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EXTINCTION TIME OF THE LOGISTIC PROCESS
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Abstract

The logistic birth and death process is perhaps the simplest stochastic population model
that has both density-dependent reproduction and a phase transition, and a lot can be
learned about the process by studying its extinction time, t,, as a function of system
size n. A number of existing results describe the scaling of 7, as n — oo for various
choices of reproductive rate r, and initial population X,(0) as a function of n. We collect
and complete this picture, obtaining a complete classification of all sequences (r,,) and
(X,,(0)) for which there exist rescaling parameters (s,) and (#,) such that (t, — #,)/sn
converges in distribution as n — oo, and identifying the limits in each case.
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1. Introduction
Fix n € N and r € R, and consider the continuous-time Markov chain with

X+1 atrate rX(1—X/n),
X—1 atrate X.

X — (1)
This birth and death process has a simple interpretation in terms of infection spread: in a pop-
ulation of n individuals, X of them are type / (infectious), and the remaining n — X individuals
are type S (susceptible). Each type I individual, at rate r, selects an individual uniformly at
random from the population and infects them. In addition, each type I individual recovers at
rate 1 and is once again immediately susceptible. Since the state transitions at the individual
level are S — I — S, this is called the SIS model.

This model first appears, in a somewhat more general form, in a probabilitistic treatment
of logistic population growth [10, Section 4] (see [11, pp. 471-495] for an English trans-
lation), where it is shown that the expected value of the process at each point in time is
bounded above by the solution to the corresponding logistic differential equation, namely
X' =rX(1 — X/n) —X. Later, [17] gives limit theorems that apply to the sequence of pro-
cesses x, = X, /n (using the subscript to emphasize dependence on n) when r is fixed and
lim,,—, o x,(0) exists, demonstrating convergence, on compact time intervals, to the solution of
the logistic ordinary differential equation (ODE) x” = rx(1 — x) — x with x(0) = lim;,_, 50 x,(0),
with Gaussian fluctuations of order ﬁ that solve an explicit stochastic differential equation
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(SDE). Extensions of the ODE convergence to longer (growing slowly with n) time intervals
are possible under certain conditions; see, for example, [3].

Later work has focused on understanding the long-term behaviour of the process for large
n, in particular (i) the time to extinction 7, := inf{z: X,,(f) =0} and (ii) the behaviour prior
to extinction. In this article we shall focus on the distribution of t,, as n — oo, as a func-
tion of the reproductive parameter r;, and the initial value X,(0) when both are allowed to
vary with n. We do so by identifying distributional limits of (t,), i.e. deterministic sequences
(sn), (t;,) and random variables T such that (z, —t,)/s, converges in distribution to 7 as
n — 00. Much of the work on this problem already exists; here, we provide a survey and con-
cise proofs of known results, then fill in the remaining gaps to produce a complete theory on the
topic.

There is a parallel line of inquiry on model (1) that concerns the so-called quasi-stationary
distribution (QSD), which is the unique stationary distribution conditioned on non-extinction;
see the comparatively recent monograph of Nasell [20] for a comprehensive survey on this
topic, which also includes a discussion of the three phases of the model that we explain below
and that are key to understanding the behaviour of the model. As explained in [20], if X,,(0)
has the QSD then 7, is exponentially distributed for each n, and by studying the QSD we can
obtain estimates of [E[t,] when X,,(0) has either the QSD or the deterministic value 1. Generally
speaking, [E[t,] corresponds to (#,) in the rescaling described above; then, further methods are
needed to find (s,) and T. These methods appear progressively over time in works that are
not surveyed in [20]. So, by gathering these methods and previous works and completing the
picture, we obtain a complementary perspective to the path taken in [20].

As is easily shown, the ODE x’ = rx(1 —x) — x undergoes a transcritical bifurcation at
(x,7r)=1(0, 1), and for r > 1 has the endemic equilibrium x, = 1 — 1 /7. An important question
is whether this is mirrored by the behaviour of the stochastic process. Kryscio and LefEvre
[16] estimate E[7,], as well as the QSD for large n; in particular, they find that for r < 1,
E[t,] = O(log n) uniformly over X,,(0) and that the QSD is concentrated near 0, while for
r> 1, E[t,] grows exponentially with » uniformly over X,(0) and the QSD of x, is concen-
trated near x,. Later, [1] refines results on extinction time to limit theorems for the distribution
of t, when r < 1 and r > 1 in the following cases: (i) X,,(0) is a constant independent of n, and
(i1) lim,,—, o x,(0) exists and is positive. When r < 1 and X,(0) is constant, for large n, X;,(?) is
well approximated by a branching process up until extinction, so t, converges in distribution to
the extinction time of the branching process. When r < 1 and lim;,_, o0 x,(0) > 0, (1 — )7, — ¢,
converges in distribution to a standard Gumbel G, with P(G <w) = e~ " for some determin-
istic correction f, of order roughly log n. As pointed out in [6], the formula given in [1] has
an error in this case; the corrected formula in the case r < 1 can be found, for example, in
[5]. When r > 1 and lim,,—, oo x,(0) > 0, 7,,/E[7,,] converges in distribution to exponential with
rate 1. The basic reasoning is that x,(f) is metastable around x, with Ornstein—Uhlenbeck-type
fluctuations of order ﬁ which can be deduced from the results of [17], so a rare and rather
sudden event is needed to cause extinction.

