system X € C; magic if A(X|Ip, T1) =1 V I (recall that
A(X|I, T1) was defined in Theorem 2.4).

An equivalent notion was first introduced by Host [17] for commutative G (in fact he
introduced a corresponding notion for k-tuples of commuting Z-actions for every k € N).
The next proposition is our main tool for exploiting information about characteristic
factors.

PROPOSITION 3.6. Suppose that X € C, is Ip-sated. Then X is magic.

Proof. The inclusion A(X|I2, T1) 2 11 Vv I holds in any measure-preserving system. For
the converse, consider f; L I} Vv I,. Then, for every f, € L°°(X), we have

lim sup /h IE(AT] filI) 1 d Fy(h)
n

=timswp [tim [ [ LTI TEAT! ) du dFae) a0
n h ! g
This vanishes by Lemma 3.3. Thus, f; L A(X|l», T1). O

In the remaining part of this section, we extend Griesmer’s cubic convergence result
[15, Theorem 1.4(1)] to arbitrary left Reiter sequences.

LEMMA 3.7. Let X € C; and f. € L*°(X), € C {1, 2}. Suppose that fi L A(X|I>, Ty) or
f» L A(X|1I1, T»). Then, for any left Reiter sequences ®, W on G, we have

lim / / [T 78fdouts) d¥u(g) =0 inL?(X).
€C{l1,2}

Proof. Since the € = @ term is a bounded function that does not depend on g1, g2, we may
discard it. We apply Corollary 2.2 to the map (g1, g2) — ]_[e £ Te fe. To show that it
converges to zero in the Cesaro sense along ® x W, it thus suffices to show that

lim inf lim sup f / / [] 78Tl fo) dn d(@mx W) (g1, 82) d(®),x W) (hy, ha) =0.
m €F£P

By Lemma 3.3, the limit superior in m is actually a limit and it does not depend on @, W.

Thus, we may replace @, ¥ by two-sided Reiter sequences (this is how we remove the

two-sidedness assumption from Griesmer’s convergence result). The double limit equals

-1 -1
lim inf lim / / / T T,
n m

x [ TE(feTl fo) du d(@p x Win)(g1. 82) d(®), x ¥))(hy. o).
€#£Y
and, by the mean ergodic theorem, this equals

lim inf / / ECAT! fIEATY A1) fiaTly fia di d(®) x W), ho).

By the Cauchy-Schwarz inequality, this is bounded by

timinf 11,212 [ IBCAT! il 4 h) [ IECRTI ol aw,ho).

and this vanishes by the assumption. O
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COROLLARY 3.8. Suppose that X € Cp. Then, for any f. € L*°(X), € C {1, 2}, and any
left Reiter sequences @, \V, the limit

im [ [ T] 72 a(en ¥

eC{1,2}
exists in L2(X) and does not depend on &, W.
D

Proof. By Theorem 3.2, we may assume that X is Zp-sated. ~Then the system
(X, u, Tz, T1) (in which the roles of the two actions were interchanged) is also Z;-sated.
By Proposition 3.6, it follows that 1 v I, = A(X|I1, T») = A(X|I2, T1). By Lemma 3.7,
we may assume that the functions f] and f> are measurable with respect to the o-algebra
11 v I>. By density and linearity, we may assume that f, = h;h% and f; = h}h%, with Al
being 7;-invariant. In this case, we have

f [ [] 7/ doa(sr) d¥,(sr) = / f fahW3TE (i ah3hb) d®,(g1) dWa(g2),
}

€C{l1,2

and the conclusion follows from the mean ergodic theorem. O

4. Furstenberg averages with almost periodic weights

Recall that the right shift of a function f on G by an element g is defined by R, f'(h) :=
f(hg) and the left shift by Ly f(h):= f(g~'h). The left and the right shifts are
commuting G-actions. A continuous function f : G — C is called almost periodic if the
set LR f ={LgRy f : g, & € G} is totally bounded with respect to the metric induced
by the supremum norm. The set of continuous almost periodic functions is denoted by
AP(G); it is a closed conjugation invariant subalgebra of the space of bounded continuous
functions on G.

LEMMA 4.1. The left and the right shift are jointly continuous on G x AP(G).

