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COPULA-BASED
CHARACTERIZATIONS FOR
HIGHER ORDER MARKOV
PROCESSES

RusTam IBRAGIMOV
Harvard University

In this paper, we obtain characterizations of higher order Markov processes in terms
of copulas corresponding to their finite-dimensional distributions. The results are
applied to establish necessary and sufficient conditions for Markov processes of a
given order to exhibit m-dependence, r-independence, or conditional symmetry. The
paper also presents a study of applicability and limitations of different copula fam-
ilies in constructing higher order Markov processes with the preceding dependence
properties. We further introduce new classes of copulas that allow one to combine
Markovness with m-dependence or r-independence in time series.

1. INTRODUCTION

In recent years, a number of studies in economics, finance, and risk management
have focused on the analysis of dependence measures and related concepts for
time series. It was observed that the use of correlation as a measure of dependence
is problematic in many setups, including the departure from elliptic distributions
that is common for real world risks and financial market data (see, among others,
the discussion in Embrechts, McNeil, and Straumann, 2002; McNeil, Frey, and
Embrechts, 2005, Ch. 5; de la Pefia, Ibragimov, and Sharakhmetov, 2006; and
references therein). Another problem with the use of correlation is that it is a
bivariate measure of dependence and even using its time varying versions, at best,
leads to only capturing the pairwise dependence in data sets, failing to measure
more complicated dependence structures. Also, correlation is defined only in the
case of data with finite second moments, and its reliable estimation is problematic
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in the case of infinite fourth moments (see the discussion in Cont, 2001). How-
ever, as discussed in a number of studies (see, e.g., Loretan and Phillips, 1994;
Cont, 2001; Ibragimov, 2005b, 2009; and references therein), heavy-tailed be-
havior with infinite fourth moments is present in many financial and commodity
market data sets, and even first moments or variances are infinite for certain time
series in finance and economics. Several approaches have been proposed recently
to deal with the preceding problems. One of these approaches, which is becoming
increasingly popular in dependence modeling and analysis, is based on copulas.
Copulas are functions that allow one, by a celebrated theorem due to Sklar
(1959), to represent a joint distribution of random variables (r.v.s) as a function of
marginal distributions.! Copulas, therefore, capture dependence properties of the
data generating process (more precisely, they reflect all the dependence properties
that are invariant to increasing transformations of data). In recent years, copulas
and related concepts have been applied to a wide range of problems in economics,
finance, and risk management (see, among others, Cherubini, Luciano, and
Vecchiato, 2004, and references therein; Patton, 2004; McNeil et al., 2005; Hu,
2006; the review in de la Pefia et al., 2006; Granger, Terdsvirta, and Patton, 2006;
Patton, 2006).

One should note that, so far, most of the studies have focused on the analysis of
copulas and dependence measures only in the bivariate case and only a few papers
have considered the problems in copula theory in the time series context. A draw-
back of the approach based on bivariate copulas and dependence measures is that,
similar to the case of linear correlation, it can capture, at best, only pairwise de-
pendence patterns and cannot be used in the case of more complicated dependence
structures. However, dependence characteristics of real data sets can be far more
general than those determined by pairs of variables: for example, the behavior of
financial indexes across markets is interrelated and is affected by a number of fac-
tors common to all of the markets. In addition, estimation procedures for copulas
developed in the context of independent observations of random vectors are not
directly applicable in the analysis of time series dependence characteristics.

The problems of copula theory and its applications in the multivariate and
time series context have been considered, in particular, in the following papers.
Joe (1987, 1989) proposed multivariate extensions of Pearson’s coefficient and
the Kullback—Leibler and Shannon mutual information. Nelsen (1996) consid-
ered measures of multivariate association generalizing bivariate Spearman’s rho
and Kendall’s tau. Focusing on finite-dimensional random vectors with dependent
components, de la Pefia et al. (2006) obtained U-statistics-based representations
for multivariate joint distributions and copulas. As a corollary of the results, de la
Pena et al. (2006) derived similar representations for multivariate dependence
measures and obtained sharp complete decoupling moment and probability in-
equalities for dependent r.v.s in terms of their dependence characteristics.

Darsow, Nguyen, and Olsen (1992) obtained characterizations of first-order
Markov processes in terms of copula functions corresponding to their two-
dimensional distributions. Chen and Fan (2004, 2006) considered parametric
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copula estimation procedures for time series based on bivariate copulas and
applied the results in the problems of evaluating density forecasts. Fermanian,
Radulovi¢, and Wegkamp (2004) established weak convergence of empirical
copula processes in the case of independently observed vectors with dependent
components. Doukhan, Fermanian, and Lang (2004) focused on the analysis of
the asymptotics of empirical copula processes for weakly dependent sequences
of random vectors.” Ibragimov (2005a) discussed weak convergence of empirical
copulas under f-mixing assumptions.

In this paper, we obtain characterizations of Markov processes of an arbitrary
order in terms of copulas corresponding to their finite-dimensional distributions
(Section 2). These results extend the characterizations of first-order Markov pro-
cesses in terms of bivariate copulas in Darsow et al. (1992). The results show that
a Markov process of order k is fully determined by its (k + 1)-dimensional copu-
las and one-dimensional marginal cumulative distribution functions (c.d.f.s). The
characterizations thus provide a justification for estimation of finite-dimensional
copulas of time series with higher order Markovian dependence structure.
Using the results, we obtain necessary and sufficient conditions for higher order
Markov processes to exhibit several additional dependence properties, such as
m-dependence, r-independence, or conditional symmetry (Section 3). These con-
ditions, in particular, generalize U -statistics-based characterizations of copulas
of vectors with r-independent or m-dependent components in de la Pefia et al.
(2006) to the case of dependent time series. They further show that dependence
properties of copula-based time series provide additional nontrivial restrictions
on the U -statistics characterizations of copulas for the processes in consideration
that can be used in inference on their properties.

The results obtained in the paper provide a copula-based approach to the
analysis of higher order Markov processes that is alternative to the conventional
one based on transition probabilities. The advantage of the approach based on
copulas is that it allows one to separate the study of dependence properties
(e.g., r-independence, m-dependence, or conditional symmetry) of the stochastic
processes under consideration from the analysis of the effects of marginal dis-
tributions (say, unconditional heavy-tailedness or skewness). In particular, the
results provide methods for construction of higher order Markov processes with
arbitrary one-dimensional margins that, possibly, satisfy additional dependence
assumptions. These processes can be used, for instance, in the analysis of the
robustness of statistical and econometric procedures to weak dependence. In
addition, they provide examples of non-Markovian processes that nevertheless
satisfy Chapman—Kolmogorov stochastic equations. Higher order Markov pro-
cesses with prescribed dependence properties can be constructed, for instance,
using inversion of finite-dimensional c.d.f.s of known examples of dependent
time series (see the discussion at the end of Section 2).

In Sections 4 and 5, we present an analysis of applicability and limitations of
different classes of copulas in constructing higher order Markov processes with
prescribed dependence properties. In Section 4, we focus on processes based on
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expansions by linear functions (bivariate and multivariate Eyraud—Farlie-Gumbel
—Morgenstern copulas) and also on more general copulas that involve prod-
ucts of nonlinear functions of the arguments, such as power copulas. We ob-
tain impossibility/reduction-type results that show that time series based on
such copulas that simultaneously exhibit Markovness and m-dependence or r-
independence properties are, in fact, sequences of independent r.v.s (Theorems
5 and 6 and Corollaries 2—4). In Section 5, we introduce a new class of copulas
based on expansions by Fourier polynomials (Fourier copulas) that, in contrast to
the copula families considered in Section 4, allow one to combine higher order
Markovness with m-dependence or r-independence. In Section 6 of the paper we
make some concluding remarks. Appendix A reviews the definition and discusses
the main properties of copula functions, together with their examples. Appendix B
contains the proofs of the results obtained in the paper.

2. COPULA-BASED TIME SERIES MARKOV CHARACTERIZATIONS

This section presents our main results on copula-based characterizations for
Markov processes of an arbitrary order. In what follows, we use definitions and
the results in copula theory reviewed in Appendix A. To highlight the main
concepts and ideas discussed, we assume throughout the paper that all copulas
considered are absolutely continuous and the processes under study have contin-
uous univariate c.d.f.s, if not stated otherwise. These assumptions, in particular,
imply that the copulas corresponding to the finite-dimensional distributions of
the processes under consideration are unique (see Proposition 1 in Appendix A).
However, most of the results discussed in the paper can be extended to the case
of not necessarily continuous marginal c.d.f.s and not necessarily absolutely
continuous copulas.’

