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In this study, we present a phase-field model that describes the process of intercalation of
Li ions into a layer of an amorphous solid such as amorphous silicon (a-Si). The governing
equations couple a viscous Cahn—Hilliard-Reaction model with elasticity in the framework of
the Cahn-Larché system. We discuss the parameter settings and flux conditions at the free
boundary that lead to the formation of phase boundaries having a sharp gradient in lithium
ion concentration between the initial state of the solid layer and the intercalated region. We
carry out a matched asymptotic analysis to derive the corresponding sharp-interface model
that also takes into account the dynamics of triple points where the sharp interface intersects
the free boundary of the Si layer. We numerically compare the interface motion predicted by
the sharp-interface model with the long-time dynamics of the phase-field model.
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1 Introduction

Silicon electrodes for lithium-ion batteries are currently the subject of very intense research
to make silicon a practical alternative to graphite. Silicon can store a large amount of
lithium, but the large stresses that these electrodes undergo tend to cause their fracture
and pulverization after a few cycles. Various investigations to circumvent these problems
have led to designs of nanostructured electrodes such as arrays of pillars or nanowires.
However, in order to carry out systematic and knowledge-based optimizations a funda-
mental understanding of the mechanisms involved in the intercalation process of silicon
itself is needed. This has led to a number of experimental and theoretical investigations,
partly with, seemingly, contradictory results. In particular, the experiments of Sethuraman
et al. [29] on the stress evolution of a silicon electrode during intercalation have had a
great impact on the modelling of silicon electrodes, as they have been taken as a proof of
the surprising result that lithiated amorphous silicon behaves plastically, see, for example,
the analysis in [3]. Their analysis is based on the assumption that the film of amorphous
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silicon is thin enough with respect to the substrate to which it is attached, so that the
stress can be assumed uniform in the whole amorphous silicon film. However, while the
thickness of the film can be controlled, the uniformity of the stress is an unknown. In
fact, it has been shown recently in [15] and [25] that the assumption of uniformity of the
stress can indeed obscure the interpretation of the results.

In addition, as has been shown more recently in [19], the theoretical yield stress is never
reached, which has led to some phenomenological modelling to explain yielding [34],
sometimes also discarding plasticity [19]. On the other hand, the models used to take
into account plasticity have problems in the determination of the parameters, sometimes
suggesting a power law with exponent as high as 50 for the constitutive law [5], which
can be taken as a hint that the model may not be complete. Further analysis for different
electrode geometries involving cylindrical and spherical silicon particles as well as annular
structures have been carried out to investigate stress evolution and deformation of lithiated
silicon, see [7,8,10].

On the other hand, regarding the structural properties of silicon, it is known that
after the first intercalation cycle, the original crystalline silicon becomes amorphous, see
the review by McDowell et al. [22] and references therein. Moreover, as it has been
shown in [21] and [31], the first intercalation of crystalline as well as amorphous silicon
occurs through a two-phase mechanism. For subsequent intercalation cycles, in the case
of amorphous silicon, the question of whether this two-phase process is also present has
been raised in [20,21]. A recent study by Cubuk & Kaxiras [9] based on molecular
dynamics simulations relates the two-phase lithiation of amorphous silicon with a sharp
structural transition in amorphous LiSi for x & 2 between a phase in which the Li atoms
are embedded in a covalent silicon matrix to a phase in which Si atoms are packed in
small clusters with few covalent bonds between them, surrounded by a dense, amorphous
structure of Li atoms, suggesting a transition from a mechanically Si-like phase to a softer
Li-like phase.

In [23], a phase-field model that couples a viscous Cahn—Hilliard-Reaction model with
elasticity has been derived to describe the process of intercalation of Li-ions into a layer
of amorphous silicon and investigate conditions leading in the long-time limit to the
formation of sharp phase boundaries between the original silicon phase and the lithiated
phase. The analysis of the long-time dynamics of the emerging sharp phase boundaries is
the subject of the present study.

In order to study the long-time dynamics of the system, we derive a sharp-interface
model by using matched asymptotics. While this technique has not been used for this
particular application, the analysis of similar models has been undertaken in the past [1,
12-14,16]. Nevertheless, no study has considered complex non-linear boundary conditions,
such as the ones that are relevant for the problem at hand, which we consider in detail.

After presenting the phase-field formulation in Section 2, we show in the remainder of
this paper how an intercalation process is nucleated, for example, due to some defect on
the free absorbing boundary of a layer (or nanowire), and upon reaching a critical lithium
concentration, a phase transition sets in, which, in turn, leads to a sharp phase boundary
that then moves into the bulk of the layer and along its free boundary.

In Section 3, we derive for this regime a sharp-interface model using matched asymptotic
expansions, whereby the analysis is divided into three regions, the sharp interface analysis
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FIGURE 1. Schematic of the system.

in the bulk of the layer, the analysis close to the free boundary and the analysis of the
triple points, where the sharp interface intersects the free boundary of the silicon layer. All
three regions have to be matched and finally yield the sharp-interface model. Finally, we
investigate numerically in Section 4 the dynamics of the long-time limit of the phase-field
model and compare the evolution of the emerging phase boundaries with the expression
for the velocities found from matched asymptotic analysis.

2 Formulation of the phase-field model

The system we consider consists of a thin layer of amorphous silicon resting on an
undeformable substrate (see Figure 1). Lithium enters the layer as a consequence of the
difference of electrochemical potential with the electrolyte. As the lithium concentration
is increased, the layer experiences a phase transformation from a poorly lithiated phase
(a-Si) to a heavily lithiated one (LixSi with x> 2). Lithium insertion causes a stress-free
strain. For a discussion of the effect of this phase transformation on stress in this process,
we have formulated a mathematical model in [23] and we will briefly introduce the
complete phase-field model here.