The behaviour near r =1 is more delicate. Nasell [18] identifies the transition region
m—1= O(ﬁ), also known as the transition window or critical regime, and finds that for r;,, =

1+ ﬁ E[t,] ~ f(c)/n for some function f when the distribution of X,,(0) is the QSD. For the

same scale of ry,, [7] proves convergence in distribution of Y, () := X,,(/nt)/+/n to the solution
of the modified Feller diffusion appearing below in Theorem 2, when lim,— » ¥;(0) exists.
Brightwell, House, and Luczak [5] obtain the distribution of 7, throughout the subcritical
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regime, i.e. when lim,_ oo 1, < 1 and /n(1 — r,) — o0, for initial values satisfying X,,(0)(1 —
r,) — 00, with particular focus on the barely subcritical case 1 — r,; = o(1). Until now, the
barely supercritical case, where r, — 1 = o(1) and /n (r, — 1) — 00, has remained unsolved.

In this article we collect and complete existing results concerning the distribution of t,
for large n in order to obtain a complete understanding of the extinction time for all possible
choices of r,, and X,(0). Since the existing results form a somewhat overlapping patchwork of
the different cases, I have opted to include a full and self-contained proof of all the different
cases, which allows us to more accurately view the true extent of the different methods used.
Generally speaking, we shall follow existing methods, although in some cases some improve-
ment was possible; I shall point out when each is the case. In addition, the barely supercritical
case is new, and in fact it requires the most effort.

The breadth of our results can be summarized as follows. Let 8, =r, — 1, a, = (I(Snl +

ﬁ) X,(0), and ¢, = /n8,. Suppose that X,(0) — Xo0(0) € NU {00}, 1, — reo € [0, 00),
an — Ao € [0, 00], and ¢;;, — coo €[ — 00, 00] as n — oco. Then there exist sequences (s,,), ()
and a non-degenerate distribution function F:[0, co) — [0, 1] (that we identify in every case)
such that P((z, — t,)/sn <w) — F(w) as n — 0o at continuity points w of F. Moreover, F
depends only on the values of the limits X(0), Foo, Goo, and coo. As explained below,
a, measures whether initial values are small or large, and ¢, determines the phase of the

process.

2. Phase diagram and main results

Let us formally state the setting and the assumptions that hold throughout the paper. Given
neN,r, [0, 00), and X,,(0) € {0, . . ., n}, X,, denotes the Markov chain (X,());>0 with initial
value X,,(0) and transition rates

X, X, +1 atrate r,X,(1 —X,/n), 2
X, —1 atrate X,.

The extinction time of X, is 7, = inf{¢: X,,(r) = 0}. We fix a sequence of values (X,,(0)),>1
and (r,),>1 and seek deterministic sequences (f,) and (s,) and a random variable 7" such that
(tn — t,)/s, converges in distribution to T as n — oo; we refer to this as a distributional limit
for (t,,), subject to the following assumptions.

Assumption 1. Let §,=r, — 1, a, = ( [6n] 4+ ﬁ) Xn(0), and ¢, = /né8,. As n— oo, it is
assumed that X,(0) — Xoo(0) e NU {00}, 1, = roo € [0, 00), a, — axo € [0, 00], and ¢, —
Coo €[ — 00, 0].

The behaviour of 7, depends on r,, and X;,(0), or equivalently r;,, and x,(0) = X,,(0)/n. So,
we can organize our results into a phase diagram for (r, x) € Ry x [0, 1]. As observed in [18],
the parameter values are effectively partitioned into three phases:

1. Subcritical: ¢, - —o00 as n — o0
2. Critical: ¢;, = coo € Rasn— 00
3. Supercritical: ¢, — 00 as n — o0.

It is important to note that since ¢, = +/n (r, — 1), the critical phase has width O(ﬁ) =o(1)
around the point r = 1. Along with parameter values, there is a dependence on the initial value
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X,,(0). The following more refined partition into six regions delineates the different regimes for
the limit behaviour of t,.