Letm,n >k > 1. Let A and B be, respectively, m- and n-dimensional copulas
such that

A(uls---’um—ksils---agk)’ .
ui=1,i=1

=1,..,m—k
= B(C1s -5 Sk Ukt 15 -+ Un) Wik
=C(1,---, %), 1)
& e€l0,1],i=1,...,k,where C is a k-dimensional copula (relation (1) means that

a k-dimensional margin of the copula A is the same as a k-dimensional margin of
the copula B).

Let Vq,...,V, and Wy, ..., W, be r.v.s with joint c.d.f.s A and B (see Defini-
tion 5 in Appendix A). Denote by A1, mjm—k+1,...m @15 Um—i, <1500 C)
P(Vi <utyeoyVipek < ekl Vineks1 = <15, Vi = &) and By a1,k
C1se o mats - tman—k) = PWigt < g1, ooy Wi < tgn—il Wi =
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é1, ..., Wi = &) the conditional analogues of the copulas A and B. One has
At mim—kt 1, @1 U, S, - CR)

zakA(Ml, um ksély" sik)/akc(gla agk)
OVm— k+1 - ovq )

..... Ak C1s s Sl Ut 15 s U —k)

B akB(él,...,ék,umH,...,um+n_k)/a’<0<él,.. &)
a ovq...0V; ovy...0V;
where 6"A(vl,...,um)/avm_k+1...avm, o*B(vy,...,v,)/001...00k, and oF
C(vy,...,0x)/0v1...0v; denote the partial derivatives of the copulas A, B,
and C.
Further, define the *k—product of the copulas A and B, D = AxkB: [0, 1)tk
— [0, 1] via the relation

Um—k+1
D(ui,...,umgn— k)—/ / Av ke UL o Ui, E1y o, CE)

0
X Bl .., k(&1 S U5 s Upn—k)
XC(dfl,---,dfk)- 3)

The «*-operator is a generalization of the star x-operator considered in Darsow
et al. (1992); the x-operator in Darsow et al. (1992) is a particular case of its
preceding +*-analogue with k = 1 (see Appendix A). Similar to the case of k = 1
in Darsow et al. (1992) one can show that the operator «¥ is associative, dis-
tributive over convex combinations, and continuous in each place (but not jointly
continuous).

In terms of the densities 0™A(vy,...,0;)/001...00y, O"B(vi,...,0,)/
ovy... 0v, and 6’"+”_kD(1)1,...,l)m+n_k)/801 ...00p4n—k of the copulas A
and B and D = A B, relation (3) is equivalent to the following relation:

am+n—kD(u1, coos Umtn—k)
001 ...00m4n—k
_ 8mA(u1, cees Um—ks Um—k+15 sum)

ov]...00y
% 6”B(l/tm_k+1, s Uy U s s Upnn—k) akc(’/‘m—k—i-ls N 7P
ovy...0v, ovy...0vk

or, equivalently,

a’"+""‘D(u1 RPN um+n—k) . akC(lfim—k+1 st um)

001 ...00m4n—k ovy...0vk
anB(um—k-‘rla'--aum’
_ 8’”A(M1,. oo Um—ks um—k+19 .. 3um) un‘l-’rl:- . ,um+n—k)
ov1...00m vy ...00, '
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Let T C R. The processes considered throughout the paper are assumed to
be real-valued and continuous and to be defined on the same probability space
(Q, 3, P). Stationarity refers to strict stationarity. For a r.v. X on (Q,3, P) and
x € R, Iy -, denotes the indicator of the event {X < x}. In addition, as usual, for
rvsYy,....Y, X1,...,X;on (Q,3,P)and x1,...,xy e R, P(X| <xp,...,X; <
x1|Y1,...,Yy) stands for E(Ix, <y, ... Ix,<x,| Y1,...,¥;). For two r.v.s X and ¥
on (Q,3, P)wewrite X =Y if X =Y (a.s.).

DEFINITION 1. A process {X;}:er is called a Markov process of order k > 1
if,forallt,t; e T,i=1,...,n, suchthatt; <--- <th_k <th—gy] <+ <ty <t
and all x e R,

P(Xe <x|Xujsoo Xy Xty iro -0 X)) = P (X <x|Xy_pysnn Xpy). (D)

Throughout the rest of the section, Cy,, . 4, €T, i=1,...,k, 1] <--- <t
stand for copulas corresponding to the joint distribution of the r.v.s X, , ..., X;, in
the process {X;};cr under consideration. In addition, throughout the paper, for-
mulated equalities and inequalities for two functions f and g defined on [a, b]" C
R" are understood to hold almost everywhere on [a, b]". That is, we write f = g
(or f(u) = g(u))if f and g coincide almost everywhere on [a, b]": f(u) = g(u)
for all u € [a, b]*\A, where A is a subset of [a, b]" with the Lebesgue measure
zero. The meaning of the inequalities f > g and f < g (or f(u) > g(u) and
f(u) < g(u)) is similar.

The following theorem provides a characterization of Markov processes of an
arbitrary order in terms of their (k 4 1)-dimensional copulas.

THEOREM 1. A real-valued stochastic process {X:}:er is a Markov process
of order k, k > 1, if and only if forall t; e T, i = 1,...,n, n > k+ 1, such that
H < eor <ty
fpa KoK C 5)

,,,,,

Letn > k+1ands > 1. For an n-dimensional copula C denote by C* the s-fold
product # of C with itself.
The following Corollary 1 is an immediate consequance of Theorem 1.

COROLLARY 1. A sequence of identically distributed r.v.s {X,}°, is a sta-

t=1
tionary Markov process of order k, k > 1, if and only if for all n > k+ 1,

Croa(ur,...,u))=CHCH . K Cur,...,un)=C" N ur,...,un), (6)
n—k+1
where C is a k + 1-dimensional copula such that Ci yp,, . jj+n =Ciy,. i, 1 <h <

k+1—i,1<ip<---<iy<k+1L1=2,...,kandCj, _ ;, 1<j1 <---<ji<
k+1, denote the corresponding marginals of C: Cj, . jy = Cly;=1,i#j,....j-

Let, as before, {X,};c7 be a Markov process of order k with finite-dimensional
copulas Gy, ;, (u1,...,up), tieT,i=1,...,n,t; <--- <t,. Fort € T, denote
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by F; the c.df. of X,. Let, for #; < --- < #t, x1,...,Xxx € R and Borel sets
AeBR), P(tl,---,lk,lk+1,x1,~~~,xk,A)=P(th+1 € AlXy =x1,..., Xy =Xk)
stand for the transition probabilities of {X;};er. Using (2), it is not difficult
to see, similar to the case of first-order Markov processes in the proof of
Theorem 3.2 in Darsow et al. (1992), that, for all Borel sets A € B(R) of the
form A = (—00, x¢+1), Xk+1 € R, one has

p(tlﬁ"'7tk7tk+15'x15"'5xk’A)

_ akCtl,...,tk,thrl (Fl1 (X]), ceey Flk (xk)a Ftk+1 (xk+l)>

ouy...ouy
akCtl ..... tk(le(xl),~-~stk(xk))
/ : @)
ouy...oug
where, as before, akCtl,w,k,tkH(ul,...,uk,uk+1)/6u1...auk and 8kC,1 ,,,,, i
(u1,...,ug)/0uy...0ur denote partial derivatives of the copulas Cy, . 1.1
(ur,... ug,upy1) and Cypy g (uy, ..., ug).

Theorem 1 and Corollary 1 provide copula-based characterizations of higher
order Markov processes that are an alternative to the conventional characterization
using their transition probabilities (and the initial distribution). One can specify
a Markov process of order k by prescribing all one-dimensional marginal distri-
butions and a family of (k + 1)-dimensional copulas. Then one can generate the
copulas of higher order and, thus, the finite-dimensional c.d.f.s using (5). As dis-
cussed in the introduction, the advantage of the approach based on copulas is that
it allows one to separate in the analysis the properties of time series determined
by one-dimensional distributions from their dependence characteristics. Relations
(7), on the other hand, allow one to recover one characterization of higher order
Markov processes given the other.

