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This article studies two-step sieve M estimation of general semi/nonparametric mod-
els, where the second step involves sieve estimation of unknown functions that may
use the nonparametric estimates from the first step as inputs, and the parameters of
interest are functionals of unknown functions estimated in both steps. We establish
the asymptotic normality of the plug-in two-step sieve M estimate of a functional
that could be root-n estimable. The asymptotic variance may not have a closed form
expression, but can be approximated by a sieve variance that characterizes the ef-
fect of the first-step estimation on the second-step estimates. We provide a simple
consistent estimate of the sieve variance, thereby facilitating Wald type inferences
based on the Gaussian approximation. The finite sample performance of the two-
step estimator and the proposed inference procedure are investigated in a simulation
study.

1. INTRODUCTION

Many recently introduced empirical methodologies adopt semiparametric two-
step estimation approaches, where certain functions are estimated nonparametri-
cally in the first step, and some Euclidean parameters are estimated parametri-
cally in the second step using the nonparametric estimates from the first stage as
inputs. Large sample properties such as the root-n asymptotic normality of the
second step parametric estimators are well established in the literature. See, e.g.,
Newey (1994), Chen, Linton, and van Keilegom (2003), Ichimura and Lee (2010)
and Chernozhukov, Escanciano, Ichimura, and Newey (2016). Despite the mature
nature of the literature, the mathematical framework employed by the existing lit-
erature is not easily applicable to situations where some of the regressors need
to be estimated. Many estimators that utilize so-called control variables may be
incorrectly analyzed if this mathematical framework is adopted without proper
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modification because the control variables need to be estimated in many applica-
tions. See Hahn and Ridder (2013).

Estimators using control variables are often based on the intuition that certain
endogeneity problems may be overcome by conditioning on such variables.! The
control variables need to be estimated in practice, often by semiparametric or
nonparametric methods. The second step estimation usually takes the form of a
semiparametric or nonparametric estimation, as well. See, e.g., Olley and Pakes
(1996), Newey, Powell, and Vella (1999), Lee (2007), and Newey (2009). Such
estimators are becoming increasingly important in the literature, yet their asymp-
totic properties have been established only on a case-by-case basis. In this article,
we establish statistical properties of the two-step estimators in an extended math-
ematical framework that can address the generated regressor problem.

We present a mathematical framework general enough to nest both the previ-
ous two-step estimation literature and the literature on control variables. This goal
is achieved by investigating statistical properties of nonparametric two-step sieve
M estimation, where the second step may involve estimation of some infinite di-
mensional parameters, and the nonparametric components in the second step may
use some estimated value from the first step as input. The parameters of inter-
est are functionals of unknown functions estimated in both steps. The estimation
procedure considered in the article formally consists of the following steps. In
the first step, we maximize > 7, ¢ (Z U,h) with respect to a (possibly infinite
dimensional) parameter &. Letting T denote the maximizer in the first step, we
then maximize Y/, y(Z2;, g,ﬁn) with respect to yet another (possibly infinite
dimensional) parameter g and get the second-step estimator g,. Let p (ho, go)
denote the parameter of interest, where the functional p(-) is known. We finally
estimate p (h,, go,) by a simple plug-in two-step sieve M estimator p (ﬁn,§n). We
allow the first step function /4 to enter into the second step function g as an ar-
gument, as is common in many procedures using estimated control variables. By
establishing statistical properties of such sieve two-step estimators, we contribute
toward a general theory of semi/nonparametric two-step estimation.

Outside of the sieve estimation framework, there are similar attempts for such
a generalization. See, e.g., Ahn (1995), Lewbel and Linton (2002), Mammen,
Rothe, and Schienle (2012, 2016), Escanciano, Jacho-Chédvez, and Lewbel (2014),
Lee (2015) and the references therein. The asymptotic normality established in
this article does not apply directly to the plug-in estimator when p(-) is unknown
and has to be estimated (see, e.g., Jacho-Chdvez and Lewbel, 2014; Lee, 2015 for
examples of such functionals). Unlike these articles, when p(-) is known we pro-
vide equivalence results for the plug-in estimator p(iz\,,,g\n), which are expected
to be appealing to practitioners.

Our primary concern are the practical aspects of inference. We show that the
numerical equivalence results in the literature, i.e., Newey (1994, Sect. 6) and
Ackerberg, Chen, and Hahn (2012), continue to hold in the general framework
that nests estimators that use estimated control variables. Newey (1994, Sect. 6)
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and Ackerberg et al. (2012) consider a framework that rules out the estimated
control variable problem, and showed that in the context of sieve/series estima-
tion, practitioners may assume that his/her model is parametric when a consis-
tent estimator of the asymptotic variance is desired. In other words, practitioners
can ignore the infinite dimensional nature of the problem, and proceed with the
standard parametric procedure proposed by Newey (1984) or Murphy and Topel
(1985). We show that practitioners may continue to adopt such a convenient (yet
incorrectly specified) parametric model even in more general estimators that re-
quire dealing with estimated control variables. To be more precise, our consistent
estimator of the asymptotic variance of p(ﬁn,@,) turns out to be identical to a
consistent estimator of the asymptotic variance derived under such a parametric
interpretation. Because the asymptotic variance of p(ﬁn,@,) often takes a very
complicated form, such numerical equivalence is expected to facilitate inference
in practice.

The rest of this article is organized as follows. Section 2 introduces the non-
parametric two-step sieve M estimation and presents several examples. Section 3
establishes the asymptotic normality of p (iz\,, , &n). Section 4 proposes a consistent
sieve estimator of the asymptotic variance of p (ﬁn,gn). Section 5 studies a non-
parametric two-step regression example to illustrate the high-level conditions in
Sections 3 and 4. Section 6 presents simple numerically equivalent ways of calcu-
lating the sieve variance estimator, which is the main result of the article. Section
7 reports the results of simulation studies of the finite sample performance of the
two-step nonparametric estimator and the proposed inference procedure. Section
8 concludes. A simple cross-validation method for selecting the tuning parameters
in the two-step nonparametric regression is provided in Appendix A. Appendix B
contains the proof of the normality theorem. The proofs of the results in Sections
4 and 6 are gathered in Appendix C. Sufficient conditions of the main theorem
of the two-step nonparametric regression example are available in Appendix D.
This theorem is proved by several lemmas which are included in the Supplemental
Appendix of this article, which is available at Cambridge Journals Online (jour-
nals.cambridge.org/ect). In the Supplemental Appendix, the high-level sufficient
conditions for the asymptotic normality are also verified in the nonparametric tri-
angular simultaneous equation model with low-level conditions used in Newey et
al. (1999). The consistency and the convergence rate of the second-step sieve M
estimator g,, which are not the main focus of this article, are also presented in the
Supplemental Appendix.

2. TWO-STEP SIEVE M ESTIMATION

In this section we introduce some notation for the two-step nonparametric sieve
M estimation and present several examples which are covered by our general
setup. In the first step, we use the random vector Z;; i = 1,...,n to identify
and estimate a potentially infinite dimensional parameter /,. In the second step,
we use the random vector Z, ; i = 1,...,n to identify and estimate a potentially
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infinite dimensional parameter g,. Let Z; be the union of the distinct elements of
Zy,; and Z5 ;, and assume that Z; has the same distribution Fz. We will assume
that {Z;}!"_, is a sequence of strictly stationary weakly dependent data.

The two-step estimation is based on the identifying assumption that 4, € ‘H
is the unique solution to supy, <4 E[p (Z1,h)] and g, € G is the unique solution
{0 Sup, g Elw(Z2,8,ho)], where (H, ||-|l3) and (G, ||-llg) are some infinite di-
mensional separable complete metric spaces, and ||-||3; and ||-||g could be the
sup-norm, the L, (d Fz)-norm, the Sobolev norm, or the Hélder norm.

The two-step (approximate) sieve M estimation utilizes the sample analog of
the identifying assumption. We restrict our estimators of %, and g, to be in some
finite dimensional sieve spaces H, and G,, respectively, where the dimension of
each space grows to infinity as a function of the sample size n. In the first step,
we estimate i, € H by ﬁ,, € H,, defined as

heH,

1 < -

;;co(zl,i,hn ) = sup —Z(p Zyi.h) = Op(ef ,); (1)
i=

in the second step, we estimate g, € G by g, € G, defined as

_ZV/ Zzlag}’l, )> Sug ZV/ Zzlag,h ) 0])(8%’11)9 (2)
8€Yn T =]

where H, = Hg ) and G, = G (n) are the sieve spaces that become dense in
(H, I-ll) and (G, |I-llg) as L(n) = dim(H,) — oo and K (n) = dim(gn) — 00,
respectively. The magnitudes of the optimization errors 312 and 82 are small
positive numbers that go to zero as n — oo. See, e.g., Chen (2007) for many
examples of sieve spaces and criterion functions for sieve M estimation.

Below are a few examples in the literature that adopt such a two-step sieve M

estimation strategy.

Example 2.1 (Nonparametric triangular simultaneous equation)
Newey et al. (1999) study a nonparametric triangular simultaneous equation
model. Let {(yi,xi, wl,i)}:lzl be a random sample generated according to the

model
y=mo(x,w2)+¢€, Ele|lu,wi]=E[e|u], 3
x=ho(w))+u, Elulw]=0, “4)

where h, € H and m, € M, wy C w;. This yields the identifying relation
Elylx, wi]=mo(x, w2)+ Ao (), where 1, (u) =E[e|u] € A = {1 : E[A(u)*] <
00, A(t) = A}, here A() = A (for known constants %, 1) is a location normaliza-
tion. Their model specification implies that the 4, is identified as a solution to the
infinite dimensional least squares problem

sup E[-Ge=h@))?].
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Given h,, the g, = (m,, 4,) is a solution to another infinite dimensional least
squares problem

sup B[~ (v =m (e, w2) = 4 (x = (w1)))?].
meM, e

Newey et al. (1999) estimate h, € H and g, = (m,, A,) € G by a two-step series
least squares regression. In the first step, they compute

-~ 2
h, = arg max —n 12 i—h (1))
heH,

in the second step, they compute

~ ~ ~ 2
= (my, Ay) = ar max  — E x,wg Aui))”,
gn = (Mp, An) gme./\/ln,/leA,, Z i l) ( 1))

—~ ~ ~ dy+2
where ii; = x; = hn (z1,i), r,—l'[j“’2 Iaj <y < by}, Wi = (xi,w} ;. ;) and

wj,; denotes the j-th component in @;, a; and b; are finite constants, 7, and
Gn = M, x A, are finite dimensional linear sieves (or series). Let p () be a linear
functional of g. Newey et al. (1999) establish the asymptotic normality of the
plug-in sieve estimate p(g,) of their parameter of interest p (g,).

Example 2.2 (Nonparametric sample selection with endogeneity)

Das, Newey, and Vella (2003) study a nonparametric sample selection model with
endogeneity. Let {(v;,d;, xi, zli)}?zl be a random sample generated according to
the model

y=d-y*, ¥y '=my(x,22)+e€,
x=ho1(z1)+u, E[ulz11=0, Pr(d =1|z1) = ho2(z1),

*

where h,1 € Hi, hp2 € Hy and m, € M, zo C z1, y* is not directly observ-
able. Das et al. (2003) impose the restriction E[€|u,z1,d = 1] = 4, (hp2,u)
for some 1, € A. This gives us the identifying relation E[y|x,z1,d =1] =
my (x,22) + Ao(ho2,u) € G = M+ A. Their model specification implies that the
ho = (ho1,he2) is identified as a solution to

sup E[— (x —h1(z1))2] and  sup E[—(d —ha(z1))*].
hieHy hoeHy

Given h, = (hy1,he2), the g, = m, + A, is a solution to the infinite dimensional
least squares problem

sup ]E[— y—m@x,z2) =2 (ho2(z1),x — hot (Zl)))z] .
g=m+ieG
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Das et al. (2003) estimate h, = (h,1,ho2) and g, = m, + 1, by a two-step series
least squares regression, which exactly fits into our two-step sieve M estimation
procedure. Let p(-) be a linear functional of g. Das et al. (2003) establish the
asymptotic normality of the plug-in sieve estimate p(g,) of their parameter of
interest p (g,).