To facilitate the discussion of the results, we confine our description of elasticity to
linear elasticity and follow the standard approach to the coupling of phase transitions with
linear elasticity, see, e.g., [11] for details. From Hooke’s law, the elastic energy is given by

1
W = Ecijkl (Eij - f?j) (fkl - 621) ) (2.1)

where 1 < i, j,k,I < 3 and the fourth-order tensor C;j is defined as the elasticity tensor
or as the stiffness tensor, €;; denotes the strain tensor

1
Eij = 5 (a]’ui + aiu]') . (22)

defined by the displacement field u, as the difference between the actual position of a
material point and the position in the undeformed material x (reference configuration).
The stress-free strain tensor, that is, the strain due, e.g., to composition changes in the
absence of stress, is assumed to grow linearly with the concentration of lithium atoms c:

GQ- = (C — E) 5ij; (23)
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where o« and ¢ are constants, possibly depending on the phase. Note that this choice implies
an isotropic strain change with concentration, but this needs not to be the case and more
general relations are possible. In the following, the plane-strain approximation is used,
meaning that u3 = 0 and there is no dependence on z, hence €;; = 0 for i = 3 or j = 3.
Nevertheless, note that in general €3; + 0 and hence we retain the range of the indices.
Using the symmetries of C;jy, the choice of elastic energy implies for the stress tensor

aij = Cijua (e — €i) » (2.4)

and assuming that the timescale of the elastic relaxation is much faster than that of
diffusion or the phase transformation, elastic equilibrium implies that the divergence of
the stress tensor is zero:

ajO'ij =0. (25)

Equation (2.5) will have to be fulfilled separately at each phase in the layer and it can be
written explicitly in terms of the displacement field using

oy = lf—v (e?f + 1_V2ve,i‘ga,-j> : (26)
where E is Young’s modulus, v is Poisson’s ratio and 6%4 =€ — E?j is the mechanical strain,
the difference between the strain tensor and the stress-free strain tensor.

For the present problem, the elastic properties of both phases are assumed different.
We limit this difference to Young’s modulus, since according to [30], there is no clear
tendency in the variation of v, which therefore will not depend on c. This, together with
equations (2.2), (2.3) and (2.6) lead to the following form of equation (2.5) in terms of the
displacement field, after multiplying it by a factor (1 +v)/E:

1E' T E' 1+v _ E v
EFVC(Vu—i—Vu )—fl_?‘voc(c—c)Vc—i—Em(v.u)Vc
1_, 1+v
-  V(V-u- - 2.
+ 2V u+2(1_2V)V(V u) ocl_zva 0, (2.7)

where E’ is the derivative of Young’s modulus with respect to concentration c.
For the transport of concentration ¢, we use the viscous Cahn—Hilliard model

0ic =V - (M(c)V (u+ y£0:)), (2.8)

where M(c) is the mobility function, which in the present study is taken to be a constant.
The last term is the viscous term, see [26] and y > O corresponds to a parameter with
dimensions of viscosity. The chemical potential

1 OF

_Lor vt o2+ 3. W (eij, ), (2.9)
Ng dc e

H 2

is the variational derivative of the free energy

1 1
F=Na [ 37619+ L)+ Wiegc) (2.10)
Q
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where f(c) is the usual double-well potential (free energy per particle) and W (e;j, c) is the
elastic energy as defined in equation (2.1) for an isotropic elasticity tensor. The constant
y carries the dimensions of energy times length, and Ng is the number of diffusion sites
per unit volume. The parameter ¢ is related with the interface width and the interfacial
energy between the lithiated and the unlithiated phases.

We non-dimensionalize equations (2.7) and (2.8) via

pw=wyHy', x=x"Hy, y = y*Ho, t = t"HEM~'y~!, ¢ = ¢"H,

denoting with * the non-dimensionalized variables. The characteristic length scale Hy
corresponds to the height of the layer and M is the constant mobility. For the elastic
variables, we apply the scalings

Esi

Ciji = Cliy 20+ T ujoHo, €ij = €jj0, 0ij =

o aFEs;
T2(1+v)

After dropping the *, the non-dimensionalized problem can be written as

0c =V (u+efdc), (2.11a)
p=—eVic+ %f’(c) + 30 W (ei,¢), (2.11b)
0joij =0, (2.11¢)
5y =26 (e~ €) + 13 G (e — ) by (2.11d)

where the constitutive laws for the non-dimensional shear modulus G(c) = E(c)/Es; and
stress-free strain e%(c) are specified as

60 =1 +8t0) (52 1), o) = hiow, (2.11e)

and the derivative of the non-dimensional elastic energy takes the form

0. W (eij,c) = % (81uf + 02u3) + %G’(c) (011 + 0oy )
21Vf ;i)alulazuz - 21(1_—23)(h(C)G(c))’V ‘0
31 ,
1( _+2:) (h(cPG(c))' . (2.111)

Here, h(c) and g(c) are interpolating functions such that g(0) = h(0) = 0 and g(1) =
h(1) = 1. Note that we have slightly generalized our previous choice (2.3) for e?j, while
letting ¢ = 0. Also, note that we have not defined a scaling for ¢, but this should define
0 and 1 to be the two equilibrium concentrations. For the boundaries in contact with the
substrate, we will take a no-flux/no-deformation boundary condition:

u=0,n-Ve=0,n-Vu=0, 2.11g)

where n is the normal vector to the surface. In the case of the boundaries in contact with
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FIGURE 2. Effect of a localized non-uniformity of the flux. Top: Concentration and oy, at t = 0.027.
Bottom: Concentration and o, at t = 0.037. We use the constant flux boundary condition and the
parameters are as follows: f = 0.5 and 6 = 0.1. (non-dimensional units, the deformation has been
scaled to obtain a better visualization).

the electrolyte, we take a no-traction boundary condition and, following [6], assume a
consistent no-flux condition for ¢ (also known as variational boundary condition), together
with a non-linear absorption condition for the chemical potential [33]

g-n=0,n-Ve=0,n-Vu=K(u =k (12l r), (2.11h)

where, piex 1s scaled like u. Other than this absorption condition, we will also consider the
constant flux boundary conditions n- Vu = k.
The problem thus depends on the following non-dimensional constants:

_ kH} . HoEgo? 0 yHy'!
= = oT

M
=22

P =" My’ 7214wy’

(2.12)

with the elastic ratio Ey;si/Es; and v, together with the parameter uex and e. Note that
Q and k play a similar role in the vicinity of equilibrium, and ¢ is the ratio of elastic to
interfacial energies.

For the numerical simulations, we have used Ep;si/Esi = 4/9 and v = 0.25, in
accordance with the calculations form [30]. We also use ¢ = 0.005 and k = 4.0 except
where indicated.