Corollary 1, together with the inversion method for constructing copulas de-
scribed in Appendix A, provides a device for obtaining new Markov processes
of an arbitrary order that exhibit dependence properties similar to those of a
given Markov process of the same order but have different marginals. Namely, let
{X;}72, be a stationary Markov process of order k > 1 with (k 4 1)-dimensional
cdf. F(xi,..., Xk+1) and the one-dimensional marginal c.d.f. F. Then the
(k 4 1)-dimensional copula generating the process {X,};2 is, via formula (A.1)
in Appendix A, C(u1, ..., urp1) = F(F~'(uy),..., F~'(ur11)). Given an arbi-
trary one-dimensional c.d.f. G, the stationary kth-order Markov process that has
a dependence structure similar to that of {X,};°, but a different one-dimensional
marginal c.d.f. G can be constructed via (6) by generating its copulas of an
arbitrary order and substituting the new one-dimensional c.d.f. to obtain its finite-
dimensional c.d.f.s. For instance, taking F to be the (k 4+ 1)-dimensional normal
c.d.f. with a linear correlation matrix R : F = (I)],‘fl(xl, .., Xk41) as in (A.S5)
with n = k + 1, one obtains a stationary kth-order Markov process based on the
normal copula Cﬁ“ (uy,...,ugy1) in (A.6) withn = k+ 1. In the case k = 1 and
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T =R, the construction provides a first-order Markov process in Example 4.3 in
Darsow et al. (1992) that is referred to as a Brownian motion with non-Gaussian
marginal distributions therein. More generally, in the case k > 1, one obtains
a process with an arbitrary one-dimensional marginal c.d.f. whose dependence
structure is similar to that of a Gaussian autoregressive process of order k (see the
discussion at the beginning of Section 4). In addition, using examples of (possibly
higher order) Markov processes that satisfy additional dependence assumptions
available in the literature, such as examples of k-independent kth-order Markov
processes or m-dependent Markov processes of the first order constructed in
the works by Lévy (1949), Rosenblatt and Slepian (1962), Aaronson, Gilat, and
Keane (1992), and Matus (1998) (see the discussion in the next section), one can
use the preceding inversion procedure to construct Markov processes that exhibit
similar dependence properties but have one-dimensional marginals different from
those in the examples.

In what follows, we refer to the processes {X,;}7°, constructed via (6) as
stationary kth-order Markov processes based on the ((k + 1)-dimensional) copula
C or as stationary C-based kth-order Markov processes for short.

Remark 1. Let f : R — R be a strictly increasing function and let {X,}{°,
be a stationary C-based kth-order Markov process. Denote Y; = f(X;), t > 1.
Because copulas are invariant under strictly increasing transformations of r.v.s
(see Proposition 2 in Appendix A) and the Markov property is preserved by
strictly monotone (hence one-to-one) functions of Markov processes, {Y;}72 is
a stationary kth-order Markov process based on the same copula C.* More gen-
erally, it is easy to derive the expressions relating the copulas of the kth-order
Markov process {X;};°, to those of the kth-order Markov process determined by
Y; = fi(Xy), t > 1, where f; : R = R are strictly monotone functions. For in-
stance, in the case of the first-order Markov processes X, with bivariate copulas
Ci 1, the copulas C‘,l 1, of the process Y; = f;(X;) are related to C;, as follows
(see Nelsen, 1999, Thm. 2.4.4):

C,l,@ (u,0)=u—Cy 1, (u,1—=0), if f; is strictly increasing and f;, is strictly

decreasing;

C~',1,t2 (w,v)=0—Cy 1,(1—u,v), if f; is strictly decreasing and f, is strictly
increasing;

Ciy(,0) =u+0v—14Cy (1 —u, 1 —0), if both f,, and f, are strictly
decreasing.

3. APPLICATIONS TO COMBINING HIGHER ORDER MARKOVNESS
WITH OTHER DEPENDENCE PROPERTIES

From copula-based characterizations of Markov processes of an arbitrary order
in Section 2 it follows, in particular, that any copulas and, thus, any U-statistics-
based representations for copula functions in de la Pefia et al. (2006) (see
Appendix A in this paper) can be used to construct higher order Markov pro-
cesses. The results in this and the next section show that additional dependence
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properties of such time series impose further restrictions on the U -statistics em-
ployed in the representations. These restrictions allow one to obtain, for instance,
characterizations of Markov processes of an arbitrary order that satisfy additional
assumptions of 7-independence or m-dependence defined as follows.

DEFINITION 2. Let r > 2 and let T C R be an index set that contains at least
r+ 1 elements. A process {X;}ier is called r-independent if any r r.v.s among X;,
t € T, are jointly independent.

DEFINITION 3. Letm > 1 and let T C R be an index set that contains at least
m +2 elements. A process {X;}ier is called m-dependent if, forall 1 <a <[—1
and any indexes j, € T, s =1,...,1, suchthat 1 < j1 <--- < j; <--- < ji and
Ja+1 — Ja = m+ 1, the vectors (le’Xi2""’Xja—]’Xja) and (Xju+l’Xja+2>""
Xj_,»X,) are independent.

A number of studies have focused on problems of combining Markovian struc-
tures with other types of dependence. Lévy (1949) constructed a second-order
Markov process consisting of pairwise independent uniformly distributed r.v.s
(a second-order pairwise independent Markov process). Motivated by applica-
tions in the study of the mechanism of human vision, Rosenblatt and Slepian
(1962) constructed stationary Nth-order Markov processes consisting of discrete
r.v.s such that every N variables of the process are independent whereas N + 1
adjacent variables of the process are not independent (stationary Nth-order N-
independent Markov process). Rosenblatt and Slepian (1962) also obtained a
result that is natural to refer to as an impossibility or a reduction property for
Markov processes. This result shows that all Nth order N-independent Markov
processes with two-valued X,’s are trivial in that they are processes of inde-
pendent r.v.s. Higher order Markov r-independent processes are important in
testing empirically the sensitivity of statistical procedures developed on the in-
dependence assumption to weak dependence in the data generating process (see
Rosenblatt and Slepian, 1962). In addition, such processes are of interest because
they provide examples of processes that are not Markovian of first order but whose
first-order transition probabilities P (s, x,¢, A) = P(X; € A| Xy = x) nevertheless
satisfy the Chapman—Kolmogorov stochastic equation

P(s,x,t,A) = /_Oo P(u,é t, A)P(s,x,u,dé) t))]

for all Borel sets A, all s <tin T, u € (s,1) T, and for almost all x € RS
Markov processes with 1-dependence appeared for the first time in Aaronson
et al. (1992) and were considered, for example, by Burton, Goulet, and Meester
(1993) and Matis (1996), where the focus was on 1-dependent Markov shifts
and on the structure of block factors. Matds (1998) studied m-dependent Markov
sequences consisting of discrete r.v.s and showed, in particular, that generally no
stationary sequence of r.v.s that is Markov of order n but not of order n — 1 and m-
dependent but not (m — 1)-dependent exists if the state space of the sequence has
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small cardinality (another type of an impossibility/reduction result for Markov
processes). Matds (1998) also showed that to ensure the existence of Markov
processes of order n = 1 that are m-dependent but not (m — 1)-dependent the
number of attainable states must be at least m + 2 and this bound is tight.

The following result gives a characterization of stationary k-independent kth-
order Markov processes. Subsequently, [x] stands for the integer part of x € R.