Example 2.3 (Production function)
Olley and Pakes (1996) consider estimation of the Cobb—Douglas production
function

vit = o+ Prkis + Pilis + w0ir +1ir,  t=1,2,

where y;s, kir, and [;; denote the (logs of) output, capital, and labor inputs, respec-
tively. The w;; denotes an unobserved productivity index that follows a first-order
Markov process, and 7;; can be viewed as a measurement error. Assuming away
the potential invertibility problem of the investment demand function, they show
that the f; is identified as the solution to the semiparametric problem

g{g}E[(y,l Lilit — @1 (i1, kin)) ],

where i;1 denotes the (log of) investment at = 1 and ¢ is an infinite dimensional
parameter. Given (f;, ¢1), they show that S is identified as the solution to the
semiparametric problem

minE | (2 = fli2 = fikia — 1 1. Kin) = Bekin)°]
ko>
where 4 is an infinite dimensional parameter.

3. ASYMPTOTIC NORMALITY

In this section, we establish the asymptotic normality of the plug-in two-step sieve
M estimators. We characterize the asymptotic variance of the estimator, and we
propose an estimator of the asymptotic variance in the next section. As is typical
in the literature on sieve estimation, our asymptotic normality result is predicated
on certain consistency and rate of convergence results.”

Leta, = (ﬁ,,,?,,) and a, = (hy, go). We assume that the convergence rates of
ﬁn and g, are (5;1” and (551” under |-l and ||-|Ig, respectively, where 5;,,1 is a posi-
tive sequence such that 5;,,1 =o(l)for j=1,2.Letd;, = 5;:”Qn (j =1,2) where
on is a positive sequence that diverges to infinity slowly (say log(logn)) such
that 51* =o0(1). Then I € Nj . C N, with probability approaching 1 (Wpal)
where NV}, = {h € H : ||h—holly < 1.n} and Njy, = Ny N'H,,. Similarly, g, €
Ng.n CNg wpal, where Ny ={g € G :llg—gollg < 02,n} and Ny, = Ng NG,
Let N, = {(h,g) :h € Nj, and g € Ny ). Then we have a,, € N, wpal.

We suppose that for all & € Nj, 9(Z1,h) — p(Z1,h,) can be approximated
by Ay(Z1,ho)[h — ho] such that A, (Zy,ho)[h — h,] is linear in i — h,,. For any
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hi,hy € Ny, we can let

_OE[Ay(Zi,ho +tlhi = haD)[h1 = ha]
ot

= |lh1 = hal3,
=0

which defines a norm on Nj,. Let ,_, denote the projection of A, on H,, under the
norm ||-||,,, and V1, be the closed linear span of Njy — {ho,n} under lI-ll,» which
is a Hilbert space under |[-||,, with the corresponding inner product (-, -}, defined
as

OE[Ap(Z1,ho+ TOp,) [0, 1]
loks

)

<Dh1 ,th>(ﬂ = -

=0
for any vy, vp, € V1,,. In many examples, we have

0p(Z1,ho+T0p))
ot

0Ny (Z1,ho +10Ry)[00,]

Aq)(zlyhu)[Dh]]: o7

and (h1,h2), = —]E|:

z=0:|

if the derivative exists and we can interchange differentiation and expectation. Let
V) be the closed linear span of N}, — {h,} under ||o||¢. We assume that there is a
bounded linear functional 0y, p(a,)[-]: V1 — R such that

7=0

op(h
onp(ao)lv] = w forall v € V.

=0

By the Riesz representation theorem, there is a sieve Riesz representer v;n €eVin
such that

2 |0np (a0)[0]I?
0= su _

ahp(ao)[l)]=<l)zn,l)>w for all » EV]jn, and ||DZ” v “0”2
O#UE 1,n [

(6)
Moreover, o, p(a,)[-]: VI — Ris a bounded (or regular) functional if and only if
limyz, () 00 Hv;;” < 00.

Similarly, we use A, (Z2, 80, 10)[g — go] to denote the linear approximation of
w(Z2,8,ho) — w(Z2, g0, ho) for any g € N, ,. For any g1, g2 € N, we can let

_OE[Ay(Z2, 80+ 781 — 821, ho)[81 — £2]
ot

- ”gl g2|| >
v
=0

which defines a norm on Ng. Let g, , denote the projection of g, on G, under the
norm ||| y- Let V2., denote the closed linear span of Ng,,, —{go.n}, which is a
Hilbert space under ||-||,,, with the corresponding inner product (-, -),, defined as

aE [AV/(Z29 8o + Tvgza ho)[vgl]]
(Vg1 Vg )y = — o7

; (7

7=0
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for any vg,,vg, € V2 5. In many cases, we have

oy (Za,80+10g,,ho)
Ay (Za,0)[0g | = ———2220 T 812 0

0Ny (Z2,80+T0g,, ho)l0
and(vgl,vgz),/,:_E[o v (Za, 80 +T0g,, ho)l gl]]

ot =0 ot
Let V> be the closed linear span of N, —{g,} under -1l We assume that there

is a bounded linear functional g p(a,)[] : V2 — R such that

op(ho, go+10)

agp(oco)[l)] = o1

forall v € V. (t))]
=0

By the Riesz representation theorem, there is a sieve Riesz representer v;n €eWVon
such that

2
SR G710

£
Vg, | =

6gp(a0)[vg]:<v;”,vg> forallv €V, ,, and 3
w Vo 0#vels, oI},

)]
Moreover, dyp(ao)[-] : Vo — R is a bounded functional if and only if
limg (n)— 00 Hv;n H ” < 00.
LetV =V x V,. For any v = (v5,0g) € V we denote

Oup(ao)[v] = 6pp(ao)on] + Ogp (ao)[vg]~

To evaluate the effect of the first-step estimation on the asymptotic variance of the
second-step sieve M estimator, we define

5E[V/(Z2, 8ot TUg, ho)]
ot

I (o) [z)g] = for any v, € V>

7=0

and

0T g(go, o+ T01) [Ug]
ot

T (ao) [vn,vg] = for any vy € V).

=0

We assume that T'(0,) [+, -] is a bilinear functional on V. Given the Riesz repre-

senter v;n in (9), we define vl*in €V, as

I'(a,) [vh, v;n] = (vh, oL, >¢ for any v, € V1 . (10)

*

. . . *
Using the sieve Riesz representers v}, , vy,

,and vl’in, we define

Joz|?, = Var [n—% > (Aw(zl,i,ha)[o;;nH Ap(Ziisho)o} 1+ Ay (Za, ao)[vgn])] .
ar)
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As we can see from (11), the sieve variance of the plug-in estimator p (a,) is de-
termined by three components.? To explain the sources of these components, we
assume that the criterion function in the second-step estimation is smooth. The

1 . . .
first component n~ 2 Z?:l Ay(Z tho)[l’zn] is from the estimation error of 4,
which enters H oy H? , because p(a,) depends on h,. When p(a,) only dep(;nds on
80, We have v} =0 and then this component will not show up in vz, The
1 . N
second component n~ 2 Zl'-’zl Ay(Zy,, ho)[vl’i”] is also from the estimation error
of h, which enters Hv,*l H? 4 because the first derivative of the criterion function
in the second-step estimation depends on the first-step M estimator Tn. The last
1 . . . .
component n~ 2 ZLI Ay(Zy, ho)[v;n] is from the estimation error of g, in the
second-step estimation assuming that the unknown parameter /4, is known. It en-
2
ters Hv,*, HS , because p(a,) depends on g,. When p(a,) only depends on g, and
. 2 . . . . .

the parameter 4, is known, H oy ||S 418 identical to the sieve variance of the one-
step plug-in sieve M estimator found in Chen, Liao, and Sun (2014) and Chen and
Liao (2014).

In this article, we restrict our attention to the class of functionals p(a,) such

2 . . .

that Hv; ||S ; < C for any n. We next list the assumptions needed for showing the
asymptotic normality of p(a;,).

Assumption 3.1. (i) liminf,, ||o} HS ;> 0: (i) the functional p(-) satisfies

pla) —p(ay) —anp(ao)lh —hol — Ogp(a0)lg — g0l
aeN, ”Z); Hsd

=o(n™3);

(iii) there exists g, € G, such that [|g, — gollg = 0(5* ,) and for any v, € V| and
vg € V2, llonll, < ¢y llonllgy and ||Ug || <cy ||Ug ”g where ¢y and ¢y, are some
generic finite positive constants; (iv)

=g} = o).

maX{|5hp(Ofo) hon —hol|,
ol

Assumption 3.1(i) ensures that the sieve variance is asymptotically nonzero.
When p(a) is a nonlinear functional in o, Assumption 3.1(ii) implies that there
is a linear approximation 0y p (0.0)[h — hol+ 04 p (o) g — 8ol for p(a) uniformly

over a € N, with approximation error 0(||z);: |S dn_%). Assumption 3.1(iii) im-
plies that [|-]l, and ||-||,, may be weaker than the pseudometrics ||-|l3; and [|-|lg,
respectively. By Assumption 3.1(iii) and the definition of g, ,, we have

Hgo_go,n”W < ”go_gn”y/ < Cy ”go_gn”g = 0(5;,n)’

which indicates that g, , € Ny . Similarly we have h, , € N} ,, which together
with the former result implies that (A, ,, go.n) € Ny. Assumption 3.1(iv) also re-
quires that the sieve approximation error converges to zero at a rate faster than
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n=h Hv,*, HS 4+ When p(a,) only depends on the finite dimensional parameter of
the model, Assumption 3.1(iv) holds trivially as there is no approximation error
to such a parameter. When p (a,) depends on an unknown function, Assumption
3.1(iv) is an under-smoothing condition to derive the zero mean asymptotic nor-
mality of the sieve plug-in estimator p ().

*

Define (u, .05, .7, ) = [0 (0,030, ) and 8" = g &, for any
g € Ny n, where k, = 0 (n_l/ 2) is some positive sequence. For any function f,
wn(f) =n"1 > [f(Zi)—E[f(Z)]] denotes the empirical process indexed
by f.

Assumption 3.2. (i) The following stochastic equicontinuity conditions hold:

{0 Z2.8" ) = (22, 8.0 = Ay (Za, 8. W), 1 | = 05 D),

12)

sup
aeN,

and Sli\l} Ln {AW(Zz,g,h)[u;”] - AW(Zz,gO,ho)[u;”]” = 0, (kn);
aeNy
(13)
(i) let K, (g, h) = E[y(Z2,8,h) — w(Z2, 80, ho)], then
llg* — goll3, —lg — goll:
Ky (8:1) = Ky (8" 1) = Fra T (@) [h = hon, | + - L406D)
(14

uniformly over (h, g) € NV,.

The stochastic equicontinuity conditions are regularity assumptions in the sieve
method literature, e.g., Shen (1997), Chen and Shen (1998) and Chen et al. (2014).
Assumption 3.2(ii) implies that the Kullback-Leibler type of distance has a local
quadratic approximation uniformly over the shrinking neighborhood A,,. When
there is no first-step estimate ﬁn, Assumption 3.2(ii) is reduced to

llg* = goll}, —llg = 2oll5,
2

sup Ky (g.ho) — Ky (8", ho) — = 0(x?),

8E€Ng.n

which is the condition used in Chen et al. (2014) to derive the asymptotic nor-
mality of the one-step sieve plug-in estimator. As a result, we can view the extra
term in (14) as the effect of the first-step estimator T on the asymptotic distribu-
tion of the second-step sieve M estimator g,. Low level sufficient conditions for
Assumption 3.2 are provided in the Supplemental Appendix of the article.

Assumption 3.3. (i) The first-step sieve M estimator iz\,, satisfies

o~

|<hn _ho,n» u;,” +uﬂ]:”>(p — HUn {A(p(zl,ho)[”;,” +u1*“n]}| = Op (’Cn); (15)
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(i) the following central limit theorem (CLT) holds

n
l * * *
72 DA @1 ho)luh, b, 1+ Ay (Zais 8o, ho)luy, 1} —a NO, 1;
i=1

(iii) £2.0 = O (k). k03, = 0(1) and [lug, [,y = O(1).

Assumption 3.3(i) is a high level condition, which is established in Chen et al.
(2014) under a set of sufficient conditions. Assumption 3.3(ii) is implied by the
triangle array CLT. Assumption 3.3(iii) implies that the optimization error & , in
the second-step sieve M estimation is of the same or smaller order as x;,. As 65
the convergence rate of the second-step sieve M estimator g,,, under the statlonary
data assumption, it is reasonable to assume that 5; converges to zero at a rate

not faster than root-n, which explains the assumption x,,5; " = o(1).

