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This article studies two-step sieve M estimation of general semi/nonparametric mod-
els, where the second step involves sieve estimation of unknown functions that may
use the nonparametric estimates from the first step as inputs, and the parameters of
interest are functionals of unknown functions estimated in both steps. We establish
the asymptotic normality of the plug-in two-step sieve M estimate of a functional
that could be root-n estimable. The asymptotic variance may not have a closed form
expression, but can be approximated by a sieve variance that characterizes the ef-
fect of the first-step estimation on the second-step estimates. We provide a simple
consistent estimate of the sieve variance, thereby facilitating Wald type inferences
based on the Gaussian approximation. The finite sample performance of the two-
step estimator and the proposed inference procedure are investigated in a simulation
study.

1. INTRODUCTION

Many recently introduced empirical methodologies adopt semiparametric two-
step estimation approaches, where certain functions are estimated nonparametri-
cally in the first step, and some Euclidean parameters are estimated parametri-
cally in the second step using the nonparametric estimates from the first stage as
inputs. Large sample properties such as the root-n asymptotic normality of the
second step parametric estimators are well established in the literature. See, e.g.,
Newey (1994), Chen, Linton, and van Keilegom (2003), Ichimura and Lee (2010)
and Chernozhukov, Escanciano, Ichimura, and Newey (2016). Despite the mature
nature of the literature, the mathematical framework employed by the existing lit-
erature is not easily applicable to situations where some of the regressors need
to be estimated. Many estimators that utilize so-called control variables may be
incorrectly analyzed if this mathematical framework is adopted without proper
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modification because the control variables need to be estimated in many applica-
tions. See Hahn and Ridder (2013).

Estimators using control variables are often based on the intuition that certain
endogeneity problems may be overcome by conditioning on such variables.1 The
control variables need to be estimated in practice, often by semiparametric or
nonparametric methods. The second step estimation usually takes the form of a
semiparametric or nonparametric estimation, as well. See, e.g., Olley and Pakes
(1996), Newey, Powell, and Vella (1999), Lee (2007), and Newey (2009). Such
estimators are becoming increasingly important in the literature, yet their asymp-
totic properties have been established only on a case-by-case basis. In this article,
we establish statistical properties of the two-step estimators in an extended math-
ematical framework that can address the generated regressor problem.

We present a mathematical framework general enough to nest both the previ-
ous two-step estimation literature and the literature on control variables. This goal
is achieved by investigating statistical properties of nonparametric two-step sieve
M estimation, where the second step may involve estimation of some infinite di-
mensional parameters, and the nonparametric components in the second step may
use some estimated value from the first step as input. The parameters of inter-
est are functionals of unknown functions estimated in both steps. The estimation
procedure considered in the article formally consists of the following steps. In
the first step, we maximize

∑n
i=1 ϕ

(
Z1,i ,h

)
with respect to a (possibly infinite

dimensional) parameter h. Letting ĥn denote the maximizer in the first step, we
then maximize

∑n
i=1ψ(Z2,i ,g, ĥn) with respect to yet another (possibly infinite

dimensional) parameter g and get the second-step estimator ĝn. Let ρ (ho,go)
denote the parameter of interest, where the functional ρ(·) is known. We finally
estimate ρ (ho,go) by a simple plug-in two-step sieve M estimator ρ(̂hn, ĝn). We
allow the first step function h to enter into the second step function g as an ar-
gument, as is common in many procedures using estimated control variables. By
establishing statistical properties of such sieve two-step estimators, we contribute
toward a general theory of semi/nonparametric two-step estimation.

Outside of the sieve estimation framework, there are similar attempts for such
a generalization. See, e.g., Ahn (1995), Lewbel and Linton (2002), Mammen,
Rothe, and Schienle (2012, 2016), Escanciano, Jacho-Chávez, and Lewbel (2014),
Lee (2015) and the references therein. The asymptotic normality established in
this article does not apply directly to the plug-in estimator when ρ(·) is unknown
and has to be estimated (see, e.g., Jacho-Chávez and Lewbel, 2014; Lee, 2015 for
examples of such functionals). Unlike these articles, when ρ(·) is known we pro-
vide equivalence results for the plug-in estimator ρ(̂hn, ĝn), which are expected
to be appealing to practitioners.

Our primary concern are the practical aspects of inference. We show that the
numerical equivalence results in the literature, i.e., Newey (1994, Sect. 6) and
Ackerberg, Chen, and Hahn (2012), continue to hold in the general framework
that nests estimators that use estimated control variables. Newey (1994, Sect. 6)
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and Ackerberg et al. (2012) consider a framework that rules out the estimated
control variable problem, and showed that in the context of sieve/series estima-
tion, practitioners may assume that his/her model is parametric when a consis-
tent estimator of the asymptotic variance is desired. In other words, practitioners
can ignore the infinite dimensional nature of the problem, and proceed with the
standard parametric procedure proposed by Newey (1984) or Murphy and Topel
(1985). We show that practitioners may continue to adopt such a convenient (yet
incorrectly specified) parametric model even in more general estimators that re-
quire dealing with estimated control variables. To be more precise, our consistent
estimator of the asymptotic variance of ρ(̂hn, ĝn) turns out to be identical to a
consistent estimator of the asymptotic variance derived under such a parametric
interpretation. Because the asymptotic variance of ρ(̂hn, ĝn) often takes a very
complicated form, such numerical equivalence is expected to facilitate inference
in practice.

The rest of this article is organized as follows. Section 2 introduces the non-
parametric two-step sieve M estimation and presents several examples. Section 3
establishes the asymptotic normality of ρ(̂hn, ĝn). Section 4 proposes a consistent
sieve estimator of the asymptotic variance of ρ(̂hn, ĝn). Section 5 studies a non-
parametric two-step regression example to illustrate the high-level conditions in
Sections 3 and 4. Section 6 presents simple numerically equivalent ways of calcu-
lating the sieve variance estimator, which is the main result of the article. Section
7 reports the results of simulation studies of the finite sample performance of the
two-step nonparametric estimator and the proposed inference procedure. Section
8 concludes. A simple cross-validation method for selecting the tuning parameters
in the two-step nonparametric regression is provided in Appendix A. Appendix B
contains the proof of the normality theorem. The proofs of the results in Sections
4 and 6 are gathered in Appendix C. Sufficient conditions of the main theorem
of the two-step nonparametric regression example are available in Appendix D.
This theorem is proved by several lemmas which are included in the Supplemental
Appendix of this article, which is available at Cambridge Journals Online (jour-
nals.cambridge.org/ect). In the Supplemental Appendix, the high-level sufficient
conditions for the asymptotic normality are also verified in the nonparametric tri-
angular simultaneous equation model with low-level conditions used in Newey et
al. (1999). The consistency and the convergence rate of the second-step sieve M
estimator ĝn , which are not the main focus of this article, are also presented in the
Supplemental Appendix.

2. TWO-STEP SIEVE M ESTIMATION

In this section we introduce some notation for the two-step nonparametric sieve
M estimation and present several examples which are covered by our general
setup. In the first step, we use the random vector Z1,i i = 1, . . . ,n to identify
and estimate a potentially infinite dimensional parameter ho. In the second step,
we use the random vector Z2,i i = 1, . . . ,n to identify and estimate a potentially
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infinite dimensional parameter go. Let Zi be the union of the distinct elements of
Z1,i and Z2,i , and assume that Zi has the same distribution FZ . We will assume
that {Zi }n

i=1 is a sequence of strictly stationary weakly dependent data.
The two-step estimation is based on the identifying assumption that ho ∈ H

is the unique solution to suph∈HE[ϕ (Z1,h)] and go ∈ G is the unique solution
to supg∈GE[ψ(Z2,g,ho)], where (H,‖·‖H) and (G,‖·‖G) are some infinite di-
mensional separable complete metric spaces, and ‖·‖H and ‖·‖G could be the
sup-norm, the L2(d FZ )-norm, the Sobolev norm, or the Hölder norm.

The two-step (approximate) sieve M estimation utilizes the sample analog of
the identifying assumption. We restrict our estimators of ho and go to be in some
finite dimensional sieve spaces Hn and Gn , respectively, where the dimension of
each space grows to infinity as a function of the sample size n. In the first step,
we estimate ho ∈ H by ĥn ∈ Hn defined as

1

n

n∑
i=1

ϕ
(
Z1,i , ĥn

)≥ sup
h∈Hn

1

n

n∑
i=1

ϕ
(
Z1,i ,h

)− Op(ε
2
1,n); (1)

in the second step, we estimate go ∈ G by ĝn ∈ Gn defined as

1

n

n∑
i=1

ψ
(
Z2,i , ĝn, ĥn

)≥ sup
g∈Gn

1

n

n∑
i=1

ψ
(
Z2,i ,g, ĥn

)− Op(ε
2
2,n), (2)

where Hn ≡ HK (n) and Gn ≡ GL(n) are the sieve spaces that become dense in
(H,‖·‖H) and (G,‖·‖G) as L(n) ≡ dim(Hn) → ∞ and K (n) ≡ dim(Gn) → ∞,
respectively. The magnitudes of the optimization errors ε2

1,n and ε2
2,n are small

positive numbers that go to zero as n → ∞. See, e.g., Chen (2007) for many
examples of sieve spaces and criterion functions for sieve M estimation.

Below are a few examples in the literature that adopt such a two-step sieve M
estimation strategy.

Example 2.1 (Nonparametric triangular simultaneous equation)
Newey et al. (1999) study a nonparametric triangular simultaneous equation
model. Let

{
(yi ,xi ,w1,i )

}n
i=1 be a random sample generated according to the

model

y = mo(x,w2)+ ε, E[ε|u,w1] = E[ε|u], (3)

x = ho(w1)+ u, E [u|w1] = 0, (4)

where ho ∈ H and mo ∈ M, w2 ⊂ w1. This yields the identifying relation
E [ y|x,w1] = mo(x,w2)+λo (u), where λo (u)≡ E [ε|u] ∈�= {λ : E[λ(u)2] <
∞,λ(u) = λ}, here λ(u) = λ (for known constants u, λ) is a location normaliza-
tion. Their model specification implies that the ho is identified as a solution to the
infinite dimensional least squares problem

sup
h∈H

E

[
−(x − h (w1))

2
]
.
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Given ho, the go = (mo,λo) is a solution to another infinite dimensional least
squares problem

sup
m∈M,λ∈�

E

[
−(y − m (x,w2)−λ(x − ho (w1)))

2
]
.

Newey et al. (1999) estimate ho ∈ H and go = (mo,λo) ∈ G by a two-step series
least squares regression. In the first step, they compute

ĥn = arg max
h∈Hn

−n−1
n∑

i=1

(
xi − h

(
w1,i

))2 ;

in the second step, they compute

ĝn = (m̂n, λ̂n)= arg max
m∈Mn,λ∈�n

−n−1
n∑

i=1

τ̂i
(
yi − m

(
xi ,w2,i

)−λ(̂ui )
)2
,

where ûi = xi − ĥn
(
z1,i
)
, τ̂i =∏dw2+2

j=1 I{aj ≤ ŵj,i ≤ bj }, ŵi = (xi ,w
′
2,i , ûi ) and

ŵj,i denotes the j -th component in ŵi , aj and bj are finite constants, Hn and
Gn =Mn ×�n are finite dimensional linear sieves (or series). Let ρ(·) be a linear
functional of g. Newey et al. (1999) establish the asymptotic normality of the
plug-in sieve estimate ρ(ĝn) of their parameter of interest ρ (go).

Example 2.2 (Nonparametric sample selection with endogeneity)
Das, Newey, and Vella (2003) study a nonparametric sample selection model with
endogeneity. Let {(yi ,di ,xi ,z1i )}n

i=1 be a random sample generated according to
the model

y = d · y∗, y∗ = mo(x,z2)+ ε,

x = ho1(z1)+ u, E [u| z1] = 0, Pr(d = 1|z1) = ho2(z1),

where ho1 ∈ H1, ho2 ∈ H2 and mo ∈ M, z2 ⊂ z1, y∗ is not directly observ-
able. Das et al. (2003) impose the restriction E [ε|u,z1,d = 1] = λo (ho2,u)
for some λo ∈ �. This gives us the identifying relation E [ y|x,z1,d = 1] =
mo (x,z2)+λo(ho2,u) ∈ G = M+�. Their model specification implies that the
ho = (ho1,ho2) is identified as a solution to

sup
h1∈H1

E[− (x − h1 (z1))
2] and sup

h2∈H2

E[− (d − h2(z1))
2].

Given ho = (ho1,ho2), the go = mo +λo is a solution to the infinite dimensional
least squares problem

sup
g=m+λ∈G

E

[
−(y − m (x,z2)−λ(ho2 (z1) ,x − ho1 (z1)))

2
]
.
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Das et al. (2003) estimate ho = (ho1,ho2) and go = mo +λo by a two-step series
least squares regression, which exactly fits into our two-step sieve M estimation
procedure. Let ρ(·) be a linear functional of g. Das et al. (2003) establish the
asymptotic normality of the plug-in sieve estimate ρ(ĝn) of their parameter of
interest ρ (go).

Example 2.3 (Production function)
Olley and Pakes (1996) consider estimation of the Cobb–Douglas production
function

yit = β0 +βkkit +βllit +ωit +ηit , t = 1,2,

where yit , kit , and lit denote the (logs of) output, capital, and labor inputs, respec-
tively. The ωit denotes an unobserved productivity index that follows a first-order
Markov process, and ηit can be viewed as a measurement error. Assuming away
the potential invertibility problem of the investment demand function, they show
that the βl is identified as the solution to the semiparametric problem

min
βl ,φ1

E

[
(yi1 −βlli1 −φ1 (ii1,ki1))

2
]
,

where ii1 denotes the (log of) investment at t = 1 and φ1 is an infinite dimensional
parameter. Given (βl ,φ1), they show that βk is identified as the solution to the
semiparametric problem

min
βk ,λ

E

[
(yi2 −βlli2 −βkki2 −λ(φ1 (ii1,ki1)−βkki1))

2
]
,

where λ is an infinite dimensional parameter.

3. ASYMPTOTIC NORMALITY

In this section, we establish the asymptotic normality of the plug-in two-step sieve
M estimators. We characterize the asymptotic variance of the estimator, and we
propose an estimator of the asymptotic variance in the next section. As is typical
in the literature on sieve estimation, our asymptotic normality result is predicated
on certain consistency and rate of convergence results.2

Let α̂n = (̂hn, ĝn) and αo = (ho,go). We assume that the convergence rates of
ĥn and ĝn are δ∗

1,n and δ∗
2,n under ‖·‖H and ‖·‖G , respectively, where δ∗

j,n is a posi-
tive sequence such that δ∗

j,n = o(1) for j = 1,2. Let δj,n = δ∗
j,n�n ( j = 1,2) where

�n is a positive sequence that diverges to infinity slowly (say log(logn)) such
that δ∗

j,n = o(1). Then ĥn ∈ Nh,n ⊂ Nh with probability approaching 1 (wpa1),
where Nh = {h ∈ H : ‖h − ho‖H ≤ δ1,n} and Nh,n = Nh ∩Hn . Similarly, ĝn ∈
Ng,n ⊂ Ng wpa1, where Ng = {g ∈ G : ‖g − go‖G ≤ δ2,n} and Ng,n = Ng ∩Gn .
Let Nn = {(h,g) : h ∈ Nh,n and g ∈ Ng,n}. Then we have α̂n ∈ Nn wpa1.

We suppose that for all h ∈ Nh,n , ϕ(Z1,h)− ϕ(Z1,ho) can be approximated
by �ϕ(Z1,ho)[h − ho] such that �ϕ(Z1,ho)[h − ho] is linear in h − ho. For any
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h1,h2 ∈ Nh , we can let

−∂E
[
�ϕ(Z1,ho + τ [h1 − h2])[h1 − h2]

]
∂τ

∣∣∣∣∣
τ=0

≡ ‖h1 − h2‖2
ϕ ,

which defines a norm on Nh . Let ho,n denote the projection of ho on Hn under the
norm ‖·‖ϕ , and V1,n be the closed linear span of Nh,n −{ho,n} under ‖·‖ϕ , which
is a Hilbert space under ‖·‖ϕ , with the corresponding inner product 〈·, ·〉ϕ defined
as

〈vh1 ,vh2〉ϕ = −∂E
[
�ϕ(Z1,ho + τvh2)[vh1 ]

]
∂τ

∣∣∣∣∣
τ=0

(5)

for any vh1 ,vh2 ∈ V1,n . In many examples, we have

�ϕ(Z1,ho)[vh1 ] = ∂ϕ(Z1,ho +τvh1 )

∂τ

∣∣∣∣
τ=0

and 〈h1,h2〉ϕ = −E

[
∂�ϕ(Z1,ho +τvh2 )[vh1 ]

∂τ

∣∣∣∣
τ=0

]
,

if the derivative exists and we can interchange differentiation and expectation. Let
V1 be the closed linear span of Nh −{ho} under ‖·‖ϕ . We assume that there is a
bounded linear functional ∂hρ(αo) [·] : V1 → R such that

∂hρ(αo)[v] = ∂ρ(ho + τv,go)

∂τ

∣∣∣∣
τ=0

for all v ∈ V1.

