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In this paper we introduce the generalized fluctuation test for monitoring struc-
tural changes and establish a result characterizing the limiting behavior of this
class of testsAs applications of the generalized fluctuation tessts based on

the maximum and range of the fluctuation of moving estimates are propd&ed

also derive the boundary functions for the proposed tests and tabulate simulated
critical values Our simulations indicate that these tests compare favorably with
the recursive-estimates-based test considered by Stimchcombgand White
(1996 Econometricab4, 1045-106% when a change occurs late

1. INTRODUCTION

The structural change problem has long been an important research topic in the
statistics and econometrics literatukduch research effort has been devoted to
tests for structural changes and estimation of change points in a given sample
recent results includee.g., Andrews (1993, Andrews and Ploberge1994),
Bai (1994 1995 1996, Kuan and Hornik(1995, and Bai and Perrof1998.
These methods are all “retrospective” because they are designed to examine
what happened in historical data seli$ practice one may want to monitor
new observations to see if a change occtrsch forward-looking methods are
closely related to the sequential test in the statistics literature but receive little
attention in econometric€hu Stinchcombgeand White(1996 is an exception

Chu et al (1996 propose two tests for monitoring potential structural changes
In their fluctuation testwhen new observations arrivestimates are computed
sequentially from all available dataistorical sample together with newly ar-
riving datg and compared to the estimate based only on the historical sample
The hypothesis of no change is then rejected if the difference between these
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two estimates becomes too largehis testing procedure aims at detecting a
change when new data arrivehereas theretrospective fluctuation test of
PlobergerKramer and Kontrus(1989 checks whether a change exists in his-
torical data Moreover the constant critical values for the latter cannot be used
for monitoring The law of iterated logarithm implies thatith probability one
the monitoring statistics would eventually exceed constant boundaries and hence
signal a change even when there is ndgseg e.g., Robbins 1970. Thus a
challenging task is to find suitable boundary functions such that monitoring
tests can maintain proper sizes

In this paper we introduce a class of tests for monitoring structural changes
This class of tests is referred to as the generalized fluctuation test and includes
the fluctuation test of Chu et .al1996 as a special cas&/e extend Kuan and
Hornik (1995 to establish a general result characterizing the limiting behavior
of this test As applications of the generalized fluctuation tegé propose to
monitor changes using the maximum and range of the fluctuation of moving
estimateslt is shown that the distributions of these tests are determined by the
increments of the generalized Brownian bridge and that the corresponding bound-
ary functions for the proposed tests grow approximately at thevagt. By
contrast the boundary functions for the Chu et &sts grow much fastdep-
proximately at the raté). As such the Chu et altests are less sensitive to a
change occurring late in the monitoring perjdait the proposed tests are not
Our simulations confirm that the proposed test indeed detects a late change
much more quickly

The remainder of the paper is organized as follolwsSection 2 we extend
the results of Kuan and Hornikl995 and establish an asymptotic result for
the generalized fluctuation tedn Section 3 we discuss recursive-estimates-
based monitoring tests and show that the Chu e{1896 test is a special
case of the generalized fluctuation test Section 4 we propose two moving-
estimates-based monitoring tests and derive corresponding boundary func-
tions Simulation results are reported in SectionSection 6 concludes the
paper All mathematical proofs are deferred to the Appendix

2. EXTENSION OF THE GENERALIZED FLUCTUATION TEST
Consider the multiple regression model
yi:Xi,Bi_l_ei’ i:1,...,T,T+1,..., (l)

wherex; is then X 1 vector of explanatory variableSuppose we are cur-
rently at timeT and have observed historic ddtg, x/), i = 1,...,T. We take
as given that the parameter veci@rwas constant during the history period
(i.e, Bi = B fori = 1,...,T, where By is unknown. We are interested in
testing the null hypothesis thg@; remains constanti.e.,, 8; = B, for all i)
against the alternative th@; changes at some unknown point in the future
(i.e., Bi # By for somei > T).
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Kuan and Hornik(1995 introduce the generalized fluctuation testhich
provides a unified framework for analyzing tests for structural chafgepa-
rameter constangyThey consider empirical processes that consist of two ad-
ditive componentsone satisfies a functional central limit theoréFCLT), and
one is roughly a “straight line” under the null hypothedt®r such a process
Yr, one can apply a suitable linear operatdf to annihilate its straight line
component so that the resulting processYr is essentially governed by the
FCLT under the null hypothesi©n the other handhis process should exhibit
excessive fluctuations when the null hypothesis is fal®sts for parameter
constancy can then be constructed\@£+Yr), whereA is a functional “mea-
suring” the amount of fluctuation of a proce&his test includes the fluctua-
tion (recursive-estimategest of Ploberger et a[1989, the moving-estimates
test of ChyHornik, and Kuan(1995h, the OLS-CUSUM test of Ploberger and
Kramer(1992, and the OLS-MOSUM test of Chudornik, and Kuan(1995a
as special cases