THEOREM 3.1. Suppose that Assumptions 3.2 and 3.3 hold. Then under As-
sumption 3.1(i)—(iii), the sieve plug-in estimator p (hy, g,) satisfies
\/ﬁ [P (ﬁn; g’\n) - p(ho,n, go,n)]

03] sa

-4 N@©O,1), (16)

where Hv,*l Hsd is defined in (11). Furthermore, if Assumption 3.1(iv) is also satis-

fied, then
w[p(hn, 80) — p(ho,
\/_[P( n gn*) p(ho go)] 4 N, 1). a7
o154
Proof. In Appendix B. |

In some examples, e.g., Newey et al. (1999) and Das et al. (2003), the criterion
function and the score function in the second step estimation can be written as a
product of two functions, i.e., for any (k, g) € N,

w(Za,0) = 1(Z1,h)y* (Z2,a) and Ay (Z2,0)[ug, 1 = 1(Z1,h) A} (Z2, 0)[uy, |
8)

where 7(z1,h) may be a (known up to h) function that restricts the sup-
port(s) of the regressor(s) generated from the first step nonparametric estima-
tion, w*(Z,a) is the criterion function in the second step estimation with-
out any support restriction, and A:/(Zz,a)[-] is a linear functional such that
w*(Za,8,ho) — w*(Z2, g0, h,) can be approximated by A:/(Zz,a(,)[g —go]. In
these examples, the score AZ/(ZQ, “)[“Zn] also satisfies

B[ A} (Z2,00)lu,1| 21| =0. (19)
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The sufficient conditions for the asymptotic normality, Assumptions 3.1, 3.2, and
3.3, can still be applied when the criterion function in the second step estimation
takes the form in (18).4

When the data are i.i.d., the conditional moment condition (19) may facilitate
verification of condition (13) and hence the derivation of the asymptotic normality
of g,,. However, this condition is not accounted for in the high-level condition (13)
of Assumption 3.2. The next Assumption is an alternative to (13).

Assumption 3.4. (i) The data {Z;}]_, is i.i.d.; (ii) the equations (18) and (19)
hold; (iii) the following stochastic equicontinuity conditions hold:

sup [ { Ay (Za. g, Wl 1= Ay (Z2, gos W, 1} | = Op (), (20)
aeN,

S}\‘I/P :ul’l {T(Zlah)(A?;/(Zza gmh)[u;”] - A:;,(ZZ, gO’hO)[u;”])}‘ = Op(Kn),
he h,n

21)

(V) Sppen;, 1™ Iy (0 (Z1is ) = ©(Z1is ho) PE[ (A% (Z2,is 80, ho)lu, D] 21 ] =
0p(d;.») where J; , is a real positive sequence with J; , = o(1).

By Assumption 3.4(iii) and the triangle inequality, condition (13) of
Assumption 3.2 holds if one can further show that

sup | | (2(Z0,0) = 1211 ) Ay (Za, g0 b 1| = Ope). @2

heNpy

Hence Assumptions 3.4(i), 3.4(ii), and 3.4(iv) essentially provide an alternative
condition for (22). The advantage of the alternative condition is that we find
Assumption 3.4(iv) can be verified under slightly weaker sufficient conditions
than (22). Low level sufficient conditions for Assumptions 3.4(iii) and 3.4(iv) are
provided in the Supplemental Appendix.

COROLLARY 3.1. Theorem 3.1 holds if condition (13) in Assumption 3.2 is
replaced by Assumption 3.4 and the other sufficient conditions are maintained.

4. CONSISTENT VARIANCE ESTIMATION

The Gaussian approximation in Theorem 3.1 suggests a natural method of
inference as long as a consistent estimator of H [ Hs 4 1s available. In this sec-
tion, we provide such a consistent estimator. An alternative approach is to use
bootstrap-based confidence sets, but these are computationally more time inten-
sive and their asymptotic validity would need to be established.

For simplicity of notation, we will assume in this and the next two sections
that the data are i.i.d.,> and that the criterion functions ¢ (Z1, k) and v (Z5, g, h)
are, respectively, twice continuously pathwise differentiable with respect to 4 and
(g, h) in a local neighborhood N,.
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Our estimator is a natural sample analog of the Hv,’; Hs - but for the sake of
completeness, we provide the details below. We define
0p(Zy,h+7op))

Ap(Zy, )lop, 1= e

0Ay(Z1,h+7op))l0p,]
ot =0

and rp (Z1, M)[op, ,0p, 1=
for any op,,on, € Vi,. Similarly, we define A,(Z2,g,h)[vg] and
ry(Z2,8,h)vg,,vg,] for any vg,,ve, € V2 ,. We define the empirical Riesz
representer v by

onp(an)lon] = (vh,ffh"” >",¢ for any v, € V1, (23)
where (Uh. R DhZ)n,(p = —% Z?:l Tp (Zl,/h\,,)[vhI , U, ]. Similarly, we define 5; as
0 (@n)[vg] = <og,6;n>n,w for any vg € Va.n, (24)
where (vg,,0g,), \, = =3 Dot 7y (Z2,8n)[vg,, g, ]; and By, as

(@) [oh,ﬁgn] = (o,57,),,, forany vg € Vi, (25)
where

N 7 1 0A(Z2,8ns i + o) [0 ]
TSR S

i=1

=0

. . . 2
Based on these ingredients, we propose to estimate H oy ||S 4 by

~ (2 1 - TN ~ ~ T\ 2
Hv,,Hn,W,:;Z\Aw(zl,i,hn)[vhn+vrn]+A.,(zz,i,gn,hn)[vg,l]] : (26)
i=1

Our estimator Hffn“ His 4 1s nothing but a natural sample analog of Hv,*, HS g

Let Wi,n ={h € Vi,n : |hll, < 1} and Wa,, = {g € Vao,u @ ligll,, < 1} and
(Unggz)W = E{—rW(Zz,ao)[vgl,vgz]} for any vg,,0g, € V2. We next list the
assumptions needed for showing the consistency of the sieve variance estimator.

Assumption 4.1. The following conditions hold:

@) SUPG NG, v, .05, €W E{rw (Z2,0)[vg,,vg,1 = VW(Z%%)[”nggz]}’ =
o(1);

(ii) SUPG NG, v, 10g, €Wy Hn {’"!// (Z2, )lvg, , ng]} =op(1);

(i) SUPenr, 0 e, , |02 (@)[g] = Bgp(ao)lvg]| = o(1).

Assumptions 4.1(i)—(ii) are useful to show that the empirical inner prod-
uct (vg,,vg, >n,u/ and the population inner product (vg,, Dg2>u/ are asymptotically
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equivalent uniformly over vg ,v4, € W ;. Assumption 4.1(iii) implies that the
empirical pathwise derivative dgp(a,)[v,] is close to the theoretical pathwise
derivative dgp (a,)[v,] uniformly over v, € W ,,. When the functional p(a) is
linear in g, Assumption 4.1(iii) is trivially satisfied.

—1
Let B;,n ={v eVou: Hv—v;n Hu/ v;n < Jv .}, where 6,, n = o(1)
is some positive sequence such that 3;” € B;,n wpal and (Uhl»l’hz)¢ =

E[—r¢ (Z1,ho)lon, ,th]] for any vy, ,vp, € V1.

Assumption 4.2. The following conditions hold:

1) SUDLEN, 00, 0y €W s E [r,/, (Z1,W)on, o0y —re(Z1, ho)[vp,, th]] ’ =
o(1);

(1) SUPL G, 00, oy e W, i {70 (Z1s 1) [0y s 01y 1} = 0p (1)

(iii) SUPg e, 0, Wy, 1002 (@[] = Onp (ao)[vn]l = o(1);

I @) [Uh; Ug] —T(ao) I:Uh, U;n]

Assumptions 4.2(i)-(ii) are useful to show the empirical inner product
(Uh. ,Ohy )n p and the population inner product <vh| ,Ohy )w are asymptotically equiv-
alent uniférmly OVer v, , v, € Wi . Assumption 4.2(iii) implies that the empiri-
cal pathwise derivative oy, p (@, )[v] is close to the population pathwise derivative
Onp(ao)lvn] uniformly over vj, € Wi ,. Assumption 4.2(iii) is trivially satisfied,
if the functional p () is linear in . Assumption 4.2(iv) is needed to show that the

(iv) Supae/\/},,ugeb’;yn,uhewl,” = o0p(1).

functional T (a,) [vh, v;n] is consistently estimated by its empirical counterpart
I, (@) [vh ,T)}"n] uniformly over vj € Wi 5.

Assumption 4.3. Let ||-||, denote the L;(d Fz)-norm, then: (i) the functional
Ay (Zy,h)|oy] satisfies

sup [ Ap(Z1, W)or] = Ay(Z1, ho)lvnl |, = o(1) 27
hENh,n:UhEWI,)L
and sup | {A2Z1 o] = 0, (1; (28)
hENh,n:UhEWI,)L

(ii) the functional A, (Z2, a)[v, ] satisfies

sup 1Ay (Z2, ) [0g] = Ay (Za, a0)[0g] |, = 0(1) (29)
aeNy,0geWs

and sup
0 €Ny, 0geWs

#n{A,Z/,(Zz,a)[Ug]” =o0p(1); (30)
(iii) the following condition holds

sup | tn {Ap(Z1, W1 A y (Za, 0)[vg1}| = 0p(1); (3D
aEML:UgEWZ,n ;UhEWl,n
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A,/,(Zz, ao)[vg]

(V) sup,, ew,, [ Ap(Z1,ho)lonl|, = O(1) and sup, cyy, ,

O(1); moreover

2:

*

*
or,

Vg,

HDZ" o o v —0(1). (32)
| 8021 ho)10}, + 07,14 8y (Z2, 00103, H2

Conditions (27) and (29) require some local smoothness of A,(Z1,h)[-] in
h € Ny, and Ay, (Z2,a)[-] in a € N, respectively. Conditions (28), (30) and
(31) can be verified by applying a uniform law of large numbers from empiri-
cal process theory. To illustrate Assumption 4.3(iv), suppose that v, () = R (-)y
for some y € RE(™ and vg () = P (-)' B for some f € RK™ where R(-) =
[r1()s- sk () and P () =[p1(-),..., PLn) (-)]" are two vectors of basis
functions. Let

Ap(Z1,ho)[R1 = [Ap(Z1,ho) 1], s Ap(Z1,ho)rLmy]] and
Ay (Z2,00)[P1=[Ay(Z2,00) 1], ..., Ay (Z2,00) [ Pr ()] -

In most cases, Assumption 4.3(iv) is implied by the regularity conditions
on the eigenvalues of the matrices E[A¢(Zl,h(,)[R]Aw(Zl,ho)[R]’] and
E[Ay(Z2,00)[P1A(Z2,a0)[PT].

THEOREM 4.1. Suppose that the data are i.i.d. and the conditions in Theorem
3.1 are satisfied. Then under Assumptions 4.1, 4.2, and 4.3, we have

18200/ 103 o= 1| = 00 D

Proof. In Appendix C. u

Based on Theorems 3.1 and 4.1, we can obtain the conclusion that

V1 [p (s 8n) = p (1o, 80)]

%1

which can be used to construct confidence bands for p (., g5)-

—4 N(0,1),

n,sd

5. AN APPLICATION

In this section, we illustrate the high level conditions and the main results estab-
lished in the previous sections in a two-step nonparametric regression example.
Suppose we have i.i.d. data {y;, x;, s,-}l’.’:1 from the following model:

Vi = gol&i) +ui,
si=ho(x;) +&i, (33)
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where El¢;|x;] =0, E[u;|x;,ei] =0, h, and g, are unknown parameters. The
parameter of interest is p (g,), where the functional p (-) is known.

For ease of notation, we assume that y;, x; and s; are univariate random vari-
ables. The first-step M estimator is

n

T, = arg max ! Z [—%(si — h(xi))2:| , 34

heH, n “
i=1

where H, = {h ch()=R()y,y € RL(”)}. Let R(x) = [r1 x),... ,rL(n)(x)]/
and R, = [R(x1),..., R(x,)]. The first step M estimator /4, has a closed form

expression

™ / 1 I~

hn(-) = R(") (Rn Rn) RySn = R()Vn, (35)
wherg\ Sy = [s1,...,8,]. From the first step estimator, we calculate &; =

si —hy(x;) for i = 1,...,n. Let P(e) = [pl(e),...,p,((,,)(e)]/ and 1/5,1 =
[P(£1),..., P(2,)]. The second-step M estimator is

n

fmargmax LY H(yi - g@-))ﬂ , (36)

geGn  “
i=1

where G, = {g: g () = P(-)'B, p € REM}. The second step M estimator g, also
has a closed form expression

Zu(e) = P(e) (P,P) ' PLY, = P(¢) P, (37)

where Y, = [y1,..., yal.

