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PROBLEMS AND SOLUTIONS

SOLUTIONS

00.1.1. Determinant of a Skew Symmetric Matrigelution The statement
of the problem is incorrect fon even as noted by SPuntanenG.PH. Styan
H.J Werner and G Dhaene becausge.g., then X n zero matrix which has 0
determinant for any, is skew symmetricThe statement of the problem can be
amended as follows

00.1.1". Let S= {s;} be a skew symmetric matrign = 2). Show by induc-
tion that|S| = 0 for n odd and| S| = 0 for n even

PuntanenStyan and Werner proposed a solution to the original problem for
the case oh odd Dhaene proposed a solution to the revised statememt100
Both solutions are reported belown excellent solution to 0Q.1' was pro-
posed independently by. Zernov

Solution 1 proposed by SPuntanenG.PH. Styan H.1 Werner for n odd If
Sis skew-symmetricthenS= —S’ by definition; hereS’ denotes the transpose
of S Therefore

det(S) = det(—S') = det(—S) = (—1)" det(S),

which for n odd becomes déf) = —det(S). Hence necessarily déS) = 0,
and so our proof is complete

For further discussion of skew-symmetric matricese Gantmache&fi998
\Vol. 1, Ch. 9, and Vol 2, Ch. 11), Horn and Merino(1999, and Karro and Li
(1997 who established theontrivial) result that the rank of a complex skew-
symmetric matrix must be evegmwe note that a complex skew-symmetric ma-
trix is not necessarily diagonalizable

Solution 2 proposed by GDhaene The induction starts by noting that

—Sx

0| =0,
0 ‘521 0

=5, =0.

The property thus holds for= 1 andn = 2. Suppose it holds up to some order
n=Kk—1= 2 Now letn =k We denote by5; the submatrix o5 obtained by
deleting theith row andjth column and by§;  the submatrix ofs obtained by
deleting theith andkth rows andth andlth columns We can now writd S| as
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k

S| = %(_1)i+151|31|

K K
= _22(_1)H1Sil _22(_1)ij |Sl,1j‘
i= j=

k k
= Z 2 (_1)'+15il%1|31,1j|
i=2j=2
k k-1 k o
= 253180l + X > (D5 5:(1S0yl + 1501 D-
i=2 i=2j=i+1
It follows from the skew-symmetry dBthat(S,4)" = —S1 4. Hence

K
|S| = E 5421|31,1i l.
i—2

The proof follows by noting tha§; ;;, being a(k — 2) X (k — 2) principal
submatrix ofS is skew-symmetric and thus haS§, .| = 0 for k odd and
|S11i| = 0 fork even
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00.1.2. A Necessary and Sufficient Condition of a Sequence of Random Vari-
ables Converging to a Normal DistributionSelution® proposed by NChris-
topeit and H1 WernerAs it standsthe necessary part of the theorem is incotrect
as it is shown by any distribution with compact support or by the normal and
the exponential lawsActually, the condition

P X4 > Ax)
im ———— =

=12 for A>0
X—>00 P(|X1|>X)

of the theorem in question just means that the functigm) = P(| X;| > x) is
regularly varying ateo with index p = —2. To formulate a valid version of
Liang’s conjectureconsider the clash, of tail probability functionsU that are
regularly varying ato with index p, i.e., for which we have
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o U(Ax)
lim =

=) forall O0<A<oo
X—>00 U(X)

(BecausdJ is decreasingonly p = 0 need to be considergd'he link between
the functions in the clasd, and the distribution functionB that are attracted
by the normal lawi.e., which satisfy

1

5 (zn‘,lxi - An> 25 N(0,1) (A)

for suitably chosen constangs, andB,,, is provided by the following theorem
(see Cramérl970.

THEOREM Q (A) holds if and only if

x2U(X)
—0 as x— co. (B)

f t2F (dt)
{tl=x

Note that for givenF, the corresponding tail probability functidshis uniquely
determined byJ(x) = 1 — F(x) + F(—x—). A correct version of the conjecture
may then be stated as follows

THEOREM CW1 A distribution function F with regularly varying tail prob-
ability function U belongs to the domain of attraction of the normal law if and
only if U € U, for somep = —2.