By the Riesz representation theorem, there is a sieve Riesz representer v∗
hn

∈ V1,n
such that

∂hρ(αo)[v] = 〈v∗
hn
,v
〉
ϕ

for all v ∈V1,n , and
∥∥v∗

hn

∥∥2
ϕ

= sup
0 �=v∈V1,n

|∂hρ(αo)[v]|2
‖v‖2

ϕ

.

(6)

Moreover, ∂hρ(αo) [·] : V1 →R is a bounded (or regular) functional if and only if

limL(n)→∞
∥∥∥v∗

hn

∥∥∥
ϕ
<∞.

Similarly, we use �ψ(Z2,go,ho)[g − go] to denote the linear approximation of
ψ(Z2,g,ho)−ψ(Z2,go,ho) for any g ∈ Ng,n . For any g1,g2 ∈ Ng , we can let

−∂E
[
�ψ(Z2,go + τ [g1 − g2],ho)[g1 − g2]

]
∂τ

∣∣∣∣∣
τ=0

≡ ‖g1 − g2‖2
ψ ,

which defines a norm on Ng . Let go,n denote the projection of go on Gn under the
norm ‖·‖ψ . Let V2,n denote the closed linear span of Ng,n − {go,n}, which is a
Hilbert space under ‖·‖ψ , with the corresponding inner product 〈·, ·〉ψ defined as

〈vg1 ,vg2〉ψ = −∂E
[
�ψ(Z2,go + τvg2,ho)[vg1 ]

]
∂τ

∣∣∣∣∣
τ=0

, (7)
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for any vg1 ,vg2 ∈ V2,n . In many cases, we have

�ψ(Z2,αo)[vg1 ] = ∂ψ(Z2,go + τvg1 ,ho)

∂τ

∣∣∣∣
τ=0

and 〈vg1 ,vg2 〉ψ = −E

[
∂�ψ (Z2,go + τvg2 ,ho)[vg1 ]

∂τ

]
.

Let V2 be the closed linear span of Ng −{go} under ‖·‖ψ . We assume that there
is a bounded linear functional ∂gρ(αo) [·] : V2 → R such that

∂gρ(αo)[v] = ∂ρ(ho,go + τv)

∂τ

∣∣∣∣
τ=0

for all v ∈ V2. (8)

By the Riesz representation theorem, there is a sieve Riesz representer v∗
gn

∈ V2,n
such that

∂gρ(αo)[vg] =
〈
v∗

gn
,vg

〉
ψ

for all v ∈V2,n , and
∥∥∥v∗

gn

∥∥∥2

ψ
= sup

0 �=v∈V2,n

∣∣∂gρ(αo)[v]
∣∣2

‖v‖2
ψ

.

(9)

Moreover, ∂gρ(αo) [·] : V2 → R is a bounded functional if and only if

limK (n)→∞
∥∥∥v∗

gn

∥∥∥
ψ
<∞.

Let V = V1 ×V2. For any v = (vh,vg) ∈ V we denote

∂αρ(αo)[v] = ∂hρ(αo)[vh ] + ∂gρ(αo)[vg].

To evaluate the effect of the first-step estimation on the asymptotic variance of the
second-step sieve M estimator, we define

�g(αo)
[
vg
]= ∂E

[
ψ(Z2,go + τvg,ho)

]
∂τ

∣∣∣∣∣
τ=0

for any vg ∈ V2

and

�(αo)
[
vh,vg

]= ∂�g(go,ho + τvh)
[
vg
]

∂τ

∣∣∣∣∣
τ=0

for any vh ∈ V1.

We assume that �(αo) [·, ·] is a bilinear functional on V . Given the Riesz repre-
senter v∗

gn
in (9), we define v∗

�n
∈ V1,n as

�(αo)
[
vh ,v

∗
gn

]
= 〈

vh ,v
∗
�n

〉
ϕ

for any vh ∈ V1,n. (10)

Using the sieve Riesz representers v∗
hn

, v∗
gn

, and v∗
�n

, we define

∥∥v∗
n

∥∥2
sd = Var

[
n− 1

2
∑n

i=1

(
�ϕ(Z1,i ,ho)[v

∗
hn

]+�ϕ(Z1,i ,ho)[v
∗
�n

]+�ψ(Z2,i ,αo)[v
∗
gn

]
)]

.

(11)
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As we can see from (11), the sieve variance of the plug-in estimator ρ(̂αn) is de-
termined by three components.3 To explain the sources of these components, we
assume that the criterion function in the second-step estimation is smooth. The

first component n− 1
2
∑n

i=1 �ϕ(Z1,i ,ho)[v∗
hn

] is from the estimation error of ho

which enters
∥∥v∗

n

∥∥2
sd because ρ(αo) depends on ho. When ρ(αo) only depends on

go, we have v∗
hn

= 0 and then this component will not show up in
∥∥v∗

n

∥∥2
sd . The

second component n− 1
2
∑n

i=1�ϕ(Z1,i ,ho)[v∗
�n

] is also from the estimation error

of ho which enters
∥∥v∗

n

∥∥2
sd because the first derivative of the criterion function

in the second-step estimation depends on the first-step M estimator ĥn . The last

component n− 1
2
∑n

i=1�ϕ(Z1,i ,ho)[v∗
gn

] is from the estimation error of go in the
second-step estimation assuming that the unknown parameter ho is known. It en-

ters
∥∥v∗

n

∥∥2
sd because ρ(αo) depends on go. When ρ(αo) only depends on go and

the parameter ho is known,
∥∥v∗

n

∥∥2
sd is identical to the sieve variance of the one-

step plug-in sieve M estimator found in Chen, Liao, and Sun (2014) and Chen and
Liao (2014).

In this article, we restrict our attention to the class of functionals ρ(αo) such
that

∥∥v∗
n

∥∥2
sd ≤ C for any n. We next list the assumptions needed for showing the

asymptotic normality of ρ(̂αn).

Assumption 3.1. (i) liminfn
∥∥v∗

n

∥∥
sd > 0; (ii) the functional ρ(·) satisfies

sup
α∈Nn

∣∣∣∣∣ρ(α)−ρ(αo)− ∂hρ(αo)[h − ho] − ∂gρ(αo)[g − go]∥∥v∗
n

∥∥
sd

∣∣∣∣∣= o(n− 1
2 );

(iii) there exists gn ∈ Gn such that ‖gn − go‖G = O(δ∗
2,n) and for any vh ∈ V1 and

vg ∈ V2, ‖vh‖ϕ ≤ cϕ ‖vh‖H and
∥∥vg

∥∥
ψ

≤ cψ
∥∥vg

∥∥G where cϕ and cψ are some
generic finite positive constants; (iv)

1∥∥v∗
n

∥∥
sd

max
{∣∣∂hρ(αo)[ho,n − ho]

∣∣ , ∣∣∂gρ(αo)[go,n − go]
∣∣}= o(n− 1

2 ).

Assumption 3.1(i) ensures that the sieve variance is asymptotically nonzero.
When ρ(α) is a nonlinear functional in α, Assumption 3.1(ii) implies that there
is a linear approximation ∂hρ(αo)[h − ho] + ∂gρ(αo)[g − go] for ρ(α) uniformly

over α ∈ Nn with approximation error o(
∥∥v∗

n

∥∥
sd n− 1

2 ). Assumption 3.1(iii) im-
plies that ‖·‖ϕ and ‖·‖ψ may be weaker than the pseudometrics ‖·‖H and ‖·‖G ,
respectively. By Assumption 3.1(iii) and the definition of go,n, we have∥∥go − go,n

∥∥
ψ

≤ ‖go − gn‖ψ ≤ cψ ‖go − gn‖G = O(δ∗
2,n),

which indicates that go,n ∈ Ng,n . Similarly we have ho,n ∈ Nh,n , which together
with the former result implies that (ho,n,go,n) ∈ Nn . Assumption 3.1(iv) also re-
quires that the sieve approximation error converges to zero at a rate faster than
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n− 1
2
∥∥v∗

n

∥∥
sd . When ρ(αo) only depends on the finite dimensional parameter of

the model, Assumption 3.1(iv) holds trivially as there is no approximation error
to such a parameter. When ρ(αo) depends on an unknown function, Assumption
3.1(iv) is an under-smoothing condition to derive the zero mean asymptotic nor-
mality of the sieve plug-in estimator ρ(̂αn).

Define
(

u∗
hn
,u∗

gn
,u∗

�n

)
= ∥∥v∗

n

∥∥−1
sd

(
v∗

hn
,v∗

gn
,v∗

�n

)
and g∗ = g ± κnu∗

gn
for any

g ∈ Ng,n , where κn = o
(
n−1/2

)
is some positive sequence. For any function f ,

μn( f ) = n−1∑n
i=1 [ f (Zi )−E [ f (Zi )]] denotes the empirical process indexed

by f .

Assumption 3.2. (i) The following stochastic equicontinuity conditions hold:

sup
α∈Nn

∣∣∣μn

{
ψ(Z2,g∗,h)−ψ(Z2,g,h)−�ψ(Z2,g,h)[±κnu∗

gn
]
}∣∣∣= Op(κ

2
n ),

(12)

and sup
α∈Nn

∣∣∣μn

{
�ψ(Z2,g,h)[u∗

gn
] −�ψ(Z2,go,ho)[u∗

gn
]
}∣∣∣= Op(κn);

(13)

(ii) let Kψ(g,h) ≡ E [ψ(Z2,g,h)−ψ(Z2,go,ho)], then

Kψ (g,h)− Kψ(g
∗,h)= ∓κn�(αo)

[
h −ho,n ,u

∗
gn

]
+ ||g∗ − go||2ψ −||g − go||2ψ

2
+ O(κ2

n )

(14)

uniformly over (h,g) ∈ Nn .

The stochastic equicontinuity conditions are regularity assumptions in the sieve
method literature, e.g., Shen (1997), Chen and Shen (1998) and Chen et al. (2014).
Assumption 3.2(ii) implies that the Kullback–Leibler type of distance has a local
quadratic approximation uniformly over the shrinking neighborhood Nn . When
there is no first-step estimate ĥn , Assumption 3.2(ii) is reduced to

sup
g∈Ng,n

∣∣∣∣∣Kψ(g,ho)− Kψ(g
∗,ho)−

||g∗ − go||2ψ −||g − go||2ψ
2

∣∣∣∣∣= O(κ2
n ),

which is the condition used in Chen et al. (2014) to derive the asymptotic nor-
mality of the one-step sieve plug-in estimator. As a result, we can view the extra
term in (14) as the effect of the first-step estimator ĥn on the asymptotic distribu-
tion of the second-step sieve M estimator ĝn . Low level sufficient conditions for
Assumption 3.2 are provided in the Supplemental Appendix of the article.

Assumption 3.3. (i) The first-step sieve M estimator ĥn satisfies∣∣〈̂hn − ho,n,u
∗
hn

+ u∗
�n

〉ϕ −μn
{
�ϕ(Z1,ho)[u∗

hn
+ u∗

�n
]
}∣∣= Op(κn); (15)
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(ii) the following central limit theorem (CLT) holds

n− 1
2

n∑
i=1

{
�ϕ(Z1,i ,ho)[u∗

hn
+ u∗

�n
] +�ψ(Z2,i ,go,ho)[u∗

gn
]
}

→d N(0,1);

(iii) ε2,n = O(κn), κnδ
∗−1
2,n = o(1) and ||u∗

gn
||ψ = O(1).

Assumption 3.3(i) is a high level condition, which is established in Chen et al.
(2014) under a set of sufficient conditions. Assumption 3.3(ii) is implied by the
triangle array CLT. Assumption 3.3(iii) implies that the optimization error ε2,n in
the second-step sieve M estimation is of the same or smaller order as κn . As δ∗

2,n is
the convergence rate of the second-step sieve M estimator ĝn, under the stationary
data assumption, it is reasonable to assume that δ∗

2,n converges to zero at a rate

not faster than root-n, which explains the assumption κnδ
∗−1
2,n = o(1).

THEOREM 3.1. Suppose that Assumptions 3.2 and 3.3 hold. Then under As-
sumption 3.1(i)–(iii), the sieve plug-in estimator ρ(̂hn, ĝn) satisfies

√
n
[
ρ(̂hn, ĝn)−ρ(ho,n,go,n)

]∥∥v∗
n

∥∥
sd

→d N(0,1), (16)

where
∥∥v∗

n

∥∥
sd is defined in (11). Furthermore, if Assumption 3.1(iv) is also satis-

fied, then

√
n
[
ρ(̂hn, ĝn)−ρ(ho,go)

]∥∥v∗
n

∥∥
sd

→d N(0,1). (17)

Proof. In Appendix B. �
In some examples, e.g., Newey et al. (1999) and Das et al. (2003), the criterion

function and the score function in the second step estimation can be written as a
product of two functions, i.e., for any (h,g) ∈ Nn ,

ψ(Z2,α) = τ (Z1,h)ψ
∗(Z2,α) and �ψ(Z2,α)[u∗

gn
] = τ (Z1,h)�

∗
ψ(Z2,α)[u∗

gn
],

(18)

where τ (z1,h) may be a (known up to h) function that restricts the sup-
port(s) of the regressor(s) generated from the first step nonparametric estima-
tion, ψ∗(Z2,α) is the criterion function in the second step estimation with-
out any support restriction, and �∗

ψ(Z2,α)[·] is a linear functional such that
ψ∗(Z2,g,ho)−ψ∗(Z2,go,ho) can be approximated by �∗

ψ(Z2,αo)[g − go]. In
these examples, the score �∗

ψ(Z2,α)[u∗
gn

] also satisfies

E

[
�∗
ψ(Z2,αo)[u

∗
gn

]
∣∣∣ Z1

]
= 0. (19)
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The sufficient conditions for the asymptotic normality, Assumptions 3.1, 3.2, and
3.3, can still be applied when the criterion function in the second step estimation
takes the form in (18).4

When the data are i.i.d., the conditional moment condition (19) may facilitate
verification of condition (13) and hence the derivation of the asymptotic normality
of ĝn. However, this condition is not accounted for in the high-level condition (13)
of Assumption 3.2. The next Assumption is an alternative to (13).

Assumption 3.4. (i) The data {Zi }n
i=1 is i.i.d.; (ii) the equations (18) and (19)

hold; (iii) the following stochastic equicontinuity conditions hold:

sup
α∈Nn

∣∣∣μn

{
�ψ(Z2,g,h)[u∗

gn
] −�ψ(Z2,go,h)[u∗

gn
]
}∣∣∣= Op(κn), (20)

sup
h∈Nh,n

∣∣∣μn

{
τ (Z1,h)(�

∗
ψ(Z2,go,h)[u

∗
gn

] −�∗
ψ(Z2,go,ho)[u

∗
gn

])
}∣∣∣= Op(κn);

(21)

(iv) suph∈Nh,n
n−1∑n

i=1(τ (Z1,i ,h) − τ(Z1,i ,ho))
2
E

[
(�∗

ψ(Z2,i ,go,ho)[u∗
gn

])2
∣∣∣ Z1,i

]
=

Op(δτ,n) where δτ,n is a real positive sequence with δτ,n = o(1).

By Assumption 3.4(iii) and the triangle inequality, condition (13) of
Assumption 3.2 holds if one can further show that

sup
h∈Nh,n

∣∣∣μn

{
(τ (Z1,h)− τ (Z1,ho))�

∗
ψ(Z2,go,ho)[u

∗
gn

]
}∣∣∣= Op(κn). (22)

Hence Assumptions 3.4(i), 3.4(ii), and 3.4(iv) essentially provide an alternative
condition for (22). The advantage of the alternative condition is that we find
Assumption 3.4(iv) can be verified under slightly weaker sufficient conditions
than (22). Low level sufficient conditions for Assumptions 3.4(iii) and 3.4(iv) are
provided in the Supplemental Appendix.