Using the specific forms of the criterion functions in the M estimations, we
have (vp,,0n,)p = E[vhl(x)vhz(x)] for any vp,,vp, € V1, and (vg,,0g,)y =
E[vg, (e)vg, (¢)] for any vg,,ve, € V2. As p(-) only depends on g,, we use
0p(8o)[-] to denote the linear functional defined in (8). As V ,, is the linear space
spanned by the basis functions P(¢), the Riesz representer v of the functional
dp(go)[-] has a closed form expression

vy (&) = 0p(80) [PV Q(, P (&), (38)
where  9p(go)[P]" = [9p(go)lp1l,-...0p(g0)Pk(]] and  Qgw =
E [P(e)P(e)’]. By definition,

L(ao) [vn,vg] =E[0g0(e)vn (x)vg(e)], (39)

where 0g,(¢) = 0g,(g)/0¢. As Vi, is the linear space spanned by the basis func-
tions R(x), the Riesz representer 01*“,, of the functional I'(a,) [vh,v;n] has the

closed form expression

of, (¥) =E[8g0(e)0}, ()R()' | 074, R(2), (40)
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where Q1) = ]E[R(x)R(x)’]. Given the sieve Riesz representers v, and vf. ,
we have
Ap(Z1,isho)lop, 14+ Ay (Za,i, a0)[vg 1 =0, (xi)ei +vg (e)ui, (41)
which implies that the variance of the plug-in estimator p (g,) takes the following
form:

.2 R 2 ||« 2
Jo3 12, = lof, e[+ o, @ @)

By definition, the empirical Riesz representers 5; (¢) and ﬁlin (x) are

0y (6) = p@uIPY Q) g (o P(e) and B, (x) =n™" D" 02, @)05, GR(x:1) Q) (y R(Y),
i=1

43)

respectively, where Qn, K(n) = n! ﬁ,: IA’n and Oy 1 (n) = n~'R, R/, Hence the vari-
ance estimator of the plug-in estimator p (g,) is

5313 00 =" D @, )8 + @, @2 ] (44)
i=1

where u; = y; — gn(&;).

THEOREM 5.1. Under Assumptions D. 1, D.2, and D.3 in Appendix D, we have

n'? o, ||s_gz1 [p(&n) — p(80)] —=a N (O, 1).

Moreover, if Assumption D.4 in Appendix D also holds, then
=1 —~
n' 255 sa o @) = p (80)] >a N(O, 1).

6. PRACTICAL IMPLICATION

This section contains the main contribution of the article, based on a conve-
nient characterization of Hffn“ Hn’s - For this purpose, we will assume that a re-
searcher incorrectly believes that the infinite dimensional parameter (%, g,) is
in fact finite dimensional, and calculates the estimator of the asymptotic vari-
ance using a standard method available in, e.g., Wooldridge (2002, Chap. 12).
We will show that our estimator ||5*n Hn,s 4 18 in fact identical to such a standard
estimator.

For illustration, we will assume that g, = (6,,m,(-)) and one is interested in
the estimation and inference of p(a,) = A'6,, and (ii) p(a,) = p(m,), where
J € R%, ) #0 and p(-) only depends on m,. While it may appear restrictive,
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the algebra carries over to different parameters as well. Because the notation be-
comes complicated for some other parameters, we restrict our attention to these
parameters.

Let H, = {h(:-) = Rrn)(")'y 7y € REM) be the sieve space for a real-valued
unknown function /, in the first step, where Ry () (-) = [r1(-), .. .,rL(n)(o)]’ de-
note a L(n) x 1 vector of basis functions. Let G, = ® x M,, be the sieve space for
8o = (6o, m,(-)) in the second step, where M, = {m(-) = Pgn)(-)'f: f € RE()}
Py(:) = [P1(), ..., Pr(w(-)] denote a K (n) x 1 vector of basis functions for
moy(+), and K (n) = dim(G,) = dy + K (n). For notational simplicity, we will often
omit the L(n) and K (n) subscripts, and write Ry ) (-) = R(-) and Pk (-) =
P (-). As for misspecification, we assume that there is a researcher who believes
that the unknown parameters /4, and g, should be specified as

ho(:) = R(-) 70, and go(-) = (0o, mo () = (0o, P(-) Bo,x),

where L and K happen to be fixed at L(n) and K (n).
First, we provide an explicit characterization of our ]‘6;*, Hn ¢ for the sieve

plug-in estimates p (@) = '8, and p(@y,) = p(in,). For this purpose, we in-
troduce some notation. Let P (-) = (1 dg,P(o)’ Y be a K(n) x 1 vector and
Do () denote its a-th component for a = 1,..., K (n). Let r,(Z2,0)[ P, P] and
ro(Z1,h)[R, R] denote K (n) x K(n) and L(n) x L(n) matrices with the (a, b)-
th element being ry, (Z2, a)[P,, Pyl and r,(Z1, h)[ra, 5], respectively. Similarly,
we use I'(a,) [R, P] to define the L(n) x K (n) matrix with the (a, b)-th element
being I'(a,)[r4, pp]. Finally, we let

Too.n 1 1< ——
(ﬁ,n ﬁm,") ==Y —ry(Z2,:.a@n)[P.P].

ImH,n Imm,n n 0

T,,%?,, = (Iee n— lom nl,,_,,il wIn.n
:(nln)1 n = (}:nm,n mH nlgg IHm n
o~ J— n o~ =1 o~
and Vy ; = (I, (@) [R, P])’ [n—l > —rp(Z1ihn)IR, R]} Ap(Zyi ha)[R]+
i=1

AW(Zz,,-,?i,,)[F]. After some straightforward yet tedious algebra, we can estab-
lish the following:

PROPOSITION 6.1. Our estimate of the asymptotic variance of p (@) = 1'0,
is equal to

~ ’ "(1) _7) 7 ~1 z?:l Vg,iv A(]) ~1) = ~ .
Huﬁ,n ”5d =1 ( 06.,n> Hﬁ,nlgm:”l m,n) - ( 00,n> Ié}é‘,nlgm:"lmm,n) A

n
45)
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Our estimate of the asymptotic variance of p(a,) = p(my) is equal to

. U ViVl
"“m n H sd — 5p(m )[P] ( mIrZL )LImé) 7119(.)1” i}nlizl,n) % ( :(nlizl n1m9 nl()g n z(rIVZL )l) 5/7(%1)[1’]
(46)
where 0p (i) [P1= [0p () Lp1l..... 9p () px ] -
Proof. In Appendix C. |

We now compute the standard estimator of the asymptotic variance when a
researcher believes that the unknown parameters 4, and g, should be specified as

ho(') = R(')/VO,L and go(') = (90, mo(')) = (90; P(')/ﬂo,K) = F(')/ﬂgo,

where L and K = dp + K happen to be fixed at L(n) and K (n) = dy + K (n),
and we denote (0, B k)" = Bg,. The unknown parameter y,, 1 is estimated by the
following parametric M estimation

7h = argmax— Z¢(Zl i RC)yL), @7
yreBy D

where By, is some compact set in RZ. After the first-step estimate 7}, is available,
B, is estimated by the following second-step parametric M estimation

©0,Bx)= argmax Zw(zb,e P() Brs RCY'Ti)s (48)
0,8x)€@xB, 1

where O and B, are some compact sets in R% g\nd/\RK , respectively.
Define g, = (¢, By and accordingly B, = (¢, f)). Under the standard regu-
larity conditions, one can show that

(ﬁ%ﬁ:gz)x)) —a N0, y3' Vaoyz) £ NO, Vp,), 49)
where

Vi =E [[V/z(zz) + V/21€01_11(01(Zl)] [V/z(zz) + W21¢1_11(01(Zl)]/:| ,

2
ol :_E[a «;(zl,hoo))}, a2y = 222000 )) _ 00 (Z1ho()

, 91(Z1)
dyLoy[ 9By oyL

o = | DV Z2800:heO) || P (Z2:800).10())
oyL0f ’ A '
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Let I, 99 and I, pp denote the leading dy x dy and last K x K submatrices of
w22. Accordingly, I, 0p and 1y, gy denote the upper-right dyp x K and lower-left
K x dp submatrices of w2>. Define

a -1 -1 a -1 -1
1 V/,)ee =Uy.00 = Iy.opl,, pgly.po)~ and | W}m = Uy.pp = Lypoly, golu.op)” -
From (49), we can obtain after some algebra that
V@ —0,) =4 N (0, Vg) and /n(Bx = Po,x) =a N (0, Vpy),

where

_ (7 (1 -1 (1) 1) 1Y
Vo= (18000 = 1500 Twon 15 s ) Va2 (1000 = 1800 w0m 1, 5) (50)
— (- -1 (1) -1 m Y
Vik = (—’ waplvpoly 09> 1 w,ﬁﬁ) Va2 (—’ wopplvpoly go> 1 w,ﬂﬂ) : C2Y)
Equations (50) and (51) suggest sample analog estimators Vy and Vﬁm based on
empirical counterparts of 1y, g9, Iy, pg, etc.® Because

(G =20,) —a N (0,2 Val)
and

Vn(p (i) = p(me)) = /nop(mo)[PY (Bx — Bk o) +0p(1)
—a N (0,8p(mo)[P1' Vg, 8p(mo)[P1) (52)

under this parametric (mis)specification, the “parametric” version of the variance
estimate is given by A’V and dp (mo)[P1' Vg p(mo)[ P].

Comparing (45) with (50), and also (46) with (51), we obtain the following
implication:

THEOREM 6.1. We have |[3},,|12, = #'Voi for any 2, and |3,,[2, =
ap(n/in)[P]/VﬁKap(fﬁn)[P]-

Proof. In Appendix C. u

Remark 6.1. Theorem 6.1 implies that one can use the variance-covariance for-
mula of parametric two-step estimation to construct the sieve variance estimates,
as long as the number of basis functions used to approximate the unknown func-
tions is the same as in the parametric approximation to the model. As a result, the
numerical equivalence established above simplifies the semi/nonparametric infer-
ence based on the Gaussian approximation in empirical applications. It should be
noted that the above equivalence only holds in finite samples because the asymp-
totic theory of the sieve method requires L(n) and K (n) = dy + K (n) to diverge
to infinity with the sample size n, while the parametric specification has L and
K =dy+ K as finite constants irrespective of the sample size 7.
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Remark 6.2. Theorem 6.1, by justifying a parametric procedure even when the
parametric specification may not be valid, provides a convenient procedure to
practitioners. It is even more important because the asymptotic variances of many
two-step sieve estimators do not have simple analytic expressions, and as a con-
sequence, it is often difficult to estimate the asymptotic variance from a correct
nonparametric perspective.

Remark 6.3. Theorem 6.1 can be understood as a generalization of a similar result
in Ackerberg et al. (2012), who established numerical equivalence for two-step
estimators that do not involve generated regressors.

Remark 6.4. Theorem 6.1 can also be understood to be a general result that nests
similar results available in the literature. For Example 2.1, Newey et al. (1999)
establishes that standard parametric standard error formula continues to be valid.
Das et al. (2003) establishes the same result for Example 2.2. See also Newey
(2009). All these articles note that estimators of the asymptotic variance under
parametric misspecification are in fact consistent for the correct asymptotic vari-
ances, but the equivalence results were all established for their specific models.

Remark 6.5. Theorem 6.1 can also be used to compute a simple consistent estima-
tor of the asymptotic variance for the Olley and Pakes (1996) estimator described
in Example 2.3, as long as the parameters are estimated by the method of linear
sieve/series. Olley and Pakes (1996) does indeed calculate a series two-step esti-
mator, but cautioned on p. 1279 that they were not aware of a theorem that insures
/1 consistency and asymptotic normality when the series estimator is used. It is
therefore not clear to us how the standard errors for the series based estimator in
column (8) of their Table VI were calculated. Assuming that they used a stan-
dard parametric procedure, which is likely, our result in Theorem 6.1 provides a
theoretical justification of their standard error calculation.