THEOREM 2. Let C be a (k + 1)-dimensional copula. A sequence of rv.s
{X:}72, is a stationary k-independent C-based kth-order Markov process if and
only if the density of C has the form

M (uy, ... uky1)

ouy...0ug41

=1+gur,...,uk41), ®)
where g : [0, 17¥t!1 = R is a function satisfying the conditions

1 1
/O /O 91, )|y ... digyy < 00, (10)

1 1.s 1 1
/ / Hg(uj,...,ukﬂ)duil...du,'s =/ /
0 0 0 0

glur, ... upr1)g(uz, ... ugs2)...g(Us, ..., Upys)du;y .. duj; =0 (11)
foralls <ij <---<ig<k+1,s=1,2,...,[(k+1)/2] and
g(ul,...,uk+1)2—1. (12)

Remark 2. Integration in condition (11) is with respect to all combinations
of s variables among the arguments ug, U541, ..., Ur+1 that are common to all
functions g(u1, ..., uk+1), gUa, ..., ur+2), ..., Uy, ..., ur4+s) appearing in the
integrand. These conditions ensure that all k-dimensional marginals of the copula
of X1,..., Xk+ts, s > 1, are product copulas (A.4) with n = k and thus the k-
independence property is satisfied for the stationary kth-order Markov process
under consideration.

The following theorem provides a characterization of Markov processes satis-
fying m-dependence properties.

THEOREM 3. Let C be a bivariate copula. A sequence of rv.s {X;}°, is a
stationary m-dependent C-based first-order Markov process if and only if the
density of C satisfies

d2C(ur, uz)

=1 s s 13
O 1oua +g(uy,uz) 13)
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where g : [0, 11> — R is a function satisfying the conditions

1 1
/0 /0 \g Gt uz) | durduy < oo, (14)
1
| gtudn =0, i=1.2, (15)
0
guy,up) > —1 (16)

and such that

1 1m+1
/ / I1 g, uiv1) dusdus ....duy i
0 U

1 1
=/0 /o glur,uz)g(ua,u3)...g(Umt1, umy2)durdus. .. duy 1 =0.
17)

Remark 3. Similar to (11), integration in condition (17) is with respect to
the variables uj, us, ..., u,+1 that appear more than once among the arguments
of the functions g(u1,u2), g(uz,u3),..., g(Wm+1, um+2). This condition ensures
that the r.v.s X and X,,42 are independent and, more generally, independence
holds between the vectors (X1, ..., X,;) and (Xyqnt1s---» Xmtntj)s 1, j > 1.

Remark 4. Similar to the proof of Theorems 2 and 3, one can obtain neces-
sary and sufficient conditions for a Markov process of an arbitrary order to be
m-dependent and also exhibit certain additional dependence properties. For
instance, let C be a (k 4 1)-dimensional copula and suppose that {X}{°,
is a stationary C-based kth-order Markov process such that any k r.v.s
among X1, ..., Xx41 are independent (clearly, this assumption is weaker than k-
independence of the process {X,};2, in Theorem 3). Using Propositions 3 and
4 and Corollary 1 as in the proof of Theorems 2 and 3, one can show that the
process {X;}7°, is m-dependent for some m > k + 1 if and only if the density of
C has form (9) with a function g : [0, 11! — R that satisfies conditions (10)
and (12) and is such that

1 1m—k+2
/ / H guj, ... upyj)duy .. .duyq
0 0 =

1 1
=/ / glur, .. uir1)g (o, ..o uiq2) ...
0 0
X g(Um—k+25 -+ > Umt2)duy ... dity 1 = 0.

In a number of applications, for instance, in finance, Markov and martin-
gale properties hold simultaneously. The martingale property, in contrast to
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the Markov (first- and higher order) properties is not determined by finite-
dimensional copulas only and can be affected by changes in one-dimensional
marginal distributions. Indeed, using (2) with m =2 and k = 1 (or Darsow et al.,
1992, Thm. 3.1), it is not difficult to see that, for a bivariate copula C, a sta-
tionary C-based first-order Markov process {X,};°, with the univariate c.d.f.
F(x) is a martingale difference sequence with respect to the natural filtration
3y =o0(Xy,...,X;) if and only if ffooodoF(x) = 0. The martingale
property is determined by copulas alone for the class of martingale differences
that satisfy conditional symmetry assumptions.

DEFINITION 4. A sequence (X}, on a probability space (Q,3, P) is a con-
ditionally symmetric martingale difference with respect to an increasing sequence
of o-algebras 30 = (Q,0) C 3, C3 C---CS3, C3if forallt > 1, the rv.
X, is S;-measurable and conditionally symmetric given 3,_1, that is, P(X,; >
x|S8;-1) = P(X; < —=x|3;=1), x > 0.

THEOREM 4. Let C be a bivariate copula. A stationary C-based first-order
Markov process {X;}7°, consisting of symmetric rv.s is a conditionally sym-
metric martingale difference with respect to the natural filtration 3o = (Q, 9),

Sy =0(X1,...,Xs), t > 1, ifand only if

oC(uy, l/2—u)+6C(u1, 1/24u)

1 18
ouy ouy (18)

foralluy €[0,1], u € [0, %), or, equivalently, if the density of C satisfies

oC(uy, 1/2—u)  0C(ui, 1/2+u)
ou1ouy N Ou10uy

19)
foralluy €[0,1], u € [0, 3).

4. REDUCTION AND IMPOSSIBILITY THEOREMS FOR MARKOV
PROCESSES OF AN ARBITRARY ORDER

For a Gaussian process, pairwise independence coincides with joint indepen-
dence. Therefore, it is not surprising that a stationary higher order Markov
process based on a normal copula exhibits r-independence if and only if it
is an independently and identically distributed (i.i.d.) sequence. Formally, let
C(uy,...,ufy1) = Cr(uy,...,urs+1) be the normal copula with linear correla-
tion matrix R defined in (A.6) with n =k + 1 and let {X,};°, be a stationary
C-based kth-order Markov process. Let Y; = O~ [F(X,)], t > 1, where ®(x)
is the standard normal univariate c.d.f. and F(x) is the c.d.f. of X,. Because the
random vector (Y7q,..., Yx41) has the multivariate normal distribution A/ (0, R)
with correlation matrix R,

(Y1,.... Yig1) ~N(O, R), (20)
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we conclude that the process {X;}>°, is r-independent for some r > 2 if and only
if R =1, that s, if and only if {X,};°, is a sequence of i.i.d. r.v.s.

Now let k =1 and let C(uy,u2) = C,(uy,u2) be the bivariate normal copula
with correlation coefficient p (see (A.7)). Then (as in, e.g., Chen and Fan, 2004,
Exmp. 1) we conclude that {Y; };’il is a Gaussian process and, thus, for r > m +2,

m
Yi=pYi—1+€ = pm+] Yiem—1+ 2 Pkft—k, (21)
k=0

where ¢; has a normal distribution: €, ~ A(0, 1 — pz). From (21) we conclude
that ¥; and Y,_,,— (and, thus, X; and X;_,,—1) are independent if and only if
p =0. Thus, {X,};2, is a stationary m-dependent C,-based Markov process (of
the first order) if and only if p = 0, that is, if and only if {X,}7°, is a sequence
of i.i.d. r.v.s.

Theorems 2 and 3 imply several further reduction and impossibility results for
Markov processes satisfying m-dependence and r-independence conditions that
are similar in spirit to those in the case of normal copulas. The results show that a
number of copula-based time series that simultaneously exhibit Markovness and
m-dependence or r-independence properties are, in fact, sequences of indepen-
dent r.v.s.

Theorem 5, which follows, shows that a construction of nontrivial Markov pro-
cesses of higher order that exhibit 7-independence properties is impossible on the
basis of copulas whose densities C in Theorem 2 have functions g with a separa-
ble product form.

THEOREM 5. Let k > 2 and let C be a (k + 1)-dimensional copula that has

density (9), where g(uy,ua, ..., ug+1) = af ) fWw)... f(ugs1) for some a €
R and some continuous function f :[0,1] — R. A sequence of rv.s {X;}°,
is a stationary k-independent C-based kth-order Markov process if and only if
{X(}72, is a sequence of i.i.d. r.v.s.

An example of copulas C in the separable product form of Theorem 5 is given
by the special case of (k + 1)-dimensional Eyraud—Farlie-Gumbel-Morgenstern
copulas (A.10):

C(ulﬂ u29 cr uk+1)
k+1
=[Juit+a(l —u)(A—uz)...(1 —ugs1)), —l1<a<l. (22)
i=1
These copulas have densities (9) with

glurp,up, .. upqr) =a(l —2u1)(1—2u3) ... (1 —2uj41). (23)

COROLLARY 2. Let k > 2 and let C be a (k + 1)-dimensional Eyraud-
Farlie—-Gumbel-Morgenstern copula (22) with density (9) where g is given by
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(23). A sequence of r.v.s {X,}72, is a stationary k-independent C-based kth-order

Markov process if and only if it is a sequence of i.i.d. r.v.s.