COROLLARY 3.1. Theorem 3.1 holds if condition (13) in Assumption 3.2 is
replaced by Assumption 3.4 and the other sufficient conditions are maintained.

4. CONSISTENT VARIANCE ESTIMATION

The Gaussian approximation in Theorem 3.1 suggests a natural method of
inference as long as a consistent estimator of

∥∥v∗
n

∥∥
sd is available. In this sec-

tion, we provide such a consistent estimator. An alternative approach is to use
bootstrap-based confidence sets, but these are computationally more time inten-
sive and their asymptotic validity would need to be established.

For simplicity of notation, we will assume in this and the next two sections
that the data are i.i.d.,5 and that the criterion functions ϕ(Z1,h) and ψ(Z2,g,h)
are, respectively, twice continuously pathwise differentiable with respect to h and
(g,h) in a local neighborhood Nn .
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Our estimator is a natural sample analog of the
∥∥v∗

n

∥∥
sd , but for the sake of

completeness, we provide the details below. We define

�ϕ(Z1,h)[vh1 ] = ∂ϕ(Z1,h + τvh1 )

∂τ

∣∣∣∣
τ=0

and rϕ (Z1,h)[vh1 ,vh2 ] = ∂�ϕ(Z1,h + τvh1 )[vh2 ]

∂τ

∣∣∣∣
τ=0

for any vh1 ,vh2 ∈ V1,n . Similarly, we define �ψ(Z2,g,h)[vg1 ] and
rψ(Z2,g,h)[vg1 ,vg2 ] for any vg1 ,vg2 ∈ V2,n . We define the empirical Riesz
representer v̂∗

hn
by

∂hρ(̂αn)[vh] = 〈
vh , v̂

∗
hn

〉
n,ϕ

for any vh ∈ V1,n, (23)

where
〈
vh1,vh2

〉
n,ϕ = − 1

n

∑n
i=1 rϕ(Z1, ĥn)[vh1,vh2 ]. Similarly, we define v̂∗

gn
as

∂gρ(̂αn)[vg] =
〈
vg, v̂

∗
gn

〉
n,ψ

for any vg ∈ V2,n, (24)

where
〈
vg1,vg2

〉
n,ψ = − 1

n

∑n
i=1 rψ(Z2, α̂n)[vg1,vg2 ]; and v̂∗

�n
as

�n (̂αn)
[
vh , v̂

∗
gn

]
= 〈

vh, v̂
∗
�n

〉
n,ϕ

for any vh ∈ V1,n, (25)

where

�n (̂αn)
[
vh , v̂

∗
gn

]
= 1

n

n∑
i=1

∂�ψ(Z2, ĝn, ĥn + τvh)[̂v∗
gn

]

∂τ

∣∣∣∣∣
τ=0

.

Based on these ingredients, we propose to estimate
∥∥v∗

n

∥∥2
sd by

∥∥v̂∗
n

∥∥2
n,sd = 1

n

n∑
i=1

∣∣∣�ϕ(Z1,i , ĥn)[̂v
∗
hn

+ v̂∗
�n

] +�ψ(Z2,i , ĝn, ĥn)[̂v
∗
gn

]
∣∣∣2 . (26)

Our estimator
∥∥v̂∗

n

∥∥2
n,sd is nothing but a natural sample analog of

∥∥v∗
n

∥∥
sd .

Let W1,n ≡ {h ∈ V1,n : ‖h‖ϕ ≤ 1} and W2,n ≡ {g ∈ V2,n : ‖g‖ψ ≤ 1} and〈
vg1 ,vg2

〉
ψ

= E
{−rψ(Z2,αo)[vg1,vg2 ]

}
for any vg1 ,vg2 ∈ V2. We next list the

assumptions needed for showing the consistency of the sieve variance estimator.

Assumption 4.1. The following conditions hold:
(i) supα∈Nn,vg1 ,vg2∈W2,n

∣∣E{rψ(Z2,α)[vg1 ,vg2 ] − rψ(Z2,αo)[vg1 ,vg2 ]
}∣∣ =

o(1);
(ii) supα∈Nn,vg1 ,vg2∈W2,n

μn
{
rψ(Z2,α)[vg1 ,vg2 ]

}= op(1);

(iii) supα∈Nn,vg∈W2,n

∣∣∂gρ(α)[vg] − ∂gρ(αo)[vg]
∣∣= o(1).

Assumptions 4.1(i)–(ii) are useful to show that the empirical inner prod-
uct

〈
vg1 ,vg2

〉
n,ψ and the population inner product

〈
vg1 ,vg2

〉
ψ

are asymptotically
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equivalent uniformly over vg1 ,vg2 ∈ W2,n . Assumption 4.1(iii) implies that the
empirical pathwise derivative ∂gρ(̂αn)[vg] is close to the theoretical pathwise
derivative ∂gρ(αo)[vg] uniformly over vg ∈ W2,n . When the functional ρ(α) is
linear in g, Assumption 4.1(iii) is trivially satisfied.

Let B∗
2,n ≡ {v ∈ V2,n :

∥∥∥v− v∗
gn

∥∥∥
ψ

∥∥∥v∗
gn

∥∥∥−1

ψ
≤ δvg,n}, where δvg,n = o(1)

is some positive sequence such that v̂∗
gn

∈ B∗
2,n wpa1 and

〈
vh1 ,vh2

〉
ϕ

=
E
[−rϕ(Z1,ho)[vh1,vh2 ]

]
for any vh1 ,vh2 ∈ V1.

Assumption 4.2. The following conditions hold:
(i) suph∈Nh,n,vh1 ,vh2∈W1,n

∣∣E[rϕ(Z1,h)[vh1 ,vh2 ] − rϕ(Z1,ho)[vh1,vh2 ]
]∣∣ =

o(1);
(ii) suph∈Nh,n,vh1 ,vh2∈W1,n

μn
{
rϕ(Z1,h)[vh1 ,vh2 ]

}= op(1);
(iii) supα∈Nn,vh∈W1,n

|∂hρ(α)[vh ] − ∂hρ(αo)[vh]| = o(1);

(iv) supα∈Nn,vg∈B∗
2,n ,vh∈W1,n

∣∣∣�n(α)
[
vh ,vg

]−�(αo)
[
vh ,v

∗
gn

]∣∣∣= op(1).

Assumptions 4.2(i)–(ii) are useful to show the empirical inner product〈
vh1 ,vh2

〉
n,ϕ and the population inner product

〈
vh1 ,vh2

〉
ϕ

are asymptotically equiv-
alent uniformly over vh1 ,vh2 ∈W1,n . Assumption 4.2(iii) implies that the empiri-
cal pathwise derivative ∂hρ(̂αn)[vh ] is close to the population pathwise derivative
∂hρ(αo)[vh ] uniformly over vh ∈ W1,n . Assumption 4.2(iii) is trivially satisfied,
if the functional ρ(α) is linear in h. Assumption 4.2(iv) is needed to show that the

functional �(αo)
[
vh ,v

∗
gn

]
is consistently estimated by its empirical counterpart

�n (̂αn)
[
vh , v̂

∗
gn

]
uniformly over vh ∈ W1,n .

Assumption 4.3. Let ‖·‖2 denote the L2(d FZ )-norm, then: (i) the functional
�ϕ(Z1,h)[vh ] satisfies

sup
h∈Nh,n,vh∈W1,n

∥∥�ϕ(Z1,h)[vh ] −�ϕ(Z1,ho)[vh]
∥∥

2 = o(1) (27)

and sup
h∈Nh,n,vh∈W1,n

∣∣∣μn

{
�2
ϕ(Z1,h)[vh ]

}∣∣∣= op(1); (28)

(ii) the functional �ψ(Z2,α)[vg ] satisfies

sup
α∈Nn,vg∈W2,n

∥∥�ψ(Z2,α)[vg ] −�ψ(Z2,αo)[vg]
∥∥

2 = o(1) (29)

and sup
α∈Nn,vg∈W2,n

∣∣∣μn

{
�2
ψ(Z2,α)[vg ]

}∣∣∣= op(1); (30)

(iii) the following condition holds

sup
α∈Nn,vg∈W2,n ,vh∈W1,n

∣∣μn
{
�ϕ(Z1,h)[vh ]�ψ(Z2,α)[vg ]

}∣∣= op(1); (31)
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(iv) supvh∈W1,n

∥∥�ϕ(Z1,ho)[vh]
∥∥

2 = O(1) and supvg∈W2,n

∥∥�ψ(Z2,αo)[vg]
∥∥

2 =
O(1); moreover∥∥∥v∗

hn

∥∥∥
ϕ
+
∥∥∥v∗

�n

∥∥∥
ϕ
+
∥∥∥v∗

gn

∥∥∥
ψ∥∥∥�ϕ(Z1,ho)[v∗

hn
+ v∗

�n
] +�ψ(Z2,αo)[v∗

gn
]
∥∥∥

2

= O(1). (32)

Conditions (27) and (29) require some local smoothness of �ϕ(Z1,h)[·] in
h ∈ Nh,n and �ψ(Z2,α)[·] in α ∈ Nn , respectively. Conditions (28), (30) and
(31) can be verified by applying a uniform law of large numbers from empiri-
cal process theory. To illustrate Assumption 4.3(iv), suppose that vh (·) = R (·)′ γ
for some γ ∈ R

L(n) and vg (·) = P (·)′β for some β ∈ R
K (n) where R (·) =

[r1 (·) , . . . ,rK (n) (·)]′ and P (·) = [p1 (·) , . . . , pL(n) (·)]′ are two vectors of basis
functions. Let

�ϕ(Z1,ho)[R] = [
�ϕ(Z1,ho)[r1], . . . ,�ϕ(Z1,ho)[rL(n)]

]′ and

�ψ(Z2,αo)[P] = [
�ψ(Z2,αo)[p1], . . . ,�ψ(Z2,αo)[pK (n)]

]′ .
In most cases, Assumption 4.3(iv) is implied by the regularity conditions
on the eigenvalues of the matrices E

[
�ϕ(Z1,ho)[R]�ϕ(Z1,ho)[R]′

]
and

E
[
�ψ(Z2,αo)[P]�ψ(Z2,αo)[P]′

]
.

THEOREM 4.1. Suppose that the data are i.i.d. and the conditions in Theorem
3.1 are satisfied. Then under Assumptions 4.1, 4.2, and 4.3, we have∣∣∣∥∥v̂∗

n

∥∥
n,sd

/∥∥v∗
n

∥∥
sd − 1

∣∣∣= op(1).

Proof. In Appendix C. �
Based on Theorems 3.1 and 4.1, we can obtain the conclusion that

√
n
[
ρ(̂hn, ĝn)−ρ (ho,go)

]∥∥v̂∗
n

∥∥
n,sd

→d N(0,1),

which can be used to construct confidence bands for ρ(ho,go).

5. AN APPLICATION

In this section, we illustrate the high level conditions and the main results estab-
lished in the previous sections in a two-step nonparametric regression example.
Suppose we have i.i.d. data {yi ,xi ,si }n

i=1 from the following model:

yi = go(εi )+ ui ,

si = ho(xi )+ εi , (33)
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where E [εi |xi ] = 0, E [ui |xi ,εi ] = 0, ho and go are unknown parameters. The
parameter of interest is ρ (go), where the functional ρ(·) is known.

For ease of notation, we assume that yi , xi and si are univariate random vari-
ables. The first-step M estimator is

ĥn = arg max
h∈Hn

1

n

n∑
i=1

[
−1

2
(si − h(xi))

2
]
, (34)

where Hn = {
h : h (·) = R(·)′γ , γ ∈ R

L(n)
}
. Let R(x) = [

r1(x), . . . ,rL(n)(x)
]′

and Rn = [R(x1), . . . , R(xn)]. The first step M estimator ĥn has a closed form
expression

ĥn(·) = R(·)′ (Rn R′
n

)−1
Rn Sn = R(·)′γ̂n, (35)

where Sn = [s1, . . . ,sn ]′. From the first step estimator, we calculate ε̂i =
si − ĥn(xi ) for i = 1, . . . ,n. Let P(ε) = [

p1(ε), . . . , pK (n)(ε)
]′

and P̂n =
[P (̂ε1), . . . , P (̂εn)]′. The second-step M estimator is

ĝn = arg max
g∈Gn

1

n

n∑
i=1

[
−1

2
(yi − g(̂εi))

2
]
, (36)

where Gn = {g : g (·)= P(·)′β, β ∈ R
K (n)

}
. The second step M estimator ĝn also

has a closed form expression

ĝn(ε)= P(ε)′(P̂ ′
n P̂n)

−1 P̂ ′
nYn = P(ε)′β̂n, (37)

where Yn = [y1, . . . , yn]′.
Using the specific forms of the criterion functions in the M estimations, we

have 〈vh1 ,vh2〉ϕ = E
[
vh1(x)vh2(x)

]
for any vh1 ,vh2 ∈ V1, and 〈vg1 ,vg2〉ψ =

E
[
vg1(ε)vg2(ε)

]
for any vg1,vg2 ∈ V2. As ρ(·) only depends on go, we use

∂ρ(go)[·] to denote the linear functional defined in (8). As V2,n is the linear space
spanned by the basis functions P(ε), the Riesz representer v∗

gn
of the functional

∂ρ(go)[·] has a closed form expression

v∗
gn
(ε)= ∂ρ(go)[P]′Q−1

K (n)P(ε), (38)

where ∂ρ(go)[P]′ = [∂ρ(go)[p1], . . . ,∂ρ(go)[pK (n)]] and QK (n) =
E
[
P(ε)P(ε)′

]
. By definition,

�(αo)
[
vh,vg

]= E
[
∂go(ε)vh(x)vg(ε)

]
, (39)

where ∂go(ε)= ∂go(ε)/∂ε. As V1,n is the linear space spanned by the basis func-

tions R(x), the Riesz representer v∗
�n

of the functional �(αo)
[
vh,v

∗
gn

]
has the

closed form expression

v∗
�n
(x)= E

[
∂go(ε)v

∗
gn
(ε)R(x)′

]
Q−1

L(n)R(x), (40)
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where QL(n) = E
[
R(x)R(x)′

]
. Given the sieve Riesz representers v∗

gn
and v∗

�n
,

we have

�ϕ(Z1,i ,ho)[v∗
�n

] +�ψ(Z2,i ,αo)[v∗
gn

] = v∗
�n
(xi )εi + v∗

gn
(εi )ui , (41)

which implies that the variance of the plug-in estimator ρ (ĝn) takes the following
form:∥∥v∗

n

∥∥2
sd = ∥∥v∗

�n
(x)ε

∥∥2
2
+
∥∥∥v∗

gn
(ε)u

∥∥∥2

2
. (42)

By definition, the empirical Riesz representers v̂∗
gn
(ε) and v̂∗

�n
(x) are

v̂∗
gn
(ε) = ∂ρ(̂gn)[P]′ Q̂−1

n,K (n)P(ε) and v̂∗
�n
(x)= n−1

n∑
i=1

∂ ĝn (̂εi )̂v
∗
gn
(̂εi )R(xi )

′ Q−1
n,L(n)R(x),

(43)

respectively, where Q̂n,K (n) = n−1 P̂ ′
n P̂n and Qn,L(n) = n−1 Rn R′

n . Hence the vari-
ance estimator of the plug-in estimator ρ (ĝn) is

∥∥v̂∗
n

∥∥2
n,sd = n−1

n∑
i=1

[
(̂v∗

�n
(xi )̂εi)

2 + (̂v∗
gn
(̂εi )̂ui )

2
]
, (44)

where ûi = yi − ĝn (̂εi ).

THEOREM 5.1. Under Assumptions D.1, D.2, and D.3 in Appendix D, we have

n1/2
∥∥v∗

n

∥∥−1
sd [ρ(ĝn)−ρ (go)] →d N(0,1).

Moreover, if Assumption D.4 in Appendix D also holds, then

n1/2
∥∥v̂∗

n

∥∥−1
n,sd [ρ(ĝn)−ρ (go)] →d N(0,1).