6.1. A Simple lllustration of Theorem 6.1

Although the asymptotic variance of the two-step sieve estimators does not have a
simple analytic expression in general, our result can also be used to derive the an-
alytic expression of the asymptotic variance when an estimator is sufficiently sim-
ple. As an example, we consider the simple model studied by Li and Wooldridge
(2002), and note that our sieve variance formula coincides with that in the asymp-
totic distribution of their Conjecture 2.1. Specifically, we consider the following

model
Yi = w;0, +mo(gi)+uia (53)
si =ho(xi) +e&i, (54

where E[g;|x;] = 0 and E[u;|w;, x;, ;] = 0. Li and Wooldridge (2002) study a
special case of the above example because the unknown function /4, (x;) is para-
metrically specified as /,(x;) = x/y,. For simplicity of notation, we assume that
6, is a scalar.
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In the first-step, &, is estimated by a series nonparametric regression
1 n
iy = argmax — 2 Z [s; — h(x)]?, (55)
n i=1

where H,, = {h(-) = R(-)'y : y € REM} and R(:) is defined in Section 6. In the
second step, 6, and m,(-) are estimated by

~ 1< ~ 2
@ iin) = argmax  — > [yi — w0 —m(s; —h (x:)] " (56)
O.m)cOxM, 2 =

where M, = {m(-) = P(-Y$: f e RK™} and P(.) is defined in Section 6.
In this example, we have

[E{=rp(Z1,ho)[R,R1}] =E[R(x)R(x)'] and A,(Z1,h,)[R] = eR(x)

in the first-step M estimation; and

= 51 E[wz] E[wP(e)’]
E{-ry(Z2.0))[P.P]} = (E[P(g)w] E[P(e)P(e)’])’ 57
(o) [R,F] =E[om,(e)R(x)[w P(e)]], (58)
Ay (Za,00)[P1=ulw, P(e)], (59)

where om,(¢) = 0m,(¢)/0e, in the second step M estimation. (We omit the i

subscript whenever obvious.)
Equations (57), (58), and (59) imply that’

2

(Igé)n)szd =E [8}’}10(8)5” R(x)/] QZ(I,Z) Oe,L(n) QZ(ln)E [0m,(e)w, R(x)]

*
D@,n

+2E [0m (&) in R (x)'] Q;gn)JE[R(x)mngu] + E[@2u?],
where Q7 (i) = E[R(x)R(x)'], Qe =E[e*R(x)R(x)'],
@n=w—E[wP(e)]{E[P(e)P(e)]} " P(e) and
aP 21 / =1 -
15, = (E [w ] E[wP ()] E[P)Pe)]) E[P(e)w]) .

Because E[u| w, x, e] = 0, the second term is zero, and we obtain
2

(16(;)”)&261 =E[om,(e) W, R(x)'] Q] (ln) Oc.L(n) Qz(ln)]E [0m, (&) Wy R(x)]+ E[2u].

%
UH,n

https://doi.org/10.1017/50266466618000014 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000014

NONPARAMETRIC TWO-STEP SIEVE M ESTIMATION AND INFERENCE 1303
Noting that

[E[w?]~E[wPETE[PEPE ] EPE] " = (E]lw-Elwlar])” +o.
we can see that

~2 2

2
%, =0 2E[om,(e)WR(x)] QZ(IH)QSWL(,[)Qz(ln)E[am(,(e)zﬂR(x)]+(D_2E[w u?l+o(1),

where ® = E[(w —E[wls])z] andw=w—-E[w]|e].
When h,, is parametrically specified as /,(Z;) = x/y, in Li and Wooldridge’s
(2002), we have

0.2 = @ {E[omo (&) x'] B lomo(e)x] + El@?u?1 | 07 +o0(1),
(60)

where X, = (E[xx’])_lE[ezxx’] (E[xx’])_l. Letting E[@mo(g)zﬂx’] =
E[omo(e)w (x —E[x|e])] = ¥’ and Q; = E[@?u?], we can rewrite (60) as

105 H?d - 07 (PInY+Q) o

In other words, ﬁ(@l —0,) =4 N [0, 0! (‘I”Ezz‘l—‘ +Ql) (D_l], which coin-
cides with Li and Wooldridge’s (2002) conjecture.®
When  h, is  nonparametrically  specified, @ we  note  that

E[@mo(S)GR(x)’] QZIR(x) is a nonparametric regression of om,(¢)w on
x and hence, we can deduce that

|06 Hfd - o7 'E []E[amo(g)ﬂx]zez + ﬁzuz] ol (61)

7. SIMULATION STUDY

In this section, we study the finite sample performance of the two-step nonpara-
metric M estimator and the proposed inference method. The simulated data are
from the following model

Vi = w1,i00 +mo(ho(xi)) +u;, (62)
si =ho(xi)+¢, (63)

where 0, = 1; h,(x) = 4/(1 +exp(—4x)), mo(w2) = 2sin(z wy) and wy = hy(x).
Fori =1,...,n, we independently draw (w7 ;, ui,&;) from N(0, I3) and x; from
uniform distribution with support [—1, 1] and then calculate

Wi+ wai

5 (64)

w3,i

=————andwy; =
’ 1 4 exp(—4x;) YL
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It is clear that both x; and w,; have bounded supports, and their densities are
bounded from above and away from zero. The data { Vi, Si» W1, Xi } are gener-
ated using the equations in (62) and (63).

The first-step M estimator is Tin ( )=R( Y (R.R))~ R Sy where R (+), R, and
Sp are defined in Section 5. Let wy,; = hn (x;) and P, = = [P(@y),..., P(0,)],
where P (0;) = [w1,;, P(02,;)]and P (:) =[p1(-),..., px ()] Deﬁne

@n, B)) = (PP, "' Py, (65)

where ,Z’\n is a K x 1 vector which is used to construct the estimator of m, (-):
my, ()= P () ,[7’,1 The power series are used in both the first-step and second-step
M estimations.

We are interested in the inference of the functional value p(g,) = 6,, where
go = (0p,m, (+)). Denote

Iy =E[w} ], In22 = E[P(w2)P(w2)] and .12 =E[w1 P(w2) ] = I o,

(66)
The Riesz representer of the functional p (-) has the following form:
05, () = (07— P ) 1 L 12107 (©7)
-1
where v; , = [ and I = [In,ll - I,,,lgln_ézlng]] .2 The Riesz representer
”F,l of the functional I"(a,)[vp, v;n] has the closed form expression
of, () = =0} B [0mo(w2) @1, R(x)'] Q7' R(x), (68)

where W, = w; — P (w;)’ 1,,_521n,21 and Q) = E[R(x)R(x)’].lo Using (62) and
(63), we have ’

o5y =032 [EUC@R -+ E [omo (o)1 R)] 07 01,1 07 EIR) 1 6mo(w2)]],
69)
where Q0,1 =E[¢?R(x)R(x)'].

We next describe the estimator of H o, Hf 4 Let

n n n
= _ ~ - Py —~ = _ —~ >
Lini=n IZwii, Iipp=n 12 P (y,;)P(2,;) and I, 21 =n lzwl,iP(wz,i) =11
i= i—1 i—1
Py - g o
Then vy, = 11" = [T.11 = Tn12l, 3 1n 117" Let
~ P ~ ~
wii =wi,i = P@2,) I, ln21, Ui = yi— w1,i0 — my(W2,0),

Eizsi_hn(xi);\ Qe Ln=n" 121 lng(xl)R(xl)’
Bty (1) = 0P (-) B, OrLa=n"'2" | R(x))R(x;).
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The estimator of H [ Hf ,; 1s then defined as

2 ﬁzzn “ ~2 ~2 “ —~ ~ QZI,LQg,L,n QZI)L “ ~ —~
197 s = =2 | 208+ 37 oma (@2,)iD1i Rxi) —E4—2=5 5 Ry 10 (2,) | -
i=1 i=1 i=1
(70)
The 1 —¢ (¢ € (0, 1)) confidence interval of 6, is
Clorog = [Be=n 253, sy erog Bt n 2[5, g 21mgn] . D)

where z1_,/2 denotes the (1 — ¢ /2)-th quantile of the standard normal random
variable.

We consider sample sizes n = 500 and 1,000 in this simulation study. For each
sample size, we generate 50,000 simulated samples to evaluate the performances
of the two-step sieve estimator and the proposed inference procedure. For each
simulated sample, we calculate the sieve estimator of (6,,m,), and the 0.90 con-
fidence interval of 6, for each combination of (L, K) where L = 1,...,10 and
K =1,...,12. For each L and each K, the finite sample properties of the two-
step sieve estimators 5,, L.k and m, 1 k are investigated by their mean square er-
rors (MSEs): E [|</9\,1,L,K — 90|2] and E [lfﬁn,L,K (w2,i) —mo(w2,;) |2], respectively,
where (@1, L.K»Mn, 1.k ) denotes the second-step M-estimator based on the simu-
lated sample with sample size n, and the numbers of series functions L and K
in the first-step and second step nonparametric estimations, respectively.!! In ad-
dition to the two-step sieve estimator based on fixed L and K, we also consider
the sieve estimator with L and K selected by cross-validation (CV).'? For the in-
ference on 6, we investigate the coverage probability and the average length of
the confidence intervals (CIs) based on the sieve estimator (9\,,, L.K»Mn, L k) With
L=1,...,10and K =1,...,12, and sieve estimator (@,Z,E”/ﬁn,i,f) where L
and K are determined by CV. The simulation results are presented in Figures 1
and 2.

In Figure 1, we see that when the numbers of the series functions (L and K)
are too small, the mean square errors (MSEs) of the estimators of m, and 6, are
big. That is due to the large approximation errors in the first-step and second-
step nonparametric estimation when L and K are small. On the other hand, the
MSE:s of the sieve estimators are also big when L and K are too large. That is
because in this case the stochastic estimation error in the two-step nonparametric
estimation is big. The optimal L and K which minimize the finite sample MSE
of the sieve estimator will balance the trade-off between the approximation error
and the stochastic estimation error in the two-step nonparametric estimation. It
is interesting to see that the optimal L and K which minimize the MSE of the
estimator of m, are smaller than their counterparts which minimize the MSE of
the estimator of §,. With the growth of the sample size, the optimal L and K
tend to increase. The black solid line in Figure 1 represents the MSEs of the
sieve estimators based on L and K selected by 5-fold cross-validation. In the
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1a 1. MSE of 2-Step Estimator of m | 2a

2. MSE of 2-Step Estimator of 0,
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FIGURE 1. The mean square errors of the two-step sieve M estimators of m, and ,. The
left panel represents the MSEs of the two-step sieve estimator of m, for sample sizes n =
250, 500, and 1,000, respectively; 2. the right panel represents the MSEs of the two-step
sieve estimator of 6, for sample sizes n = 250, 500, and 1,000, respectively; 3. L* and
K* denote the numbers of the series terms which produce sieve estimator of m, with the
minimum finite sample MSE (in the left panel) or sieve estimator of 6, with the smallest
finite sample MSE (in the left panel); 4. the dotted line represents the MSE of the two-step
sieve M estimator with L = L* and K = K*; 5. the solid line represents the MSE of the
two-step sieve M estimator with L and K selected by 5-fold cross-validation.
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FIGURE 2. The coverage probability and the average length of the confidence interval
of 6,. The left panel presents the coverage probability of the confidence interval of 6,
for sample sizes n = 250, 500, and 1,000, respectively; 2. the right panel presents the
average length of the confidence interval of 8, for sample sizes n = 250, 500, and 1,000,
respectively; 3. the solid line represents the coverage probability of the confidence interval
based on the two-step sieve estimator with K and L selected by 5-fold cross-validation.
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left panel of Figure 1, we see that as the sample size increases, the MSE of the
cross-validated estimator of m, approaches the optimal MSE (the dotted line)
quickly. In the right panel of Figure 1, we see that the MSE of the cross-validated
estimator of 6, is slightly smaller than the minimum MSE when the sample size
is 500. Moreover, the solid line and the dotted line are almost identical when the
sample size is 1,000.