The aforementioned tests are all retrospective because they focus on testing
parameter constancy in historical sampM& now want to extend the gener-
alized fluctuation test so that it can be applied for monitoring future structural
changesIn what follows let —F denote convergence in probability denote
weak convergence of associated probability measWyesn n-dimensionalstan-
dard Wiener procesand[a] the integer part of the real numbar For more
details of the modes of convergence and related topics we refer to Billingsley
(1968.

As in Kramer Plobergerand Alt (1988, we impose the following condi-
tions on data

(M1) {¢;} is a martingale difference sequence with respec{#d}, the
o-algebra generated Hyx.,1,€),t =i} such thatf(e?| F' 1) = o2

(M2) {x;} is such that limsup,, T 13" E|x |?"® < oo, and

[Tt]
= — X; X.’ P s 2
Q[Tt] [Tt] |:21 i Xj — Q ( )
uniformly in 0 < ¢ < t for somec, whereQ is a nonstochastjgositive defi-

nite matrix
Under these conditions FCLT holds

[Tt]

<a_\1[TQ1/2i_21xiei, tzo>=>w. €)

The FCLT(3) also holds ifo? andQ are replaced by suitable estimatoFer
example Qy is consistent foQ by (2), and

A2 1 i A \2
T= ?E(yt_xtﬁT)
t=1
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is consistent forr2, wherefy is the ordinary least squaré®LS) estimator of
the model(1) computed from the historical sample
Consider the piecewise constant proc¥ssvith jump points

k 1
YT<?> ST 2Qp 1Ex y, k=12,... (4)
Hence Y7 is in D([0,00)"), the space of functions that are right continuous
with left hand limits on[0,c0)"; D is endowed with the Skorohod topolagy
Also observe that the key ingredients 6f are cumulative sums of dathn a
monitoring processdata will arrive indefinitely so that the entire sample will
be expandingUsing the number of observatiofisin the history period as the
normalization factarYy on[0,1] thus corresponds to the historical sampas

in Kuan and Hornik(1995, whereasYr on (1,c0) corresponds to the monitor-

ing period
Under the null hypothesjsve have fort = 0
[T] 1 a0
Yr() = NT —= o 2By + ST 2 ZQ[mZ X €. %)

It is readily seen that the first term ifd) is roughly a “straight line” passing
through the origin and that the second term satisfies the FGLTOther em-
pirical processes may also be employed to construct testse.g., Kuan 1998.
We consider the tests of the fora{ L+ Ys), whereYs is as defined in4) and
L+ and A satisfy the conditions that follow

(G1) Ly is a linear operator o ([0,00)") such thatLrtr = 0, where
vr(t) = [Tt]/T.

(G2 A is a positively homogeneous functional Br§[0,00)") that is contin-
uous with respect to the Skorohod topology

These conditions are virtually the same as those in Kuan and H85.
The difference is that we work dn([0,00)"), whereas Kuan and Hornid 995
considerD([0,1]M).

The result that follows is an extension of Theorerh i Kuan and Hornik
(1995 and gives a complete characterization of the limiting behavior of
A(ETYT)

THEOREM 21 Given the data generating proceeGP) (1) with

Bi = Bo+ T °g(i/T), (6)

whered = 1/2 and g is a vector-valued function of bounded variatior| 0y30)
that is identically zero orf0,1], suppose thatM1) and (M2) hold. If £ is a
linear operator such that+ Yy = LY; + op(1), then foré = 1/2,

AMLrYr) = A(L(W + o 1QY2g)),
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where Jg is the antiderivative of gg(t) = fég(u) du, and foré < 1/2,
TO V20 (L Yy) 57 A(L(071QY2g).

The first result of Theorem.2 indicates that under local alternatives of or-
derT Y2 A(L1Yr) has nontrivial local poweprovided thatCJg # 0; the sec-
ond conclusion says that for nonlocal alternatjthe statistic diverges whenever
A(L£Jg) > 0 and hence is consistent against this class of alternatiireger the
null hypothesisg is identically zero so thafJg = 0, and consequently

MLrYr) = A(LW).

The limiting distribution ofA(L+Yy) is therefore determined by the behavior
of LW.