6. PRACTICAL IMPLICATION

This section contains the main contribution of the article, based on a conve-
nient characterization of

∥∥v̂∗
n

∥∥
n,sd . For this purpose, we will assume that a re-

searcher incorrectly believes that the infinite dimensional parameter (ho,go) is
in fact finite dimensional, and calculates the estimator of the asymptotic vari-
ance using a standard method available in, e.g., Wooldridge (2002, Chap. 12).
We will show that our estimator

∥∥v̂∗
n

∥∥
n,sd is in fact identical to such a standard

estimator.
For illustration, we will assume that go = (θo,mo(·)) and one is interested in

the estimation and inference of ρ(αo) = λ′θo, and (ii) ρ(αo) = ρ(mo), where
λ ∈ Rdθ , λ �= 0 and ρ(·) only depends on mo. While it may appear restrictive,
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the algebra carries over to different parameters as well. Because the notation be-
comes complicated for some other parameters, we restrict our attention to these
parameters.

Let Hn = {h(·) = RL(n)(·)′γ : γ ∈ R
L(n)} be the sieve space for a real-valued

unknown function ho in the first step, where RL(n)(·) = [
r1(·), . . . ,rL(n)(·)

]′ de-
note a L(n)×1 vector of basis functions. Let Gn =�×Mn be the sieve space for
go = (θo,mo(·)) in the second step, where Mn = {m(·)= PK (n)(·)′β : β ∈R

K (n)},
PK (n)(·) = [

p1(·), . . . , pK (n)(·)
]′ denote a K (n)× 1 vector of basis functions for

mo(·), and K (n)= dim(Gn)= dθ + K (n). For notational simplicity, we will often
omit the L(n) and K (n) subscripts, and write RL(n) (·) = R (·) and PK (n) (·) =
P (·). As for misspecification, we assume that there is a researcher who believes
that the unknown parameters ho and go should be specified as

ho(·)= R(·)′γo,L and go(·)= (θo,mo(·))= (θo, P(·)′βo,K ),

where L and K happen to be fixed at L(n) and K (n).
First, we provide an explicit characterization of our

∥∥v̂∗
n

∥∥
n,sd for the sieve

plug-in estimates ρ(̂αn) = λ′θ̂n and ρ(̂αn) = ρ(m̂n). For this purpose, we in-
troduce some notation. Let P (·) = (1′

dθ
, P(·)′)′ be a K (n) × 1 vector and

pa(·) denote its a-th component for a = 1, . . . ,K (n). Let rψ(Z2,α)[P , P] and
rϕ(Z1,h)[R, R] denote K (n)× K (n) and L(n)× L(n) matrices with the (a,b)-
th element being rψ(Z2,α)[pa, pb] and rϕ(Z1,h)[ra,rb], respectively. Similarly,
we use �(αo)

[
R, P

]
to define the L(n)× K (n) matrix with the (a,b)-th element

being �(αo)[ra, pb]. Finally, we let(
Îθθ,n Îθm,n

Îmθ,n Îmm,n

)
= 1

n

n∑
i=1

−rψ(Z2,i , α̂n)[P, P],

Î (1)θθ,n =
(

Îθθ,n − Îθm,n Î−1
mm,n Îmθ,n

)−1
,

Î (1)mm,n =
(

Îmm,n − Îmθ,n Î−1
θθ,n Îθm,n

)−1
,

and V̂g,i = (�n (̂αn)
[
R, P

]
)′
[

n−1
n∑

i=1
−rϕ(Z1,i , ĥn)[R, R]

]−1

�ϕ(Z1,i , ĥn)[R] +
�ψ(Z2,i , α̂n)[P]. After some straightforward yet tedious algebra, we can estab-
lish the following:

PROPOSITION 6.1. Our estimate of the asymptotic variance of ρ(̂αn)= λ′θ̂n
is equal to

∥∥v̂∗
θ,n

∥∥2
sd

= λ′( Î (1)θθ,n, − Î (1)θθ,n Îθm,n Î−1
mm,n

)∑n
i=1 V̂g,i V̂ ′

g,i

n

(
Î (1)θθ,n, − Î (1)θθ,n Îθm,n Î−1

mm,n

)′
λ.

(45)
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Our estimate of the asymptotic variance of ρ(̂αn)= ρ(m̂n) is equal to

∥∥v̂∗
m,n

∥∥2
sd = ∂ρ(m̂n)[P]′

(
− Î (1)mm,n Îmθ,n Î−1

θθ,n , Î (1)mm,n

) ∑n
i=1 V̂g,i V̂ ′

g,i

n

(
− Î (1)mm,n Îmθ,n Î−1

θθ,n , Î (1)mm,n

)′
∂ρ(m̂n)[P],

(46)

where ∂ρ(m̂n)[P] = [
∂ρ(m̂n)[p1], . . . ,∂ρ(m̂n)[pK (n)]

]′
.

Proof. In Appendix C. �
We now compute the standard estimator of the asymptotic variance when a

researcher believes that the unknown parameters ho and go should be specified as

ho(·)= R(·)′γo,L and go(·)= (θo,mo(·))= (θo, P(·)′βo,K )≡ P(·)′βgo,

where L and K = dθ + K happen to be fixed at L(n) and K (n) = dθ + K (n),
and we denote (θ ′

o,β
′
o,K )

′ ≡ βgo . The unknown parameter γo,L is estimated by the
following parametric M estimation

γ̂h = argmax
γL∈Bh

1

n

n∑
i=1

ϕ(Z1,i , R(·)′γL), (47)

where Bh is some compact set in R
L . After the first-step estimate γ̂h is available,

βgo is estimated by the following second-step parametric M estimation

(θ̂ , β̂K ) = argmax
(θ,βK )∈�×Bm

1

n

n∑
i=1

ψ(Z2,i ,θ, P(·)′βK , R(·)′γ̂h), (48)

where � and Bm are some compact sets in R
dθ and R

K , respectively.
Define β ′

g ≡ (θ ′,β ′
K ) and accordingly β̂ ′

g ≡ (θ̂ ′, β̂ ′
K ). Under the standard regu-

larity conditions, one can show that( √
n(θ̂ − θo)√

n(β̂K −βo,K )

)
→d N(0,ψ−1

22 V22ψ
−1
22 )

d= N(0,Vβg ), (49)

where

V22 = E

[[
ψ2(Z2)+ψ21ϕ

−1
11 ϕ1(Z1)

][
ψ2(Z2)+ψ21ϕ

−1
11 ϕ1(Z1)

]′]
,

ϕ11 = −E

[
∂2ϕ(Z1,ho(·))

∂γL∂γ
′
L

]
, ψ2(Z2)= ∂ψ(Z2,go(·),ho(·))

∂βg
, ϕ1(Z1)= ∂ϕ(Z1,ho(·))

∂γL
,

ψ21 = E

[
∂2ψ(Z2,go(·),ho(·))

∂γL∂β ′
g

]
, and ψ22 = −E

[
∂2ψ(Z2,go(·),ho(·))

∂βg∂β ′
g

]
.
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Let Iψ,θθ and Iψ,ββ denote the leading dθ × dθ and last K × K submatrices of
ψ22. Accordingly, Iψ,θβ and Iψ,βθ denote the upper-right dθ × K and lower-left
K ×dθ submatrices of ψ22. Define

I (1)ψ,θθ = (Iψ,θθ − Iψ,θβ I−1
ψ,ββ Iψ,βθ )

−1 and I (1)ψ,ββ = (Iψ,ββ − Iψ,βθ I−1
ψ,θθ Iψ,θβ)

−1.

From (49), we can obtain after some algebra that
√

n(θ̂ − θo) →d N (0,Vθ ) and
√

n(β̂K −βo,K )→d N
(
0,VβK

)
,

where

Vθ =
(

I (1)ψ,θθ , − I (1)ψ,θθ Iψ,θβ I−1
ψ,ββ

)
V22

(
I (1)ψ,θθ , − I (1)ψ,θθ Iψ,θβ I−1

ψ,ββ

)′
, (50)

VβK =
(
−I (1)ψ,ββ Iψ,βθ I−1

ψ,θθ , I (1)ψ,ββ

)
V22

(
−I (1)ψ,ββ Iψ,βθ I−1

ψ,θθ , I (1)ψ,ββ

)′
. (51)

Equations (50) and (51) suggest sample analog estimators V̂θ and V̂βm based on
empirical counterparts of Iψ,θθ , Iψ,ββ , etc.6 Because
√

n(λ′θ̂ −λ′θo)→d N
(
0,λ′Vθλ

)
and
√

n(ρ(m̂)−ρ(mo))= √
n∂ρ(mo)[P]′(β̂K −βK ,o)+ op(1)

→d N
(
0,∂ρ(mo)[P]′VβK ∂ρ(mo)[P]

)
(52)

under this parametric (mis)specification, the “parametric” version of the variance
estimate is given by λ′V̂θλ and ∂ρ(mo)[P]′VβK ∂ρ(mo)[P].

Comparing (45) with (50), and also (46) with (51), we obtain the following
implication:

THEOREM 6.1. We have ||̂v∗
θ,n ||2sd = λ′V̂θλ for any λ, and

∥∥v̂∗
m,n

∥∥2
sd =

∂ρ(m̂n)[P]′V̂βK ∂ρ(m̂n)[P].

Proof. In Appendix C. �
Remark 6.1. Theorem 6.1 implies that one can use the variance-covariance for-
mula of parametric two-step estimation to construct the sieve variance estimates,
as long as the number of basis functions used to approximate the unknown func-
tions is the same as in the parametric approximation to the model. As a result, the
numerical equivalence established above simplifies the semi/nonparametric infer-
ence based on the Gaussian approximation in empirical applications. It should be
noted that the above equivalence only holds in finite samples because the asymp-
totic theory of the sieve method requires L(n) and K (n) = dθ + K (n) to diverge
to infinity with the sample size n, while the parametric specification has L and
K = dθ + K as finite constants irrespective of the sample size n.
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Remark 6.2. Theorem 6.1, by justifying a parametric procedure even when the
parametric specification may not be valid, provides a convenient procedure to
practitioners. It is even more important because the asymptotic variances of many
two-step sieve estimators do not have simple analytic expressions, and as a con-
sequence, it is often difficult to estimate the asymptotic variance from a correct
nonparametric perspective.

Remark 6.3. Theorem 6.1 can be understood as a generalization of a similar result
in Ackerberg et al. (2012), who established numerical equivalence for two-step
estimators that do not involve generated regressors.

Remark 6.4. Theorem 6.1 can also be understood to be a general result that nests
similar results available in the literature. For Example 2.1, Newey et al. (1999)
establishes that standard parametric standard error formula continues to be valid.
Das et al. (2003) establishes the same result for Example 2.2. See also Newey
(2009). All these articles note that estimators of the asymptotic variance under
parametric misspecification are in fact consistent for the correct asymptotic vari-
ances, but the equivalence results were all established for their specific models.

Remark 6.5. Theorem 6.1 can also be used to compute a simple consistent estima-
tor of the asymptotic variance for the Olley and Pakes (1996) estimator described
in Example 2.3, as long as the parameters are estimated by the method of linear
sieve/series. Olley and Pakes (1996) does indeed calculate a series two-step esti-
mator, but cautioned on p. 1279 that they were not aware of a theorem that insures√

n consistency and asymptotic normality when the series estimator is used. It is
therefore not clear to us how the standard errors for the series based estimator in
column (8) of their Table VI were calculated. Assuming that they used a stan-
dard parametric procedure, which is likely, our result in Theorem 6.1 provides a
theoretical justification of their standard error calculation.

6.1. A Simple Illustration of Theorem 6.1

Although the asymptotic variance of the two-step sieve estimators does not have a
simple analytic expression in general, our result can also be used to derive the an-
alytic expression of the asymptotic variance when an estimator is sufficiently sim-
ple. As an example, we consider the simple model studied by Li and Wooldridge
(2002), and note that our sieve variance formula coincides with that in the asymp-
totic distribution of their Conjecture 2.1. Specifically, we consider the following
model

yi =wiθo + mo(εi )+ ui , (53)

si = ho(xi )+ εi , (54)

where E [εi |xi ] = 0 and E [ui |wi ,xi ,εi ] = 0. Li and Wooldridge (2002) study a
special case of the above example because the unknown function ho(xi ) is para-
metrically specified as ho(xi ) = x ′

iγo. For simplicity of notation, we assume that
θo is a scalar.
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In the first-step, ho is estimated by a series nonparametric regression

ĥn = argmax
h∈Hn

− 1

2n

n∑
i=1

[si − h(xi )]2 , (55)

where Hn = {h(·) = R(·)′γ : γ ∈ R
L(n)} and R(·) is defined in Section 6. In the

second step, θo and mo(·) are estimated by

(θ̂n,m̂n) = argmax
(θ,m)∈�×Mn

−1

2n

n∑
i=1

[
yi −wiθ − m(si − ĥn(xi ))

]2
, (56)

where Mn = {m(·)= P(·)′β : β ∈ R
K (n)} and P(·) is defined in Section 6.

In this example, we have[
E
{−rϕ(Z1,ho)[R, R]

}]= E
[
R(x)R(x)′

]
and �ϕ(Z1,ho)[R] = εR(x)

in the first-step M estimation; and

E
{−rψ(Z2,αo)

[
P, P

]}=
(

E
[
w2
]

E
[
wP(ε)′

]
E [P(ε)w] E

[
P(ε)P(ε)′

]) , (57)

�(αo)
[
R, P

]= E
[
∂mo(ε)R(x)

[
w P(ε)′

]]
, (58)

�ψ(Z2,αo)[P] = u
[
w, P(ε)′

]′
, (59)

where ∂mo(ε) = ∂mo(ε)/∂ε, in the second step M estimation. (We omit the i
subscript whenever obvious.)

Equations (57), (58), and (59) imply that7∥∥∥v∗
θ,n

∥∥∥2

sd

(I (1)θθ,n)
2

= E
[
∂mo(ε)w̃n R(x)′

]
Q−1

L(n)Qε,L(n)Q
−1
L(n)E [∂mo(ε)w̃n R(x)]

+ 2E
[
∂mo(ε)w̃n R(x)′

]
Q−1

L(n)E [R(x)w̃nεu]+E[w̃2
nu2],

where QL(n) = E
[
R(x)R(x)′

]
, Qε,L(n) = E

[
ε2 R(x)R(x)′

]
,

w̃n ≡w−E
[
wP(ε)′

]{
E
[
P(ε)P(ε)′

]}−1
P(ε) and

I (1)θθ,n =
(
E

[
w2
]
−E

[
wP(ε)′

]
(E
[
P(ε)P(ε)′

]
)−1

E [P(ε)w]
)−1

.

Because E [u|w,x,ε] = 0, the second term is zero, and we obtain∥∥∥v∗
θ,n

∥∥∥2

sd

(I (1)θθ,n)
2

= E
[
∂mo(ε)w̃n R(x)′

]
Q−1

L(n)Qε,L(n)Q−1
L(n)E [∂mo(ε)w̃n R(x)]+E[w̃2

nu2].
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Noting that[
E

[
w2
]
−E

[
wP(ε)′

]{
E
[
P(ε)P(ε)′

]}−1
E [P(ε)w]

]−1 =
(
E

[
|w−E [w|ε]|2

])−1 +o(1),

we can see that∥∥∥v∗
θ,n

∥∥∥2

sd
=�−2

E
[
∂mo(ε)w̃R(x)′

]
Q−1

L(n)Qε,L(n)Q−1
L(n)E [∂mo(ε)w̃R(x)]+�−2

E[w̃2u2]+o (1) ,

where �≡ E
[
(w−E [w|ε])2

]
and w̃ ≡w−E [w|ε].

When ho is parametrically specified as ho(Zi ) = x ′
iγo in Li and Wooldridge’s

(2002), we have

∥∥v∗
θ,n

∥∥2
sd =�−1

{
E
[
∂mo(ε)w̃x ′]�22E [∂mo(ε)w̃x]+E[w̃2u2]

}
�−1 + o(1),

(60)

where �22 = (
E
[
xx ′])−1

E
[
ε2xx ′](

E
[
xx ′])−1. Letting E

[
∂mo(ε)w̃x ′] =

E
[
∂mo(ε)w̃ (x −E [ x |ε])′

]≡� ′ and �1 ≡ E[w̃2u2], we can rewrite (60) as∥∥v∗
θ,n

∥∥2
sd

→ �−1 (� ′�22�+�1
)
�−1.