3 Sharp-interface asymptotics

In a typical scenario, small defects on the free interface lead to preferred absorption
sites of the incoming ions. The critical concentration that initiates the phase transition
is reached in these sites first and leads to the local formation of sharp phase boundaries
and the growth of lithiated regions. In Figure 2 are displayed snapshots of such an event
(see Section 4 below and Ref. [23] for more information on the numerics). It shows the
concentration and o, before and after the formation of the sharp interface in the presence
of a non-uniform flux. In this case, we have taken the flux in a small region near x = 0
to be approximately two times the value outside of it.

' Tt is currently being discussed whether this Butler—Volmer-type boundary condition is appro-
priate, as opposed to generalized Marcus kinetics. See [2] for details.
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On top of Figure 2, there is a characteristic concentration pattern just before phase
separation. Near x = 0 the concentration is higher than elsewhere, but this is not so
clearly reflected in the stress field, dominated by a vertical gradient. The stress is more
compressive near the top, where the concentration is the highest. Once phase separation
takes place a sharp interface is created. In Figure 2 (bottom), the corresponding cross-
sections are shown. Now the deformation is much more visible, as we have two distinct
phases with concentrations near ¢ = 1 and ¢ = 0. We see how oy, is more negative in the
transformed phase, indicating a strong compression and this compression is highest near
the triple junctions. In this example, we have prescribed a constant flux as in [23], and
taken lateral periodic boundary conditions for simplicity.

It will be difficult to analyse systematically these nucleation and growth processes, where
diffusion, elasticity and interfacial effects are present and hard to disentangle using the
present model. However, in the past it has been shown to be insightful to derive reduced
sharp-interface models describing the dynamics asymptotically.

To our knowledge, the first development of this kind for a similar problem (an Allen—
Cahn equation coupled with non-linear elasticity) was made by Fried & Gurtin [12]. They
did a comprehensive study and developed a Gibbs—Thomson equation that incorporates
the right Eshelby Traction.

The original reference for the analysis of our problem (i.e. the Larché-Cahn system,
understood as a Cahn-—Hilliard equation coupled with linear elasticity) is [16]. The
authors compare the results with a boundary integral approach and write explicitly the
correspondence between the sharp and the diffuse interface models. According to their
result, the elastic term in the chemical potential has to have a particular scaling with the
interface width in order to recover instantaneous diffusion away from the interface. Also,
they find out that for that purpose, the interpolating functions of ¢ that define E and eg
must fulfil some conditions.

Further analysis has been performed since then. For instance, Garcke [13] proved some
existence and uniqueness results for the diffuse interface model, followed by an asymptotic
analysis [14], finding the corresponding sharp-interface model. More recently, Abels &
Schaubeck [1] have proven rigorously these asymptotic results. However, none of these
studies considers realistic boundary conditions.

3.1 Sharp interface in the bulk

We begin our study of the sharp-interface asymptotics with the study of the sharp interface
in the bulk, i.e. the boundary between lithiated and non-lithiated silicon, see Figure 3.

3.1.1 Outer expansion

c(x,,t) =co+eci +e2cr+ -, (3.1a)
i,y ) =& uoy 4o+ e 4 (3.1p)
ui(x, y, t) = o + iy + 82u,;2 4+, (3.1¢)
oij(x,y,t) = sflaij,,l + oijo + e0ij1 + 8201']',2 4+ (3.1d)
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FiGure 3. Sketch of the layer. We show in pink the lithiated region and we mark the different
regions that require a separate treatment: The inner region, the boundary layer and the triple
junction point at xo(t).

For the Cahn—Hilliard equation, we obtain matching powers of ¢

Vi =0, (32)

0.co — Vo = 0. (3.3)

No additional equations are necessary. The values of the chemical potential are as
follows:

—1 = f'(co), (3.4)

to = " (co)er + 8 W (ujg, co). (3.5)

Note the dependence of g on the elastic energy. Interpolating functions h(c) and g(c) can
be chosen to avoid these terms. This implies

W(cE) =G'(cE) =0, (3.6)

where coi are the values of ¢y on either side of the interface. We will see below that these
are constant, and correspond to minima of F. Hence, together with the requirement that
the value of F is at a minimum far from the interface, we obtain that ¢( is a constant and
H-1 = 0.

The elastic equilibrium equation has the same form to all orders:

V- Onm = 0: (37)

where the index m refers to the order of the expansion. A brief inspection of this equation
for m = —1 leads to the conclusion that ¢_; = 0, hence we restrict our attention in the
outer solution to m = 0.

Finally, the constitutive relation for stress should be written here, the equivalent of
equation (2.11d), but there is no simple expression valid for every order. Below, we give
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the formula for the zero-order case for reference. The strain tensor reads

1
al‘ur,O E (asur,O + arus,O - IC”S,O)

€= (3.8)

E (asur,o + arus,O - K:us,O) asus,O + ur,OK:

Similarly, one can derive immediately the form of the stress tensor:

oo — ZG(CO) <(1 - v)err,O + VEss,0 — (1 + V)h(CO) (1 - 2V)ers,O >
T 1-2 (1= 2v)erso (1= V)esso + vero — (14 v)h(co)

(3.9

Note that there is a non-zero 0.9 component but it does not intervene in any of the
equations due to the plane strain approximation. In the following, we do not consider it.

3.1.2 Inner expansion

For the inner variables near the interface, we introduce curvilinear coordinates r and s
via the transformations

x=X(s,t)+rY'(s,t), y=Y(s,t)—rX'(st), (3.10a)

with X2+ Y"? = 1, (primes denote differentiation with respect to s and dots with respect
to t) and scale r, the coordinate normal to the evolving interface, as r = ¢ p. In terms of
these inner coordinates (p, s), the operators can be written in the following form:

V=200 + & 'K0, — p K20, + 0+, (3.10b)
aze_”z”a,,—utas+a,+~--, (3.10¢)
where K = X'Y” — Y’'X" is the curvature of the interface and v, = Y'X — X'Y and

v, = X'X + Y'Y are the normal and tangential interface velocities. We denote the inner
variables with tilde and introduce asymptotic expansions similarly as for the outer problem

C(p,s,t) = Co + €1 + &0y + - (3.11a)
fi(p,s,t) = e~ 'y + fio + efiy + - (3.11b)
ti(p, s, t) = i + el + ¢ o + - (3.11¢)
Gij(p,s,t) = ¢ al,_l—f—a,]o—l—mul—i—s Gijo + - (3.11d)