Proof. We will show that R is jointly continuous at every point (go, fo) € G x AP(G);
the proof for L is nearly identical. Let € > 0. By definition of AP(G), there exists a finite
e-dense subset F' C L fo. Since F C C(X), there exists a neighborhood U of gg such
that | f(g) — f(go)| < ¢, for every g € U and every f € F. Let f’ € AP(G) be such that
| " — folloo < €. Then, for every g’ € G and g € U, we have

IRy f'(8) — Ry folg)) < IRy '(8)) — Re folg))] + |Rg folg)) — Rey folg)
<€+ [Ln-1fo(8) = Lgy-1 fo(g0)| < 3e + 11 (g) — f(go)] = 4e,
for some f € F. O
We recall a consequence of the Peter—Weyl theorem.

THEOREM 4.2. Let f € C(G). Then the following conditions are equivalent.

(1) feAPG).

(2)  There exists a compact group K and a continuous homomorphism ¢ : G — K such
that f = f' o for some f' € C(K).
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(3) f is a uniform limit of matrix coefficients, that is, functions of the form g+
(m(g)v, w), where t : G — U(d) is a continuous finite-dimensional representation
and v, w € C4,

4) f is a uniform limit of functions of the form x(g) = (w, m(g)v), where m : G —
U (d) is a measurable antihomomorphism and v, w € cA.

Proof. 1If (2) holds, then LgRg f is totally bounded as an isometric image of a subset
of LxRk f’, and this shows (1). Conversely, if (1) holds, then X := R f C AP(G)
is a compact metric space, and, by Lemma 4.1, the G-action R is jointly continuous
on X. Since R, is isometric for each g € G, and by [2, §3, Theorem 2], we obtain a
compactification t : G — K and a K-action R’ on X such that R, = R:(g), forall g € G.
Let e : X — C be the evaluation at the identity. Then f'(k) := e(R,/( f) is a continuous
function on K that extends f.

Suppose now that f is a matrix coefficient associated to a representation w. Then
f € AP(G), since (2) is satisfied with ¢t = . Since AP(G) is closed, this shows that (3)
implies (1). Conversely, suppose that (2) holds. Then f’ is a uniform limit of matrix
coefficients on K, by [11, Theorem 5.11]. On the other hand, if x is a matrix coefficient
on K, then x o ¢ is a matrix coefficient on G, so we obtain (3).

Finally, it is clear that (3) implies (4). Conversely, every measurable homomorphism
G — U(d) is continuous [16, Theorem 22.18], so that (4) implies (3). O

COROLLARY 4.3. For every x € AP(G), the uniform Cesaro limit UC-limg x (g) exists.
If x is positive and not identically zero, then UC-limg x(g) > 0.

Proof. By Theorem 4.2, we have x = f o for some compactification ¢ : G — K and
some f € C(K). Since ((G) is dense in K, the only G-invariant measure on K is the
Haar measure v. Hence, UC-limg x, = UC-lim, f o t(g) exists and equals [} f dv, by
the ergodic theorem for uniquely ergodic actions.

If x is positive and not identically zero, then the same is true of f, so f X fdv>0,
since v has full support. O

PROPOSITION 4.4, Let X € Cy, f1, fo € L®(X), and let x € AP(G). Assume that f| L
A(X|I, T1). Then we have

UC-lim x()TE fiTS,f=0  innormof L*(X).
. ,

Proof. Fix a left Reiter sequence F. By Theorem 4.2, we may assume that x(g) =
(w, m(g)v), where m : G — U(d) is a measurable antthomomorphism and v, w € ce.
In this case, it suffices to prove C-limg 7(g)v ® ug =0 in C? ® L?(X), where Ug :=
Tlg fi Tﬁ » J2. By the van der Corput inequality (Corollary 2.2), it suffices to show that

limHinf/lim sup/(n(g)v,n(hg)v)/uguhg dudFn(g) dFI’_I(h)zO,
h N g
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for a certain two-sided Reiter sequence F’. Since 7 is an antihomomorphism, this can be
written as

lim inf / lim sup / (v, w(h)v) f ATE LT ATIT], f du dFy(g) dFpp(h)
h N g ’

< [|v)* lim inf / lim sup / / NTE LT ATSTE frdw dFy(g) dFpy(h)
h N g

= 1 lim inf fh [ AT BT it dn dy .

Since the conditional expectation is an orthogonal projection, this is bounded by

10711 f2115 Tim inf / IECAT fill2)ll2 d Fpy (h).
h
This vanishes by the assumption. O

COROLLARY 4.5. Let X € Cy, f1, f» € L*(X), and let x € AP(G). Then UC-limg
X (g)Tlg fi Tlg2f2 exists in the norm 0fL2(X).