In other words,
√

n(θ̂n − θo) →d N
[
0,�−1

(
� ′�22�+�1

)
�−1

]
, which coin-

cides with Li and Wooldridge’s (2002) conjecture.8

When ho is nonparametrically specified, we note that
E
[
∂mo(ε)w̃R(x)′

]
Q−1

L R(x) is a nonparametric regression of ∂mo(ε)w̃ on
x and hence, we can deduce that∥∥v∗

θ,n

∥∥2
sd → �−1

E

[
E [∂mo(ε)w̃| x]2 ε2 + w̃2u2

]
�−1. (61)

7. SIMULATION STUDY

In this section, we study the finite sample performance of the two-step nonpara-
metric M estimator and the proposed inference method. The simulated data are
from the following model

yi =w1,iθo + mo(ho(xi ))+ ui , (62)

si = ho(xi )+ εi , (63)

where θo = 1; ho(x)= 4/(1+exp(−4x)), mo(w2)= 2sin(πw2) and w2 = ho(x).
For i = 1, . . . ,n, we independently draw (w∗

1,i ,ui ,εi )
′ from N(0, I3) and xi from

uniform distribution with support [−1,1] and then calculate

w2,i = 4

1 + exp(−4xi)
and w1,i = w∗

1,i +w2,i

2
. (64)
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It is clear that both xi and w2,i have bounded supports, and their densities are
bounded from above and away from zero. The data

{
yi ,si ,w1,i ,xi

}n
i=1 are gener-

ated using the equations in (62) and (63).
The first-step M estimator is ĥn (·)= R (·)′ (Rn R′

n)
−1 Rn Sn where R (·), Rn and

Sn are defined in Section 5. Let ŵ2,i = ĥn (xi) and P̂n = [P(ŵ1), . . . , P(ŵn)]′,
where P(ŵi )

′ = [w1,i , P(ŵ2,i )
′] and P (·)= [p1(·), . . . , pK (·)]′. Define

(θ̂n, β̂
′
n)

′ = (P̂ ′
n P̂n)

−1 P̂ ′
nYn, (65)

where β̂n is a K × 1 vector which is used to construct the estimator of mo (·):
m̂n (·)= P (·)′ β̂n . The power series are used in both the first-step and second-step
M estimations.

We are interested in the inference of the functional value ρ(go) = θo, where
go = (θo,mo (·)). Denote

In,11 = E

[
w2

1

]
, In,22 = E

[
P(w2)P(w2)

′] and In,12 = E
[
w1 P(w2)

′]= I ′
n,21.

(66)

The Riesz representer of the functional ρ(·) has the following form:

v∗
gn
(w) =

[
v∗
θ,n,−P (w2)

′ I−1
n,22 In,21v

∗
θ,n

]
, (67)

where v∗
θ,n = I 11

n and I 11
n =

[
In,11 − In,12 I−1

n,22 In,21

]−1
.9 The Riesz representer

v∗
�n

of the functional �(αo)[vh ,v
∗
gn

] has the closed form expression

v∗
�n
(x)= −v∗

θ,nE
[
∂mo(w2)w̃1,n R(x)′

]
Q−1

L R(x), (68)

where w̃1 = w1 − P (w2)
′ I−1

n,22 In,21 and QL = E
[
R(x)R(x)′

]
.10 Using (62) and

(63), we have∥∥v∗
n

∥∥2
sd = v∗2

θ,n

[
E[u2w̃2

1]+E
[
∂mo(w2)w̃1 R(x)′

]
Q−1

L Qε,L Q−1
L E [R(x)w̃1∂mo(w2)]

]
,

(69)

where Qε,L = E
[
ε2 R(x)R(x)′

]
.

We next describe the estimator of
∥∥v∗

n

∥∥2
sd . Let

În,11 = n−1
n∑

i=1

w2
1,i , În,22 = n−1

n∑
i=1

P(ŵ2,i)P(ŵ2,i )
′ and În,21 = n−1

n∑
i=1

w1,i P(ŵ2,i )= Î ′
n,12.

Then v̂∗
θ,n = Î 11

n = [ În,11 − În,12 Î−1
n,22 În,21]−1. Let

w̃1,i =w1,i − P(ŵ2,i)
′ Î−1

n,22 În,21, ûi = yi −w1,i θ̂n − m̂n(ŵ2,i ),

ε̂i = si − ĥn (xi) , Qε,L ,n = n−1∑n
i=1 ε̂

2
i R(xi )R(xi )

′,
∂m̂n (·) = ∂P (·)′ β̂n, QL ,n = n−1∑n

i=1 R(xi )R(xi )
′.
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The estimator of
∥∥v∗

n

∥∥2
sd is then defined as

∥∥v̂∗
n

∥∥2
n,sd = v̂∗2

θ,n

n

[
n∑

i=1

û2
i w̃

2
1,i +

n∑
i=1

∂mn(ŵ2,i )w̃1,i R(xi )
′ Q−1

L,n Qε,L,n Q−1
L,n

n

n∑
i=1

R(xi )w̃1,i ∂mn(ŵ2,i )

]
.

(70)

The 1 − q (q ∈ (0,1)) confidence interval of θo is

C Iθ,1−q =
[
θ̂n − n−1/2

∥∥v̂∗
n

∥∥
n,sd z1−q/2, θ̂n + n−1/2

∥∥v̂∗
n

∥∥
n,sd z1−q/2

]
, (71)

where z1−q/2 denotes the (1 − q/2)-th quantile of the standard normal random
variable.

We consider sample sizes n = 500 and 1,000 in this simulation study. For each
sample size, we generate 50,000 simulated samples to evaluate the performances
of the two-step sieve estimator and the proposed inference procedure. For each
simulated sample, we calculate the sieve estimator of (θo,mo), and the 0.90 con-
fidence interval of θo for each combination of (L,K ) where L = 1, . . . ,10 and
K = 1, . . . ,12. For each L and each K , the finite sample properties of the two-
step sieve estimators θ̂n,L ,K and m̂n,L ,K are investigated by their mean square er-
rors (MSEs): E

[|θ̂n,L ,K − θo|2
]

andE
[|m̂n,L ,K (w2,i )− mo(w2,i )|2

]
, respectively,

where (θ̂n,L ,K ,m̂n,L ,K ) denotes the second-step M-estimator based on the simu-
lated sample with sample size n, and the numbers of series functions L and K
in the first-step and second step nonparametric estimations, respectively.11 In ad-
dition to the two-step sieve estimator based on fixed L and K , we also consider
the sieve estimator with L and K selected by cross-validation (CV).12 For the in-
ference on θo, we investigate the coverage probability and the average length of
the confidence intervals (CIs) based on the sieve estimator (θ̂n,L ,K ,m̂n,L ,K ) with
L = 1, . . . ,10 and K = 1, . . . ,12, and sieve estimator (θ̂n,L̂,K̂ ,m̂n,L̂,K̂ ) where L̂
and K̂ are determined by CV. The simulation results are presented in Figures 1
and 2.

In Figure 1, we see that when the numbers of the series functions (L and K )
are too small, the mean square errors (MSEs) of the estimators of mo and θo are
big. That is due to the large approximation errors in the first-step and second-
step nonparametric estimation when L and K are small. On the other hand, the
MSEs of the sieve estimators are also big when L and K are too large. That is
because in this case the stochastic estimation error in the two-step nonparametric
estimation is big. The optimal L and K which minimize the finite sample MSE
of the sieve estimator will balance the trade-off between the approximation error
and the stochastic estimation error in the two-step nonparametric estimation. It
is interesting to see that the optimal L and K which minimize the MSE of the
estimator of mo are smaller than their counterparts which minimize the MSE of
the estimator of θo. With the growth of the sample size, the optimal L and K
tend to increase. The black solid line in Figure 1 represents the MSEs of the
sieve estimators based on L and K selected by 5-fold cross-validation. In the
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FIGURE 1. The mean square errors of the two-step sieve M estimators of mo and θo. The
left panel represents the MSEs of the two-step sieve estimator of mo for sample sizes n =
250, 500, and 1,000, respectively; 2. the right panel represents the MSEs of the two-step
sieve estimator of θo for sample sizes n = 250, 500, and 1,000, respectively; 3. L∗ and
K ∗ denote the numbers of the series terms which produce sieve estimator of mo with the
minimum finite sample MSE (in the left panel) or sieve estimator of θo with the smallest
finite sample MSE (in the left panel); 4. the dotted line represents the MSE of the two-step
sieve M estimator with L = L∗ and K = K ∗; 5. the solid line represents the MSE of the
two-step sieve M estimator with L and K selected by 5-fold cross-validation.
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FIGURE 2. The coverage probability and the average length of the confidence interval
of θo. The left panel presents the coverage probability of the confidence interval of θo
for sample sizes n = 250, 500, and 1,000, respectively; 2. the right panel presents the
average length of the confidence interval of θo for sample sizes n = 250, 500, and 1,000,
respectively; 3. the solid line represents the coverage probability of the confidence interval
based on the two-step sieve estimator with K and L selected by 5-fold cross-validation.
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left panel of Figure 1, we see that as the sample size increases, the MSE of the
cross-validated estimator of mo approaches the optimal MSE (the dotted line)
quickly. In the right panel of Figure 1, we see that the MSE of the cross-validated
estimator of θo is slightly smaller than the minimum MSE when the sample size
is 500. Moreover, the solid line and the dotted line are almost identical when the
sample size is 1,000.

The properties of the confidence interval of θo are displayed in Figure 2. When
L and K are too small, the confidence interval suffers large size distortion. The
coverage probability in this case becomes even worse with the growth of the sam-
ple size. This is because the confidence interval is miscentered due to the large
approximation error which can not be reduced by increasing the sample size.
Meanwhile, the miscentered confidence interval becomes narrower with larger
sample sizes which increase the size distortion for the confidence interval with
small L and K . On the other hand, the coverage probability of the confidence
interval is below 0.90 when L and K are too large. Two factors may contribute
to this phenomenon. First, the bias from the second order stochastic estimation
error becomes nontrivial when n is relatively small, and L and K are relatively
large. This makes the proposed confidence interval miscentered in finite samples.
Second, the variance from the second order stochastic estimation error also be-
comes nontrivial which means the confidence interval in (71) is too narrow when
L and K are too large. The coverage probability of the confidence interval based
on the cross-validated sieve estimator is almost identical to the nominal level
when the sample size is 500, and it becomes closer to the nominal level when
the sample size is increased to 1,000. The right panel of Figure 2 shows good
properties of the confidence interval based on the cross-validated sieve estima-
tor. When the sample size is 1,000, from the left panel of Figure 2, we see
that when L is small or large (i.e., L = 4 or 8), one can set K to be 6 or 7 to
achieve coverage probabilities of the resulting confidence intervals that are close
to the nominal level. However, these confidence intervals tend to be much longer
when compared with the confidence interval based on the cross-validated sieve
estimator.

8. CONCLUSION

In this article, we examined statistical properties of two-step sieve M estimation,
where both the first and second step models may involve infinite dimensional pa-
rameters, and the nonparametric components in the second step model may use
the first-step unknown functions as arguments. Our theoretical results expand the
applicability of semi/nonparametric methods in estimation and inference of com-
plicated structural models. On a practical level, we established a generalization
of the result of Ackerberg et al. (2012). We show that, even in a more complex
semiparametric model with generated regressors, one can implement a two-step
linear sieve procedure as if it were a parametric procedure in the spirit of Newey
(1984) and Murphy and Topel (1985).
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NOTES

1. See Chesher (2003), Altonji and Matzkin (2005), Blundell and Powell (2004, 2007), Florens,
Heckman, Meghir, and Vytlacil (2008), and Imbens and Newey (2009), among others. Our article
considers estimators that can be written as two-step M estimators, which exhausts pretty much every
estimator discussed by Wooldridge (2015). Imbens and Newey’s (2009) estimator does not have such
a structure, and our results do not apply there.

2. The derivation of these results in the general nonparametric nonlinear models, which are based
on standard arguments, can be found in the Supplemental Appendix of this article.

3. In some examples (see, e.g., Newey et al., 1999; Das et al. (2003), the examples in Sections 6.1
and 5), the two ”score functions” �ϕ(Z1,i ,ho)[vh ] and �ψ(Z2,i ,αo)[vg ] are orthogonal with each
other for any vh and vg . Hence when the data are i.i.d., the sieve variance can be more concisely

written as
∥∥v∗

n
∥∥2

sd = E

[∣∣∣�ϕ(Z1,ho)[v∗
hn

+ v∗
�n

]
∣∣∣2]+E

[∣∣∣�ψ(Z2,αo)[v∗
gn ]
∣∣∣2]. The above form of

the sieve variance may slightly simplify its estimation because one does not have to estimate the
correlation between the score functions in the two-step estimation.

4. In Section 2 of the Supplemental Appendix, the high-level Assumptions 3.1, 3.2, and 3.3, are
verified for the criterion function (18) in Example 2.1 with the set of low-level sufficient conditions
employed in Newey et al. (1999).

5. By combining the results of this article with those of Chen et al. (2014), one can show that
analogous results carry over to weakly dependent time series data.

6. Explicit characterization of V̂θ and V̂βm is straightforward, and is omitted to keep the notation
simple.

7. This is derived by applying Lemma C.6 in Appendix C.
8. Conjecture 2.1 in Li and Wooldridge (2002) is on the joint limiting distribution of β̂n and θ̂n ,

where β̂n is the first step LS estimate. Although the weak convergence is only on θ̂n , we can define
the functional ρ(α) = λ′(β′,θ ′)′ and derive the asymptotic variance of (β̂n , θ̂n).

9. The form of v∗
gn (·) in (67) is directly from (C.31) in Appendix C.

10. The form of v∗
�n
(·) in (68) is directly from (C.27) and (C.29) in Appendix C.

11. For each simulated sample with sample size n, we use Dθ,n(L ,K ) to denote the square of the
estimation error of θ̂n,L ,K , and Dm,n(L ,K ) denote the estimation error of m̂n,L ,K (·) under the em-
pirical L2-norm, i.e., Dθ,n(L ,K ) ≡ |̂θn,L ,K − θo|2 and Dm,n(L ,K ) ≡ n−1∑n

i=1[|m̂n,L ,K (w2,i )−
mo(w2,i )|2]. The MSEs of θ̂n,L ,K and m̂n,L ,K (·) are approximated by the averages of Dθ,n(L ,K )

and Dm,n(L ,K ), respectively using the 50,000 simulated samples.
12. The 5-fold CV procedure is used in our simulation study. See Appendix A for the descrip-

tion of the J -fold cross-validation procedure in the general two-step sieve estimation problem.
For each simulated sample with sample size n, we calculate the square of the estimation error of
θ̂n,L̂,K̂ : CVθ,n ≡ |̂θn,L̂,K̂ −θo|2, and the estimation error of m̂n,L̂,K̂ (·) under the empirical L2-norm:

CVm,n ≡ n−1∑n
i=1[|m̂n,L̂,K̂ (w2,i )−mo(w2,i )|2]. The MSEs of θ̂n,L̂,K̂ and m̂n,L̂,K̂ (·) are approx-

imated by the averages of CVθ,n and CVm,n , respectively using the 50,000 simulated samples.

REFERENCES

Ackerberg, D., X. Chen, & J. Hahn (2012) A practical asymptotic variance estimator for two-step
semiparametric estimators. Review of Economics and Statistics 94, 481–498.

Altonji, J. & R. Matzkin (2005) Cross section and panel data estimators for nonseparable models with
endogenous regressors. Econometrica 73, 1053–1102.

Blundell, R. & J.L. Powell (2004) Endogeneity in semiparametric binary response models. Review of
Economic Studies 71, 655–679.

Blundell, R. & J.L. Powell (2007) Censored regression quantiles with endogenous regressors. Journal
of Econometrics 141, 65–83.

Chen, X. (2007) Large sample sieve estimation of semi-nonparametric models. In J.J. Heckman &
E.E. Leamer (eds.), Handbook of Econometrics, vol. 6B, pp. 5549–5632. Elsevier.

https://doi.org/10.1017/S0266466618000014 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466618000014


1310 JINYONG HAHN ET AL.

Chen, X. & Z. Liao (2014) Sieve M inference of irregular parameters. Journal of Econometrics 182(1),
70–86.