Corollary 3 is a generalization of Corollary 2 to the special case of (k 4 1)-
dimensional power copulas (A.11) given by

k1
C(ui,ua,...,ugy1) = 'l_Ilui (1 +0!(M11 —M11+1) (”lz—ule)--- (”§c+1 _”iill))’
i=

—1<a<l, 24)

where [ € {0,1,2,...} (copulas (24) reduce to those in (22) for / = 0). These
copulas have density (9) in which

g1, 42, ..., Ups1) =0c((l+ D —(l+2)u11+1> ((1+ Dy — (1+2)u’2+‘)

x ((1+ Dk, — (l+2)u’k§11). (25)

COROLLARY 3. Let k > 2 and let C be a (k + 1)-dimensional power copula
(24) with density (9), where g is given by (25). A sequence of rv.s {X,};2, is a
stationary k-independent C-based kth-order Markov process if and only if {X;:}:°
is a sequence of i.i.d. r.v.s.

Theorem 6, which follows, is an analogue of Theorem 5 that provides impos-
sibility/reduction results for m-dependent Markov processes. Theorem 6 shows
that construction of nontrivial examples (i.e., those more general than sequences
of i.i.d. r.v.s) of stationary Markov processes exhibiting m-dependence is impossi-
ble on the basis of bivariate copulas that have, similar to Theorem 5, the function
g in a separable product form.

THEOREM 6. Suppose that C is a bivariate copula that has the density 9>C
(uy,up)/ouiouy = 14af(uy) f(uz) for some o. € R and some continuous func-
tion f :[0,1] = R. A sequence of rv.s {X;}3°, is a stationary m-dependent
C-based Markov process (of the first order) if and only if {X,}°, is a sequence
of i.i.d. rv.s.

The following corollary is a specialization of Theorem 6 to the special case of
bivariate Eyraud—Farlie-Gumbel-Morgenstern copulas (22) with k =1,

C(ul,uz)=u1u2(l+a(l—u1)(l—u2)>, —1<ac<l, (26)
that have density (13) with

glur,uz) =a(l—2uy)(1—2us). 27

COROLLARY 4. Let C be a bivariate copula Eyraud—Farlie—Gumbel—
Morgenstern copula (26) with density (13), where g is given by (27). A sequence
of rv.s { X, 12, is a stationary m-dependent C-based Markov process (of the first
order) if and only if {X,}72 | is a sequence of i.i.d. r.v.s.
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The results in this section that demonstrate that Markov processes with m-
dependence and r-independent Markov processes of higher order cannot be con-
structed from Eyraud-Farlie—Gumbel-Morgenstern copulas and other separable
copulas complement and substantially generalize the results of Cambanis (1991).
Cambanis (1991) showed that the most common dependence structures such as
constant, exponential, and m-dependence cannot be exhibited by stationary pro-
cesses {X;} whose finite-dimensional copulas are the following multivariate ana-
logues of bivariate Eyraud—Farlie-Gumbel-Morgenstern copulas (26):

Citeonsju Wy 5 - u]n)_Hu]k <1+ 2 alm(l_”jz)(l_”jm)>-

1<l<m<n

The results also complement the previously mentioned results by Rosenblatt and
Slepian (1962) on nonexistence of nontrivial Nth-order N-independent Markov
processes consisting of two-valued r.v.s because, as follows from Sharakhmetov
and Ibragimov (2002), the finite-dimensional copulas of sequences of r.v.s con-
centrated on two points have multivariate Eyraud—Farlie—-Gumbel-Morgenstern
structure (A.10).

Remark 5. Interestingly, in contrast to normal copulas, 7-copulas cannot
be used to construct (possibly higher order) Markov processes that exhibit
r-independence or m-dependence even if their correlation matrices are iden-
tity matrices corresponding to the case of uncorrelatedness. For instance, let
C(uy,...,ugs1) = CS,R(MI, ...,Uk4+1) be a t-copula with correlation matrix R
defined in (A.8) with n =k + 1 and let {X,}7°, be a stationary C-based kth-order
Markov process. Then relation (20) holds for ¥; = (\/E /v ) -ty IF (X;)], where
S~ Xz is a r.v. with chi-square distribution with v degrees of freedom that is in-
dependent of {X,}7°,, #,(x) is the c.d.f. of the univariate Student ¢-distribution
with v degrees of freedom, and F(x) is the c.d.f. of X;. As before, we obtain
that R = I and {Y;};2, is a sequence of i.i.d. standard normal r.v.s if {X,}7°, is
r-independent for some » > 2. Because the components of the random vector

(F' o (VYo /VS) L F 7 0 (WY /VS) ]) (28)

are dependent if Y;_; and Y; are i.i.d. standard normal r.v.s independent of S ~ sz’
we thus conclude that there does not exist a stationary r-independent Cy, p-based
kth-order Markov process for any correlation matrix R.

Let k =1 and let C(uy,up) = C,’)’p (u1,uz) be a bivariate 7-copula in (A.9).
Then the process Y; = (\/_/«/_ ) _1[F(X,)] satisfies (21). We thus conclude
that if {X;}°°, is a stationary m-dependent Ct -based Markov process (of the
first order), then p =0 and {¥;}2°, isa sequence of 1.i.d. standard normal r.v.s. As
before, this, together with dependence of the components of random vector (28),
implies that there does not exist a stationary m-dependent Cf)’ ,-based Markov
process of the first order for any value of p.
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5. FOURIER COPULAS

The results on limitations of Eyraud-Farlie-Gumbel-Morgenstern, separable,
normal, and #-copulas presented in the previous section emphasize the substantial
technical difficulty in constructing copula-based time series with flexible depen-
dence structures. A class of copulas based on expansions by Fourier polynomials
we introduce in this section allows one to overcome this difficulty.

It is not difficult to check that the conditions of Theorem 2 are satisfied for the
following functions g:

N k+1 | k+1
glur, ... ugr1) =, laj sin (277: Z/}fu,-) +7jcos (277: Zp’{u,ﬂ, (29)

j=1 i=1 i=1

where N > 1, and a;,7; € R, and ,Bl] eZ,i=1,...,k+1, j=1,...,N, are
arbitrary numbers such that

. S .
1+ X a8 #0,
=2

for ji,...,jse{l,...,N}, 01,...,05—1 €{—1,1}, s =2,...,k+1, and

N
1+ Y [0 +7j054n] 2 0
j=1
fordy,...,don € {—1, 1}. We refer to the copulas C corresponding to the functions

g in such a way,

uj Uk+1
C(M1,~~~,Mk+1)=/0 /0 (I +g(ui,...,uxs1))duy ... dugy,

as (k 4 1)-dimensional Fourier copula. Each such copula can thus be used to
construct a stationary k-independent kth-order Markov process via (6).

Similarly, conditions of Theorem 3 are satisfied with m = 1 for the bivariate
Fourier copulas corresponding to the functions g defined in (29) with k = 1, that
is, for the Fourier copulas

Clunu) = [ 71+ gtur.u) dud, (30)
where
N . . . .
glur,up) = z [a/’ sin (27[ (ﬂful +ﬁ£u2)) =+ y;j cos (27r (ﬁ{ul +ﬁéu2))], 31
j=1

N >1, aj,y; € R, and ﬁlj,[)’g €Z, j=1,...,N, are arbitrary numbers such
that A" + B3 # 0 for ji, jo € {1,...,N} and B{' = 3> #0, 1+ 3, [a;0) +
yj5j+N] > 0 for d1,...,0on € {—1, 1}. The processes constructed from copulas
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(30) via (6) thus give examples of stationary 1-dependent first-order Markov
processes.