Note that we only consider structural breaks in the coefficightsf the
mode| whereas the noise varianee is assumed to remain constant over
time. Under the null a change ofr affects only the last term i5). Consider
E(e?| F'™1) = o2 whereo; = os, § > 0 such that the FCLT

1 [Tt] €
U—ﬁQfl/ZZXig, t=0)]=>W
i=1

holds Hence if s =1 fori < isands = s for i = ig (shift of variance at
is > T), then the limiting process of3) becomessW after is. Further we
have A (LsW) = sA(LW), i.e, s directly modifies the test statisti€ors < 1

the probability of a type one error decreasts s > 1 it increases

3. MONITORING WITH RECURSIVE ESTIMATES

To illustrate the generalized fluctuation tegtC Yr), we now consider the tests
based on recursive estimates and show that the Chu €1986 fluctuation
test is a special case of this class of tests

Let B, denote the recursive OLS estimator fd) based on the information
up to timek:

k -1 k
Ek:<2xixi/) > % Vi, k=nn+1. . TT+1...
i-1 i-1

We can see fronf4) that the empirical procesé: may also be expressed as

k k R
— | = /2

This shows that monitoring tests can be constructed using recursive estimates
In the Chu et al(1996 monitoring procedurea recursive estimate is com-

puted when new data arrive and then compared Withthe estimate based on

the historical sampldf their difference is too largethe null hypothesis is re-

jected and the monitoring procedure stpptherwise the monitoring proce-

https://doi.org/10.1017/50266466600166022 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600166022

840 FRIEDRICH LEISCH ET AL.

dure continuesSpecifically the Chu et alstatistic that follows must be computed
sequentially

k . .
V2(B, — , k=T+1T+2,...,
&Tﬁ HQT (IBK BT)”
where| - | denotes the maximum notrithe null hypothesis would be rejected
if there is at least one statistic exceeding proper boundargesharacterize the

limiting behavior of these monitoring statisticwe may write the Chu et al
fluctuation test as

maxRE; (1) = 1Q¥2(B, — 1)l (8)

max
K=T+1,....[Tr] a.r\/—

where the period from tim& + 1 through[T7], 7 > 1, is the expected moni-
toring period Whent = oo, the monitoring procedure might last indefinitely
For a functionf, define the following maximal functional

max( f;[71,7,]) := max (.

T=t=7,
It is not too difficult to see tha(8) can also be written compactly as
maxRE;(7) = max(L+Yy;[1,7]),

with £ f(t) := fO([Tt]/T) andf°(t) := f(t) — tf (1). Clearly, the operator’t
satisfies(G1), and the functional max) satisfies(G2). Therefore (8) is a spe-

cial case of the generalized fluctuation test so that Theordnagplies The
result that follows is now immediate and complements the analysis of Chu et al
(1996.

COROLLARY 3.1. Given theDGP(1) with (6), suppose that conditior(#11)
and (M2) hold. Then fors = 1/2,

maxRE; (1) = max(L(W + o " 1Q¥2Jg);[1,7]),
and fordé < 1/2,
T V2[maxRE (7)] =F max(L(o " *QY2Jg);[1,7]),
where Lf (t) = fO(t).

Under the null hypothesjs
maxRE; (1) = max(LW;[1,7]) = max(W°;[1,7]),

whereW? is the generalized Brownian bridge o), as shown by Chu et al
(1996. Note that the covariance function ¥° is t(s — 1)I,fort = s =1,

https://doi.org/10.1017/50266466600166022 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600166022

MONITORING WITH THE FLUCTUATION TEST 841

wherel, is then X n identity matrix and that the variance &/° ist(t — 1)1,,.
For a suitable boundary functiap

k N R
lim IP’{ GNT [Q¥2(By— B1) < q(k/T), forall T+1=k= [Tr]}

T—oo
=P{w°(t)| <q(t), foralll=t=r}

The limiting distribution of maxRE;(7) is thus determined by the boundary-
crossing probability of¥° on[1,7]. Chu et al considered = oo and obtained
the following result from Robbins and Siegmu¢i®70. For a one-dimensional
Brownian bridgew®,

P{WO(t)| < q(t), forallt> 1} =2[d(a) —a¢p(a)]—1,

where® and ¢ are respectivelythe distribution and density functions of the
standard normal random variable and

q(t) := \/t(t -1 [az + Iog(ﬁ)]. 9)

Choosinga? = 7.78 anda? = 6.25 gives 95% and 90% monitoring boundayies
respectivelySee Chu et al(1996 for more details

From the preceding discussion we can see that numerous monitoring tests
can be constructed by choosing suitable operatorgarfdnctionals The lim-
iting behaviors of the tests thus constructed can be easily characterized by Theo-
rem 21. As another exampleconsider the same operator as in the Chu et al
(1996 test and the range functional

rangd fi[r;,7]) = max ( max [f(t) — min [f(s)]),

i=1..., Ti=t=7, TI=S=7,
wheref (t); is theith element of (t). Note that monitoring is plausible because
the range of a function can be computed sequentially

rangd f;[7;,7,]) = max range f;[ 7y, t]).