1
2

Discrete: Xoo(0) e Nand roo < 1

Linear diffusive: X+,(0) = 0o and either

(a) subcritical phase and as, < 00, or

(b) critical/supercritical phase and aso =0

. Subthreshold cutoff: subcritical phase and o, = 00

3
4.
5
6

Non-linear diffusive: critical phase and ax, > 0

. Threshold: supercritical phase and 0 < as < 00

. Metastable: supercritical phase and as, = 0.

The following methods are used in each region to establish the distributional limit for (7).

1.

Discrete: As observed in [1], in this region, for each n, X,, can be coupled to the linear
birth and death process Z, with Z,(0) = X,,(0) and transition rates

Z 1 t rat Z,
Z, — n+ atrate r, 24y, 3)
Z,—1 atrate Z,

in such a way that P(X,,(r) = Z,(¢) for all t € [0, 7,,] ) = 1 — o(1).

Linear diffusive: As observed in [7], in this region X,,(X,(0)1)/X,,(0) converges in
distribution to the diffusion Y with ¥Y(0) = 1 and

dY = —an Ydt + v 2YdB, “4)

where B is standard Brownian motion, and it is not hard to strengthen this result to show
that 7,,/X,,(0) converges in distribution to inf{z: Y(#) = 0}. This explains nicely the form
of the limit. The method we will use instead, since it applies across several regions, is
that of [5], which is essentially the same coupling method as [1] but extends the approach
by not requiring that X,,(¢) = Z,() for all t < t,, with high probability, but instead using
both upper and lower bounds (Z,) and (Z},), both linear birth and death processes, such
that the extinction time of both is comparable to (t,). To define the lower bound (Z)), a
ceiling M,, is defined such that the coupling is valid so long as X;, < M,, and such that
X, hits 0 before M, with high probability.

Subthreshold cutoff: As observed in [5], x, is well approximated by the logistic ODE
X =reox(1 —x) until [8,] X, = O(1), at which point X,, enters the linear diffusive
regime and the above coupling method can be used. In practice, [5] shows the coupling
method can be applied once |5,| X, < w, for some (w;) tending to oo slowly enough as
n — oo as a function of (c;).

Non-linear diffusive: As observed in [7], the process X,(s/nt)/+/n converges in dis-
tribution to the diffusion ¥ with Y(0) = lim,— o0 X,,(0)/+4/n and dY = (¢ Y — Y2)dr +
V2YdB. In this case we make use of this diffusion limit combined with a result that says
lim sup,, P(<% > 1| X,,(0) < ary/n) — 0 for each > 0 as & > 0 to establish convergence

NG
in distribution of % to inf{z: Y(r) =0}.
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5. Threshold: Let x; =1—1/r,, X, = |nx}], and 7 =inf{t: X, () € {0, X;;}}. Then, as
observed in [1] when r, =7y > 1 and X,,(0) = X (0) for all n, and extended in this
article to the whole supercritical phase,

—Xo0(0)

it X
lim P(X,(7;)=0)= roj 1 ~(0) < 00,
n—oo c doo lf XOO(O) - .

In particular, the limiting probability is in (0,1). Conditioned on {X,(t;;) = 0}, the pro-
cess behaves effectively as though it is in the linear diffusive regime with parameter
1 — 1/7o0, and the same approximation applies. On the event {X,,(t);) = X;}, the process
enters the metastable regime. This dichotomy appears to have been first observed in [1].

6. Metastable: In this case, the process X,, reaches X, relatively quickly, with typical fluc-
tuations described as follows: the process (X,(#/8,) — X}})/+/n converges in distribution
to the Ornstein—Uhlenbeck process Y described by dY = —Ydr + /2/r.dB. General
results of this type can be found in [17]. As observed in [1], when r, =rs > 1 for
each n, on each excursion from X, the probability of hitting O can be computed quite
precisely using well-known formulae for birth and death processes. In this article we
extend these calculations to the whole supercritical phase, using essentially the same
method but exercising greater care in the barely supercritical (coo =00 and roo = 1)
case.

In stating the results for the subcritical phase it is helpful to define y,, =1 — r,, = —§,,. We
now give precise statements of the results, taking care to cite previous work in the relevant
cases.