Chen, X., Z. Liao, & Y. Sun (2014) Sieve inference on possibly misspecified semi-nonparametric time
series models. Journal of Econometrics 178(3), 639–658.

Chen, X., O. Linton, & I. van Keilegom (2003) Estimation of semiparametric models when the crite-
rion function is not smooth. Econometrica 71, 1591–1608.

Chen, X. & X. Shen (1998) Sieve extremum estimates for weakly dependent data. Econometrica 66,
289–314.

Chernozhukov, V., J. Escanciano, H. Ichimura, & W. Newey (2016) Locally Robust Semiparametric
Estimation. Working paper, MIT.

Chesher, A. (2003) Identification in nonseparable models. Econometrica 71(5), 1405–1414
Das, M., W. Newey, & F. Vella (2003) Nonparametric estimation of sample selection models. Review

of Economic Studies 70, 33–58.
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APPENDIX

A. A Cross-Validation Method for Selecting the Tuning Parameters

In this appendix, we describe the cross-validation procedure used for selecting the number
of series terms in the two-step sieve M estimation. We first introduce some notation. For
j = 1, . . . , J (where J is a finite positive integer), let Ij be a subset of I = {1,2, . . . ,n} such
that I1 ∪ ·· ·∪ IJ = I and Ij1 ∩ Ij2 = ∅ for any j1 �= j2. Let nj be the number of elements
in Ij for j = 1, . . . , J . Let Ln and Kn be the user specified sets of candidate values of L
and K for the two-step M estimation. For example, in the simulation study of this article,
we set Ln = {2, . . . ,15} and Kn = {2, . . . ,21}.

For each j = 1, . . . , J and each L ∈ Ln , we calculate the first-step M estimator ĥ j,L as

n−1
j

∑
i∈Ij

ϕ(Z1,i , ĥ j,L) ≥ sup
h∈HL

n−1
j

∑
i∈Ij

ϕ
(
Z1,i ,h

)− Op(ε
2
1,nj

), (A.1)

where HL is the sieve space generated by L basis functions. Given ĥ j,L , we calculate the
second-step M estimator ĝj,K as

n−1
j

∑
i∈Ij

ψ(Z2,i , ĝj,K , ĥ j,L)≥ sup
g∈GK

1

n

n∑
i=1

ψ(Z2,i ,g, ĥ j,L)− Op (ε
2
2,nj

), (A.2)

for each j = 1, . . . , J , each L ∈Ln and each K ∈Kn , where GK is the sieve space generated
by K basis functions. The numbers of series terms L∗ and K ∗ are then selected by the
following minimization problem:

(L∗,K ∗)= argmin
L∈Ln, K∈Kn

J−1
J∑

j=1

⎡⎢⎣(n −nj )
−1
∑
i∈I c

j

ψ(Z2,i , ĝj,K , ĥ j,L)

⎤⎥⎦ , (A.3)

where I c
j denotes the complement of Ij for j = 1, . . . , J . The cross-validated two-step M

estimator is then calculated by plugging (L∗,K ∗) into the estimation problems (1) and (2)
in Section 2.

B. Proof of Results in Section 3

Proof of Theorem 3.1. Recall that g∗ = g ± κnu∗
gn

, where κn = o(n− 1
2 ) and u∗

gn
≡

v∗
gn

∥∥v∗
n
∥∥−1

sd . By Assumption 3.3(iii), κnδ
∗−1
2,n = o (1) and the triangle inequality, we have

||̂g∗
n − go||ψ ≤ ||̂gn − go||ψ +κn ||u∗

gn
||ψ = Op(δ

∗
2,n), (B.1)

which implies that ĝ∗
n ∈ Ng,n wpa1.
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By the definition of ĝn , we have

−Op

(
ε2

2,n

)
≤ 1

n

n∑
i=1

ψ
(
Z2,i , ĝn, ĥn

)− 1

n

n∑
i=1

ψ
(
Z2,i , ĝ∗

n , ĥn
)

= μn

{
ψ(Z2, ĝn, ĥn)−ψ(Z2, ĝ∗

n , ĥn)+�ψ(Z2, ĝn, ĥn)[±κnu∗
gn

]
}

+μn

{
�ψ(Z2,go,ho)[±κnu∗

gn
]−�ψ(Z2, ĝn , ĥn)[±κnu∗

gn
]
}

−μn

{
�ψ(Z2,go,ho)[±κnu∗

gn
]
}

+ [Kψ(ĝn, ĥn)− Kψ(ĝ
∗
n , ĥn)

]
. (B.2)

By Assumption 3.2(i), we have

μn

{
ψ(Z2, ĝn, ĥn)−ψ(Z2, ĝ∗

n , ĥn)+�ψ(Z2, ĝn, ĥn)[±κnu∗
gn

]
}

= Op(κ
2
n ) (B.3)

and μn

{
�ψ(Z2,go,ho)[u

∗
gn

]−�ψ(Z2, ĝn, ĥn)[u
∗
gn

]
}

= Op(κn). (B.4)

Note that �(αo)[·, ·] is a bilinear functional. Using (B.1), Assumption 3.2(ii) and
Assumption 3.3(iii), we deduce that

Kψ(ĝn , ĥn)− Kψ(ĝ
∗
n , ĥn)

= ∓κn�(αo)[̂hn −ho,n,u
∗
gn

]+
||̂g∗

n − go||2ψ −||̂gn − go||2ψ
2

+op

(
κ2

n

)
= 〈∓κnu∗

�n
, ĥn −ho,n〉ϕ +

κ2
n ||u∗

gn
||2ψ

2
+〈±κnu∗

gn
, ĝn − go〉ψ +op

(
κ2

n

)
= 〈∓κnu∗

�n
, ĥn −ho,n〉ϕ +〈±κnu∗

gn
, ĝn − go〉ψ + Op

(
κ2

n

)
. (B.5)

From ε2,n = O (κn), (B.2), (B.3), (B.4), and (B.5), we get

−Op

(
κ2

n

)
≤ ∓κnμn

{
�ψ(Z2,go,ho)[u

∗
gn

]
}
∓κn〈u∗

�n
, ĥn −ho,n〉ϕ ±κn〈u∗

gn
, ĝn −go〉ψ .

Dividing by κn , we obtain∣∣∣∣〈ĝn − go,u
∗
gn

〉
ψ

−〈̂hn −ho,n,u
∗
�n

〉ϕ −μn

{
�ψ(Z2,go,ho)[u

∗
gn

]
}∣∣∣∣= Op(κn). (B.6)

By definition, go,n is the projection of go on V2,n under the semi-norm ‖·‖ψ . Hence there
is 〈go,n − go,u∗

gn
〉ψ = 0 and

〈̂gn − go,u
∗
gn

〉ψ = 〈̂gn − go,n ,u
∗
gn

〉ψ . (B.7)

From (B.6), (B.7) and κn = o(n− 1
2 ), we get∣∣∣〈̂gn − go,n,u

∗
gn

〉ψ −〈̂hn −ho,n,u
∗
�n

〉ϕ −μn

{
�ψ(Z2,go,ho)[u

∗
gn

]
}∣∣∣= op(n

− 1
2 ). (B.8)
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By Assumption 3.1(i)–(iii) and the Riesz representation theorem,

√
n
ρ(̂hn, ĝn)−ρ(ho,n,go,n)∥∥v∗

n
∥∥

sd

= √
n
∂ρ(αo)
∂h [̂hn −ho,n]+ ∂ρ(αo)

∂h [̂gn − go,n]∥∥v∗
n
∥∥

sd

+√
n
ρ(̂hn, ĝn)−ρ(ho,go)− ∂ρ(αo)

∂h [̂hn −ho]− ∂ρ(αo)
∂g [̂gn − go]∥∥v∗

n
∥∥

sd

−√
n
ρ(ho,n,go,n)−ρ(ho,go)− ∂ρ(αo)

∂h [ho,n −ho]− ∂ρ(αo)
∂g [go,n − go]∥∥v∗

n
∥∥

sd

= √
n
[
〈̂hn −ho,n,u

∗
hn

〉ϕ +〈̂gn − go,n,u
∗
gn

〉ψ
]
+op (1), (B.9)

which together with (B.8) and Assumption 3.3(i), implies that
√

n
[
ρ(̂hn, ĝn)−ρ(ho,n,go,n)

]∥∥v∗
n
∥∥

sd

= √
n
[
〈̂hn −ho,n,u

∗
hn

+u∗
�n

〉ϕ +μn

{
�ψ(Z2,go,ho)[u

∗
gn

]
}]

+op(1)

= n− 1
2

n∑
i=1

{
�ϕ(Z1,i ,ho)[u

∗
hn

+u∗
�n

]+�ψ(Z2,i ,go,ho)[u
∗
gn

]
}

+op(1). (B.10)

Now the result in (16) follows immediately by (B.10) and Assumption 3.3(ii).
From Assumption 3.1, we get∣∣∣∣∣ρ(ho,n ,go,n)−ρ(ho,go)∥∥v∗

n
∥∥

sd

∣∣∣∣∣≤
∣∣∣∣∣∣
ρ(ho,n,go,n )−ρ(ho,go)− ∂ρ(αo)

∂h [ho,n −ho]− ∂ρ(αo)
∂g [go,n − go]∥∥v∗

n
∥∥

sd

∣∣∣∣∣∣
+ 1∥∥v∗

n
∥∥

sd

[∣∣∣∣ ∂ρ(αo)

∂h
[ho,n −ho]

∣∣∣∣+ ∣∣∣∣ ∂ρ(αo)

∂h
[go,n − go]

∣∣∣∣]
= o(n−1/2), (B.11)

which combined with (16) immediately implies (17). �

Proof of Corollary 3.1. Condition (13) of Assumption 3.2 is used in the proof of
Theorem 3.1 to show that (B.4) holds, i.e.,

μn

{
�ψ(Z2,go,ho)[u

∗
gn

]−�ψ(Z2, ĝn , ĥn)[u
∗
gn

]
}

= Op(κn). (B.12)

By Assumptions 3.4(ii)–(iii) and the triangle inequality, it is sufficient to show that

μn

{
(τ(Z1, ĥn)− τ(Z1,ho))�

∗
ψ(Z2,go,ho)[u

∗
gn

]
}

= Op(κn). (B.13)

By the i.i.d. assumption and (19),

E

[ ∣∣∣μn

{
(τ(Z1, ĥn)− τ(Z1,ho))�

∗
ψ(Z2,go,ho)[u

∗
gn

]
}∣∣∣2∣∣∣∣{Z1,i }n

i=1

]
= n−2

n∑
i=1

(τ(Z1,i , ĥn)− τ(Z1,i ,ho))
2
E

[
(�∗

ψ(Z2,i ,go,ho)[u
∗
gn

])2
∣∣∣ Z1,i

]
, (B.14)
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which together with Assumption 3.4(iv) and ĥn ∈ Nh,n wpa1 implies that

E

[ ∣∣∣μn

{
(τ(Z1, ĥn)− τ(Z1,ho))�

∗
ψ(Z2,go,ho)[u

∗
gn

]
}∣∣∣2∣∣∣∣{Z1,i }n

i=1

]
= Op(δτ,nn−1).

(B.15)

Result (B.13) follows by δτ,n = o(1), (B.15) and the Markov inequality. �

C. Proof of Results in Sections 4 and 6

LEMMA C.1. Under Assumption 4.1, the empirical Riesz representer v̂∗
gn

satisfies∥∥∥v∗
gn

∥∥∥−1

ψ

∥∥∥v̂∗
gn

−v∗
gn

∥∥∥
ψ

= op(1). (C.1)

Proof. The proof follows the same arguments in the proof of Lemma 5.1 in Chen et al.
(2014) and hence is omitted. �

LEMMA C.2. Under Assumption 4.2, the empirical Riesz representers v̂∗
hn

and v̂∗
�n

satisfy∥∥∥v∗
hn

∥∥∥−1

ϕ

∥∥∥v̂∗
hn

−v∗
hn

∥∥∥
ϕ

= op(1) and
∥∥∥v∗

�n

∥∥∥−1

ϕ

∥∥∥v̂∗
�n

−v∗
�n

∥∥∥
ϕ

= op(1). (C.2)

Proof. The proof follows the same arguments in the proof of Lemma 5.1 in Chen et al.
(2014) and hence is omitted. �

LEMMA C.3. Under Assumption 4.3, we have

(i) sup
h∈Nh,n,vh∈W1,n

∣∣∣n−1∑n
i=1�

2
ϕ(Z1,i ,h)[vh]−E

[
�2
ϕ(Z1,ho)[vh ]

]∣∣∣= op(1);

(ii) sup
α∈Nn,vg∈W2,n

∣∣∣n−1∑n
i=1�

2
ψ(Z2,i ,α)[vg]−E

[
�2
ψ(Z2,αo)[vg]

]∣∣∣= op(1);

(iii) sup
α∈Nn,vh∈W1,n ,vg∈W2,n

∣∣∣n−1∑n
i=1 �ϕ(Z1,i ,h)[vh]�ψ(Z2,i ,α)[vg]−

E
[
�ϕ(Z1,ho)[vh ]�ψ(Z2,αo)[vg]

]∣∣= op(1).

Proof of Lemma C.3. (i) By the triangle inequality, Hölder inequality, Assumption
4.3(i) and (iv), we have

sup
h∈Nh,n,vh∈W1,n

∣∣∣∣∣∣ 1n
n∑

i=1

�2
ϕ(Z1,i ,h)[vh]−E

[
�2
ϕ(Z1,ho)[vh]

]∣∣∣∣∣∣
≤ sup

h∈Nh,n,vh∈W1,n

∣∣∣μn

{
�2
ϕ(Z1,h)[vh]

}∣∣∣
+ sup

h∈Nh,n ,vh∈W1,n

∣∣∣E[�2
ϕ(Z1,h)[vh]−�2

ϕ(Z1,ho)[vh ]
]∣∣∣
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≤ op(1)+ sup
h∈Nh,n ,vh∈W1,n

∥∥�ϕ(Z1,h)[vh]−�ϕ(Z1,ho)[vh]
∥∥2

2

+2 sup
h∈Nh,n ,vh∈W1,n

∥∥�ϕ(Z1,h)[vh]−�ϕ(Z1,ho)[vh ]
∥∥

2

∥∥�ϕ(Z1,ho)[vh]
∥∥

2

= op(1),

which shows the first result.
(ii) The second result can be proved using the same arguments in the proof of the first

result, but replacing Assumption 4.3(i) with Assumption 4.3(ii).
(iii) By the triangle inequality, we have∣∣E[�ϕ(Z1,h)[vh]�ψ(Z2,α)[vg]−�ϕ(Z1,ho)[vh]�ψ(Z2,αo)[vg]

]∣∣
≤ ∣∣E[(�ϕ(Z1,h)[vh]−�ϕ(Z1,ho)[vh ]

)(
�ψ(Z2,α)[vg]−�ψ(Z2,αo)[vg]

)]∣∣
+ ∣∣E[(�ϕ(Z1,h)[vh]−�ϕ(Z1,ho)[vh]

)
�ψ(Z2,αo)[vg]

]∣∣
+ ∣∣E[�ϕ(Z1,ho)[vh ]

(
�ψ(Z2,α)[vg]−�ψ(Z2,αo)[vg]

)]∣∣ (C.3)

for any α ∈ Nn , vh ∈ W1,n and vg ∈ W2,n . Using Hölder inequality, Assumption 4.3(i)
and (ii), we have

sup
α∈Nn ,vh ∈W1,n ,vg∈W2,n

∣∣E[(�ϕ(Z1,h)[vh ]−�ϕ(Z1,ho)[vh ]
)(
�ψ(Z2,α)[vg ]−�ψ(Z2,αo)[vg]

)]∣∣
≤ sup

α∈Nn ,vh ∈W1,n ,vg∈W2,n

∥∥�ϕ(Z1,h)[vh ]−�ϕ(Z1,ho)[vh ]
∥∥

2

∥∥�ψ(Z2,α)[vg ]−�ψ(Z2,αo)[vg ]
∥∥

2 = o(1).

(C.4)

Similarly by Assumption 4.3(i), (ii) and (iv), we have

sup
h∈Nh,n ,vh∈W1,n ,vg∈W2,n

∥∥�ϕ(Z1,h)[vh ]−�ϕ(Z1,ho)[vh ]
∥∥

2

∥∥�ψ(Z2,αo)[vg]
∥∥

2 = o(1)

(C.5)

and

sup
α∈Nn ,vh∈W1,n ,vg∈W2,n

∥∥�ψ(Z2,α)[vg]−�ψ(Z2,αo)[vg]
∥∥

2

∥∥�ϕ(Z1,ho)[vh]
∥∥

2 = o(1).