T1=t=7,

Employing this functional yields another monitoring test based on recursive
estimates

rangeRE; (1) = max

! V2 A p
i=1...,n &T\/T( max ][QT (Bx— B1)li

k=T+1,...,[Tr

- min ][Q%/Z(B| - :éT)]i>

I=T+1,...,[Tr

= rang€ L+ Yr;[1,7]).
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In accordance with Corollary.B, the null distribution of rangd®RE; is deter-
mined by the range of the generalized Brownian bridtgeboundary function
is unknown however

4. MONITORING WITH MOVING ESTIMATES

From the simulation results Chu et #1996 found that their fluctuation test
requires on the averagea longer time to detect a change occurring late in the
monitoring periodA major reason is that its boundary function grows too fast
during the monitoring periadChu et al also noted that “The growing variance
of WP, which induces an increasing monitoring boundasya problem inher-
ent to this type of monitoring{p. 1061). In this sectionwe propose different
monitoring schemes

Define the moving OLS estimates computed from windows of a constant
size[Th], where 0< h =1 and[Th] > n, as

k -1 k
BT(k,[Th])=< > xixi’> > XY, k=[Th],[Th]+1,....

i=k—[Th]+1 i=k—[Th]+1

Consider the simple example that datdthout noise shift from 20 to 28 at
time t = 100, In Figure 1 we use the solid line to represef(k,[Th]) — B+
with h = 1 and the dashed line fg8, — B+. It can be seen that the former
reacts more quickly to this chang&his motivates us to consider monitoring
tests based on moving estimates

Analogous to the recursive-estimates-based tests discussed, eagliean
base tests on the maximum and range of the fluctuation of moving estimates

Th ~ )
maxMEr (1) = [ |Q¥2(Br (K [Th]) — ), (10)

max
K=T+1,...,[T7] 64N T

1B (k, [Th]) - Br|

300 400 500 600

Ficure 1. Comparison of test statistics in a simple location model without noise
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- h] 1/2( 3 _ N
rangeMErp(r) = max (| max  [QF(Ar(k [Th]) — Br)]

.....

—  min _ [Q¥*(Br(k[Th]) — ,éTm);

k=T+1,...,[T7]
(11)

(cf. Chu et al, 1995h Kuan and Hornik1995.
We first show tha{10) and(11) are special cases of the generalized fluctu-
ation test Fort > 1, write Q. = [Th] 1 i1} [Tt] [Th+1%i X{. Then

[Th]
FNT

2B ([Tt],[Th])

[Tt] [Tt—[Th]
QY2Qm, [Th]<2 XYi— 2 X Yi>
(TT\[_

i=1

1 o . [Tt] . [Tt]—[Th]
T Xi Vi — Qi Xi V;
GNT Qr Q[Tt]i:E1 iYi — Qrty—rmhy Z i Yi

[Tt]

+ (Qrry, e — Qi) 2 X3 Vi
i=1

[Tt]—[Th]
— (Qrrty.erm — Q) 2 % yii|

i=1

T Tt] - [Th
() v () o,

where the last equality follows from the definition %f and(2). It follows that
L ¥2(Br(k [Th]) — Br)
(TT\[_

k k—[Th] [Th]
:YT<?>_YT< T )_ T Yr(1) +0p(1)

= YP(;k> - YT°<k_T[Th]> +0p(1).

Thus (10) and(11) can be expressed as

max-MEqy ,(7) = max(L+ yYr;[1,7]),
rangeMEy (1) = rangd L1, Yr3[1,7]),

https://doi.org/10.1017/50266466600166022 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600166022

844 FRIEDRICH LEISCH ET AL.

where

Cof MY o [TtI=[Th]
LT,hf(t)_fO( T) f°<—T >+op(1)-

Applying Theorem 2L we have the following corollary

COROLLARY 4.1. Given theDGP(1) with (6), suppose that conditior(#11)
and (M2) hold. Then ford = 1/2 we have

max-MEr (1) = max(L,(W + o~ *QY2Jg);[1,7]),
rangeMEr (1) = range L,(W + o ~*Q¥23g);[1, 7]),
and fordé < 1/2,
T2 ¥2[maxMEy ()] = max(| £ (o ~*Q¥2g)[;[1,7]),
T~ 2[rangeMEr, ()] - range £,(o ~*Q¥2Jg;[1,7]),
where £, f(t) = f°(t) — fO(t — h).