Theorem 1. (Discrete case, Theorem 1 (B2) in [1]). Suppose roo < 1 and X~o(0) € N. For each
t>0, asn— oo,

1. ifroo=1thenP(t, <t) — (1 + 1/£) X,
2. ifreo < 1thenP(t, <t) = (1 + yoo/(e7>! — 1))_)(00(0).

Theorem 2 is proved by first studying the extinction time of the linear birth and death pro-
cess Z, from (3), then transferring the result to X, using a coupling with the property that
P(X,,(t) =Z,(¢) forall t € [0, 7,,]) =1 — o(1).

The next result appears not to have been proved yet in any of the listed references, though
it follows straightforwardly from the coupling method already discussed from [5].

Theorem 2. (Linear diffusive.) Suppose roo < 1, Xoo(0) = 00, and either coo = —00 and aso <

d
00, OF Coo > —00 and aso = 0. Then t,/X,(0) (—>) H,. with

e—l/w

if as =0,
P(Haoo S W) = !eaw/(eawwl)

if as >0.

Theorem 2 is proved in a similar way to Theorem 1. In this case, we cannot enforce X,,(¢) =
Zy(t) for all ¢ € [0, 7,,] with high probability, so instead we bound X, above and below by
linear birth and death processes with different parameters. This ‘sandwiching’ idea appears in
[5] to prove the final stage of Theorem 3 (see below). A particular case of Theorem 2, where
r=14Cn~* for o < 1/2, is discussed in [7]; they prove convergence to the diffusion limit in
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(4), but not the convergence of t,. Although we do not do it here, we could also prove Theorem
2 via the diffusion limit (4) by the same methods we use to prove Theorem 4.
The next result is the main result of [5].

Theorem 3. (Subthreshold cutoff, Theorem 1.1 in [5].) Suppose that coo = —00 and asc = 0.

Let G denote the standard Gumbel: P(G <w)=exp (—e™"). Then y, 1, — g,(X,,(0)) 92 G as
n — 0o, where g,(X) =1log (ynzn) — log (rp + yun/X). In particular,

log (v,X,(0)) 4 o(1) it X,(0) = o(yun),
gn(Xn(0)) =
log (y2n) —log (reo + 1/by)  if  X4(0)/yan — by € (0, c].

In [5] the parameter r is denoted A, and the rate of X — X — 1 is equal to X instead of X;
since © can be set to 1 by a uniform time change, no generality is lost. In [5], Theorem 3 is
proved in three stages, which we describe in the present notation.

Initial stage: A differential inequality for x, (incidentally, the same one originally proved
in [10]) is used to show that from any initial value, x, drops to y,|c,|€ for some € > 0
within o(1/y,) amount of time (see [5, Lemma 4.2] and note that since we take u =1,
in our notation ; — X is just ¥y, and since 4 — A — 0, L. — 1 as n — 00).

Intermediate stage: From any initial value x,(0) < y,|c,|¢ until the first time that x, <
Yulcnl ™€, x, remains close to the solution of the corresponding logistic equation x' =
rx(1 —x) — x.

Final stage: From any initial value x,(0) < y,|c,| ¢, a coupling argument is used to bound
X, both above and below by linear birth and death processes with different parameters,
as discussed earlier.

Our proof of Theorem 3 in the initial and final stages is basically identical to [5]; in the
intermediate stage we take a somewhat different approach as discussed in Section 6.

Theorem 4. (Non-linear diffusive.) Suppose coo € R and aso >0, and let Y, denote the
rescaled process Y,(t) = X,(v/nt)/s/n. Let y=1im,_, Y, (0) € (0, 0ol. Then, Y,, converges
in distribution to the diffusion Y that solves the SDE

dY = Y(coo — Y) dt + ~/2YdB, Y(0) =y,

and tu) /1S T, where T = inf{r:Y(¢) = 0).

The convergence of X,,(,/n t)/+/n to the diffusion limit ¥ is proved in [7], although they do
not prove convergence of 7,,. To obtain the latter we employ the continuous mapping theorem
to obtain convergence of the hitting time of € for small € > 0, then show that once ¥,, <e€, ¥,
is likely to hit O in a short time.

The following result is proved in [1] in the particular case where r, = roo > 1 for all n,
although the rapid extinction result is expressed without conditioning on hitting 0 before X,
which is just a difference in the presentation. Our proof takes the same basic approach as [1],
with the caveats that the calculations become more delicate when ro, = 1, requiring a finer
analysis, and that we have found a couple of gaps in their proof of the exponential limit (see
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the discussion below the statement of Theorem 5), so we took the steps described below to
bridge those gaps.