We introduce here the matching conditions, that allow us to connect the inner and outer
expansions. For an arbitrary field y, we can expand it in the inner and outer regions as
before:

w(r) = po(r) + ewi(r) + E2pa(r) + - -, (3.12a)
P(p) = Polp) + eP1(p) + Palp) + - -, (3.12b)

where only dependence with respect to r is displayed, but the functions can depend on s
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and ¢ too. The outer expansion can be written as a function of the inner variable p and
then further expanded in &:

1
w(ep) =y +& (v +p0py) +¢ <w§t +p 0 + 2p253w6t> o (3.13)
where we have introduced the notation
p*E = lim y(r). (3.14)
r—=+0

Notice that y can have different functional forms on both (4 and —) sides, we omit that
distinction for clarity, and assume that the outer y is simply a piecewise-defined function.
By a standard argument [28], we equate term by term equations (3.13) and (3.12b) in the
limit p — £o0, obtaining the following matching conditions:

- - +
Jlim (o i) =0, (3.15a)
Jlim (- i - p0g) =0, (3.15b)

. 1
Jim (wz —py —poypy — szawaE) =0. (3.15¢)

Further matching conditions can be extracted from the previous, by means, e.g., of
derivation with respect to s.

Note that the previous matching conditions have been derived for a field whose
expansion begins with a O(1) term, such as ¢ or #i;. In the case of a field which has
a O(¢e7!) term in its expansion, such as &;; or i, the same conditions can be derived
in a similar way. The end result would be the same as equations (3.15), but after the
transformation vy — _j, etc. Since these conditions are not used, we do not write them
explicitly.

We start the inner expansion with the first order of the elastic equilibrium equation,

equation (2.11¢). From the formulas of the appendix, we obtain to order £72:

(V-8), =0,6r-1=0, (3.16a)
(V-8)s =0,06,5-1=0, (3.16b)
from which follows that
G(20)0,iir0 = Ay, (3.17a)
G(EO)apﬁs,O = A, (317b)
and hence
il —A/p ! dp' + B (3.18a)
r,0 r o G(Eo) 1Y rs .
Tl d 3.18b
aS, = AS ~ ! + Bs- .
° /0 Geo) (3.18)
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We will see below that ¢, will correspond to a kink-like solution with a bounded range,
and G() is also bounded by construction, as it is constructed as a polynomial function
of Ty. This implies that both integrals will in general diverge as p — oo, which means,
in turn, that it will be impossible to match to the outer solution using equation (3.15a)
unless A, = Ay = 0. This will also make sure that the displacement field is continuous.
The previous result implies that

apﬁs,O = apﬂr,o =0, (319)

and therefore
&rr,—l = 5-rs,—1 = &sr,—l =0.
The other component of the stress tensor is also zero to this order (6,1 = 0). Similarly,

the strain tensor to this order is also zero.
In the next order, the elastic equations read as follows:

ap&rr,() =0, ap&rs,o =0, (320)

since the lower order term does not contribute. These equations imply that &,.¢ and &,
do not depend on p. Then, the matching condition (3.15a) gives
. - + .
Jlim (310 — o25) = 0. (321)
which implies that &0 and &, are continuous. This means that, to zero order, the
condition of continuous tractions along the discontinuity is fulfilled. This equation together

with the continuity of the displacements ensures a coherent interface.
The explicit form of the r,s elements of the strain tensor at this order are as

follows:
1
0 ar,l A aSi’lr,O + 0 as,l - ]Cﬁs,O
qo=| g 2 ( g ) (3.22)
E (asar,o + apﬁs,l - ]Cas,O) asﬁs,o + ar,OlC
Similarly, the stress reads
o = 2'G(EO) (1 - V)grr,O + Vgss,O - (1 + V)h(EO) (1 - 2V)Ers,O )
‘T 1-2 (1= 2v)Ers0 (1= )Zss0 + vEmo — (1 +V)h(Z0) ) °
(3.23)

There is an additional component of stress that is not portrayed, &..o, but it does not
intervene within the plane strain approximation and hence it is ignored.

Equations (3.20), while giving continuity of the tractions ¢ - n through the interface,
they also imply a jump condition on the derivatives of the displacement field. In terms
of the displacement field, following equations (3.22) and (3.23), the equations read as
follows:

0, [G(EO) ((1 — )0,y + v (asﬁs,o + ft,)OIC) —(1+ V)h(?o)ﬂ =0, (3.24a)
6p [G(Zo) (asﬁr,o + apﬁs,l — /Cﬁs,())] = 0. (3.24b)
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These equations can be integrated once and then matched term by term to the outer
solution using equations (3.15a) and(3.15b):

G(c¥) ((1 — V)0t + v (Bstiso + upok) — (1 + v)h(coi)) = Ki(s), (3.25a)

G(c) (asu,.,o + 0., — icus,o) = K»(s). (3.25h)

By subtracting the negative limit from the positive limit, we obtain a closed jump
condition for the normal derivatives of the displacement field.
For future use, note that (3.19) implies that & in equation (3.22) does not depend on
p, which implies that E;;,O = €0 (Le. €40 1s continuous) by matching condition (3.15a).
Once we have found the continuity of u;o and the continuity of tractions for g;;o, we
move on to the Cahn—Hilliard equation. We start by writing down explicitly the form of
the chemical potential, by including also the terms coming from equation (A 22) of the

appendix:
iy = =058 + (%), (3.26a)
flo = —K3,% + f"(¢o)e1 — afz,??l (3.26b)
0 . . G'(Eo) " e o~
+ 3 {2}1/(00)51']'0':‘}‘,0 + G20 (8ij0 — h(€0)dij) &ijo | »
1
fiy = pk?0,¢0 — 05y — K9, + 3 f"(@0)et + [ (@)er — 052 (3.26¢)
0 G'(¢
+t3 [—2 (W' (20)dijoij1 + h'"(0)E101j81j0) + ﬁ (8ij1 — W (20)2104) Gijo
G'(%o) (. y G"(20)G(%y) — G'(20)* . N N
+ G((E(?)) (eij’o - h(co)éij) gij1 + () ((?(%2))2 (@) ¢y (Eij,O - h(co)éij) Gijo|

note that for fip and iy we only write the non-zero elastic terms. Also, notice that the
derivative of the elastic energy does not bring terms of order ¢~ to the chemical potential.
We now proceed order by order with the Cahn—Hilliard equation:

Order ¢3
To this order, the Cahn—Hilliard equation reads
Ofio =0. (3.27)
This means that from equation (3.26a), we have
H (—af,zo + f’(Eo)) —0. (3.28)

Following the usual assumptions [28] and making Ji_; a constant, we take a traveling-wave
solution of the problem &y(p) such that

lim_2(p) = ¢ (3.29)
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i.e. it has two constant limits that match the outer solution, implying that the latter is
constant. If we assume that far from the interface the system is in one of the homogeneous
equilibria, then u_; = 0 will be the outer solution with the right boundary conditions.
This also implies fi_; = 0.