6. CONCLUSION

The results in this paper provide a justification for estimation of (k + 1)-dimen-
sional copulas for stationary time series with kth-order Markovian dependence
structure. For instance, the results imply that all finite-dimensional copulas and,
thus, all copula-based multivariate dependence measures and properties of such
time series (such as, e.g., multivariate analogues of Spearman’s rho or relative
entropy for finite-dimensional distributions and f-mixing properties) are deter-
mined by and can be recovered from their (k 4 1)-dimensional copulas. The paper
also shows how dependence properties of time series place additional nontrivial
restrictions on copulas of the processes under consideration that can be applied
in inference on the properties of the processes. These restrictions also allow one
to construct time series with prescribed dependence structures that can be used,
for instance, in the analysis of the robustness of statistical and econometric proce-
dures to dependence. The results further provide an approach to obtaining approx-
imations of higher order Markov processes and their functionals, including those
that arise in contingent claim pricing and other applications in economics, finance,
and risk management (see Cherubini et al., 2004; McNeil et al., 2005), using ap-
proximations to their copulas of a given order. This can be accomplished, for
instance, using expansions of the copulas by orthogonal functions or degenerate
U -statistic kernels as in de la Pefia et al. (2006) and Proposition 3 in this paper,
Bernstein polynomials as in Sancetta and Satchell (2004), Hermite polynomials as
in Gram—Charlier copulas discussed in Ibragimov (2005a), or Fourier polynomi-
als similar to the constructions discussed in Section 5.° The study of the preceding
problems is left for future research.

NOTES

1. The concept of copulas is closely related to the probability integral transformation (see
Rosenblatt, 1952; Gouriéroux and Monfort, 1979; Breymann, Dias, and Embrechts, 2003, Sect. 4)
and to Fréchet classes of joint distributions (see Joe, 1997, Ch. 3).

2. I thank a referee for the reference to Doukhan et al. (2004).

3. Analogues of the copula-based higher order Markov characterizations in the paper for not nec-
essarily continuous univariate c.d.f.s can be obtained similarly to the corresponding extensions in the
case of first-order Markov processes in Darsow et al. (1992), using linear (in each place) interpolation
between the points at which the finite-dimensional copulas of the processes are determined uniquely.
Extensions of other results in the paper can be obtained similarly to their proofs in this work.

4. In general, Markovness is not preserved by many-to-one transformations. Rosenblatt (1971,
Ch. III) provides conditions under which general functions of Markov processes are still Markovian.

5. Examples of non-Markovian processes for which the Chapman—Kolmogorov equation is satis-
fied were also given, for example, by Feller (1959) and Rosenblatt (1960).

6. See also the recent work by Lowin (2007) for the analysis of properties and economic and
financial applications of Fourier copulas introduced in Section 5 and their generalizations.
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APPENDIX A: Copulas and Their
Properties—U -Statistics-Based Copula Characterizations

We begin with the definition of copulas and formulation of Sklar’s theorem referred to
in the introduction (see, e.g., Nelsen, 1999; Embrechts et al., 2002; Embrechts, Lindskog,
and McNeil, 2003).

DEFINITION 5. A function C : [0, 11" — [0, 1] is called an n-dimensional copula if it
satisfies the following conditions:
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1. C(uy,...,up) is increasing in each component u; .

2. Cluy,... uf—1,0,up41,...,un) =0forallu; € [0,11,i #k, k=1,...,n.
3. Cc,...,u;,1,...,1)=u; forallu; €[0,1],i=1,...,n.

4. Forall(ay,...,an), (by,...,by) €[0,11" with a; < b;,

2 2 . .

Y X DO Gy a,) 2 0,
i1=1  ip=I

where xj| = aj and xj5 = b; for all j € {1,...,n}. Equivalently, C is an n-dimensional
copula if it is a joint c.d.f of n rv.s Uy, ..., U, each of which is uniformly distributed on
[0, 1].

DEFINITION 6. A copula C : [0, 11" — [0, 1] is called absolutely continuous if, when
considered as a joint c.d.f., it has a joint density given by 0C" (uy,...,un)/0uy...0uy.

PROPOSITION 1 (Sklar, 1959). If X1, ..., X, are r.v.s defined on a common proba-
bility space, with the one-dimensional c.d.f.s Fx, (x;) = P(Xy < xg) and the joint c.d f.
Fxy X, (X1, xn) = P(X1 < x1,..., Xn < Xp), then there exists an n-dimensional
copula Cx, . x,(1,...,un) suchthat Fx x,(x1,....,x2) =Cx, . x,(Fx, (x1),...,
Fx, (xn)) for all x; € R, k =1,...,n. If the univariate marginal c.d.fs Fx,, ..., Fx, are
all continuous, then the copula is unique and can be obtained via the inversion method:

Cx o X (Lo ttn) = Fx, L x, (Fx @), F L)), (A1)

where F;kl (ug) = inf{x : Fx, (x) > ug}. Otherwise, the copula is uniquely determined at
points (uy,...,un), where uy is in the range of Fi, k=1, ...,n.

Copulas are invariant under strictly increasing transformations of r.v.s with continuous
univariate c.d.f.s.

PROPOSITION 2 (Nelson, 1999, Thm. 2.4.4; McNeil, 2005, Prop. 5.6). Let Xj, 1 <
k < n, be r.v.s with continuous univariate marginal c.d.f.s Fx, and a copula C. If fi : R —
R, 1 <k < n, are strictly increasing functions, then the r.v.s Yy, = fi.(Xy) have the same
copula C.

In a more general case when f; are strictly monotone (either strictly increasing or
decreasing) functions there exist simple relations expressing the copula of Y, = f(Xy),
k=1,...,n,1in terms of the copula of Xy, k=1,...,n (see Nelsen, 1999, Thm. 2.4.4; and
Remark 1 in the present paper for the case n = 2).

The following proposition provides U -statistics-based characterizations of copulas.

PROPOSITION 3 (de la Pea et al., 2006). A function C : [0,1]" — [0, 1] is an ab-
solutely continuous n-dimensional copula if and only if there exist functions g, . :
[0,11° >R, 1 <iy <+ <ic <n, c=2,...,n, satisfying the conditions

Al (integrability):

1 1
/0 /0 |gi1,...,i((lila~-~wlic)|dti1~~-d[ic < 00,
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A2 (degeneracy):

E(8iy,.oosie Wiys ey Wi s Mgy Uiy s es Wi Wiy s ooy Ui s Uiy s ooy Ui

1
=/0 ityeoic Wiys v s Wi s i s Uiy oo ) dliy =0,

1<ij<--<ic<n, k=1,2,...,c, c=2,...,n,
A3 (positive definiteness):
n
Z 2 gl’],.“,l'(-(ul'la'“’ul'c)2_15
c=21<ij<-<i.<n
and such that
C(uy,...,un)
n
= [ [ Y Y el | T, (A2)
c=21<ij<--<i.<n i=1

or, equivalently, such that the density of C satisfies

"C(uy,...,up
ﬁ =1+ 2 Y 8iysoip Wiy 5o i) (A.3)
ug... c=21<i|<-<i.<n
The random variables X1, ..., X, with copula C(u1,...,u,) are jointly independent if

and only if C is the product copula:
C(uy,...,up)=1uy...uy. (A4)

Well-studied examples of copulas are given by, for example, Clayton, Gumbel, and
Frank copulas (see Joe, 1997; Nelsen, 1999). Taking in (A.1) F to be the n-dimensional
normal c.d.f. with linear correlation matrix R,

X1 Xn

F(x)zcb’,;(x)=/ / R (X) dx, A.5)
—00 —0o0

with ¢, g(x) = 1/((2n)"/2|R|1/2) exp( xR_lx), one obtains the well-known nor-

mal, or Gaussian, copula CR(ul,... Up):

CRlur, ... yun) = V(@ wp), ..., @7 wn)), (A.6)

where, as in Section 4, @ (x) denotes the standard normal univariate c.d.f. In the bivariate
case, the normal copula can be written as

-1 -1 2 2
(u1) (u2) 1 ui —2pujuy +uj

where p is the linear correlation coefficient of the corresponding bivariate normal distri-
bution. (Using approximations to multinormal c.d.f.s via multidimensional Hermite poly-
nomials [see Slepian, 1972], one can obtain a class of approximations to normal copulas
(A.6) by so-called Gram-Charlier copulas discussed in Ibragimov [2005a].)
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Letv > 0 and let F be the n-dimensional Student-¢ c.d.f. tf R with v degrees of freedom,
the linear correlation matrix R, and the location parameter 0 € R”. That is, F = tl'}’ R is

the joint c.d.f. of the random vector \/vY/ /S, where Y ~ N, (0, R) has the n-dimensional
normal distribution with the correlation matrix R and S ~ X2(v) is a chi-square r.v. with
v degrees of freedom that is independent of Y. Formula (A.1) then gives n-dimensional
t-copulas with correlation matrix R,