Theorem 5. (Threshold and metastable.) Suppose coo =00 and aso > 0. Let x;;=1—1/ry,
X, = |nx;], v,y =inf{t: X,,(¢) € {0, X;;}}, Af = {X,(7)) =X}, and B, = (A})° = {Xu(z,)) =0}

1. Probability of rapid extinction:

XoeO)

f Xoo(0) < 00,
lim P(BY) =" If Xoo(0) < 00
n—00 g foo if Xo0(0) = 00.

In particular, P(A}) — 1 if ase = 00.
2. Scaling of T, on rapid extinction: If asc < 00 and

(a) roo =1 then, for each t >0, P(z,/X,(0) <t|B}) — P(H,,, <t) as n— 00, as in
the linear diffusive regime, and

(b) if roo > 1 then, conditioned on (A},)°, t,/ry, has the same limit as t, in Case 2 of
Theorem 1, except with 8o /¥oo in place of Voo.

3. Scaling of t,, at metastability:

(a) Expected time to extinction:

(27 7 B
]E[ Tn |A;]~ 7 8_;’ en(logrn-i-l/r,, l).

n
(b) Exponential limit: For eacht >0, asn — oo, P(t,/E[t, |A}] <t|A};) = 1 — e .

Having access to the prefactors (the stuff in front of the exponential function) in the expected
time to extinction allows us to see how it blends into the non-linear diffusive limit as ¢,
approaches O(1). For r, near 1, a Taylor expansion giveslogr, + 1/r, — 1 ~ 8,%/2, so the expo-
nential term is exp ((1 + 0(1))n5,2l/2) =exp ((1+ 0(1))0,21/2) since ¢, = 4/n8,,, and the prefactor
is /277, /(182) = 27w nry /c2. Thus, when re = 1,

Bl | 471 ~ e o2,
Cn

which is of order \/n when ¢, = O(1).

Much of the proof of Theorem 5 revolves around precise estimation of various sums that all
seem to involve the function v(j, k) := H§=j+1 q—(1)/q+(i), where g_(i) =1, g4+ (1) = rX(1 —
X /n) is the rate at which X; decreases, respectively increases, by 1 when X; = i. We discuss the
basic approach for each part:

Probability of rapid extinction: An explicit formula for /. (j) := P(A}, | Xo =) is available
in terms of the transition rates of the process, and can be estimated. Here is where we
first encounter v(j, k).

Scaling on 7, on rapid extinction: Using the Doob h-transform applied to the function i_ :=
1 — hy, we study X,, conditioned on B};. The transition rates can be written using /_. By
estimating transition rates we show the conditioned process corresponds to the setting
of Theorem 1 or Theorem 2.
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Scaling of 7, at metastability: Conditioning on A}, we break up 7 into three epochs: the
time to hit X} (approach), the time spent on excursions that return to X;; (sojourn), and
the last excursion from Xj; to O (fall). We show that the approach and fall time are small
compared to the sojourn time, in expectation; so far this is the same approach as in [1].
We then use a coupling argument that shows the process is ‘forgetful’ in order to derive
the exponential limit for the sojourn time; this method is a departure from [1].

We have also found the following gaps in the proofs in [1]:

Exponential limit: The exponential limit for 7,/E[t,] is obtained in [1] via the same
approach taken here: showing that the approach and fall time are small and that the
sojourn time converges to exponential. Using their notation, for each n the sojourn time
can be written as the sum Zﬁ”:l o,(m), where (U,,(m))sf:1 are independent and iden-
tically distributed (i.i.d.) and K, is geometric independent of (o, (m)), with parameter
1/E[K,] that — 0 as n — oo. In claiming that the normalized sojourn time has an expo-
nential limit, [1] appeals to [15, Theorem 8.1A]. However, the theory discussed there,
including that result, pertains only to a single i.i.d. sequence (7},) of random variables.
On the other hand, in this case the fact that the process itself depends on n implies that
a doubly indexed sequence must be considered. I did some calculations (not included)
that suggest that uniform integrability of o1(rn) with respect to n is sufficient in order to
adapt the result from [15]. However, in [1] this is not done.

Expected excursion length: When expressing the time to extinction as the sum of the
approach, sojourn, and fall times, it must be assumed that during the sojourn the pro-
cess necessarily returns to X7 before hitting zero, which requires conditioning on A”.
However, the formula used to compute the expected duration of each excursion from
X, namely E[o0,(1)], in the proof of [1, Lemma 2], does not take account at all of con-
ditioning on returning to X,. The answer comes out correct, since the conditioning does
not have much effect, but it cannot be ignored outright.