Corollary 41 implies that under the null hypothesis

max-MEz (1) = max(L,W;[1,7]),

12
rangeMEx (1) = rangd £, W;[1,7]), (12)

where L, W (t) = WO(t) — WO(t — h), the incrementgwith step sizeh) of the
Brownian bridgelt can be verified that the covariance function®fW is, for
t=s=1,

hl,, ift—s=h,

E[L W ()L, W(s)'] = [(hz thes—tl, ift—s<h,

which depends om — s, so that the variance is a constaght + h)l,. Thus
LyW is a stationary Gaussian proce$his is in sharp contrast with/°, which
has a growing variance

It remains to find proper boundary functions for the monitoring t¢&t
and(11). When the expected monitoring period is finite < o), any (strictly
positive functionzq(t) can serve as a boundawyherezis a scaling factoiBy
choosing a proper functiog(t), a monitoring test can be made more powerful
in the beginning or at the end of the monitoring phaser exampleto make
monitoring more powerful at the beginningne may want to haveg(t) that is
decreasing for smatl and eventually increasing for largeFor a givenq, the
scaling factorz can be used to determine the size of the.tEst an infinite
monitoring period T = o), we need an analytic result on the growth rate of the
limiting processwhich enables us to determine the correct functional form of
the boundary functionswith a boundary function whose growth rate is too
slow, the monitoring test will commit the type one error almost suredgard-
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less of any scaling facta For a boundary function whose growth rate is too
large the test will lose power for large

The most flexible monitoring scheme would allow for the specification of a
prior distribution on the time of the structural bre@lA prior with more mass
on the beginning of the monitoring period would give more power against early
breaks this type of prior is(indirectly) induced by Chu et a1996 monitor-
ing. Power against late breaks could be achieved by shifting the mass of the
prior toward the end of the monitoring periodowever we currently see no
general way of solving this task and restrict ourselves to uninformative priors
with almost constant power over the complete monitoring period

From Révész1982 we get that the asymptotic growth rate of the supremum
of the increments of the Wiener processyitogt almost surelyHence proper
boundary functions with constant hitting probability over time for the incre-
ments of the Brownian bridge should grow approximately at this (atéeast
for larget). This growth rate is much slower thaf), which grows approxi-
mately at the raté. In Theorem 42, which follows we show that one can in-
deed construct boundary functions using the asymptotic growth rate

THEOREM 42. Let W°(t) be a one-dimensional Brownian bridge o).
Then for0 < h=1and7 > 0 (includingr = o),

P{WO(t) — WO(t — h)| < z(h)y/2log, t, D1 <t < 7}
= Fy(z(h),7),

P{ranggW°(s) — W°(s—h);[1,t]) < z(h)y2log, t, 01 <t < 7}
= F,(z(h),7),

where

1, if t=e

log, t:= {Iogt, if t>eg

and F(z(h),»), i = 1,2 are zero for z= \h and positive otherwise

The preceding boundariegh)\/2 logt are asymptotically optimal for un-
informative priors on the time of the structural bre&@iven a boundary that
grows fasterit is less likely that this boundary will be crossed for latg®©n
the other handthere can be no boundary function growing more slowly than
Vlogt; any such function will eventually become smaller thain)y2 logt
such that by Theorem.2 the boundary will be hit with probability on&hus
any boundary forr = co must have a limiting growth rate of at leasiogt.
However for smallt we can use any functional form of the boundddging
log , is just one way of ensuring that the boundary is strictly positivéen].
Any other strictly positive function can be used for<0t < t; < 7 with t;
arbitrary (but finite).
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In contrast with the boundary-crossing probabil{® of Chu et al (1996
the F; do not have analytic form&Neverthelessthe critical valuez(h) can be
obtained via simulation€onsider;, which gives the boundary-crossing prob-
ability of the h increments of the Brownian bridg€or a fixedr, we simulate
the Wiener process using@DO independent and identically distributéd.d.)
standard normal random variables on a unit interfead., 10,000 values for
7 =10) and transform it into a Brownian bridg&€hen for selected values bf

we record
h IWO(t) — WO(t — h)| i—1..R
G = max , i=1...,
1<t<r \/2log, t

whereR = 100,000 is the number of replications in our simulatioife criti-
cal valuesz(h) are just the respective empirical quantiles of thé) values
Table 1 contains some critical valueBhe S code for simulating the critical
values can be obtained from the authors upon request

The result given in the following corollary now follows easily frait?2) and
Theorem 42.