The properties of the confidence interval of 6, are displayed in Figure 2. When
L and K are too small, the confidence interval suffers large size distortion. The
coverage probability in this case becomes even worse with the growth of the sam-
ple size. This is because the confidence interval is miscentered due to the large
approximation error which can not be reduced by increasing the sample size.
Meanwhile, the miscentered confidence interval becomes narrower with larger
sample sizes which increase the size distortion for the confidence interval with
small L and K. On the other hand, the coverage probability of the confidence
interval is below 0.90 when L and K are too large. Two factors may contribute
to this phenomenon. First, the bias from the second order stochastic estimation
error becomes nontrivial when 7 is relatively small, and L and K are relatively
large. This makes the proposed confidence interval miscentered in finite samples.
Second, the variance from the second order stochastic estimation error also be-
comes nontrivial which means the confidence interval in (71) is too narrow when
L and K are too large. The coverage probability of the confidence interval based
on the cross-validated sieve estimator is almost identical to the nominal level
when the sample size is 500, and it becomes closer to the nominal level when
the sample size is increased to 1,000. The right panel of Figure 2 shows good
properties of the confidence interval based on the cross-validated sieve estima-
tor. When the sample size is 1,000, from the left panel of Figure 2, we see
that when L is small or large (i.e., L =4 or 8), one can set K to be 6 or 7 to
achieve coverage probabilities of the resulting confidence intervals that are close
to the nominal level. However, these confidence intervals tend to be much longer
when compared with the confidence interval based on the cross-validated sieve
estimator.

8. CONCLUSION

In this article, we examined statistical properties of two-step sieve M estimation,
where both the first and second step models may involve infinite dimensional pa-
rameters, and the nonparametric components in the second step model may use
the first-step unknown functions as arguments. Our theoretical results expand the
applicability of semi/nonparametric methods in estimation and inference of com-
plicated structural models. On a practical level, we established a generalization
of the result of Ackerberg et al. (2012). We show that, even in a more complex
semiparametric model with generated regressors, one can implement a two-step
linear sieve procedure as if it were a parametric procedure in the spirit of Newey
(1984) and Murphy and Topel (1985).
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NOTES

1. See Chesher (2003), Altonji and Matzkin (2005), Blundell and Powell (2004, 2007), Florens,
Heckman, Meghir, and Vytlacil (2008), and Imbens and Newey (2009), among others. Our article
considers estimators that can be written as two-step M estimators, which exhausts pretty much every
estimator discussed by Wooldridge (2015). Imbens and Newey’s (2009) estimator does not have such
a structure, and our results do not apply there.

2. The derivation of these results in the general nonparametric nonlinear models, which are based
on standard arguments, can be found in the Supplemental Appendix of this article.

3. In some examples (see, e.g., Newey et al., 1999; Das et al. (2003), the examples in Sections 6.1
and 5), the two “score functions” Ay (Zy ;,ho)[vs] and AV,(Zz,i,ao)[vg] are orthogonal with each
other for any vj, and vg. Hence when the data are i.i.d., the sieve variance can be more concisely

2 2
written as Hu; H?d =E UA(,,(Zl,ho)[u;n +vl’in]‘ ] +E UAV,(ZZ,%)[D;”] ] The above form of

the sieve variance may slightly simplify its estimation because one does not have to estimate the
correlation between the score functions in the two-step estimation.

4. In Section 2 of the Supplemental Appendix, the high-level Assumptions 3.1, 3.2, and 3.3, are
verified for the criterion function (18) in Example 2.1 with the set of low-level sufficient conditions
employed in Newey et al. (1999).

5. By combining the results of this article with those of Chen et al. (2014), one can show that
analogous results carry over to weakly dependent time series data.

6. Explicit characterization of % and f/\ﬁm is straightforward, and is omitted to keep the notation
simple.

7. This is derived by applying Lemma C.6 in Appendix C.

8. Conjecture 2.1 in Li and Wooldridge (2002) is on the joint limiting distribution of £, and &,
where ﬂn is the first step LS estimate. Although the weak convergence is only on Gy, we can define
the functional p(a) = A’(8’,6’)’ and derive the asymptotic variance of (B, 0y).

9. The form of v ., (-) in (67) is directly from (C.31) in Appendix C.

10. The form of vl- () in (68) is directly from (C.27) and (C.29) in Appendix C.

11. For each simulated sample with sample size n, we use Dy ,(L, K) to denote the square of the
estimation error of Hn L,K»>and Dy, n(L K) denote the estimation error of 71, 1 g (-) under the em-
pirical Ly-norm, i.e., Dy ,(L,K) = |‘9n,L,K ,|% and Dy n(L,K) = n~! lel [y, 1,k (w2,;) —
mo(wz,i)|2]. The MSEs of @,L,K and 7, 1 g () are approximated by the averages of Dy ,(L, K)
and Dy n (L, K), respectively using the 50,000 simulated samples.

12. The 5-fold CV procedure is used in our simulation study. See Appendix A for the descrip-
tion of the J-fold cross-validation procedure in the general two-step sieve estimation problem.
For each simulated sample with sample size n, we calculate the square of the estimation error of
@; L.k CVyp= |/H\n .k —490|2 and the estimation error ofﬁn I [?( ) under the empirical L,-norm:

CVpn=n lzl_l[|mn L. g (wa, ;) —mo(wo, D2 TheMSEsofé’ e and im , 7 7 () are approx-
imated by the averages of CVg n and CVy, 5, respectively using the 50 000 simulated samples.
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APPENDIX

A. A Cross-Validation Method for Selecting the Tuning Parameters

In this appendix, we describe the cross-validation procedure used for selecting the number
of series terms in the two-step sieve M estimation. We first introduce some notation. For
j=1,...,J (where J is a finite positive integer), let Ij be a subset of / ={1,2,...,n} such
that Iy U---Ul; =TI and I;; N1;, = & for any j; # jp. Let nj be the number of elements
in [j for j=1,...,J. Let Ly and K, be the user specified sets of candidate values of L
and K for the two-step M estimation. For example, in the simulation study of this article,
weset L, ={2,...,15}and K, ={2,...,21}.

Foreach j =1,...,J and each L € L, we calculate the first-step M estimator 7’.1} [ as
-1 N -1 2
n ' 0(Z1ihi) = up D0 (Z1ih) = 0p(et ), (A1)
iel; €L iel;

where H, is the sieve space generated by L basis functions. Given 71} L, we calculate the
second-step M estimator §j K as

n
—1 ~ o~ 1 ~ )
n D v (Zan Bk hn) 2 sup D y(Zai.8 0y, 1) = Op 63, ), (A2)
iEI_,‘ gEgK i=1
foreach j=1,...,J,each L € L, and each K € K,;, where G is the sieve space generated

by K basis functions. The numbers of series terms L* and K* are then selected by the
following minimization problem:

J
(L*,K*) = argmin J7'>" 1 =)' D w2208k 0j.0) |5 (A3)
LEEH, KEK:H i=1 iel€
J
where ch denotes the complement of /; for j =1,..., J. The cross-validated two-step M

estimator is then calculated by plugging (L*, K*) into the estimation problems (1) and (2)
in Section 2.

B. Proof of Results in Section 3

1
Proof of Theorem 3.1. Recall that g* = g :I:zcnu;n, where x, = o(n”2) and uy =

u;” Hv;", Hs_dl By Assumption 3.3(iii), x,,&%‘;ll =0 (1) and the triangle inequality, we have

1187 — 8olly < 118n — golly +xnllug, |1y = Op(53 ). (B.1)

which implies that g;; € Ng , wpal.
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By the definition of g,, we have
n

1< PSS ~
_0]7 (8%,’1) < ; ZW (ZZ,bgn,hn) - ; Z 4 (Zz,i,?n,hn)
i=1 i=1

= Hn {V/(ZZ,gnjl\n) - ‘//(2292;};,?;1) + Au/(z%gn,ﬁn)[iknuzn]}
+ 0 [ Ay (Za, 80, ho)Ewntey, 1= Ay (Z, B, ) e, 1

s {AW(Zz,go,ho)[:l:Knuzn]} +[Ky @ hn) = Ky (@2 Tn)] . (B.2)

By Assumption 3.2(i), we have

b {0 (22, ) = 0 (2,8 ) + Ay (Za, B o) T, 1| = Op 2 (B.3)
and n { Ay (Za, g0, ho)lug, 1= Ay (Za, B ), 1} = Op (). (B.4)

Note that I'(ap)[-,-] is a bilinear functional. Using (B.1), Assumption 3.2(ii) and
Assumption 3.3(iii), we deduce that

Ky @n.hn) = Ky @ hin)

n

. 18 — 8ol1?, — 118 — g0l
= FrnI' (ao)lhn —ho,n, M;n] + v v op (KZ)

2
211,,% 112
R K21, | R
:<:Fknu?n,hn_ho,n)go > 4 +<:|3Kn“;n9gn_go>y/ +op (K}%)
= (qzknu?njl\n _ho,n)go + (iknuzn,gn _go)y/ +0p (Kr%) . (B.5)

From & , = O (k). (B.2), (B.3), (B.4), and (B.5), we get
—0p (K,%) < Fhnlin {AV/(ZZ, 80> ho)[uzn]} :FKnWl*“njl\n —hon)g iKn(“(zn »&n —8o)y-
Dividing by «;, we obtain
’(’g —go,ujg,,,)w — (= hons Vg — it {AV,(Zz,go,ho)[u;n]}‘ = Op(kn).  (B.6)

By definition, g, is the projection of g, on V), ;, under the semi-norm ||-|| y - Hence there
is (8&o,n — &o>» M;n)y/ =0and

(8n — go> Mzn)y/ = (gn —8o,n>» uzn)y/- (B.7)
1
From (B.6), (B.7) and x, = o(n™2), we get

-~ -~ _1
(@1 = o105, )y = (in = ot b = [ Ay (Za, 80, ho)af, 1} | = 0p (7). (B8)
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By Assumption 3.1(i)—(iii) and the Riesz representation theorem,
p(il\n,?n) —p(ho,ns 8o,n) : 3(2_0) [Ftn — honl+ i) 3(20) [8n — 8o,n]
Vi ; = Vi :
HD" ”sd H Un Hsd
P(ﬁnsgn) —p(ho.8o) — Q%[ﬁn —hol— %[@z — 8ol
o5
- _ 9p(@0) —h,— 22(2) -
p(ho,n, go.n) p(ho, o) on [ho,n —hol og [go.n — gol
*
o5

= ﬁ[(ﬁn —hon, MZﬂ)(ﬂ +(2n —8o,n» M;n>y/] +0p(1)»

++/n

—A/n

which together with (B.8) and Assumption 3.3(i), implies that
Vi [p(hn,8n) = p(hon, gon)]
*
o5

= ﬁ[(ﬁn —hon, Mzn +M1*"n>¢ + Un {AV/(ZZ»go»ho)[M;n]}] +0p(1)

n
1 * * *
=12 > {8 (Z1 i ho)luf, +uf, 14 Ay (Za i, g0, ho)liag, 1} +0p (1),
i=1

Now the result in (16) follows immediately by (B.10) and Assumption 3.3(ii).
From Assumption 3.1, we get

ap(an) op(ao)

p(ho,nsgo,n)_P(hOsgo)_ oh [ho,n_ho]_

p(ho,n,go,n) —p(ho, go)

[go,n — 8ol

1313

(B.9)

(B.10)

.
o] sa

9p(ao)
oh

.
o] sa

[hon —hol|+

[go.n — &0l

o8

! Hapma
oiilsa LI o

= o™,

which combined with (16) immediately implies (17).

(B.11)

Proof of Corollary 3.1. Condition (13) of Assumption 3.2 is used in the proof of

Theorem 3.1 to show that (B.4) holds, i.e.,

| Dy (Za, g0 ho)lug, 1= Ay (22,2 )i, 1} = Op Gen).

By Assumptions 3.4(ii)—(iii) and the triangle inequality, it is sufficient to show that

1 {021 0) = 0 (21 ho)) Ay (2, 80, ho) 1} = Op ().

By the i.i.d. assumption and (19),

gl

n
=123 (2 i) = 7 (21,4 ho)PE [ (8%, (Za,i, 80, o), D 214

i=1

~ 2
1 { (@210 = 021, 1) A (Za, 80, ho)lu, 1} ‘{zl,i};;l]
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which together with Assumption 3.4(iv) and En € /\fh, » wpal implies that

gl

~ 2
n {121, 0) =121, ho)) A, (2, 80 ho) g, | ‘{zl,i},-"zl} = 0p(Oran™).