The rest of the paper is organized as follows. In Section 3 we discuss some basic coupling
results that are used a few times throughout the paper. Section 4 treats the linear birth and
death process, essentially proving Theorems 1 and 2 for the linearization of X,,. In Section 6
we prove Theorems 1 and 2, and the ‘final stage’ of Theorem 3. In Section 7 we prove the rest
of Theorem 3. In Section 6 we prove Theorem 4. Finally, in Section 8 we prove Theorem 5. In
most of our proofs we suppress the dependence on 7, to avoid writing subscripts everywhere;
I will point this out as we go along.

3. Coupling of birth and death processes

Recall that a birth and death (b—d) process is a right-continuous, continuous-time Markov
chain with state space N = {0, 1, 2, ... } that jumps by %1 at each transition. There is a natural
way to construct such a process, or even multiple such processes with different transition rates,
from all initial conditions on a single probability space. We will focus on b—d processes with
state space {0, . .., N} for some N, since this is all that is needed for this paper. We begin with
the case of a single process.

3.1. Natural coupling for a single process

A b—d process is defined by its transition rates. For x € {0, ..., N} let b(x) and d(x) be the
transition rates from x to x + 1 and x — 1 respectively, assume that d(0) =0 and b(N) =0, and
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define independent Poisson point processes B(x) and D(x) on R4 with respective rates b(x)
and d(x). As a function of the collection (B(x), D(x): x € {0, ..., N}) we shall define, for each
x€{0,...,N}, a process (O(x, 1): t € [0, 0o)) which is a copy of the b—d process with the
given transition rates, and with initial value x at time 0. Let ®(x, 0) = x, and define (#;(x));</(x)
and (®(x, £;(x)))i<i(x) recursively by

10(x) =0, tip1(x) =inf{r > 1;(x): 1 € B(P(x, 1;(x))) U D(P(x, £;(x))),

Dx, ti(x) +1 if i 1(x) € B(P(x, £i(x))),
D(x, ti(x) — 1 if i1 1(x) € D(P(x, t;(x))),
I(x) =inf{i: b(D(x, t;(x))) + d(D(x, ti(x))) = 0}.

D(x, tit1(x)) = i

Then, for i < I(x) let ®(x, 1) = D(x, t;(x)) for ¢ € [t;(x), ti+1(x)), and if I(x) < oo let (x, 1) =
D(x, ) (x)) for t € [17x)(x), 00). This defines the process on [0, ¢ (x)) where

lim; 00 1i(x))  if 1(x) = 00,
{(x):=

00 if I(x) < oo.

To verify that ¢(x) = oo when I(x) = oo, note that {;(x): i> 1} C U := UysN B(y) U D(y).

Since U is a Poisson point process with finite total intensity Zy <n b(y) + d(y), with probability

1 Uy N[0, T] is finite for each fixed 7 > 0, which implies that lim;_, », #; must be infinite.
Having constructed the coupling, we verify the following desirable properties.

Lemma 1. Let ®(x, 1) be as defined above. If ®(x, s) = ®(y, s) then O(x, t) = O(y, t) for all
t>s, and if x <y then ®(x,1) < ®(y, 1) forallt> 0.

Proof. Suppose ®(x, s) = ®(y, s), which we denote by z. Then, for some ij, s>
max (#;(x), t;(y)) and ®(x, t;(x)) = P(y, t;(y)) = z. If b(z) + d(z) =0 then I(x) =i and I(y) =},
and ®(x,H)=®(y,1)=z for all t>s. Otherwise, I(x)>i, I(y)>j, and min (¢;11(x),
ti+1(y)) > 5. We then have #;11(x) = tj11(y) since both are equal to inf{z > s: t € B(z) U D(2)},
and the construction ensures that ®(x, 1) = ®(y, 1) for all 7 > s.

For the second statement, first note that since (B(x) U D(x): x € {0, ..., N}) are indepen-
dent, from standard properties of Poisson point processes it follows that if x # y then B(x) U
D(x) and B(y) U D(y) are disjoint. It follows from the construction that if ®(x, 17) # ®(y, 1)
then either ®(x, 1) = P(x, 1) or &(y, 1) = P(y, t ), i.e. both cannot jump simultaneously.
Since ®(x, 0) — ®(y, 0) is integer valued, and since

e forany x, r— ®(x, 1) is piecewise constant,

e for any x and fixed T > 0, the set {r € [0, T]: ®(x, 1) # D(x, 1)} is almost surely (a.s.)
finite, and

e forany xt, |®(x, 1) — d(x, ) €{—1,0, 1},

if x<y and ®(x, ) > ®(y, t) then, since ®(x,0)=x and P(y, 0) =y, for some s <f,
D(x, 5) = O(y, 5). Using the first statement, we then have ®(x, r) = P(y, 1), contradicting
O(x, 1) > Oy, 1). ]
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3.2. Natural coupling for two or more ordered processes