COROLLARY 4.3. Given theDGP(1) with (6), suppose that conditior$11)
and (M2) hold. Then,

{ [Th]

lim P
GNT

Toowo

[Q¥2(B+(k [Th]) — Br)ll < z(h)y2log, (k/T),

forall T+1=k< [TT]}

= [Fu(z(h), 7",

TaBLE 1. Simulated critical valueg for the increments of the Brownian bridge

T=4 T=6 7=28 7=10

h 10% 5% 10% 5% 10% 5% 10% 5%

Maximum of the increments
0.25 12437 13347 12510 13399 12523 13408 12525 13409
0.5 17324 18861 17495 18996 17526 19016 17541 19021
1 24318 27051 24783 27361 24900 27419 24937 27446

Range of the increments
0.25 19724 20838 20043 21110 20143 21197 20190 21237
0.5 25106 26809 25820 27388 26075 27578 26205 27683
1 30744 33283 32260 34563 32829 35084 33165 35381
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.....

< z(h)\[2log, (J/T), forall T+1=J< [TT]}

= [Fa(z(h), 7)]".

5. SIMULATION RESULTS

In this section we present some simulation results on the proposedFests
easy comparison we follow Chu et.d1996 and generate data fromi.d.
N(2,1) under the null hypothesisVe consider historical samples of sizes
T = 25, 50, 100, 200, and 30Q moving window size$r = 0.25,0.5, and 1 and
7 = 10 for the expected monitoring peridd7]. Under the alternatiyethe
mean changes from.@to 28 at 11T or 3T. We used the monitoring bound-
aries for the significance levels 5% and 10%s the results are similawe
report only the results for the 10% levélll experiments were repeated0DO
times These simulations were performed using the R software paclage
implementation of the S language distributed under the GNU general public
license see lhaka and Gentlemah996)).

Table 2 shows the empirical sizes of the Chu et(#996 test and the pro-
posed tests=or the maxREtest we us@? = 6.25 in boundary(9), which gives
a 10% monitoring procedure far = co. As our data are only simulated for
T = 10, the empirical size of the malRE test should be smaller than the nom-
inal size of 10% For the moving-estimates tests we simulate the critical values
for 7 = oo by choosingr = 100Q For the maxME test this choice seems to
result in boundaries close to the nominal valbat still lower); for the rangeME
test the boundaries are a bit more conservatB@mparing to the maREtest

TaBLE 2. Empirical sizes for monitoring tests

max-ME rangeME
T maxRE h=1/4 h=1/2 h=1 h=1/4 h=1/2 h=1
25 .086 .101 112 132 .064 .073 .088
50 .070 .082 .092 .092 .059 .061 .063
100 .079 .087 .083 .081 .078 .075 .076
200 .074 .090 .084 .079 .064 .066 .067
300 .084 .087 .088 .089 .075 .077 .076
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the empirical sizes of the mauE test are all closer to the nominal sjzxcept
whenT = 25 andh = 1.

When the mean shiftthese monitoring tests would eventually signal a change
by consistencyit is therefore more interesting to know how soon a change can
be detectedTable 3 shows the mean and standard deviation of the detection
delay For examplewhenT = 100 and a structural change occurs at tinidl &=
110 (3T = 300), the maxRE test can detect this changen averaggafter a
delay of 27(128), with the standard deviation of 14); i.e., the change is
detected at time 118 27 = 137 (300 + 128 = 428).

Given an early change at timelT, the average detection delay of the k-
test is almost independent fro and the standard deviation decreases for in-
creasingT and stabilizes foll = 100 On the other handhe maxRE test per-
forms quite poorly for a late change ak.3n this casethe average detection delay
increases witil. Moreover both the mean and standard deviation of detection
delay are much larger than those for an early chambes is precisely the diffi-
culty of the Chu et al(1996 test discussed in the beginning of Section 4

For the moving-estimates-based teitss easy to see that their performance
depends on the window sizes smaller window usually results in quicker de-
tection In contrast with the maRE test the average detection delays of the
max-ME test (for a given window sizedo not vary with the location of the
changealthough they may be different acro§sin fact the average detection
delays of the maME test (with h = 1/4) are close to that of the maRE
test for an early change atlT but are much shorter for a late change at 3
For an early changehe rangeME test yields longer detection delay than does
the maxME test for a late changethey perform quite similarlyat least for
T = 100. The average detection delays of the rafgfe-test (with h = 1/4)
are longer than that of the maXE test for an early change but are also much
shorter for a late chang&or examplewhenT = 20Q the average delays of
the maxRE max-ME, and rangeME tests argrespectively29, 31, and 52 for
an early change and 1533, and 37 for a late changd&hat is a late change
can be detected much more quickly by the proposed.tests