(B.15)
Result (B.13) follows by d;,, = o(1), (B.15) and the Markov inequality. |
C. Proof of Results in Sections 4 and 6
LEMMA C.1. Under Assumption 4.1, the empirical Riesz representer ﬁzn satisfies
M Tt e *
oz, , 53, -z, HW =op(1). (C.1)

Proof. The proof follows the same arguments in the proof of Lemma 5.1 in Chen et al.
(2014) and hence is omitted. |

LEMMA C.2. Under Assumption 4.2, the empirical Riesz representers ﬁ;n and z')]”in

satisfy

-1 1
HT)\Z” _DZ,, H(ﬂ =o0p(1) and Hvl’in H HT)T—n -0, Hw =op(1). (C.2)

. —
[
hn 0 0

Proof. The proof follows the same arguments in the proof of Lemma 5.1 in Chen et al.

(2014) and hence is omitted. |
LEMMA C.3. Under Assumption 4.3, we have
O s T X AR sl ~E[ A3 (21 ool = 0p (1)
hENh,n:UhEWI,)L ’ ?
) s S A (2o logl B[ AL 2o ao)lvg) ]| = op 1)
aeNy,veeWs ,
G sup [ S A (21 oA (a5, @)1

OCE./\/;L,D;, EWI,)L’UgEW2,)L
E[Ap(Z1,ho)op) Ay (Z2, a0)[vg]]| = 0p(1).

Proof of Lemma C.3. (i) By the triangle inequality, Holder inequality, Assumption
4.3(i) and (iv), we have

1 n
sp | > AZ(Z s lon] ~E[ A2 (Z1, ho) o]
heMl,n,UhEWI,)L n i=1
< s | [A2@i ]
hENh,n:UhEWI,)L
+ s [E[A2@L ol = AL (Z1 oo ]|

heNj n,0p€W) 4
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<op(D+ s [Ap(Zimonl— A (Z1ho)oy] 3
he_/\/'h’n,l)hewl,n
+2 sup | A (Z1, W)op] = A (Z1,ho)lopl |, | A (Z1, ho)lorl |,
hE./\/h,n,UhEWI,ﬂ
=o0p(1),

which shows the first result.

(i1) The second result can be proved using the same arguments in the proof of the first
result, but replacing Assumption 4.3(i) with Assumption 4.3(ii).

(iii) By the triangle inequality, we have

[E[Ag(Z1, W)op] Ay (Z2,a)[vg] = Ap (Z1, ho)vp] Ay (Z, 00)[0g1]|

< [E[(Ap(Z1,W)op] = Ap(Z1,ho)lvp]) (A y (Za, a)[vg] — Ay (Z2, a0)[0g]) ]|
+|E[(Ap(Z1, W) [op] — Ap(Z1, ho)log]) Ay (Z2, a0)[g]]]
+|E[Ap(Z1.ho)lop] (Ay (Za, a)[vg] = Ay (Za, ao)lvg]) ]| (C.3)

for any a € Ny, v, € Wy, and vg € W) ,,. Using Holder inequality, Assumption 4.3(i)
and (ii), we have

sup [E[(80(Z1. W)on] = A (Z1,ho)lon]) (B4 (Z2.0)0g] = Ay (Z2, 00) 0] ]|
€Ny op W) ,00€Ws
< sup |80 (Z1.mon] = Ay (Z1,ho)lonl |, | Ay (Za, @)vg] = Ay (Z2,a0)l0g1], = o(1).
aeN v W) 0 €W,
(C4)
Similarly by Assumption 4.3(i), (ii) and (iv), we have
sup | A0 (Z1, W03 = Ag(Z1, ho)lonl|, | Ay (Z2, a0)vg] |, = 0(1)
heNj 0 eW) n,0geWo
(C.5)
and
sup | Ay (Z2, a)lvgl = Ay (Z2, 00) ], | A (Z1, ho)lon] |, = o(1).
aeN, oW ,0s€Ws
(C.6)

Now the claimed result follows immediately from Assumption 4.3(iii), (C.3), (C.4), (C.5),
and (C.6). |

Proof of Theorem 4.1. Let ¢ denote some generic finite positive constant. As the data
are i.i.d., by definition, we have

2 -1 n
o2y =Var[n=2 370 (80 Z1isholvg, +07, 14 Ay (2,5, a0) 10}, 1)
]

E . (C.7)

=E[]A¢<zl,i,ho>[ozn Fob 14+ Ay (Zos a0l ]

= A1 i k)10, +0F, 1+ Ay (Za,i. o)}, ]
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By the triangle inequality,

o5 —vil., | 80@hom;, =i 1] +| 80 @hr, o7, 1]+ |Ay Z2s00), — ;1]
sd .
loila  ~ lola
(C.8)
Using (C.7), Assumption 4.3(iv) and the result in (C.1), we have
v @00, —0z], 1k, %, 01, N [ oy — ok, }
”D; ”Sd ”D; ”sd ”D;n ” v Hﬁ*n - D;n ” v 2
and because (5;’ —Dgn)/ Hﬁ*n —vg, ” € W, . we have
[ay @iy, —oz1], [on], |7 =i
! 0* Sl g Ml (7. |8y (Z2,00)l0g1], = 0, (1). (C.9)
”vn “sd ”Un ”sd D;” vg€Wg,
W
Similarly, we have
| 20@1 1057, =0 1]+ |20 (@1 k05T, =01, 1] o)
o] 4
which together with (C.8) and (C.9) implies that
o 15 =03 o = 0p (D- (C.10)
Using (C.10) and the triangle inequality, we get
BN 1 P 1 P ’ | 15t Vs ’
lonlsa [ lonlsa [ P L
-1 -1 -1
= ’ Hﬁ;l* Hn,sd Hﬁ;l* Hsd (H U; Hsd ”5: Hn,sd - ]) + (HT)}* ”n,sd ”’D\:l ”sd - ]) ‘ : (C.11)

We next show that |07 ”;id [0 ”sd — 1 =0p(1). For this purpose, we first note that

~ ~ * * ~c % ~k %
H”hﬁ”rn Ph, TOL, ¢+"”hn O, Hﬂ””rn or,

@ @
”)U\:;”sd N ”)U\:;“sd
|53, i [t -
o), o], + i, e+ bk ], T
S hn 0 T'n 0
7714
_ Dzn 0 ‘Azn_vzn 0 n Ditn » Hﬁlﬁin_olﬁin
19714 o 19714 o7,
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I'n

*

il [ 1

5l | il sa

_ leillsa ( 1 )

0, () =( e = 1) 00+ 0, (1) = 0, (1),

el " [ a/ 107 sa ! ' !
(C.12)

where the first two inequalities are by the triangle inequality, the second equality is by

(C.2), the third equality is by (C.7) and (32), and the last equality is by the first inequality
in (C.11). Similarly, we can show that

~k
H Vg,

By the triangle inequality, we get

” [5215 = 0p(D). (C.13)

-] _| 3= _ [A0 @Ry, +58, 14 Ay (20,3003, 1]

]

nsd

5l 531

Ez [’Aqﬂ(zl’ho)ﬁ)\*hn +5i5 ]+AW(Zz,ao)[5§,,]

5313

(C.14)

where E7[-] denotes the expectation taking with respect to the distribution of Z (Ez, [-]
and Ez, [-] are similarly defined),

R X M@, +07, 1~ Bz, (432100015, 41,1
1,n = 5
[ 54

) LS A2 (22,8015, Bz, [ A2 (Z2,00)17;, 1]
2.n = 5
1

LS Ap(Zy, i hn)B}, +T 1Ay (Z2,. )57, ]

13,n = )
9715
2[[ 2021 1) 5, +57, 18, (Z2, 00155, 1]
- ! ‘
97 ]5a
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By Lemma C.3(i) and (C.12), we have

i o7, +51, o |3 iy 2@ BBy, +57, 1~ Ez, [A2(Z1.ho)(5;, +57, 1|
I,
' 1k 5 4o
nilsd Uhn+vrn v
1 n
<0p(1)  sup = AL Z i Wlon] =Bz, [ A2 (Z1holonl]| = 0p (D). (€.15)
heNpwoneWrn |12

Similarly, by Lemma C.3(ii) and (C.13), we have

e, e a2 a1 52, [42 2,00, .
— =op(1).
||Dn ||sd ” Vg, ” v
(C.16)
For the last term /3 ,,, note that
oF +0F H
H hn I, gn v
|13,n =
o7 IISd
« sup n S Ag(Z1,i oAy (22,7, )[vg]
weNy oW nomewr, | —Ez[Ap(Z1.MplAy (22, 0)lvg]]
|75, +ot. [, 7% |
= = ” Lop(1) =o0p(1), (C.17)
sd

where the first equality is by Lemma C.3(iii), the last equality is by (C.12) and (C.13).
From the results in (C.14), (C.15), (C.16) and (C.17), we deduce that
1531750 = 19713
: =op(1). (C.18)

2
6; Hsd

Itis clear that (C.11) and (C.18) imply that |[73, s/ |05 | 4 = 1] = 0p (1), which fin-
ishes the proof. |

We divide the proof of Proposition 6.1 into establishing several lemmas. We start with

an explicit characterization of Hv; Hf 4 When the data are i.i.d. and when both / and g are
real-valued functions for the sake of simplified notation.

LetH, = {h(-) =R yL:yL € RL} be a sieve space for i1, (+) in the first step, where

R(-) is defined in Section 6. Let G, = {g(-) = ?(-)’ﬁg :fBg € ]Rf} be the sieve space for
8o(+) in the second step, where P(-) is defined in Section 6. Define

R(P (hO)[Dhl > th] = <Dhl > th >(/) and Rl//(a())[vg] > Dgz] = <Dg1 > Dgz)y/ (C'19)
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for any vy, , v, € V1 and vg,,vg, € V,. Finally, we let Ay (R) = Ayp(Z1,ho)[R]be L x 1
and Ay, (P)= Ay, (Z,00)[P]be K x 1, and

AP, P) E(A¢<R)A¢<R) Ap(R)A', (P)

A,/,(F)A;,(R)AW(F)A;/(F)) be (L+K) x (L+K).

Recall that for i.i.d. data, we have
2 2
lonllss =E [\A¢(21,h0)[u;n +or, 1+ A(//(ZZ,(ZO)[D;”]‘ ] :

LEMMA C.4. Let 6 p(ao)[R] and agp(a(,)[F] denote L x 1 and K x 1 vectors with
the j-th elements being oy p(0o)lrjl and dgp(ao)[p;l, respectively. Let Ry(ho)lR, R]
and Rw(ao)[ﬁ, Pl be L x L and K x K matrices with the (a,b)-th elements being

Ry (ho)lra,rpl and Ry (a0)[ Py, Ppl respectively. Let T'(ao) [R, u;”] be L x 1 vector with
the j-th element being T (a) [rj, vh ] and T (o) [R,?] be L x K matrix with the (a, b)-

th element being T (a0) [ra. Pp - Ws:then have

o ()= RC) [Ry (ho) R, RI ™" & p ()[R = RC) B (C.20)
05, () =P () [Ry (@o)[P. P1] ™' 0gp(@o) P2l = P(Y B, : (C.21)
vf ()= RO [Rp (ho)[R, R1] ™' T(@0) [R,v;n] = ROV ; (€22)
and

Bt =Ry (ho)[R, R ' T (@) [R. P B, - (C.23)

Proof. Let ﬂ;‘;n be such that DZn = R(-)’ﬁ;‘;n. Note that we have
onp o) [rj] =1y o7, >¢, = Ry(ho) [rj, R OB, | = Ro o) [, R] 5,

for all j. It follows that op(ao)[R] = Rq,(ho)[R,R]ﬁ;;n and hence ﬁ;;n =

(Ry (ho) R, R])_1 o p(a) [R], which proves (C.20). We can prove (C.21) and (C.22)
similarly, and the details are omitted. As for (C.23), by definition we have

T (a0) [R,o;n] =T ()[R, P] L,
Using (C.22), we obtain

B, = [Ro )R R T @) [ R0}, | = [Ro (1R, R 7' T () [R. P 5,

o
LEMMA C.5.
%12 */ * I, O 11 A, ﬁ*
o 20 = (A7 £21) (AL; IF)E[A(P, P)]( Y 17)(4) (C.24)
where
An=[Ry(ho)[R, RI) "' T (a0)[R,P] isLxK. (C.25)
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Proof. Because Hv; Hfd = Var[Aq,(Z]’i,ho)[DZn +vfin]+ AW(Zz’i,ao)[v*n]], it fol-

8
lows that
lo 50 = (i +82, B ELa e, P (i) + 5,0 B ) (c26)
Combining with (C.23) in Lemma C.4, we then obtain
of, () =R() Anfg,. (C.27)
Finally, combining (C.26) and (C.27), we obtain the desired conclusion. |

In the rest of this appendix, we provide explicit expressions of sieve variances for the two
functional considered in Section 4 when g, = (0, m,(+)). The first functional is p (o) = 1'0
for some 4 # 0 in RY% | where a = (h(-),g()) = (h(-),0,m(-)).