! plutseesun) =1 g (tu_l(ul),...,tv_l(u,,)), (A.8)

where #,(x) denotes the c.d.f. of the univariate Student 7-distribution with v degrees of
freedom.
In the bivariate case, 7-copulas take the form

, 6 )ty () 1
Chptunu)= [ 70 " —

2 2\ —(v+2)/2

uy —2puiur+u

x| 1+———"— duydusy, (A9)
v(l—p=)

where p € (-1, 1).
Let a;,,.. ;. € R be constants such that 3", ¥ <; <...cio<n@i,...i 0 -0, = —1
for all 6; € {—1,1}, i = 1,...,n. Taking in Proposition 3 g;, _ ; (#;,....%;.) = & ..
(1=24)(1=2t,)...(1=24; ), 1 <iy <--- <ic <n,c=2,...,n, weobtain the following
generalized multivariate Eyraud—Farlie-Gumbel-Morgenstern copulas (see Johnson and
Kotz, 1975; Cambanis, 1977):

n n
Cuy,...,un) = [ ux <1+Z Y ail,__,,ic(l—uil)...(l—uic)>. (A.10)
k=1

c=21<ij<-<i.<n

In the bivariate case these copulas have form (26). As shown in Sharakhmetov and
Ibragimov (2002), the generalized Eyraud—Farlie-Gumbel-Morgenstern copulas and cor-
responding c.d.f.s completely characterize joint distributions of two-valued r.v.s.

Now let a;,, . ;. € R be such that 22‘22215[] <w<ip<n @iy, .| < 1 (itis easy to see
that this condition is satisfied if a; _; = 4;,...4;., where 3!, |4;] < 1). Taking in
Proposition 3

Bitsie iy osti) =ty e (4D, =@+l 1) (@ 0l =+,

where [/ € {0,1,2,...}, we get the following extensions of Eyraud—Farlie-Gumbel—
Morgenstern copulas (A.10) that are natural to call power copulas:

C(uy,...,up)
- S I _ 141 I I+l
=[Tuwi 1+ Y iy (=i T (g, —w ) (A.11)
i=1 c=21<ij<<i.<n

Proposition 3 implies the following characterizations of r.v.s satisfying m-dependence
or r-independence.
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PROPOSITION 4 (de la Pefia et al., 2006, Thm. 13). Let 2 < r < n. Random variables
X1,..., Xn are r-independent if and only if the functions g;, .. ;. in representation (A.2)
satisfy the conditions g;, . ; (Wi ,...,u; )=0,1<i] <---<ic<nc=2,...,r

PROPOSITION 5 (de la Pefia et al., 2006, Thm. 11). Let 1 < m < n—2. Random vari-
ables X1, ..., X, are m-dependent if and only if the functions g in representation (A.2) sat-
isfy the conditions i, . .ix.ixitseic@iys--osUigsWipyseeosUis) = iy, ip Wiys-oosUiy)
gik+1,--~,i(-(uik+1’ coui ) foralll <ip <o <ip <ipgq...<ie <n, g —ipg>2m+l,
k=1,...,c—1,¢c=2,...,n.

Darsow et al. (1992) obtained the following necessary and sufficient conditions for a
time series process based on bivariate copulas to be first-order Markov. For copulas A, B :
[0, 117 — [0, 11, set

(A*B)(x,y):/ol 0A(x,t) 0B(t,y)

a ot
Further, for copulas A : [0, 17" — [0, 1] and B : [0, 17" — [0, 1], define their x-product
AxB: [0,11"7=1 [0, 1] via

Xm OA(X1, s X—1,¢) OB(E, Xpma1s s Xmgn—1)

A*B(xl,...,xm_,_n_])_/o = . o dé.
As shown in Darsow et al. (1992), the operators = and * on copulas are distributive over
convex combinations, associative, and continuous in each place but not jointly continuous.

Darsow et al. (1992) proved that the transition probabilities P(s,x,t, A) = P(X; €
A|Xs = x) of a real-valued stochastic process {X;};er, T C R, satisfy Chapman—
Kolmogorov equations (8) if and only if the copulas corresponding to bivariate distribu-
tions of X; satisty

Cst = Csy % Cyyy (A12)

dt.

for all s,u,t € T such that s < u < t. Darsow et al. (1992) also showed that a real-valued
stochastic process {X;};<7 is a first-order Markov process if and only if the copulas corre-
sponding to the finite-dimensional distributions of {X;} satisfy the conditions

Ciiyotn = Criy % Crypy - % Cppy_y1,

forallty,...,t € T suchthatty <txy1, k=1,...,n—1.

APPENDIX B: Proofs

As before, for ar.v. X; in the process {X;};c7, we denote by F; its c.d.f. As usual, for a
Borel set A € 3, the notation X ~! (A) will stand for the event {w € Q : X (w) € A}.

Proof of Theorem 1. Clearly, it suffices to consider the case T = N. Letn > k+ 1. Let
us show that the Markovian (order k) property (4) holds for#; =1,...,t, =nandt =n+1
if and only if

P(Xl <Xpseeos Xp—k < Xp—f> Xp41 <xn+1|Xn—k+17~-~>Xn)
=P(Xl <xla-'-an—k <xn—k}Xn—k+1=~»aXn)

X P(Xn+1 < Xp+1 Xn—k+la~--aXn)~ (B.1)
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Indeed, suppose that (4) holds forr; =1,...,#; =n and t =n+ 1. Then we have
P(X1 <x1yoes Xnk < Xn—ks Xnt1 < Xng1 | Xkt 150 Xn)

= E(IXu <xp X <xtnmi I Xt <xg }Xn—k+1""=X")

:E{E(1X1<X1 e D < X <x ‘Xl’ “-’Xn)
{

X}’l—k+l"'~9XI’l}

I
fes

Ix, <xy - T g <on x E(IXysy <xnes | X150 Xin) X,,_k+],...,Xn}

Il
es|

{IXI <X ~--]Xn_k<xn_kE(]X,,+1<xn+1 |Xn—k+1>---,Xn) Xn—k-i—l:---,xn}

E(IXl <X1 -~-1X,,_k<x,,_k }Xn—k-i-l: cees Xn)P(IXnH <Xp+1 |Xl’l—k+l’ cees Xn)

P(Xy <xi,.o, Xnk < Xn—i| Xn—kt1s---» Xn)
X P(X,H_] <xn+1|xn—k+1’~-~=xn)’

that is, (B.1) holds. Conversely, if (B.1) holds, then from the preceding chain of equalities
read in the opposite order it follows that

E{IX1 e T <t By <xpes | X 10 Xi) Xn_k+1,...,X,,}

= E{IXI <X1 '-'IX,,_k <x,,_kE(1X,,+1 <Xp+1 ‘Xn—k—i-la cees Xn) Xn—k—i—ls cee Xn}>

that is, for all Borel subsets B,,_j41,..., By of R,
E{le <xy Xy <xu 1Xn—k+l€Bn—k+l = 'IXnEBnE(IXnJrl <Xp+t1 ‘Xl’ ) Xﬂ)}
= E{IXI <Xy Iank <Xn—k IXn—k+1 €By—fy1 - IXVIEBVI

X E(Ixrl+l <Xp+41 ’Xn—k-l—l’ cees Xn) }

This relation means that (4) holds for 1y =1,...,ty =nandt =n+1.
Suppose now that {X t}?il is a Markov process of order k. Integrating (B.1) over

—1 _
Xn_k_;,_l((_ooaxn—k-i-l)) XX Xn ]((—OO, xn))a we get
Ci2, 1 (F1GDs s Fyg 1 Gng ) = Fio, et (X150 Xn1)

Xn—k+1 Xn
=/ C1.2,.nln—k+1,en (F11D)s s Fyo (xp—g),
—0Q o0

X Fy—j110ln—kg1)s > Fn (ﬂn))
X Cpit1,.. ot in—k+1,.on (Faek1 Unei1)s - Fa(in)s Fg1 (Xp41))