6. CONCLUSIONS

In this paperwe introduce a unified framework for constructing monitoring
tests and establish a general asymptotic ressltapplicationstwo new mon-
itoring tests based on moving estimates are propodé&dalso show that the
proper boundary function of the proposed tests can grow at a much slower rate
of Vlogt, whereas the boundary function for the Chu et(4P96 test has to
grow rather fastlapproximately at raté¢). As such the proposed tests have
roughly equal sensitivity to a change occurring early or late in the monitoring
period whereas the Chu et.akst is insensitive to a late changeis result is
confirmed by our simulation#\s the proposed tests avoid the difficulty arising
from the Chu et altest they are of more practical use
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TaBLE 3. The mean and standard deviation of detection delay

max-ME rangeME
T Change point maRE h=1/4 h=1/2 h=1 h=1/4 h=1/2 h=1
25 28 29(32) 24 (26) 24 (24) 25(18) 25(19) 27 (23) 31(25
50 55 30(32) 32(37) 27 (21) 34(17) 43(31) 41 (29 42 (24)
100 110 27(16) 26(16) 32(12) 46 (13 62 (58) 47 (26) 57 (14)
200 220 2914) 31(10) 44 (13 64 (16) 52(32) 59 (13 78 (17)
300 330 3215 38(12) 54 (16) 78(18) 55(17) 73(16) 96 (18
25 75 72(42) 29(32) 31(32) 32(28) 20(23 26 (26) 31(26)
50 150 10969) 40 (48 34(33 25(25) 35(34) 37(37) 36(17)
100 300 12874) 34 (39 36(21) 49 (20) 41 (49) 37(20) 47 (16)
200 600 15271) 33(12) 47 (16) 68 (25 37 (20 49 (16) 66 (21
300 900 17476) 41(12) 58(18) 82 (30) 44 (13 59(18) 79 (26)

Note: The numbers in each cell are the mean and standard deviaigarentheses
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Although we observed from our simulations that the moving-estimates-based
tests with a smaller window siZecan detect a change more quicklyremains
unknown how smalh should be In fact, it would be of great interest if one
could find a window size that is optimal in the sense of shortest detection de-
lay. Another open question is monitoring schemes for nonlinear modéks
current approach cannot be used directly because there is no closed form solu-
tion for the parameter estimatéshich we use for the definition of the empir-
ical processy; in (4)). These topics are currently under investigation
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APPENDIX

Proof of Theorem 2.1. The proof is essentially the same as in Kuan and Hoit995.
Let \y be the variation ofy and Mg the maximum of|g||, respectivelyUnder (6),

12 1 [T [Tl
Yr(t) = \/— ([Tt]lgo +T 5Q[Tt] E X X/ g(t) + Q[Tt] E X EI)
O

wheret; = i/T. For arbitrary but fixed,

1[Tl] t
=S xxgt) — d
HTi:EIX.X.g(t.) Qfo g(s)ds

H >

T i:Zl(Xi X —

1[Tt]
< Eg(t) g(S)dS)

1 [Tt

1 [Tt]
Q +\|QHH Zg(t) g(S)ds

xxi’—

where the first term on the right hand sideoig1) by (2) and the second term is

[Tt] t

E (g(t)—g(s))dsf g(s)ds

[Tt]/T

Il

1/T[Tt] t
HQIIHf z(g(ti)—g(tifl+5))ds—J g(s)ds

[Te/T
= [Ql(Vy + Mg)/T
= 0p(1).

We can then write
1 [Tt] 3 o
= — | VT QYo+ TH22QM20g+ Q V2 3 X6 + 05(D) ).
o T i=1
It follows from (M1), (M2), and the continuous mapping theorem tHat 6 = 1/2,
AMLYr) = ALW + o 7L£QY2g)

and foré < 1/2,

To V20 (L Yy) 5P A(Lo QY2

Proof of Corollary 3.1. Straightforward application of Theorem12

Proof of Corollary 4.1. Straightforward application of Theorem12 u
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Proof of Theorem 4.2 LetN;, i = 1,2,..., be ii.d. N(0,1) random variablesThen

o it Sa-a(fi))=c
-1

oo

a>0, if DA—-d(f(i)) <oo,

i=1

P{N, <f(i), Oi} = ﬁ®(f(i)):
i—1

by the Borel-Cantelli lemmée.g., Feller, 1968 p. 201). Using the inequality in Feller
(1968 p. 175),

1 2 1 >
— (x1=x"He " =1-0(x) = —x"1e*7?