LEMMA C.6. For p(a) = 10, we have

*

2 l
_ /(1D (1) -1 v/ (1) (1) -1 )
0 (lee,n’—lee,nlem,nlmm,n)E[Vg,ng,i] (IHH,n’ _Iee,nlﬁm,nlmm,n) 4

(C.28)

o

where Vg i = (T(a0) [R, P]) [Rp (ho)[R, R1] ™ Ag(Z1 i, ho)[R1+ Ay (Za i, a0) [ P].

Proof. In this case, it is clear that we have vg () = (vg, v (-)), Where vy, () = P(-) Bk .
Hence for any vy € Vg, with vg = (vg, 0 (-)) and vy, () = P2’(~)ﬁK, we can write
<0g70g>yj = (Ué)aﬁ/]()Rw(ao)[F,?](U{g,,B}()/~
By definition, we have

50} loo.n Tom.n )
Ry (ao)[P, P1=( 7 ),
W( ol ] (Imﬁ,n Imm,n

where Igg , and Iyym,n are dg x dg and L x L matrices, respectively.

Because dg p(ao) [ﬁ] = (/1’, O’L)’, we can use (C.21) in Lemma C.4 along with the par-
titioned inverse formula, and conclude

/ / /
o= ((58,) 08 ) = (1830 =H T ) (c29)

—1
where Iéé)n = (Igg’n —lgm,n I,;,i,,n Imgj,,) . Likewise, we can conclude that ,B;;” =0.

We therefore obtain

*/ p¥/ IL 0 A(p(R) ¥ o4/ */ DY . pE
(ﬁhn /fgn)(A;Z ) (a0 — B Al Ay (R) +BE. Ay (P) = B V. (C.30)
The conclusion follows by combining (C.29) and (C.30) with Lemma C.5. |

From (C.29), we see that the Riesz representer v ; (+) of the functional p (ap) = 4’0, takes
the following form:

* (1 1 - ' 1 (1 —
Vg 0= (A/I¢9(¢9?n’ _A/lﬁ(ﬁ?n lom.n Imr}%’l) P()= (A/lﬁ(ﬁ?n L4y, _/“/149(49?n Iﬁm,nlm,b’n P()) :
(C.31)
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LEMMA C.7. For p(a) = p(m,), we have

2 —
HD;,n ”sd = ap(mll)[P]/ (_Irgll)zl,nl'n()v" I(%)I,n’ Ir(nlm n) E I:Vg,i Vg’,i] ( 1)21)21 nlm() n I(%) n’ Ir(mi n) op(m,,)[P]
(C.32)

— /
Proof. Because dgp (o) [Pz] = (0;,9 ,0p (mo)[P]’) , We obtain

:8;,, = (Rl//(ao)[?ZsﬁZ])71 (Obﬁ,ap(mo)[P]/) ( 6ﬂ(m ) m,7)1 n Imﬂ n gy ne 6ﬂ(m ) Iysllyzl n)
so we have
*) =a P (SOR RPN P ALY
ﬁgn = 0p(mo)[PY T n Imé n ,9,9,,, mm,n

Likewise, we can conclude that ﬁ;;n = 0. We therefore obtain

Ik (n) 0 A (Pl) P » .
(ﬁ % )( A;l Ikz(n)>(A5(F2) =g ApDo(P)+ By Ay (P2) =g Ve

As in the previous lemma, the conclusion follows by using Lemma C.5. |

Proof of Proposition 6.1. Recalling that our estimator of the asymptotic variance is

2
nothing but the sample analog of Hv; n g we can obtain from Lemma C.6 that
’ S

1 )Zt—lv

(3 3T T 8 lVgl v _pop =1
=5 n’_ﬁ o L0m.n tmm,n n b n’_ﬁﬁn Om,ntmm,n ) >

i
[
6.,n sd

Z"Z VeiV! /
” _I’g*/ T, I D%/ i=1"81"g,i T T S/
Um,n sd_ my, fm0,n 00n’ my n my imo,n Hﬁn’ my ) >
which proves Proposition 6.1. |

Proof of Theorem 6.1. By definition, we have

Oy (22,1, 8(), k()

[p(@n)[R, P]=n"" Z

s

i=1 aVLaﬁg
1~ %y (22,i,30). R ()
‘Zr (Zy.i @) [P, Pl=n lz i
74 21’ n R
i=1 i=1 5ﬂg6ﬂg
~ 30(Z1, (- — ow(Z2, 30 R
8 (21 R R] = L) 4 A (2, )Py = 2 F2:80: 0D

L Pg

It follows that 7W,gg = 7@9,”, etc., Vap =n"! > Vg’i Vé,i’ from which we obtain the
conclusion. ]
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D. Proof of Results in Section 5

In this appendix, we provide the sufficient conditions of Theorem 5.1. For any column
vector a, let ||a|| denote its £-norm. For any square matrix A, the operator norm is denoted
by [[A]]. Let 2]l = |2l and |[gllg = lgll2- Let C denote some generic finite constant
larger than 1. By definition, g, , and h, ;, are the projections of g, and %, under the
Ly-norm, respectively. Let X' denote the support of x. For ease of notation, we omit the
dependence of L(n) and K (n) on n, and write L(n) = L and K (n) = K

is iids (i) E[

Assumption D.1. (i) The data {y;,x;,s;}" xl] < C and

i=1

E[ ’Si x;] > 1 (iii) there exist pp>0andy, | € RE such that

|ho,L —hol ., = OL™"),

where 1, 1. (-) =R ¢y Yo,L; (i) the eigenvalues of O are between C~!and C forall L;
(v) there exists a nondecreasing sequence (7, such that sup, . y IR(x)|l < .

We assume that the support of ¢; is € = [a, b], where a, b are finite constants. De-
fine £y = [a —n,b + 5] for some small > 0. For d a nonnegative integer, let |g|; =
MaXx|;|<d SUPzef |6’g(s)| for any g € G.

Assumption D.2. (i) E[ uf’ g;] < C and E[ “12 &l > c (ii) go(e) is twice continu-

ously differentiable; (iii) there exist pg > O and f, g € RX such that
|80,k — 80|y = O(K™P%),

where g, (1) = P(-)’ﬁojK and d = 1; (iv) the eigenvalues of Qg are between c-!
and C for all K; (v) for j =0, 1,2, there exists a nondecreasing sequence ¢; g such that

sup,cg, |07 P@)| <&

Assumptions D.1 and D.2 impose restrictions on the moments of the error terms u and ¢,

and the smoothness of unknown functions s, and go. Let vj g = sup,.¢ &, H 8/ P(e) Po.k ’

for j =1, 2. Under Assumptions D.1 and D.2, and restrictions on the number of sieve basis
functions in Assumption D.4 below, we show in Lemma 1.1 of the Supplemental Appendix
that

lln = holl = Op (3 ,) and 18n — goll = Op (35 ),

where J; = =LY 212 p=pn andé* =K12p= V2 k=P 4y, Kéh .Letd , =
Ty log(log(n)) then we have g, € Ng » wpal where Ng n ={g€Gn:llg— g0||2 <0}

The sequence v, g affects the rate of convergence of g, derived in Lemma 1.1 of the
Supplemental Appendix. When the unknown function g, () is well defined and is continu-
ously differentiable in the extended support £y, and 3, g satisfies

max sup afP(g) Po.k — afgo(g)‘ = O0(K™Ps), D.1)
li1<2¢eg,

then we have

i,k < Sup |07 P (&) B,k =07 80(2)| + sup [0/ go ()| = (). ®2)
e€&y ee&
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Let wmin(Q k) denote the smallest eigenvalue of Q . Then by the Cauchy inequality and
Assumptions D.2(ii)—(v),

vk = sup [0 P@)| [Bok | = sup |07 P@) |t (@i) [0,k = g0l +lgolla] < €&k
ee&y €&y

(D.3)
which provides an upper bound for v; g when g, (-) does not satisfy the extended support

condition (D.2).

*

Assumption D.3. (i) [[vg || > C for all n; (ii) the functional p(-) satisfies

&
sup p(g)—p(go)—*ap(go)[g—go] — o=/,
geNgn o754

= o(n™1/2); (iv) supgenr, , 199 ()[P1=dp(go)[P1ll =

Gii) |03 |/ 9 (80)180.0 = 201
o(1).

Assumption D.3(i) requires that the Ly-norm of the Riesz representer v, ~is uniformly
bounded from below by some fixed constant. This condition together with the condition
E[ ”1'2 ’ gi]l>C ~lin Assumption D.2(i) imply that the sieve variance is bounded away from

zero. Assumptions D.3(ii)—(iv) impose conditions on the functional p (-). These conditions
can be easily verified when the functional p(-) is linear.

Assumption D.4. The following conditions hold:
() n~V2(K + L)!/2(&,k +¢1)(og(m) /2 = o(1);
(i) n =N (LEF g log(n) +¢1é1 ) = o(1);
(i) n=1 20 (Lo k + L1326 )™ V2K Y2 4 KP4 oy gn 121 2)log(n) =
o(1);
((i)v)n—‘/za(L + L2y g + Loy g)log(n) = o(1);
v) nL1=2Ph f K=Pg = o(1).

Assumption D.4 imposes restrictions on the numbers of basis functions L and K. These
conditions are needed to show the asymptotic normality of the two-step plug-in sieve esti-
mator.

Assumption D.5. The following conditions hold:
(i) IIDgn [l < C for all n;

() (TR ED o+ (G +ET KT og(n) = o(1);
(i) n = (7 +&3 g +¢] ol g Llogn) = o(1).

Assumption D.5 is needed to show the consistency of the sieve variance estimator. As-
sumption D.5(i) imposes an upper bound on the L,-norm of the Riesz representer ||v gn 2,
which holds when the linear functional dp (g,)[-]is bounded on the space V,. Assumptions
D.5(ii)—(iii) include extra conditions on the numbers of basis functions. When the power
series are used in the second step estimation, we have ¢; kg < CK 142/ When the power
series are also used in the first step estimation, ¢7, < CL and the sufficient conditions for
Assumptions D.4(i)—(iv) and D.5(ii)—(iii) become
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n UK+ LK+ LK"Y+ 132K + L% 1log(n) = o(1) and (L + K3)K ~*¢ log(n) = o(1),
(D.4)

when the extended support condition (D.2) holds. If the spline or trigonometric series are

used in the first step, we have (7 < C L'/2 and the sufficient conditions for Assumptions
D.4(i)—(iv) become

n W KT+ LK+ LKV 4 L2K3 + L) log(n) = o(1) and (L'/? + K3)K ¢ log(n) = o(1),
(D.5)

when the extended support condition (D.2) holds. When the extended support condition
(D.2) does not hold, the sufficient conditions for Assumptions D.4(i)—(iv) become

n LK+ K1) log(n) = o(1) and (L + K3)K P2 log(n) = o(1), (D.6)
when the power series are used in the first step, and
n~ N L3k 4+ K'%)log(n) = o(1) and (L% + K3)K ~P2 log(n) = o(1), (D.7)

when the splines or trigonometric series are used in the first step.

Proof of Theorem 5.1. (i) By Lemmas 1.3, 1.4 and 1.5 in the Supplemental
Appendix, we see that Assumptions 3.1, 3.2 and 3.3 hold. Hence, Theorem 5.1(i) follows
by Theorem 3.1.

(i) Lemma 1.6 in the Supplemental Appendix implies that Assumptions 4.1 and 4.2
hold. Assumptions 4.3(i)—(iii) are only used in proving Lemma C.3 which is verified in
Lemma 1.7 of the Supplemental Appendix. Assumptions 4.3(iv) are proved in Lemma 1.8
of the Supplemental Appendix. Hence by Theorem 4.1, Theorem 5.1(i) and the continuous
mapping Theorem, Theorem 5.1(ii) holds. ]
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