Order ¢
To this order, the Cahn—Hilliard equation reads

Kdpfi—1 — Poud) o + 02 fig = 0. (3.30)
The first term is zero and the last term can be expanded following equation (3.26b):
—Bu,d32 + 0 (f/ca,,ao + ["(@0)er — 028 + 6 0: W (&, 5)0) =0, (3.31)

with the obvious shorthand
. s 1 Ys A G'(¢) /. . .
0:W (&) = 3 [—Zh/(co)fsijo'ij,o + o) (Bij0 — h(Z0)dij) Gijo | - (3.32)
Equation (3.31) can be integrated twice to yield
—ﬁvnapéo - ICGpZ'O + f”(Zo)Z'l - aszl 40 azW(E, C)o=Ap + B, (3.33)

with A and B being constants. By matching with the outer solution

, lim (21 — ¢f — pdyci) =0, (3.34)

and since in curvilinear coordinates, 0,co = 0, it follows that ¢; is bounded if cljE is
bounded, and hence 4 = 0 since all the other elements on the left-hand side (LHS) of
(3.33) are bounded as p — +oo. Alternatively, one can deduce the previous result by
matching fig — fv,0,Co to their outer counterparts. Since (ﬁpca—L =o,ut . = 0, we obtain the
desired result. To obtain the constant B, equal to fip — fv,0,¢, we notice the following.
Equation (3.33) has the form

f(@0)e — 0581 = G. (3.35)

It is easy to prove that 0,¢ is a solution of the homogeneous problem. Since the operator
is self-adjoint, and because of the Fredholm alternative, we obtain the following solvability
condition:
oo
/ 0,80Gdp =0. (3.36)
— 00

This means that

+oo

+o00
(Bun+K) / (8,20)" dp — / 0,800: W (&, 8)dp + B(cf —cg)=0.  (3.37)

— 00
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Since 0,¢ goes to zero as p — =oo, B matches pg. The first integral can be readily
performed, but the second one requires a more careful analysis. First, we observe that

+oo +o00
Wtr—-w- = / 6p50 ag(,W(Eo, 50) dp +/ GP%,-j,oagﬁ_oW(Eo, Eo)dp, (338)

— 00 — 00

which can be obtained from the total derivative of W with respect to p (note that
0:W(&,¢) = az,oW(zo, Co)). We observe that the first integral is the one that we are
interested in, and the second once can be readily computed. First, we notice that

+oo +oo
/ 0€ij0 0z, W (&0, o) dp = / 0,&ij0 Gijodp. (3.39)

— 00

The sum runs over all indices except ss, since this component does not depend on p, see
above. By integrating by parts, we have that

+oo +o0
/ 0,€i50 8ij0dp = [€ij001j0] = — / &ij00,bijodp, (3.40)
— 00 — 00

but the last integral is zero because of equations (3.20) (note again that the sum excludes
i = s and j = s). By using the continuity of all ;0 except oo and because of the
continuity of €40, we can write more compactly:

+o0
/ 3, O, W (0,20 dp = W+ — W™ — o, (6?;-,0 - e,.;,o) , (3.41)

— 00

where the sum runs over all indices.
Hence, we obtain the following boundary condition:

e (es =)=~ (Boa+ K1 + ‘; (550 (€50 = () = a7 (€50 = b))
— o0, (€ ( 0 Ei;,O) , (3.42)

where I is the integral in (3.37). This same formula without the kinetic term is found
in [16]. The last term corresponds to the elastic energy required to maintain coherence at
the interface [17,18]. Note that it also implies that yg is continuous, since the right-hand
side (RHS) does not change on the side 4+ or the side —.

Order ¢!
To this order, the Cahn—Hilliard equation reads as follows:

—0,0,80 = K0, Jip — ﬁvn@ ¢+ ap,ul ﬁa (00580 — 0;89) — ﬁvnlca %o, (3.43)
where we have used explicitly fi_; = 0. We can integrate the previous equation once
—valo = Kfig — Bva03& + 8t — B0, (0,080 — 8,%0) — BvaKD,Z0 + C, (3.44)

where C is an integration constant, possibly dependent on s. We can take the limit and
match the previous equation term by term to the outer solution in the usual way. We
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obtain, after taking the limit:
—vucg =g +C, (3.45)

where all the terms match to zero or to constants independent of the side of the interface,
hence the redefinition of C as C. From here it is immediate to obtain the conservation
condition:

(car — co_) Uy = — (6,/13’ — 6,‘,u0_) . (3.46)

3.2 Asymptotic analysis near the absorption boundary

In the following, we assume that the boundary is at y = 1 and we define an inner
coordinate next to the boundary as

= , (3.47)

which implies the transformation 0, — 8_16,7. We expand the fields as in the previous

case:
e(x,m,t) = &o + 61 + &% + - (3.48a)
..ty =& 1+uo+su1+ (3.48b)
ii(x,n,t) = o +su11 + &l + - (3.48¢)
Gij(x,n,t) = & Gij—1 + Gijo + &Gij1 + 823[;‘,2 + - (3.48d)

The first two orders for (2.11a) in inner coordinates at the boundary are

Oy fi_1 =0, (3.49a)
Oyt = (3.49b)

Remarkably, the third condition (2.11h) brings in exponentially large terms unless fi_q is
zero at the boundary. Hence, we have this boundary condition, together with the matching
to the outer solution:

lim fiy=p=0.