N 27 N2m
and settindg (i) = z\/2logi, we get

00 if z=1,

c(2)<oo, if z>1,

> A-d(f(i) = {
i=3
wherec(z) is some real numbein what follows we also lef(z) denote a positive

number whose value varies from equation to equatitence

0, if z=1,
F(zy>0, if z>1

P{N, < z\21logi, i = 3} = {

Because

%)

P{IN;| <f(i),0i =3} =[] @o(f(i) —1)

0 it 22(1—¢(f(i)>>:oo,
F(z) >0, Iif 22(1*®(f(i)))<oo,
we have

JZTogl. D 0, if z=1,
| < >3 =
PN =2v2logh Di=31=10 ) g ;-1

Clearly,
P{W(t + 1) — W(t) < zv/2logt, Ot > €}
=P{W(i +1) —W(i) < zV2logi, 0i = 3,i € N},

whereW is the standard Wiener proce¥®henz = 1, the probability on the right hand
side is zerpand so is the probability on the left hand sidé&e same relation is still true
if we take the absolute value of the increment of the Wiener process
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From Deheuvels and Révégr987 Lemma 113, we get

a(z) = P{Oiggl(W(er 1) — W(s)) > z} =B(2),

with
. 1-¢) —2%/2
a(z): Nz ze %72
L (1+¢€) 2
B(Z) T m ze )

for z= zy(e€). The technical constamt is needed to boundaway from zerdin depen-
dence org, which defines the “spread” between the bouadandg). In the following
we only need the upper bouriifor somee > 0; hence we do not care about the spread
betweena andp.

Let

A= {Osupl(W(Zi +s+1) — W(2i +s)) < z\2logi, 0i = 2},
=s=

B:= {Osupl(W(Zi +5+2) —W(2i +s+1)) < z\2logi, 0i = 2},
=S=
where A is the event that the increments \0f are smaller thaz\ 2 logi on “odd” in-
tervals i.e, intervals starting at odd pointd 2 1. Event3 marks processes with incre-
ments smaller than the boundary on intervals starting at even paints2 As W is
independent on disjunct intervathe probability of eventd is the product of the prob-
abilities that the increments are bounded on all odd intervidie increments on odd
intervals originate from disjunct intervals of the Wiener process and therefore are inde-
pendent(the same is true for the even intervalsh Hence for z > 1,

P(A) = P(B) = ﬁ (1- B(zN2Togi)) > 0.
i=1

We easily gefP(AB) > 0 by piecewise combination of processes frghand B: As W
is a Markov processwe can restart it at any pointin time at the current valugV(t)
and again get a Wiener proce§®r any process it that is not in3, we can construct
a new process by stopping it before the boundary is hit for the first timféch must
occur in an even intervalnd appending a process frdsa This new process might hit
the boundary in an odd interydut then we can stop again and continue with the first
process

Combining this and the fact thalhW(t/h) is again a Wiener proceswe get with
s=t/h

P{W(t+ h) — W(t) < 2\/2h log, t/h, Ot > 0}
= P{W(s+1) — W(s) < za/2log. s, Os > 0}

0, if z=1,
C|F(2>0, if z>1
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BecausaVO(t + h) — WO(t) = W(t + h) — W(t) — hW(1), the increments of the Brown-
ian bridge and the Wiener process differ only by the té\w(1), which is independent
from W(t + h) — W(t) for t > 1. Boundaries on the increments of the Brownian bridge
can basically be the same as boundaries on the increments of the Wiener piloegss
only have to account for the additional uncertainty added\{). Hence there exist

z, < Z, such that

P{WO(t + h) — WO(t)| < z;4/2]og, t} = P{|W(t + h) — W(t)| < z,4/2]0g, t}
and simultaneouslys; < z, such that

P{IW(t + h) — W(t)| < zz\2Tog, t} = P{|WO(t + h) — WO(t)| < z4\/2log, t}.
Using this we easily get

0, if zth)y=1,

P{WC(t + h) = WO(t)| < z(h)y[2log, t, Ot = 0} = {F(z) >0, if z(h)>1

This result extends straightforwardly to the range of the increments of the Brownian
bridge |

Proof of Corollary 4.3. From(12), the limiting process under the null hypothesis is
the increments of the-dimensional Brownian bridg#/°. As the elements oW ° are
independentthe assertions follow directly from Theoren4 n
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