XdFp_ky1,...n (’7n—k+1 yeees 7’/n)
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Fo—kr1 (Xn—k+1) Fy(xn)
:/o /0 Ci2,.npn—k+1,.n (F1&x1)s s Fpe g (Xp—p),

X kg 1s---Cn)
X Cpied,.mnt1in—k+1,...n (Gt 155 Sns Fug1 Gng1))
X Cp—itl,..n (dEn—kt1s ..., dSn)
=Cla n* Cociegt,ntt (F1G1, s Fyg1 (1)) -

By induction, this implies that (5) holds.
Conversely, suppose that (5) holds. Then we have

Elx) <xp -+ I <xnmic I it <t - DX < DXt <0001

=C12, . 1(F1x10)s s Fpe k(=) Fpmege 1 Gp—iee s
X Fp(xn), Fyp1 (xn—H))

Fu—t+1 (xn—k-H) Fo(xn)
=/O /0 Cl,2,...,n|n—k+l,...,n(Fl(xl)a-na

X Fy— e (n—1)» Sn—k-15 -+ »Sn)
X Copetet 1yt Un—k 41, on Cnled 15+ Sns Frog1 (5 11))
X Cp—iei1,..on@Sp—gg1s -+, dSpn)
=E(EUx, <x; - Ix,_ <xp | Xn—ket 1o X)X iy <xpsnt - 1X0 <xn
XEX 11X k415> Xn))-
This implies that (B.1) holds. |

Proof of Theorem 2. Let C be a (k 4 1)-dimensional copula and let {X,}7° be a sta-
tionary C-based kth-order Markov process. Using Propositions 3 and 4, we obtain that if
the process {X f}toil is k-independent, then the density of the copula C has form (A.3) with
n =k +1 and the functions g such that g;  _; (u;,...,u;))=0,1<iy <--- <ic <n,
¢ =2,...,k, that is, (9) holds with g(uy,...,ux41) = g1, k+1(U1,...,uk41). In addi-
tion, by the same propositions, the preceding function g satisfies conditions (10) and (12)
and is such that

1
/0 g(ul,...,uk+1)duj=0, j=1L2,. . k+1. (B.2)

Further, from Corollary 1 it follows that the density of the copula Cy o k1 k42 of the
rv.s X1,Xo,..., Xp41, Xk42 is given by

*T2C1 o kL2 (U1, U, Uy, URg2)
Ou10uy...0uy410ug 42

= (l+g(u1,...,uk+1))(1+g(u2,...,uk+2))

=1+g@p,...;upy1)+gWa, .. upq2)+gy,...,upy1)ga, ..., upq2).  (B.3)
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Using (B.2) and (B.3) we get that, for 2 < i <ip < k+ 1, the density of the copula of
thervs X, j € {1,2,...,k+2}\{iy,ip} is given by

1 r1
1+/0 /0 gt g 1)8 e . py2) duts, dut,.

This and k-independence of {X;} imply that

1 rl
/0 /O g(ul,...,uk+1)g(u2,.,.,uk_,_z)duilduiz=O, 2<ii <ip<k+1. (B.4)

In complete similarity, by considering the k-dimensional marginal copulas of the r.v.s
X1,X2,..., Xp42, Xi43 and using (B.2)—~(B.4), we obtain

1
/0/O/0g(”l»--~,uk+1)g(“2,~-~7Mk+2)g(u37-~-auk+3)dui1dui2d’4i3:07

3 <) <ip <i3 <k+1. Continuing in the same fashion, we get that the property that
{X ,};’i] is a stationary k-independent C-based kth-order Markov process implies that (11)
holds forall s <u;, <--- <u; <k+1,s=1,2,...,[(k+1)/2].

Suppose now that relation (11) holds for all s < u; <--- <u; <k+1,5s=1,2,...,
[(k+1)/2]. One then easily gets that (11) also holds for all 1 <wu;, <--- <u; <k+s,
s > 1, and the product g(uy,...,ugy1)8W2, ..., ug42)...8(Us, ..., ug4+g) that appears

. . K s U )
in the density ]'au] +Sauk]ﬂ = H;Zl(l +g(uj,...,ug4j)) of the copula of
X1,X2,..., Xk4s. It is not difficult to see, similar to the preceding analysis, that this
implies that the copula C 1,2,....k+s has k-dimensional marginal copulas in product form

(A.4) with n = k. Thus, the r.v.s X1, X, ..., Xy4y are k-independent for all s > 1. |

Proof of Theorem 3. Let C be a bivariate copula and let {X/}°°, be a stationary
C-based first-order Markov process. By Proposition 3, the density of the copula C is
given by (13) with the function g(u1,u,) satisfying conditions (14)—(16). In addition,
from Corollary 1 it follows that the density of the copula Cy 5 41 m+2 Of the r.v.s
X1,X2,..., X;u41, X2 has the form

2
O"EC ol ma2 (U1 U2 U g s Uiy 2)
Ouiduy...0Up10Up42

= +gu,u))(A+ga,uz))...(1+gWpmy1,uny2))
m+1
=[] (0 +glus,us41)).

s=1

Using relation (15) we thus get that the copula Cy ;42 of the r.v.s X and X, 45 is
given by

1m+1
Crmatar = [ [ TT 0+ glusous ) di i

1m+1
—1+/ /Hg(us,uwl)duz dugy 1.
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Thus, the copula Cy ;4 is the product copula: C ;42 (U1, Uy 42) = U Uy, if and only
if condition (17) is satisfied. It is not difficult to see that if (17) holds, then one also has

| m+n+j
/ / H g(”v;“s-}-l)dun—H dumyn =0

for all n > 1, j > 0. Similar to the preceding analysis, this relation, together with (15),
implies that the random vectors (X1, ..., X») and (X;; 4415 ---» Xm4nt j+1) in the sta-
tionary C-based Markov process {X ’}?il are independent for alln > 1, j > 0. u

Proof of Theorem 4. By the Markov property, P(X; > x|3;_1) = P(X; < —x|3:-1),
x >0, if and only if P(X; > x|X;_1) = P(X; < —x|X,_1), x > 0. The latter inequality,
in turn, is equivalent to P(V, > 1/2+u|V,_1) = P(V,, < 1/2—u|V,_1), u € [0,1/2),
where V; = F(X;) and, by stationarity, to P(Vo > 1/24u|V{)=P(Vo <1/2—u|Vy),u e
[0, 1/2). We have therefore, that {X;} is a conditionally symmetric martingale difference if
¢ aC(vgull/z—u) _ | — 9C(V.1/24u)

and only i oul

or, equivalently, if and only if (18) and (19)
hold. |

Proof of Theorem 5. Using relation (11) in Theorem 2 with s =2 and i| =2, i, =3,
we get that if, under the conditions of Theorem 5, {X;}72, is a stationary k-independent
C-based kth-order Markov process, then

1 /1
/0/Og(ulauz,.-.,Mk+1)8(u2,u3,..-,uk+2)du2du3

1 1
- /0 /0 o () £2u2) £2u3) .. f2ug) f psn) dutz duz = 0,

that is,

2 ! 2 1 2 2 2
[ L (Mz)duz} [ L (ug)dug} Fun) F23).o. 2 (ugn) fagg2) =0,
This evidently implies that g(uy,us, ..., ug+1) =of(uy)... f(ugps1) =0 and, thus, {X;}
is a sequence of i.i.d. r.v.s. u

Proof of Corollary 2. The corollary is a consequence of Theorem 5 applied to the func-
tion f(u) =1-—"2u. |

Proof of Corollary 3. The corollary is a consequence of Theorem 5 applied to the func-
tion f(u) = (I + Du' — ( +2)u! 1. [

Proof of Theorem 6. Using relation (17) in Theorem 3, we obtain that, if, under the
conditions of Theorem 6, {X t} ~ is a stationary m-dependent C-based Markov process,
then

1 1
Lo o ) £2 ) 2 1) 2) ity =0,
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that is,

a"™ b fuy) fuman)

l m
/ fz(uz)duz} —o0.
0

This evidently implies that & = 0 or f(u) = 0 and, thus, {X,}7°, is a sequence of i.i.d.
L.V.S. u

Proof of Corollary 4. The corollary is a consequence of Theorem 6 applied to the func-
tion f(u)=1-—2u. u
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