Together with (3.49a), this implies that

iy =0. (3.50)

Oyfto = 0, (3.51)
as once fi_; = O there are no O(¢~!) terms in the RHS of (2.11h). It follows that the

solution of equation (3.49bh) is a constant with respect to n, fig = fo(x), thus fig(x) is
determined by the outer solution via matching, po|y—1 = fio(x), rather than vice-versa.
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The rescaling of (2.11d) to inner coordinates introduces terms of order ¢!, as shown in
(3.48d). Introducing this expansion into (2.11¢) leads to a problem that at order ¢~> reads

0y [G(20)0yit10] =0, 0y [G(20)0yilng] = 0. (3.52)
The boundary conditions (2.11h) for stress give the following relations at order ¢~ !:
G(e0)dyitroly—1 = 0, G(&)d,fizly—1 = 0. (3:53)
Integrating equation (3.52) once and using the previous equation implies that
Oyl o =0, 0,itrg =0, (3.54)

which, in turn, implies that 6;;,_; = 0.

Order ¢ 1.
To this order, equations (2.11) and (3.50) imply
3y fu + ;0,80 =0, (3.55a)
3320 — f'(¢0) =0, (3.55b)
0,6iy0 = 0, i=x,y. (3.55¢)

Regarding the concentration, (3.55b) has to be fulfilled. Notice that no contribution
of 0. W appears in this equation, as the possible O(¢~!) (and, as matter of fact, O(¢~?2))
contributions vanish due to (3.54). For (3.55b), we have on the one hand that

lim & =%,
n——00
and on the other 0,¢|,—0 = 0. This implies that

o = ct. (3.56)

The previous equation implies that 0,¢p = 0, and hence equation (3.55a) implies that
0,ft1 does not depend on 7. The boundary condition for ji; gives

Ay =k (1 — eQUoren)) (3.57)
Using the matching condition
nlirzloo (0411 — dypoly=1) =0, (3.58)
leads to
dyholy—t =k (1 — Qo)) (3.59)

that is, fip inherits the boundary condition from the full problem.
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Integrating (3.55¢), and using the O(1) approximation of the boundary condition for &
from (2.11h) in inner coordinates, we obtain 6,0 = 0 for i = x, y. Matching then gives the
boundary condition

oyoly=1=0, i=x,y, (3.60)

for the outer problem for ay.

3.3 Conditions at triple points

We now consider a point where the interface between the two phases meets the boundary
of the Silicon domain with the electrolyte following the approach used by [27]. For the
boundary located at y = 1 so that the layer lies in the region y < 1, the triple point is
assumed to have the coordinates x = xy and y = 1. We thus rescale according to inner
scalings in both Cartesian coordinate directions

— Xolt -1
goXzxl® oyl (3.61)
& &
Rescaling (2.11) gives
0,8 — ex0¢l = Vi, i — PxoVZ,0:8 + efO,VE (3.62a)
et = —V3,0+ f'(2) + ed: W (&;,0), (3.62b)
where Vé” = 6% + 62. The leading-order problem is
Vi, lo — PxoVE,0:8 =0, (3.63a)
—V2Z, & + f'(%) = 0. (3.63b)
The rescaled boundary conditions at # = 0 are
0,6 =0,  duit=ck (1 —QUren)) (3.64)
thus, to leading order
0,C0 =0, Oyito =0, (3.65)

at n = 0. Notice that the flux from the non-linear absorption law has dropped out and
the problem (3.62), (3.65) is very similar to the one that has been considered for the triple
point at a solid wall elsewhere in the literature, e.g., [4]. We summarise the key arguments
in the following to recover that the interface between the phases meets the boundary with
the electrolyte orthogonally.

Multiply (3.63b) with 0:¢o and integrate over the box R = [-R;/2,R;/2] x [—R,,0], to

get
/ /R f'(%) 0:to dndé = / /R 0:80V3, Lo dnde, (3.66)

/ / £/(€0)0eto — 080030 + By LoDdeylo dndé = / / 0:0d; o + 0yodenlodndé.  (3.67)
R R

or
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E==R12 Xo(0) E=R,/2
o

y=1

FiGURE 4. Sketch of coordinate system around a triple point.

We now investigate the LHS and RHS of the last equation separately,

0 1 1 R1/2
LHS = / {f(zo) - 5(6550)2 + 2(@,150)2] dn. (3.68)
—R {=—Ri/2

Taking R; and R, — oo and using that 0:¢p — 0 for R; — £o0o, we obtain

0 1 5 Ry/2
li LHS = li ¢ =(0,¢ . .
R1,R12rE>oo S /_ R1E>noo |:f(CO) + 2(aV,CO) :| f—_R d”] (3 69)
e’} = 1/2
As ¢ — =00, the solution ¢y has to converge to the boundary layer solution at the
boundary with the electrolyte, which are the same for both limits except for a change in
sign. This, however, does not affect the value of the expression in the square brackets, so

in the limit R; — oo the contributions at ¢ = R;/2 and ¢ = —R;/2 cancel out, and
lim LHS =0. (3.70)
Rl,RZHOO

For the RHS, we have

Ri/2 0 Ri/2
RHS = / [octonyte] e = / dtodntl  de, (3.71)
—Ry/2 n=—R; —R;/2 n=—R,
where we have used (3.65) at # = 0. We now introduce a rotated coordinate system that
is aligned with the interface between the phases (see Figure 4), and denote the angle at
which this interface meets the boundary with the electrolyte by «. The aim is of course to
determine o through the matching. The new coordinates are

p=—¢sino —ncosa

c=¢cosa—psina,
and this gives

— 5t sino4-R; cos o
RHS = — / Sdp (3.72)
RTI sin a+R; cos o

with
sin® o — cos?

sin o

S =cosua ((apéo)z - (agéo)z) + ( ) 6,,60 agZ'(). (373)
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Since away from the triple point, ¢ varies only slowly along the interface (which is reflected
by the fact that for the interface boundary variables, defined in (3.10) only the normal
direction is scaled in (3.10b), but not s), we need to match 0.¢yp — 0 as ¢ — oo. Thus,

R
* — 5 sina+R; cos o

lim RHS = lim lim —Sdp, (3.74)

Ry .
Ri,Ry—00 a—00 Rj,Ry—00 St sina+R; cos o

where lim* is taken under the condition that |Rj cosa + Ry sina| < a (ie. that the limit
for both R; and R, are carried out simultaneously, i.e. at a similar rate),

lim RHS = —cosu / 0,8 dp. (3.75)

R{,Ry— o0 —co

Equating the limits (3.70) and (3.75) and using that the integral in (3.75) is positive, we
obtain coso = 0 i.e., « = /2, as expected.