Proof. By Theorem 3.2 and Proposition 3.6, we may assume that X is magic. By
Proposition 4.4, the above limit vanishes if f; L I; v I>. Hence, by density and linearity,
it suffices to consider f| = h1h,, where h; is T;-invariant. In this case, we have

XOT fiTE ) for =hix (T, (f2h2).

By Theorem 4.2, we may assume that x(g) = (w, 7 (g)v) for a measurable antihomo-
morphism 7 : G — U(d). The conclusion follows because the map g+ 7w (g)v ®
Tlg ,(f2h2) converges in the uniform Cesaro sense in C?® LZ(X ), by the mean ergodic
theorem applied to the antirepresentation 7 & 71 2. O

Here and later, write K. = K(T,) = A(X|trivial, T¢) for the factor spanned by the
finite-dimensional 7,-invariant subspaces of L?(X) for € C {1, 2}. These factors are used
as building blocks for characteristic factors for weighted Furstenberg averages.

COROLLARY 4.6. Let X € Cy, fo, f1, f» € L™ (X), and x € AP(G). Suppose that X is
magic. Then
UCé;lim X HTEATE, f
= UClim x (OE(folli vV Ki) TFE(fill v IVTLE(SIR Y K1)
Proof. By Corollary 4.5, the uniform Cesaro limits on both sides exist in L?(X). By
Proposition 4.4, we may assume that f| is A(X|I1, T>)-measurable, and hence I V I>-

measurable by definition of a magic system. By density and linearity, it suffices to consider
S1 = h1ha, where h is Tj-invariant. In this case, we have

X(g)fOTlg(hth)ngZZfZ = X(g)thlez(thZ)

Suppose now that f> 1 I v Kj 2, so that fohy L Kj 2, and fix a left Reiter sequence F'.
By Theorem 4.2, we have x (g) = x(1(g)) for some compactification ¢ : G — K and some
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k € C(K). We have a G-action on K by left translation by ¢. By Theorem 2.4, we obtain
Kk ® frhy L A(K x Xltrivial, ¢ x T12). In particular,

C—i)im k(L)) T (f2ha) =0

in L>(K x X). Passing to a subsequence of our Reiter sequence, we obtain

Clim k(DT (fah2) = 0

in L2(X) for almost every k € K.By uniform continuity, the same actually holds for
every k € K, and, substituting kK =idg, we obtain C-limg x(g)Tlgz(fzhz) =0. Since
this limit does not depend on the subsequence, a subsubsequence érgument shows that
UC-limg x ()T} ,(f2h2) = 0.

The remaining case fy L I V K12 can be handled similarly. O

5. An almost periodic correlation function and the recurrence theorem

Before embarking on the proof of our recurrence theorem, we state two lemmas that
facilitate calculation of integrals. The first of them concerns relative independence, while
the second deals with a certain trilinear form.

LEMMA 5.1. Suppose that X € C,. Then the o-algebras 11, I are relatively independent
over I1 N Ds.

Proof. Let f; be T;-invariant and fix a left Reiter sequence F. By the mean ergodic
theorem, for the G x G-action (T, T»), we have

E(fifalli A I2) = lim f/ TET) fi f» dFa(g) dFy(h)
=1i’{n/ T fi an(h)legfz dF,(g) =E(fill)E(f2111).

Since 77 and 7> commute, the conditional expectation operators onto /; and /> commute
as well, so the above conditional expectations equal those on I A I5. O

Similarly, one can show relative independence over I A I for the pairs I, 112 and
I, I ». For instance, for the first pair we obtain

E(fifi2lli ADR) = Erngl // TlgTzhflfl,z dF,(g) dFy(h)
BT h gphph™!
=lim [ 73 fi [ TET)T)y fi2 dFu(g) dFu(h)
— 1 h h_lg
_nl,rrlr} T2 fl T] fl,2dFm(g)an(h)

= lim / T} fE(fi2l11) dFy(h)
= E(fil)E(fi1,2111).
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Definition 5.2. The subcategory Czrg of Cy consists of ergodic systems, that is, systems for
which the o-algebra I1 A - - - A I is trivial.

LEMMA 5.3. Let X € C5 ¢ and fo, fi, f> € L®(X). Suppose that fy € L®(K1p), fi €
L (1), and f, € L°°(I3). Then

ffoflfzdu=/foE(f1|11 ANK)E(f2ll A Ky) dp.