Next we describe a similar construction for multiple b—d processes with different transition
rates on a common state space {0, ..., N}. Index the processes 1, ..., k and let b;(x), di(x)
denote the transition rates. We will consider only the case in which the rates are ordered such
that if i < j then b;(x) < bj(x) and d;(x) > d;(x) for each x. Let B1(x) = b1(x) and 8 (x) = dy(x);
then, for 1 <i <klet B;(x) = bi(x) — bi—1(x) and for | <i < klet§;(x) =di(x) — di+1(x). Define
Poisson point processes B;(x), Dij(x) on Ry with respective rates S;(x), §;(x). Then, for each
ie{l, ..., k}define (®; (x t): t € [0, 00)) in the same way as ® from the previous subsection,
but using U 1 Bi(x), U/ ; Dj(x), Z/ | bj(x), and Z/ ;dj(x) in place of B(x), D(x), b(x), and
d(x), respectlvely Then ®;(x, 7) is a copy of the b—d process with transition rates b;, d; and
initial value x.

For fixed i, the above construction amounts to the same as in the previous subsection, so
Lemma 1 applies to ®;. Another useful property is summarized in the following result.

Lemma 2. Let ®;(x, 1), i=1,...,k x€{0,..., N}, t€[0, 0c0) be as defined above. If x <y
and i < j then ®;(x, 1) < ®;(y, 1) for all t > 0.

Proof. For the same reason as in the proof of Lemma 1, if x <y and ®;(x, 1) > ®;(y, ) then,
for some s <1, ®;(x, s) = D;(y, s). Moreover, s can be chosen so that in addition, for some
u € (s, t], ®i(x, u”) = ®;(y, u”)=: z and either

o ®i(x,u)=z+1and ®;(y, u)=zor

o ®;(x,u)=zand ®j(y, u)=z— 1.

The first case implies that u € Uin:l Bu(z)and u ¢ U{/n:l Bu(z), which is impossible since

i <j. Similarly, the second case implies u € U],;:j Dy(z) and u ¢ U],;:i D,(2), which again is
impossible. 0

4. Linear birth and death process

The linear birth and death process Z_ with parameter r is defined by the transitions

Z+1 atrate rZ,
Z—

Z—1 atrate Z.
Z can be thought of as the number of cells in a process in which each cell independently dies at
rate 1 and splits into two cells at rate r. For this process we are interested in how the extinction
time T = inf{z:Z() = 0} scales with r and Z; in cases where extinction is asymptotically certain,
i.e. P(t < 00) — 1. The results are by now routine, but as I could not find a reference that states
them all together, and since they are easy to prove, I have included the proof.

Theorem 6. Let Z, denote a sequence of copies of the above process, with respective initial
condition and parameter Z,(0), ry. Let T, =inf{t: Z,(t) =0}, v, =1 — ry, and a, = y,Z,(0).
Suppose that Z,(0) - Zso(0) e NU {00}, 1y — 100 <1, and a, — aso € [0, 0]. Let yso =
lim,— 00 Y.

1. Suppose Z(0) < oo and fix any value of t > 0.
(@) Ifreo =1 then P(z, <1) — (1 4+ 1/1)%=O),
(b) Ifreo < 1 then P(t, <1) = (1 + yoo/(e¥>" — 1)) %),
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2. Suppose Z~(0) = oco.

(@) If doo € [0, 00) then tu/Zu(0) 2 H,__ with

efl/w

if ac=0,
P(Haoo S W) = :e_aoo/(euoow—l)

if a0 >0.

(b) If aso = 00 and a, = b, + o(b,/ log by,) for some sequence (b,,) such that b,, — 00
d —w
then y, 1, — log by, (—>) G, where G hasP(G <w)=¢e™°  forweR.