3.4 Sharp-interface model

In summary, the complete sharp-interface model can be written as follows:

Vi =0, (3.76a)
V- 60=0, (3.76b)
together with the constitutive relation for stress:

2y
o0 = 26* (&0 — e ) + 775G (ewwo — i ) 0 (3.76¢)

where G* = G(cat) and e?ji = h(cg—L) are constants. The boundary conditions at the free
boundary for the elasticity equation correspond to continuity for the elastic field and for
the tractions across the interface:

ul =ug, (3.76d)
n-ol =n-o,. (3.76¢)

For the chemical potential equation, we have at the interface away from the absorption
boundary:

WE(ed =) == (Boa+ K0T + g [0 (€50 = dutei) = o0 (€70 — dihicy) )|

~ o050 (€0~ €0 (3.76/)

(cg —cg)on=— (Orug —0rpg ), (3.76g)
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where [ = fj:j (GPZ’O)z dp. For the conditions at the absorption boundary, we have:

ay,uo|y=1 =k (1 _ eQ(MO—Mext)) , (3.76h)
Tipoly=1 =0, i=xy, (3.76i)

and at the triple points the angle is o = /2.
Note that in the case of constant flux boundary conditions, we would obtain the same
results, except for the exponential factor in equation (3.76h), which would not be present.

4 Comparisons to phase-field simulations

We now compare the long-time behaviour of the phase-field model (2.11) with the
predictions of the sharp-interface model (3.76). In particular, we are interested in the
convergence of the sharp-interface solution to the profile of the chemical potential as a
function of the interface thickness ¢. For that purpose, we have computed numerically
the solution of the phase-field model in the one-dimensional case. We have used the
constant flux boundary condition and linear interpolating functions h(c) = g(c¢) = ¢ for
simplicity. This choice does not change the equations for yg in the sharp interface limit.
The simulations are performed using a non-linear adaptive multigrid algorithm [32]. For
details on the simulations, see [23].

Figure 5 summarizes the effect of parameters § and 6 on the convergence. The solutions
of the sharp interface model to leading order in u are straight lines in one dimension,
meeting at the interface. Dashed lines in this figure fit 4 far enough from the inner region,
at a distance of 15¢ from the point where ¢y = 1/2, and over an interval of width 0.05.
These lines provide an approximation to the sharp interface limit solution. On top, we see
that the value of ¢ and the value of 6 have a strong effect on the quality of the fit. On
the one hand, for the moderate value of J, we obtain the expected result, i.e. the inner
region becomes narrower with smaller values of ¢ and the convergence improves, this
improvement of the convergence is also reflected in the value of u at y = 1. On the other
hand, for 6 = 10.0 we see how, while there appears to be some convergence, the solution
curves are far from being straight lines. This of course indicates that the sharp interface
model is far from valid for such high values of the parameter J, and a much smaller ¢ is
needed to observe convergence.

On the bottom of Figure 5, we see the effect of . For the higher value of f, we have
a good convergence, and the inner region becomes narrower as ¢ decreases. Nevertheless,
the effect of f is clear, in that there is a depression near the point where both dashed lines
meet. This is well represented by the expansion in the inner region. Indeed, in the inner
expansion, the Cahn-Hilliard equation contains at order ¢~2 a source term proportional
to f (see equation 3.30), and hence this result is to be expected. For § = 0.05, the smallest
value, we see how this depression in the inner region has disappeared and the agreement
with the linear fits is extremely good.

In Figure 6, we quantify how good is the agreement between the sharp interface and
the phase-field model by using a sharp interface relation, equation (3.76g), and computing
how well it is approximated by the quantities extracted from the phase-field model. We
compute numerically the gradients of the chemical potential from the fitting lines in
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Y Y Y

0.005 0.010 0.015 €

FIGURE 5. Convergence to the sharp interface limit. Solid lines correspond to the chemical potential
u on the layer, dashed lines correspond to a linear fit near the interface to compute the derivatives.
Top: Results for two values of J, f = 0.5. Bottom: Results for two values of the kinetic parameter
p, 6 =0.1. All results were obtained with fixed flux boundary conditions for p.

Figure 5 and the velocity of the advancing front. The ratio of the jump in the derivative
and the velocity in the sharp-interface model is equal to one. We compute this ratio
numerically in the phase-field model and represent the results for f = 0.05 and f = 0.5
as a function of ¢, and the convergence found is very good. The parabola that fits the
p = 0.05 case also gives a very good approximation to the f = 0.5 case, except for the
highest value of ¢, and has a crossing point with the vertical axis at ¢ = 0 with a value of
1.00028.
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FiGUre 6. Convergence to the sharp interface limit, for two values of the kinetic parameter f.
Symbols correspond to the ratio of the expected velocity to the measured front velocity. The dashed
line is a parabolic fit to the f = 0.05 symbols. With fixed flux boundary conditions, 6 = 0.1.
(non-dimensional units)

This very good agreement and the quadratic convergence seem to indicate, in accordance
with similar results in other systems, e.g., Ref. [24], that the smallest order of the finite ¢
corrections to equation (3.76g) will be O (&?).

5 Conclusion

Understanding the conditions that cause the deformation and eventual destruction of
silicon electrode particles during intercalation is a prerequisite to optimizing design and
loading conditions. In this regard, it is interesting to be able to follow the structure
formation and thus the non-uniform stress evolution of a silicon electrode particle in
detail and on long-time scales as a function of the control parameters, such as the ion flux
rate or the ratio of elastic to interfacial energies. In particular, the sharp-interface model
that we have derived in this study allows for more analytical insight into the complex
intercalation process. Except for extremely low lithiation rates, the time scale on which
the sharp-interface dynamics takes place is the relevant time scale for comparison with
experimental results on the lithiation process.

Results of the comparison of the long-time dynamics of the phase-field model and the
velocity deduced from the sharp interface model show a good quadratic convergence in
epsilon, in particular for smaller values of the ratio of elastic to interfacial energies. These
are encouraging results, and provide a means to validate the range of parameters in which
the phase-field model gives physically robust results.