Proof. We can clearly replace fy by E(foll1 V I2) on both sides. Since I Vv I is
T »-invariant, the conditional expectation E(-, /1 Vv I) commutes with 77 2. Therefore
this conditional expectation maps finite-dimensional 77 »-invariant subspaces to finite-
dimensional 77 z-invariant subspaces. It follows that E( fo|l1 V I2) is K 2-measurable,
so we may assume that the function fy is measurable with respect to the o-algebra
(I1 vV I) ANKi2=A(I V Iftrivial, T1 2).

Since /1 and I are independent by Lemma 5.1 we have

X, hvh, Tip)=X, I, Tip) x (X, L, Tp) =X, I, ) x (X, I, T1),

so that
A(ly Vv Dtrivial, T1 2) = A(y|trivial, T2) ® A(Iz|trivial, T1),

by Theorem 2.4. Therefore, we obtain f fofifadu=0if fi L 1 A K = A(I1|trivial,
) or fo L Ih A K1 = A(Ip|trivial, T7). O

The next result is central to our approach of establishing a lower bound for weighted
ergodic averages. This is the place where the almost periodic function that will be used to
construct the appropriate weight first arises.

erg

LEMMA 5.4. Let X € C,° and fo, f1, f2 € L°°(X). Suppose fo € L(I1 V K12), f1 €
L®(I1 v ), and f» € L*°(I2 v K1.2). Then the function

g / fOTlgfl Tﬁsz dp
is almost periodic.

Proof. By density and linearity, we may assume that fo =rir12, f1 =s152, fa =0t 2,
where r1, s1 € L>(I1), s2, t € L*(I), and r1 2, 12 € L>(K12). We have

/F1V1,2T1g(S1S2)Tﬁ2(l2t1,2) dp= / risiT{ (s212) '71,2T1£:2(f1,2) dp.
By Lemma 5.3, this equals
/E(mSllll A K2) - TEE(san2lIa A K1) - 11 2T (112) dpn = / hoTlgthf’jzhz du,
for some hg € L°(X), h; € L°*°(K}), and hy € L*°(K;2). In view of Theorem 2.4,

by density and linearity, we may assume that 4| € H; and ‘/’lz € Hy», where H; are
finite-dimensional 7;-invariant subspaces of L%(X). Let {bij }; be orthonormal bases
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of H;. Then we have Tigbl.j = Z, T (g)lj bf with measurable antihomomorphisms 7; :
G — U(dim H;). Writing h; =Y, a]b!, we obtain

/ hoTEhi TE yhy dp = / ho Y mi()aiby > mia(e)hal b ,du
l’j l/’j/
= Z m1(g)] m2(8)} alai , / hob} b} 5 dp,
l’j’l/’j/
and this is a matrix coefficient function. O

Finally, we need to ensure the existence of ergodic magic extensions.
LEMMA 5.5. Suppose that X € C;:'rg is Iy-sated in C,frg. Then X is also Ii-sated in Cy.

Proof. Let (Y,v) — (X, u) be an extension and let f’ € L®(Z;Y), f € L*®(X) be
bounded. Also let v= [ vy dv(y) be the ergodic decomposition of v. We have f’ =
lim;— o0 f, in L2(v), where each £, is a finite linear combination of products of bounded
T;-invariant functions fori =1, . . ., k. Passing to a subsequence, we may assume that the
same is true in Lz(vy) for almost every y, so that ' € L*°(Z (Y, vy)) for almost every y.

Since almost every (Y, vy) is an (ergodic) extension of (X, u), by satedness of X in
Czrg , this implies that

[ rrav = [ regmo s,

Integrating over y € Y, we obtain

[ rrav=[ regmoa,

and, since f’ and f were arbitrary, this shows that Z; Y and X are relatively independent
over 7; X . O

COROLLARY 5.6. Every X € C;rg admits an ergodic magic extension.

Proof. The class C;rg is clearly closed under inverse limits, so we may apply Theorem 3.2
with C :C;rg. The resulting system is Z-sated, by Lemma 5.5, so it is magic, by
Proposition 3.6. O

Now all the tools required for the proof of our main result have been made available.
We proceed with its formulation and proof.