(C.6)

Now the claimed result follows immediately from Assumption 4.3(iii), (C.3), (C.4), (C.5),
and (C.6). �

Proof of Theorem 4.1. Let c denote some generic finite positive constant. As the data
are i.i.d., by definition, we have∥∥v∗

n
∥∥2

sd = Var
[
n− 1

2
∑n

i=1

(
�ϕ(Z1,i ,ho)[v

∗
hn

+v∗
�n

]+�ψ(Z2,i ,αo)[v
∗
gn

]
)]

= E

[∣∣∣�ϕ(Z1,i ,ho)[v
∗
hn

+v∗
�n

]+�ψ(Z2,i ,αo)[v
∗
gn

]
∣∣∣2]

=
∥∥∥�ϕ(Z1,i ,ho)[v∗

hn
+v∗

�n
]+�ψ(Z2,i ,αo)[v∗

gn
]
∥∥∥2

2
. (C.7)
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By the triangle inequality,

∥∥v̂∗
n − v∗

n

∥∥
sd∥∥v∗

n

∥∥
sd

≤
∥∥∥�ϕ(Z1,ho)[̂v∗

hn
− v∗

hn
]
∥∥∥

2
+
∥∥∥�ϕ(Z1,ho)[̂v∗

�n
− v∗

�n
]
∥∥∥

2
+
∥∥∥�ψ(Z2,αo)[̂v∗

gn
− v∗

gn
]
∥∥∥

2∥∥v∗
n

∥∥
sd

.

(C.8)

Using (C.7), Assumption 4.3(iv) and the result in (C.1), we have∥∥∥�ψ(Z2,αo)[̂v∗
gn

−v∗
gn

]
∥∥∥

2∥∥v∗
n
∥∥

sd

=

∥∥∥v∗
gn

∥∥∥
ψ∥∥v∗

n
∥∥

sd

∥∥∥v̂∗
gn

−v∗
gn

∥∥∥
ψ∥∥v∗

gn

∥∥
ψ

∥∥∥∥∥�ψ(Z2,αo)

[
v̂∗

gn
−v∗

gn∥∥v̂∗
gn −v∗

gn

∥∥
ψ

]∥∥∥∥∥
2

,

and because
(
v̂∗

gn
−v∗

gn

)/∥∥∥v̂∗
gn

−v∗
gn

∥∥∥
ψ

∈ Wgn , we have

∥∥∥�ψ(Z2,αo)[̂v∗
gn

− v∗
gn

]
∥∥∥

2∥∥v∗
n

∥∥
sd

≤

∥∥∥v∗
gn

∥∥∥
ψ∥∥v∗

n

∥∥
sd

∥∥∥v̂∗
gn

− v∗
gn

∥∥∥
ψ∥∥∥v∗

gn

∥∥∥
ψ

sup
vg∈Wgn

∥∥�ψ(Z2,αo)[vg]
∥∥

2 = op(1). (C.9)

Similarly, we have∥∥∥�ϕ(Z1,ho)[̂v∗
hn

−v∗
hn

]
∥∥∥

2
+
∥∥∥�ϕ(Z1,ho)[̂v∗

�n
−v∗

�n
]
∥∥∥

2∥∥v∗
n
∥∥

sd
= op(1),

which together with (C.8) and (C.9) implies that∥∥v∗
n
∥∥−1

sd

∥∥v̂∗
n −v∗

n
∥∥

sd = op(1). (C.10)

Using (C.10) and the triangle inequality, we get

op(1) =
∥∥v̂∗

n −v∗
n
∥∥

sd∥∥v∗
n
∥∥

sd
≥
∣∣∣∣∣
∥∥v̂∗

n
∥∥

sd∥∥v∗
n
∥∥

sd
−1

∣∣∣∣∣ =
∣∣∣∣∣
∥∥v̂∗

n
∥∥

sd∥∥v̂∗
n
∥∥

n,sd

∥∥v̂∗
n
∥∥

n,sd∥∥v∗
n
∥∥

sd
−1

∣∣∣∣∣
=
∣∣∣∥∥v̂∗

n
∥∥−1

n,sd

∥∥v̂∗
n
∥∥

sd

(∥∥v∗
n
∥∥−1

sd

∥∥v̂∗
n
∥∥

n,sd −1
)

+
(∥∥v̂∗

n
∥∥−1

n,sd

∥∥v̂∗
n
∥∥

sd −1
)∣∣∣ . (C.11)

We next show that
∥∥v̂∗

n
∥∥−1

n,sd

∥∥v̂∗
n
∥∥

sd −1 = op(1). For this purpose, we first note that∥∥∥v̂∗
hn

+ v̂∗
�n

∥∥∥
ϕ∥∥v̂∗

n
∥∥

sd
≤

∥∥∥v∗
hn

+v∗
�n

∥∥∥
ϕ

+
∥∥∥v̂∗

hn
−v∗

hn

∥∥∥
ϕ

+
∥∥∥v̂∗

�n
−v∗

�n

∥∥∥
ϕ∥∥v̂∗

n
∥∥

sd

≤

∥∥∥v∗
hn

∥∥∥
ϕ

+
∥∥∥v∗

�n

∥∥∥
ϕ

+
∥∥∥v∗

hn

∥∥∥
ϕ

∥∥∥̂v∗
hn

−v∗
hn

∥∥∥
ϕ∥∥∥v∗

hn

∥∥∥
ϕ

+
∥∥∥v∗

�n

∥∥∥
ϕ

∥∥∥v̂∗
�n

−v∗
�n

∥∥∥
ϕ∥∥∥v∗

�n

∥∥∥
ϕ∥∥v̂∗

n
∥∥

sd

=

∥∥∥v∗
hn

∥∥∥
ϕ∥∥v̂∗

n
∥∥

sd

⎛⎜⎝1+

∥∥∥v̂∗
hn

−v∗
hn

∥∥∥
ϕ∥∥∥v∗

hn

∥∥∥
ϕ

⎞⎟⎠+

∥∥∥v∗
�n

∥∥∥
ϕ∥∥v̂∗

n
∥∥

sd

⎛⎜⎝1+

∥∥∥v̂∗
�n

−v∗
�n

∥∥∥
ϕ∥∥∥v∗

�n

∥∥∥
ϕ

⎞⎟⎠
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=
∥∥v∗

n
∥∥

sd∥∥v̂∗
n
∥∥

sd

⎡⎢⎣
∥∥∥v∗

hn

∥∥∥
ϕ∥∥v∗

n
∥∥

sd
(1+op (1))+

∥∥∥v∗
�n

∥∥∥
ϕ∥∥v∗

n
∥∥

sd
(1+op (1))

⎤⎥⎦
=
∥∥v∗

n
∥∥

sd∥∥v̂∗
n
∥∥

sd
Op(1) =

(
1∥∥v̂∗

n
∥∥

sd /
∥∥v∗

n
∥∥

sd
−1

)
Op(1)+ Op(1) = Op(1),

(C.12)

where the first two inequalities are by the triangle inequality, the second equality is by
(C.2), the third equality is by (C.7) and (32), and the last equality is by the first inequality
in (C.11). Similarly, we can show that∥∥∥v̂∗

gn

∥∥∥
ψ

∥∥v̂∗
n
∥∥−1

sd = Op(1). (C.13)

By the triangle inequality, we get

∣∣∣∣∣∣
∥∥v̂∗

n
∥∥2

n,sd −∥∥v̂∗
n
∥∥2

sd∥∥v̂∗
n
∥∥2

sd

∣∣∣∣∣∣=
∣∣∣∣∣∣∣

1
n
∑n

i=1

[
�ϕ(Z1,i , ĥn)[̂v∗

hn
+ v̂∗

�n
]+�ψ(Z2,i , α̂n)[̂v∗

gn
]
]2

∥∥v̂∗
n
∥∥2

sd

−
EZ

[∣∣∣�ϕ(Z1,ho)[̂v∗
hn

+ v̂∗
�n

]+�ψ(Z2,αo)[̂v∗
gn

]
∣∣∣2]∥∥v̂∗

n
∥∥2

sd

∣∣∣∣∣∣∣∣
≤ ∣∣I1,n

∣∣+ ∣∣I2,n
∣∣+2

∣∣I3,n
∣∣ , (C.14)

where EZ [·] denotes the expectation taking with respect to the distribution of Z (EZ1 [·]
and EZ2 [·] are similarly defined),

I1,n =
1
n
∑n

i=1�
2
ϕ(Z1,i , ĥn)[̂v∗

hn
+ v̂∗

�n
]−EZ1

[
�2
ϕ(Z1,ho)[̂v∗

hn
+ v̂∗

�n
]
]

∥∥v̂∗
n
∥∥2

sd

,

I2,n =
1
n
∑n

i=1�
2
ψ(Z2,i , α̂n)[̂v∗

gn
]−EZ2

[
�2
ψ(Z2,αo)[̂v∗

gn
]
]

∥∥v̂∗
n
∥∥2

sd

,

and

I3,n =
1
n
∑n

i=1�ϕ(Z1,i , ĥn)[̂v∗
hn

+ v̂∗
�n

]�ψ(Z2,i , α̂n)[̂v∗
gn

]∥∥v̂∗
n
∥∥2

sd

−
EZ

[
�ϕ(Z1,ho)[̂v∗

hn
+ v̂∗

�n
]�ψ(Z2,αo)[̂v∗

gn
]
]

∥∥v̂∗
n
∥∥2

sd

.
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By Lemma C.3(i) and (C.12), we have

∣∣I1,n
∣∣=

∥∥∥̂v∗
hn

+ v̂∗
�n

∥∥∥2

ϕ∥∥̂v∗
n
∥∥2

sd

∣∣∣ 1
n
∑n

i=1 �
2
ϕ(Z1,i , ĥn)[̂v∗

hn
+ v̂∗

�n
]−EZ1

[
�2
ϕ(Z1,ho)[̂v∗

hn
+ v̂∗

�n
]
]∣∣∣∥∥∥v̂∗

hn
+ v̂∗

�n

∥∥∥2

ϕ

≤ Op(1) sup
h∈Nh,n ,vh∈W1,n

∣∣∣∣∣∣ 1

n

n∑
i=1

�2
ϕ(Z1,i ,h)[vh ]−EZ1

[
�2
ϕ(Z1,ho)[vh ]

]∣∣∣∣∣∣= op(1). (C.15)

Similarly, by Lemma C.3(ii) and (C.13), we have

∣∣I2,n
∣∣=

∥∥∥v̂∗
gn

∥∥∥2

ψ∥∥v̂∗
n
∥∥2

sd

∣∣∣ 1
n
∑n

i=1�
2
ψ(Z2,i , α̂n)[̂v∗

gn
]−EZ2

[
�2
ψ(Z2,αo)[̂v∗

gn
]
]∣∣∣∥∥v̂∗

gn

∥∥2
ψ

= op(1).

(C.16)

For the last term I3,n , note that

∣∣I3,n
∣∣≤

∥∥∥v̂∗
hn

+ v̂∗
�n

∥∥∥
ϕ

∥∥∥v̂∗
gn

∥∥∥
ψ∥∥v̂∗

n
∥∥2

sd

× sup
α∈Nn,vg∈W2,n,vh∈W1,n

∣∣∣∣n−1∑n
i=1�ϕ(Z1,i ,h)[vh]�ψ(Z2,i ,α)[vg]

−EZ
[
�ϕ(Z1,h)[vh]�ψ(Z2,α)[vg]

] ∣∣∣∣
=

∥∥∥v̂∗
hn

+ v̂∗
�n

∥∥∥
ϕ

∥∥∥v̂∗
gn

∥∥∥
ψ∥∥v̂∗

n
∥∥2

sd

op(1)= op(1), (C.17)

where the first equality is by Lemma C.3(iii), the last equality is by (C.12) and (C.13).
From the results in (C.14), (C.15), (C.16) and (C.17), we deduce that∣∣∣∣∣∣
∥∥v̂∗

n
∥∥2

n,sd −∥∥v̂∗
n
∥∥2

sd∥∥v̂∗
n
∥∥2

sd

∣∣∣∣∣∣= op(1). (C.18)

It is clear that (C.11) and (C.18) imply that
∣∣∣∥∥v̂∗

n
∥∥

n,sd /
∥∥v∗

n
∥∥

sd −1
∣∣∣ = op(1), which fin-

ishes the proof. �

We divide the proof of Proposition 6.1 into establishing several lemmas. We start with

an explicit characterization of
∥∥v∗

n
∥∥2

sd when the data are i.i.d. and when both h and g are
real-valued functions for the sake of simplified notation.

Let Hn =
{

h(·)= R(·)′γL : γL ∈ R
L
}

be a sieve space for ho(·) in the first step, where

R(·) is defined in Section 6. Let Gn = {g(·) = P(·)′βg : βg ∈ R
K } be the sieve space for

go(·) in the second step, where P(·) is defined in Section 6. Define

Rϕ(ho)[vh1 ,vh2 ] ≡ 〈vh1 ,vh2 〉ϕ and Rψ(αo)[vg1 ,vg2 ] ≡ 〈vg1 ,vg2〉ψ (C.19)
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for any vh1 ,vh2 ∈ V1 and vg1 ,vg2 ∈ V2. Finally, we let �ϕ(R)≡�ϕ(Z1,ho)[R] be L ×1
and �ψ(P)≡ �ψ(Z2,αo)[P] be K ×1, and

�(P, P) ≡
(
�ϕ(R)�′

ϕ(R) �ϕ(R)�′
ψ(P)

�ψ(P)�′
ϕ(R) �ψ(P)�′

ψ(P)

)
be (L + K )× (L + K ).

Recall that for i.i.d. data, we have∥∥v∗
n
∥∥2

sd = E

[∣∣∣�ϕ(Z1,ho)[v
∗
hn

+v∗
�n

]+�ψ(Z2,αo)[v
∗
gn

]
∣∣∣2] .

LEMMA C.4. Let ∂hρ(αo)[R] and ∂gρ(αo)[P] denote L × 1 and K × 1 vectors with
the j -th elements being ∂hρ(αo)[rj ] and ∂gρ(αo)[pj ], respectively. Let Rϕ(ho)[R, R]

and Rψ(αo)[P, P] be L × L and K × K matrices with the (a,b)-th elements being

Rϕ(ho)[ra ,rb] and Rψ(αo)[pa, pb], respectively. Let �(αo)
[

R,v∗
gn

]
be L ×1 vector with

the j -th element being �(αo)
[
rj ,v

∗
gn

]
and �(αo)

[
R, P

]
be L × K matrix with the (a,b)-

th element being �(αo)
[
ra, pb

]
. We then have

v∗
hn
(·)= R(·)′ [Rϕ(ho)[R, R]

]−1
∂hρ(αo)[R] ≡ R(·)′β∗

hn
; (C.20)

v∗
gn
(·)= P(·)′ [Rψ(αo)[P, P]

]−1
∂gρ(αo)[P2] ≡ P(·)′β∗

gn
; (C.21)

v∗
�n
(·)= R(·)′ [Rϕ(ho)[R, R]

]−1
�(αo)

[
R,v∗

gn

]
≡ R(·)′β∗

�n
; (C.22)

and

β∗
�n

= [
Rϕ(ho)[R, R]

]−1
�(αo)

[
R, P

]
β∗

gn
. (C.23)

Proof. Let β∗
hn

be such that v∗
hn

= R(·)′β∗
hn

. Note that we have

∂hρ(αo)
[
rj
]=

〈
rj ,v

∗
hn

〉
ϕ

= Rϕ(ho)
[
rj , R′(·)β∗

hn

]
= Rϕ(ho)

[
rj , R

]′
β∗

hn

for all j . It follows that ∂hρ(αo) [R] = Rϕ(ho) [R, R]β∗
hn

and hence β∗
hn

=(
Rϕ(ho) [R, R]

)−1
∂hρ(αo) [R], which proves (C.20). We can prove (C.21) and (C.22)

similarly, and the details are omitted. As for (C.23), by definition we have

�(αo)
[

R,v∗
gn

]
= �(αo)

[
R, P

]
β∗

gn
.