Additionally, we have incorporated the study of non-linear boundary conditions at the
adsorption boundary to the study of the sharp-interface limit. The boundary conditions
considered capture the complexity of the real boundary conditions for the problem at
hand, and in this work we have proven that their form remains essentially invariant in
the sharp-interface limit.
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Natural extensions of this work will include the stability of the moving lithiation front
and the coarsening mechanisms of the evolving structures. For a more realistic model
effects of charge and electrical potential will have to be included, but at this stage our
aim was first to understand the role of non-homogeneous elasticity in the stress-lithiation
curve, see [23]. In addition, the underlying phase-field model is only applicable for regimes
that depart little from equilibrium, and we are actually considering non-equilibrium phase
transitions between what can be at best characterized as metastable states.

With the current model, comparisons to experiments can only be qualitative since we
have made the simplifying assumption of linear elasticity. However, we will include finite
strain effects in our upcoming research.
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Appendix A Curvilinear coordinates

In this appendix, the change of coordinates used in Section 3.1 is explained in detail,
including the resulting form of the differential operators. The interface is defined by the
functions X and Y, which depend on the arclength s and time ¢. Based on these two
functions, a coordinate system can be defined in terms of the arclength and the distance
to the interface r:

x=X(s,t)+rY'(s,1), (A1)
y=Y(s,t) —rX'(s,t), (A2)

where the prime denotes differentiation with respect to s and X'(s,t)> 4+ Y'(s,t)> = 1. We

omit the ¢t argument from now on for clarity. It is easy to prove that the curvature of the

interface is K = X'(s)Y”(s) — Y'(s)X"(s). The interface is considered to be independent

of z, in accordance with the plane strain approximation that is used through this work.
Differentiating with respect to r and s defines the natural basis:

[ Y'(s) [ X(s)+rY"(s)
g1 = (—X/(S)) , 827 (Y/(S)—VXH(S)> : (A3)

And the physical basis is defined in terms of unitary vectors:

. . 5 1
r=e =g, S=e=-—-=—¢g, (A4)
g b
where h =1+ rK.
The dual basis can easily be computed:
g
g =g, g= b% (AS)

Note that all the previous definitions ignore the z component, for which g3 = g* = ..
We do not incorporate the z component in vectors and tensors since it is usually trivial.

A.1 Gradient of a scalar
k R P
Vf =0ifg =6,fr+aasfs. (A6)
A.2 Gradient of a vector

Vv = (akvi + UjF}k) g ® gk. (A7)

https://doi.org/10.1017/50956792517000067 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000067

Sharp-interface formation during lithium intercalation into silicon 143

The Christoffel symbols of the second kind I'j, can be defined by the formula
rj =g'-og;

It can be proved that all of the I'j; are zero except for

K
F122=F221—ﬁ,
F212__Kb9
rK’
F222:T.

In order to derive the previous formulas, an extensive use has been made of the formula
X'(s)> + Y'(s)> = 1 and its derivatives with respect to s. We give as an example the
derivation of the value of I'),:

F212 _ g1 e =YX XY +r(Y'Y" +X'X"). (A8)
By using the expansion of (X2 4+ Y'2) = 0, we obtain
rh=-K—-rX"+Y"?) =-K(1+rK)=—-Kb, (A9)

where we have used K? = (X"”> 4+ Y"?), which can be easily proved using the definition of
KC and the expansion of (X”> + Y’?) = 0.
The components of Vv in the natural basis read thus as follows:

o,v! o' — v Kh

!
6,1)2—1—02% 6302—%1}1%4—02% ’ (A10)

In the physical basis, these elements can be readily computed:

(V)i =

00" 1 (00" — v°K)
. . (A11)
har(l;)) +uS% %(asus LK)

Note that the physical components are related to the natural components as follows:
vlg; = v't and v’g; = v°§ imply that v" = v' and v* = hv®. The same is true for rank-2
tensors, e.g., S7g, ® g! = S8 @ t implies that S? = S3/b.

A.3 Divergence of a second-order tensor field

V.S= (3 +Sir;—Sir)) g (A12)
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By expanding the previous formula and introducing the values of the Christoffel symbols
the following expression is derived:

K K K
(V-9), :als}+azs%+sig+sf%—s§? (A13)
(V-S), = ;S5 + 0,83 + hSiK. (A14)
In terms of the physical components, we have
(V-8S),=0,S + %assi + S,’.% — Si%, (A 15)
(V- S), = b3, (5S7) + h3,S; + BS;K. (A16)

A.4 Tensors from the theory of elasticity

From equation (A 11), we can compute the strain tensor in these coordinates:

1/1 us
o,.u” - <asur + o, <)>
e=%(Vu+VuT)= - y 2\b ‘ b . (A17)

Since the new coordinates are orthogonal and are related with the old ones through
a rotation (locally) and the elasticity tensor C;j, is invariant with respect to rota-
tions, equation (2.11d) is still valid. We can write the elements of the stress tensor

explicitly:
Opp = % ((1 - V)err + VE€gg — (1 + V)h(C)) (A 18)
2G r Y s .
=15 ((1 — V)0 + E(asu +u'K) — (1 +V)h(6)> ;
Ors = 0y = 2Gery = G <[1)asu’ + har <L;:)> ’ (A 19)
2G
0w = 75 (1= Ve +ve = (1+v)h(0) (A20)
= % <v6,u" + ! ; Y Osu* +u'K) — (1 + V)h(C)) .

In order to write the equations, it is important to obtain the value of the derivative of
the elastic energy (equation (2.1)). It can be written as follows:

1 G
6(,W(e, C) = 5 |:2h/(c)5ij6ij + % (eij — h(C)éU) 6ij:| . (A21)

where the indices run over r, s and z. When written in terms of the displacement field, the
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derivative reads as follows:

awump41+wﬂ$i%gz

(1 *V)G/(C) |:(arur)2+h12(asus+urlc)2:|

12vG'(¢)
h1—2v

2(1 +v)(h(c)G(c))’ P PP
— — oy [a,u + E(asu +u IC):|

Lot (o i (£))
2 b’ "\h '

o,u" (0;u° +u'K) (A22)
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