THEOREM 5.7. Let X € Czerg and let f: X — [0, 1] be a measurable function. Then,

for every € >0, there exists an almost periodic function x :G — Rso such that
UC-lim, x(g) =1 and

4
UCtim x(g) [ STF £T501 due= < / fdu) —e.

The idea to use an almost periodic weight in order to obtain a lower bound for multiple
ergodic averages first appeared in the work of Frantzikinakis [12]. Since the almost
periodic function yx is necessarily bounded, Theorem 5.7 implies, in particular, that the
uniform Cesaro limit of [* f Tlg f Tﬁz f du is positive if f £ 0.
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Proof. By Corollary 5.6, we may assume that X is magic. Let € > 0 be arbitrary. By
Lemma 5.4, the function

€(@) = [ BV KiTEB D Y DTSRV Ki2) du

is almost periodic. Note that we have

4
k(idg) E/fE(f”l VK )E(fIL vV R)E(f[I2V Ki2)dpn > (/ fdu) =: B,

by [9, Lemma 1.6]. Let ¢ : R — R>( be a continuous function such that ¢ (x) =0 if
x < B —e¢€,and ¢(x) = 1if x > B. Since AP(G) is a closed algebra, and by the Weierstra3
approximation theorem, the function ¢ o« is in AP(G). Moreover, this function is
positive and equals 1 at the identity, so UC-lim, ¢(x(g)) > 0, by Corollary 4.3. Let
x = (UC-limg ¢ k() "¢ ok. Note that x -k > x - (B — €). By Corollary 4.6, this
implies

UC-lim x (g) / FTYFTE, f dp = UC-lim x (g)x (g) = UC-lim x (8)(B — €)
8 ’ 8 8
= B — €. O

We note that the above proof also yields a generalization of [9, Theorem 1.3] to actions
of amenable groups. Indeed, if X =1 vV I, and f € L°°(X), then E(f|I; vV [) = f on
any extension of X. Therefore, [9, Lemma 1.6] in fact gives « (id) > ( f fd ;/.)3 in that
case.

Proof of Theorem 1.1. Suppose first that, for some € > 0, the set R, is not left syndetic.
Then there exists a left Fglner sequence F in G none of whose members intersects R..
Consider the matrix coefficient function yx, given by Theorem 5.7, with f =14 and €/2 in
place of €. By the assumption, we have

4
x(g)ffofofszX(g)«ffdu) —6),

for every g € Fy for every N, contradicting the conclusion of Theorem 5.7.
In order to see that R, is also right syndetic, it suffices to note that

-1 _ .. ¢! ¢! 4 _
R ={g:w(ANTE ANTE, A)> pu(A)* — e}
= {g: u(THANTEAN A) > n(A)* — e},

and this set is left syndetic by the above argument, with the roles of 77 and 75 reversed. O

6. Combinatorial application
Since the lower bound in our multiple recurrence theorem only holds for ergodic systems,
we need an appropriate version of the Furstenberg correspondence principle.

Recall that a point x of a compact metric space X is called quasi-generic with respect
to a probability measure p for a continuous action 7" of G on X if there exists a left Fglner
sequence such that, for every f € C(X), we have [ fdu=1limy [ f(TSx)dFn(g). It
follows from the mean ergodic theorem that if u is ergodic, then p-almost every point
is quasi-generic. As pointed out by Furstenberg, this implies the following version of
[13, Proposition 3.9], with an identical proof.
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PROPOSITION 6.1. Let X be a compact metric space and T a continuous G-action.
Then every point xo € X such that TCxo = X is quasi-generic for every ergodic invariant
probability measure on X.

This can be used to prove a version of the Furstenberg correspondence principle
[6, Theorem 4.17], which provides an ergodic measure-preserving system.

LEMMA 6.2. Let G be a countable amenable group and E C G. Then there exists
an ergodic measure-preserving system (X, u, T) and a measurable subset A C X with
w(A) > d(E) such that

W(TEAN- - NT*A) <d(gEN---NgE),
foranykeNand gy, ..., gt €G.

The G =7 case of Lemma 6.2 was first used by Bergelson, Host, and Kra
[7, Proposition 3.1], who got the idea from Lesigne.

Proof. If d(E) = 0, then we can consider a one-point system X and take A to be the empty
set. Thus, we may assume that £ has positive upper Banach density.