Using (C.22), we obtain

β∗
�n

= [
Rϕ(ho)[R, R]

]−1
�(αo)

[
R,v∗

gn

]
= [

Rϕ(ho)[R, R]
]−1

�(αo)
[
R, P

]
β∗

gn
.

�

LEMMA C.5.∥∥v∗
n
∥∥2

sd =
(
β∗′

hn
, β∗′

gn

)( IL 0
A′

n IK

)
E [�(P, P)]

(
IL An
0 IK

)(
β∗

hn
β∗

gn

)
, (C.24)

where

An ≡ [
Rϕ(ho)[R, R]

]−1
�(αo)

[
R, P

]
is L × K . (C.25)
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Proof. Because
∥∥v∗

n
∥∥2

sd = Var
[
�ϕ(Z1,i ,ho)[v∗

hn
+v∗

�n
]+�ψ(Z2,i ,αo)[v∗

gn
]
]
, it fol-

lows that∥∥v∗
n
∥∥2

sd =
(
β∗′

hn
+β∗′

�n
, β∗′

gn

)
E [�(P, P)]

(
β∗′

hn
+β∗′

�n
, β∗′

gn

)′
. (C.26)

Combining with (C.23) in Lemma C.4, we then obtain

v∗
�n
(·)= R(·)′ Anβ

∗
gn
. (C.27)

Finally, combining (C.26) and (C.27), we obtain the desired conclusion. �
In the rest of this appendix, we provide explicit expressions of sieve variances for the two

functional considered in Section 4 when go = (θo,mo(·)). The first functional is ρ(α)= λ′θ
for some λ �= 0 in R

dθ , where α = (h(·),g(·))= (h(·),θ,m(·)).
LEMMA C.6. For ρ(α)= λ′θ , we have∥∥∥v∗
θ,n

∥∥∥2

sd
= λ′ (I (1)θθ,n ,−I (1)θθ,n Iθm,n I−1

mm,n

)
E

[
Vg,i V ′

g,i

](
I (1)θθ,n ,−I (1)θθ,n Iθm,n I−1

mm,n

)′
λ,

(C.28)

where Vg,i = (�(αo)
[
R, P

]
)′
[
Rϕ(ho)[R, R]

]−1
�ϕ(Z1,i ,ho)[R]+�ψ(Z2,i ,αo)[P].

Proof. In this case, it is clear that we have vg(·)= (vθ ,vm (·)), where vm (·)= P(·)′βK .
Hence for any vg ∈ Vgn with vg = (vθ ,vm (·)) and vm (·)= P ′

2(·)βK , we can write

〈vg ,vg〉ψ = (v ′
θ ,β

′
K )Rψ(αo)[P, P](v ′

θ ,β
′
K )

′.
By definition, we have

Rψ(αo)[P, P] =
(

Iθθ,n Iθm,n
Imθ,n Imm,n

)
,

where Iθθ,n and Imm,n are dθ ×dθ and L × L matrices, respectively.
Because ∂gρ(αo)

[
P
] = (

λ′,0′
L

)′, we can use (C.21) in Lemma C.4 along with the par-
titioned inverse formula, and conclude

β∗
gn

≡
((

β∗
θn

)′
,
(
β∗

K
)′)′

=
(
λ′ I (1)θθ,n ,−λ′ I (1)θθ,n Iθm,n I−1

mm,n

)′
, (C.29)

where I (1)θθ,n =
(

Iθθ,n − Iθm,n I−1
mm,n Imθ,n

)−1
. Likewise, we can conclude that β∗

hn
= 0.

We therefore obtain(
β∗′

hn
β∗′

gn

)( IL 0
A′

n IK

)(
�ϕ(R)
�ψ(P)

)
= β∗′

gn
A′

n�ϕ(R)+β∗′
gn
�ψ(P) = β∗′

gn
Vg . (C.30)

The conclusion follows by combining (C.29) and (C.30) with Lemma C.5. �
From (C.29), we see that the Riesz representer v∗

g (·) of the functional ρ(αo)= λ′θo takes
the following form:

v∗
g (·)=

(
λ′ I (1)θθ,n ,−λ′ I (1)θθ,n Iθm,n I−1

mm,n

)′
P(·)=

(
λ′ I (1)θθ,n1dθ ,−λ′ I (1)θθ,n Iθm,n I−1

mm,n P(·)
)
.

(C.31)
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LEMMA C.7. For ρ(α)= ρ(mo), we have

∥∥v∗
m,n

∥∥2
sd = ∂ρ(mo)[P]′

(
−I (1)mm,n Imθ,n I−1

θθ,n, I (1)mm,n

)
E

[
Vg,i V

′
g,i

](
−I (1)mm,n Imθ,n I−1

θθ,n, I (1)mm,n

)′
∂ρ(mo)[P].

(C.32)

Proof. Because ∂gρ(αo)
[
P2
]=

(
0′

dθ
,∂ρ(mo)[P]′

)′
, we obtain

β∗
gn

= (
Rψ (αo)[P2, P2]

)−1 (
0′

dθ ,∂ρ(mo)[P]′
)′ =

(
−∂ρ(mo)[P]′ I (1)mm,n Imθ,n I −1

θθ,n, ∂ρ(mo)[P]′ I (1)mm,n

)′

so we have(
β∗

gn

)′ = ∂ρ(mo)[P]′
(
−I (1)mm,n Imθ,n I−1

θθ,n , I (1)mm,n

)
.

Likewise, we can conclude that β∗
hn

= 0. We therefore obtain

(
β∗′

hn
β∗′

gn

)( Ik1 (n) 0
A′

n Ik2(n)

)(
�ϕ(P1)

�ψ(P2)

)
= β∗′

gn
A′

n�ϕ(P1)+β∗′
gn
�ψ(P2) = β∗′

gn
Vg .

As in the previous lemma, the conclusion follows by using Lemma C.5. �

Proof of Proposition 6.1. Recalling that our estimator of the asymptotic variance is

nothing but the sample analog of
∥∥∥v∗

θ,n

∥∥∥2

sd
, we can obtain from Lemma C.6 that

∥∥∥v̂∗
θ,n

∥∥∥2

sd
=
(
β̂∗′
θn
,−β̂∗′

θn
Îθm,n Î−1

mm,n

) ∑n
i=1 V̂g,i V̂ ′

g,i

n

(
β̂∗′
θn
,−β̂∗′

θn
Îθm,n Î−1

mm,n

)′
,

∥∥v̂∗
m,n

∥∥2
sd =

(
−β̂∗′

mn
Îmθ,n Î−1

θθ,n , β̂
∗′
mn

) ∑n
i=1 V̂g,i V̂ ′

g,i

n

(
−β̂∗′

mn
Îmθ,n Î−1

θθ,n , β̂
∗′
mn

)′
,

which proves Proposition 6.1. �

Proof of Theorem 6.1. By definition, we have

�n (̂αn)
[
R, P

]= n−1
n∑

i=1

∂2ψ(Z2,i , ĝ(·), ĥ(·))
∂γL∂β

′
g

,

n−1
n∑

i=1

rψ(Z2,i , α̂n)[P, P] = n−1
n∑

i=1

∂2ψ
(
Z2,i , ĝ(·), ĥ(·))
∂βg∂β

′
g

,

�ϕ(Z1, ĥn)[R] = ∂ϕ(Z1, ĥn(·))
∂γL

and �ψ(Z2, α̂n)[P] = ∂ψ(Z2, ĝ(·), ĥ(·))
∂βg

.

It follows that Îψ,θθ = Îθθ,n , etc., V̂22 = n−1∑n
i=1 V̂g,i V̂ ′

g,i , from which we obtain the
conclusion. �
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D. Proof of Results in Section 5

In this appendix, we provide the sufficient conditions of Theorem 5.1. For any column
vector a, let ‖a‖ denote its �2-norm. For any square matrix A, the operator norm is denoted
by ||A||. Let ‖h‖H = ‖h‖2 and ‖g‖G = ‖g‖2. Let C denote some generic finite constant
larger than 1. By definition, go,n and ho,n are the projections of go and ho under the
L2-norm, respectively. Let X denote the support of x . For ease of notation, we omit the
dependence of L(n) and K (n) on n, and write L(n)= L and K (n)= K .

Assumption D.1. (i) The data {yi , xi ,si }n
i=1 is i.i.d.; (ii) E

[
ε4

i

∣∣∣xi

]
< C and

E[ ε2
i

∣∣∣ xi ] > C−1; (iii) there exist ρh > 0 and γo,L ∈ R
L such that∥∥ho,L −ho

∥∥∞ = O(L−ρh ),

where ho,L (·)≡ R (·)′ γo,L ; (iv) the eigenvalues of QL are between C−1 and C for all L ;
(v) there exists a nondecreasing sequence ζL such that supx∈X ‖R(x)‖ ≤ ζL .

We assume that the support of εi is E = [a,b], where a, b are finite constants. De-
fine Eη = [a − η,b + η] for some small η > 0. For d a nonnegative integer, let |g|d =
max|τ |≤d supε∈E

∣∣∂τ g(ε)
∣∣ for any g ∈ G.

Assumption D.2. (i) E[ u4
i

∣∣∣εi ] < C and E[ u2
i

∣∣∣εi ] > C−1; (ii) go(ε) is twice continu-

ously differentiable; (iii) there exist ρg > 0 and βo,K ∈ R
K such that∣∣go,K − go

∣∣
d = O(K −ρg ),

where go,K (·) = P (·)′βo,K and d = 1; (iv) the eigenvalues of QK are between C−1

and C for all K ; (v) for j = 0,1,2, there exists a nondecreasing sequence ξj,K such that

supε∈Eη
∥∥∥∂ j P(ε)

∥∥∥ ≤ ξj,K .

Assumptions D.1 and D.2 impose restrictions on the moments of the error terms u and ε,

and the smoothness of unknown functions ho and go. Let υj,K = supε∈Eη
∥∥∥∂ j P(ε)′βo,K

∥∥∥
for j = 1,2. Under Assumptions D.1 and D.2, and restrictions on the number of sieve basis
functions in Assumption D.4 below, we show in Lemma 1.1 of the Supplemental Appendix
that

||̂hn −ho|| = Op(δ
∗
h,n) and ‖ĝn − go‖ = Op(δ

∗
2,n),

where δ∗h,n = L1/2n−1/2 + L−ρh and δ∗2,n = K 1/2n−1/2 + K −ρg +υ1,K δ∗h,n . Let δ2,n =
δ∗2,n log(log(n)), then we have ĝn ∈Ng,n wpa1 where Ng,n = {g ∈Gn : ‖g − go‖2 ≤ δ2,n}.

The sequence υ1,K affects the rate of convergence of ĝn derived in Lemma 1.1 of the
Supplemental Appendix. When the unknown function go(·) is well defined and is continu-
ously differentiable in the extended support Eη, and βo,K satisfies

max| j |≤2
sup
ε∈Eη

∣∣∣∂ j P(ε)′βo,K −∂ j go(ε)
∣∣∣= O(K −ρg ), (D.1)

then we have

υj,K ≤ sup
ε∈Eη

∣∣∣∂ j P(ε)′βo,K −∂ j go(ε)
∣∣∣+ sup

ε∈Eη

∣∣∣∂ j go(ε)
∣∣∣= O(1). (D.2)
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Let ωmin(QK ) denote the smallest eigenvalue of QK . Then by the Cauchy inequality and
Assumptions D.2(ii)–(v),

υj,K ≤ sup
ε∈Eη

∥∥∥∂ j P(ε)
∥∥∥∥∥βo,K

∥∥≤ sup
ε∈Eη

∥∥∥∂ j P(ε)
∥∥∥ω−1

min(QK )
[∥∥go,K − go

∥∥
2 +‖go‖2

]≤ Cξj,K ,

(D.3)

which provides an upper bound for υj,K when go(·) does not satisfy the extended support
condition (D.2).

Assumption D.3. (i) ||v∗
gn

||2 ≥ C for all n; (ii) the functional ρ(·) satisfies

sup
g∈Ng,n

∣∣∣∣∣ρ(g)−ρ(go)−∂ρ(go)[g − go]∥∥v∗
n
∥∥

sd

∣∣∣∣∣= o(n−1/2);

(iii)
∣∣∣∥∥v∗

n
∥∥−1

sd ∂ρ(go)[go,n − go]
∣∣∣ = o(n−1/2); (iv) supg∈Ng,n

‖∂ρ(g)[P]−∂ρ(go)[P]‖ =
o(1).

Assumption D.3(i) requires that the L2-norm of the Riesz representer v∗
gn

is uniformly
bounded from below by some fixed constant. This condition together with the condition

E[ u2
i

∣∣∣εi ]>C−1 in Assumption D.2(i) imply that the sieve variance is bounded away from

zero. Assumptions D.3(ii)–(iv) impose conditions on the functional ρ(·). These conditions
can be easily verified when the functional ρ(·) is linear.

Assumption D.4. The following conditions hold:
(i) n−1/2(K + L)1/2(ξ0,K + ζL )(log(n))1/2 = o(1);
(ii) n−1(Lξ2

1,K log(n)+ ζLξ1,K ) = o(1);

(iii) n−1/2ζL (Lξ2,K + L1/2ξ1,K )(n
−1/2K 1/2 + K −ρg + v1,K n−1/2L1/2) log(n) =

o(1);
(iv) n−1/2ζL(L + L1/2v1,K + Lv2,K ) log(n)= o(1);
(v) nL1−2ρh + K −ρg = o(1).

Assumption D.4 imposes restrictions on the numbers of basis functions L and K . These
conditions are needed to show the asymptotic normality of the two-step plug-in sieve esti-
mator.

Assumption D.5. The following conditions hold:
(i) ||v∗

gn
||2 ≤ C for all n;

(ii) (n−1 K ξ2
1,K + (ζ 2

L + ξ2
0,K + ξ2

1,K )K
−2ρg ) log(n)= o(1);

(iii) n−1(ζ 2
L + ξ2

0,K + ξ2
1,K )υ

2
1,K L log(n)= o(1).

Assumption D.5 is needed to show the consistency of the sieve variance estimator. As-
sumption D.5(i) imposes an upper bound on the L2-norm of the Riesz representer ||v∗

gn
||2,

which holds when the linear functional ∂ρ(go)[·] is bounded on the space V2. Assumptions
D.5(ii)–(iii) include extra conditions on the numbers of basis functions. When the power
series are used in the second step estimation, we have ξj,K ≤ C K 1+2 j . When the power
series are also used in the first step estimation, ζL ≤ C L and the sufficient conditions for
Assumptions D.4(i)–(iv) and D.5(ii)–(iii) become
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n−1(K 7 + L K 6 + L2 K 11/2 + L5/2 K 5 + L4) log(n) = o(1) and (L + K 3)K −ρg log(n) = o(1),

(D.4)

when the extended support condition (D.2) holds. If the spline or trigonometric series are
used in the first step, we have ζL ≤ C L1/2 and the sufficient conditions for Assumptions
D.4(i)–(iv) become

n−1(K 7 + L K 6 + L3/2K 11/2 + L2K 5 + L3) log(n)= o(1) and (L1/2 + K 3)K −ρg log(n)= o(1),

(D.5)

when the extended support condition (D.2) holds. When the extended support condition
(D.2) does not hold, the sufficient conditions for Assumptions D.4(i)–(iv) become

n−1(L4K 10 + K 12) log(n)= o(1) and (L + K 3)K −ρg log(n)= o(1), (D.6)

when the power series are used in the first step, and

n−1(L3K 10 + K 12) log(n)= o(1) and (L1/2 + K 3)K −ρg log(n)= o(1), (D.7)

when the splines or trigonometric series are used in the first step.

Proof of Theorem 5.1. (i) By Lemmas 1.3, 1.4 and 1.5 in the Supplemental
Appendix, we see that Assumptions 3.1, 3.2 and 3.3 hold. Hence, Theorem 5.1(i) follows
by Theorem 3.1.

(ii) Lemma 1.6 in the Supplemental Appendix implies that Assumptions 4.1 and 4.2
hold. Assumptions 4.3(i)–(iii) are only used in proving Lemma C.3 which is verified in
Lemma 1.7 of the Supplemental Appendix. Assumptions 4.3(iv) are proved in Lemma 1.8
of the Supplemental Appendix. Hence by Theorem 4.1, Theorem 5.1(i) and the continuous
mapping Theorem, Theorem 5.1(ii) holds. �
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