Proof

(a) Consider first the case whele does not possess a finite second momést
G(x) = 1 — U(x) denote the distribution function ¢X,|. Then

U(x):fx G(dt) and U,(x) ::fotZG(dt)zf{msx}tzF(dt).

BecauseU,(w0) = o0 andU € U, Theorem 2 in VIII9 of Feller(1971) applies
(withn =0, =2,V =U, a = —p) to show

x2U(X) 2+p
y = lim =——

L p &

(with vy = oo if p = 0). Hence the limit is 0 if and only ifp = —2.
(b) If F has finite variance(B) and a fortiori(A) is trivially satisfied On the other
hand U must belong td/, for somep = —2 by the following lemma |

LEMMA CW1. IfUisin U, for somep = 0, then the second moment of F is

(a) finite forp < —2,
(b) infinite for —2 < p = 0.
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Proof The functionL(x) = x ?U(x) is slowly varying As is well known
(see the lemma in Fellet971, VIII .9), the integral

“ i d:wpfp d
fltL(t)t flt U(t) dt

converges fop < —1 and diverges fop > —1. Because

[ee]

E(X?) = zf tU(t) dt,
0

the second momerifp = p + 1) is finite for p < —2 and infinite forp > —2.
|

Remark 1 Forp = —2, both cases may ocguas is shown by the following
examplegboth forx = 1):

(i) U(x) = x~2 has infinite variance
(it) U(x) = [x2(1 + log®x)]* has finite variance

As an extra of the proofwe obtain the following version of the conjecture

COROLLARY CWL1 If U is regularly varying and U does not possess a
finite variance, then F is attracted by the normal distribution if and only if the
index of regular variation i = —2.

Remark 2 If U is any tail probability function(i.e., not necessarily regu-
larly varying) such that(1) holds withy > 0 (& p > —2), then it may be
inferred (theorem cited in the proof of Theorem CYhatU is actually regu-
larly varying with indexp. For —2 < p < 0, this in turn is equivalent td-
belonging to the domain of attraction of a stable law with exporert —p,
provided the tails oF are balancedFeller, 1971 XVII.5). In particular for
such distributionsregular variations ol turns out to be a necessary condition
for F being attractedin casey = 0, however it can only be concluded théat,
varies slowly but no inference about regular variationftself can be made
For an example of an atomic distribution with infinite variance and satisfying
(B), but for which U is not regularly varyingsee Problem 32 in VIILO of
Feller (1972). On the other handby the same theorem cited in the proof of
Theorem CW1slow variation ofU, is sufficient for (1) to hold withy = 0.
Therefore a different valid variant of the conjecture could be the followiAg
non-degenerate distribution functidhis attracted by the normal law if and
only if U, varies slowly This can already be found in Fell¢t971, XVII .5,
Corollary 1).

NOTE
1. The observation that the given condition is only sufficient but not necessary has been made

also by C Kleiber, referring to Ibragimov and Linnik1971 Theorem 26.2). Independent solu-
tions of the sufficiency part have been proposed.till and H. Liang, the poser of the problem
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00.1.3. A Relationship Satisfied by Two Representations of a Positive Semi-
definite Matrix.—Solution® proposed by HNeudecker and Mvan de Velden
In the last line of the statement of the problgime phrase “rank andk” should
be corrected to “rank andk.” Consider the singular-value decompositions

F= SlA‘lTéL’ and G = SlA'lREI.’

with S|S; = T T, = RiR; = |,, and diagonal positive definit&,.
Forr = k = n, define

S=(S,,S,), whereSis of ordermx k,
T=(T,T,), whereTisofordemn Xk andT'T =1,

R =(R,,R,), whereRisof ordern X k, andR'R = I,
Ay
A= o) whereA is of orderk X k.

It follows that

F = SAT' = SAR'RT' = S;A;R,RT' = GQ,,
where

(QQi? = (RT'TR")? = RR’" = Q,Qj},

and

rank(Qy) = rank(Q,Qj) = rank(RR’) = k.
Note thafforr = nork=n,

QQk = QiQx = In.

Hence one can always find an orthogonal matf

The solution fork = n is known and proofs can be found in Srivastava and
Khatri (1979 p. 20) and Muirhead(1982 pp. 589-59). Young et al (1999
presented the result without proof
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NOTE

1. An excellent solution has been proposed independently .bpHaene
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