Consider X’ = {0, 1}¢ with the product topology and the left G-action (T4x); = Xpg.
Let e € X’ be the indicator function of E, and set X := TGe. Also set A := {(xeX:xgq=
1}. Let F be a left Fglner sequence in G such thatlimy (|E N Fyl|/|Fn|) = d(E). Passing
to a subsequence, we may assume that the sequence of measures ( f drse dFN ()N
converges weakly. Its limit v is a T -invariant probability measure supported on X such
that v(A) =d(E). By the ergodic decomposition, there exists an ergodic T-invariant
probability measure p on X such that w(A) > v(A).

By Proposition 6.1, the point e is quasi-generic for u. Let ® be a left Fglner sequence
that witnesses the quasi-genericity. Since the set 781 A N - - - N T8* A is clopen, we have

W(T8AN.. . NT8A) = ll]{,n/ Lzt an..ntexa(T8e) dDn (g)

k
—1
= lim / 1‘{ 1A(TS '8e) ddy (g)
o

= lim [Oy|~'|{g € Py 17 'g € E.i <kl

= lim [@y|~ [y N gIEN - N g

<d(giEN---NgE). 0
Proof of Theorem 1.2. Let (X,u,T) and A C X be the ergodic system and the
measurable subset obtained by applying Lemma 6.2 to E C G x G. Writing Tlg =
7@ and T} := T8, we have d(EN (g, id)E N (g, 9)E) > n(ANTEANTE,A).
By Theorem 1.1, the latter quantity is bounded below by (A)* — € for a set of g that

is both left and right syndetic. On the other hand, 1(A)* — € > d(E)* — €, and we obtain
the claim. o
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A. Appendix. Mean convergence fork =3
In this appendix, we give a new proof of the k = 3 case of [23, Theorem 1.1(2)], using the
machinery of sated extensions.

PROPOSITION A.1. Suppose that X € C3 and fi, f2, f3 € L°°(X). Then the limit
Ucélim Tlg fi Tlg’2 2 Tléjz,3 f3
exists in LZ(X).

In order to use a satedness argument, we have to construct an interesting extension of a
system X € C3. We consider the Furstenberg coupling X', which consists of the following
data. The base space is X> and the measure is given by

/ fo® fi® frdul = UC;)lim/ Ty ATy frdp.

This limit exists by Corollary 4.5, and Lemma 2.5 shows that this does determine a unique
measure on X**!. We have the following G-actions on X

Tri=TixT1 xT, Tro=ldxThxTj3, Trm=T3xT;xId

The action TF| preserves the measure wt, since Ty commutes with 75 and T3. The action
Try preserves the measure 1 by left invariance of the uniform Cesaro limit and the action
Tr3 by right invariance of the uniform Cesaro limit. Moreover, these actions clearly
commute. Hence, we see that X7 is an extension of X under the projection 7 onto the
second coordinate.

We also need a special case of a lemma from [20], which in turn generalizes
[4, Lemma 4.7].

LEMMA A.2. Let X € C3 and f1, f2, f3 be bounded functions on X. Suppose that

E,r(f1® f2® f3lIF1,r2) =0.

Then
UC-im Tf ATE, TS, 3 f3=0  innorm of L*(X).
p 2201,

Proof. Fix a left Reiter sequence F. By Corollary 2.2, it suffices to show that

0 = lim inf Tim sup / f / TE ATETE o 3 f3 - T AT]S foT)5 5 3 dpe dF)(h) d F(g).
This expression equals
lim inf limmsup /// TS AT 2T 5 13
< TETY AT T 2T 3Tl 3 f3 dp d Fy(h) d F(g)
= lim inflimmsup f f NTSRT f
< T AT T faT5 3Tl 3 f3 A d Fyy(h) d F(g)

=lirr}1inff/ AT AL ® LT, ® T, s dut dF) (0.
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m(x)
38
28
8
0 ) 1=5 1 1+ 1-6 1 X
2 2 2

FIGURE B.1. The multicorrelation function m(x).

By the mean ergodic theorem, this equals
IEyr (fi ® f2® f3llF1,r2) 72, r) = 0. D

Proof of Proposition A.1. Consider the idempotent subclass 7 of C3 that consists of the
systems with X =1, vV I3 vV I1 2. By Theorem 3.2, we may assume that X is J-sated.
Assume now that X € C3 is J-sated and fo» L I Vv I3 V I1 2. By satedness, we have 1 ®
f2®1 L Ipy Vv I3V Ip1 F2. Moreover, for any f1, f3 € L°°(X), the function f1 ® 1 ®
1 is Irp-measurable and the function 1 ® 1 ® f3 is Ir3-measurable. Therefore, f1 ® f> ®
S5 L Ir1,F2. By Lemma A.2, this implies

UC-lim TE AT 2T, 53 =0.

Hence, we may assume that f, is I Vv I3 Vv [} 2-measurable. By density and linearity, it
suffices to consider f» = hah3hi 2, where h; is T;-invariant. In this case, we have

Tlgfl T52f2Tlg’213f3 = hl,ZTlg(fth)Tlg’2,3(f3h3),

and this converges in the uniform Cesaro sense, by Corollary 4.5 applied to the actions 7}
and 7> 3. O

The main difficulty in extending this approach to the multiple ergodic theorem to k > 3
commuting actions consists in explicitly constructing a suitable extension, which can be
used to exploit satedness, of a given action. Note that for discrete groups, a new tool for
constructing such extensions appeared in Austin’s proof; see [3, Theorem 2.1].

B. Appendix. Small correlation sequences
The lower bound in the ergodic Roth theorem [7, Theorem 1.2] might suggest that
C-lim, u(ANT"AN TZ"A) > ,u,(A)3 , for any measure-preserving transformation (X, 7')
and any A C X. The following counterexample shows that this is not the case.

Consider an irrational rotation 7 by « on the circle X =R mod 1, and let B C X be
an interval of length § < 1/3. Then the function m(x) := u(B — x U B U B + x) has the
form shown in Figure B.1.

https://doi.org/10.1017/etds.2014.13 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.13

1764 Q. Chu and P. Zorin-Kranich

Now let A := X \ B. Then

N N 1
.1 2 o1
h}{/nﬁg ,u(AﬂT"AﬁT"A):h}{InNEl(l—m(not))zl—/o m(x) dx
n—=

n=1
5
=1- (35 — 552> =(1-268)°—=8%/2+48 < u(A)’.
We will now describe an example that shows that the exponent in Theorem 5.7 cannot
be improved to 3. The construction is based on [9, Theorem 1.2], but the function f that
appears in the proof has been optimized numerically to maximize the exponent (however,

we do not claim that this exponent is the best possible). As a pleasant side effect, the
optimal function has a particularly simple form.

THEOREM B.1. For every countable amenable group G, there exist a system X € Cgr‘g
such that the group generated by Ty and T, acts weakly mixingly and a measurable set A
with 0 < u(A) < 1 such that

wANTEANTE,A) < u(AY,

forall g #idg.

Proof. Consider Y := {0, 1, Z}G and denote the (%, %, %)—Bernoulli measure on Y by v.
The two natural left G-actions on Y are the right Bernoulli shift (R8y);, = y, and the
left Bernoulli shift (L8y); = y,-1,. Note that these actions preserve v and commute.
Therefore,

X, u, T, ) =Y xY xY,vxvxvyv, RxIdx R, L xR xId)

is a system in Cp. Since the actions L and R are weakly mixing, it follows that 7 and 7>
span a weakly mixing group action on X, and, in particular, we obtain X € C;rg.
Fori, j, k € {0, 1, 2}, let

1 ifi, j, k are pairwise different,

0 otherwise.

f(i,j,k)2=:

Let F be the function on X defined by F(y, z, w) = f(Jidg > Zidgs Widg)- The function
F is the indicator function of a measurable subset A C X with u(A) = 3!/33. For every
g #1idg, we have

g g g g
WANTEANTE,A) = / F-TS F-T, Fdu
- / F(y.z.w)- F(R® 'y, z, RS 'w)
x F(RS L&'y, R 2, RS w) dpu(y, 7, w)

= / J idg» Zidg» Widg) * [ (Vg-1, Zidg» We-1)
X f(idgs 2g-1, We-1) dv(y) dv(z) dv(w).
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Since v is a product measure, this equals

(1]
(2]
(3]
(4]
(5]
(6]

(71
(8]
91

(10]
[11]

[12]
[13]
[14]
[15]

[16]

[17]
[18]
(19]

[20]

1
% 2 [fGRKFE R Tk

i,k j'kK

S 0 (I

gk Wi K =(0.12) 7 Nk =(0.1.2) 7N =(0,1,2)
1 31 31\ 319
= 3_6 Z 5175]5]#/{81#1{ = ¥ < (3—3) — M(A)3.19‘ -
ijk
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