Proof of Theorem 6. For compactness of notation we will suppress the dependence on n in
all variables and write Z; instead of Z(¢). In [2, Chapter III] a more general model is considered
in which each particle independently dies at some rate « (they call it a but that notation is
already in use for us) and is replaced with k particles with probability py; the present model
correspondsto o« = 1 4+ rand pg = 1/(1 +r), po = r/(1 + r). Using the Kolmogorov backward
equation of the process [2, equation (4) of II1.2], for p(f) =P(Z; =0 | Zp = 1) the differential
equation o’ =a(— p + Z]?O:() pk,ok) is obtained [2, equation (2) of I1.4]. In our case this gives
p' =—(1+r)p+ 14 rp?, which can be conveniently factored to give

p'=00—rp)l—p), po = 0. &)
Separating variables,
d
—'0 =dr.
(I =rp)(1—p)

Letting y = 1 — r we note that
1 ro y
I—p 1—=rp (=rp)d-p)
Solving the differential equation and using p(0) =0,

1—

If y #0, solving for p(¢) then gives

=4y - D), ©)

pt)y ' =

Part 1 of Theorem 6 then follows easily; the case ro = 1 follows by taking the limit of p(#) as
y — 0, or it could be computed directly by solving the ODE in the special case r = 1.

We now tackle the second part of Theorem 6, using (6) to determine P(t <t|Zy) = ()%
when Zy — oo under various limits of yZy. As Zy — o0, ,o(z‘)Z0 —e Cify /e’ —1)=c/Zp.
Solving this gives y t =log (1 + yZy/c). Recalling that a = y Z, there are then two cases.

Case 1: a— ax € [0, 00). In this case, if p(H)% — e~ then t = (Zy/a)(log (1 + a/c)).
Setting w = é log (1 +a/c) gives c=a/(e® —1). If a— 0 then a/(e™ —1)— 1/w
and P(t <wZy) — e~ /", while if a — doe > 0 then P(z < wZy) — e e/ (" =1,

—C

Case 2: a — oo. Taking y t =loga — log ¢ gives p()° — e
—logcsothatc=e™",P(t <y '(logyZy+w)) - e
y T —log yZy has a standard Gumbel distribution.

as Zy — oo. Letting w=
" as Zo — oo. In other words,
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The following short lemma concludes the proof of case 2, and thus the proof of
Theorem 6. 0

Lemma 3. Let Z,, be a sequence of copies of the linear birth and death process with initial
value Z,(0) — oo and parameter r, = 1 — a, /Z,(0) with a,, — o0. Let (by,) be a sequence with
b, — oo and let T, = inf{t:Z,(t) = 0}. Then

Z,(0 -
lim P <rn < n )(log by +W)> —e ¢

n—o00 bn
for allw € R if and only if a, — b, = 0(b,/ log by).

Proof. As before, suppress the dependence on n. Fix w € R and let v be such that %( logb +
w)= %( loga +v). Sinceloga +v = %( log b + u), subtracting log a + w from both sides gives

—b —b
v—w=log (b/a) + “T log b + aTw. %)

If a — b =o0(b/log b) the second term is o(1). Since b — 0o, a =b + o(b) so log (b/a) = o(1),
a—

w=o0(1), and so v —w = o(1). On the other hand, suppose that v —w = o(1) for every
w e R. Setting w = 0 gives

a—>b

log (b/a) + logb=o0(1). ()

—-b
Then, setting w=1 and using (7) and (8) gives a =o0(1). This in turn implies that

a—>b

log (b/a) = o(1). Using (8) once more gives log b = 0o(1), as required. [l

5. Approximation by linear birth and death processes

In this section we use the method of [5], namely approximation by linear birth and death
processes, to prove Theorem 1, Theorem 2, and the ‘final stage’ part of Theorem 3. As in the
previous section, we suppress dependence on n and write X;, Z;, etc.

For M > Xy > 0 (both depending on n) to be determined, let ¥ =r(1 — M/n) and let Z
and Z’ be linear birth and death processes with respective parameters r and »° and com-
mon initial value Xy. Let tjy =inf{z:X; € {0, M}}. Then, applying the natural coupling of
Section 3 to Z’,X,Z, labelled 1,2,3 respectively, and using Lemma 2 gives Z,’ <X, <Z for
t < ty. Let 1z = inf{t:Z;, = 0} and T, = inf{z:Z,/ = 0}. The goal is to take M large enough that
P(X+,, = M) = o(1), and small enough that P(X; = Z; for t < tpy) = 1 — o(1) if Xj is fixed and
77 and T,/ have a common rescaled limit if X¢ — oo.

We begin with a general observation. Let p_(X) and p4(X) denote the probability that
X—X—1or X— X+ 1 in the embedded discrete-time Markov chain, or jump chain, of
X;. Thenp_(X)=1/(1+r(1 — X/n)) and p1(X) =r(1 — X/n)/(1 4+ r(1 — X/n)); in particular,
p—X)/p+(X)=1/(r(1 — X/n)) > 1/r for all X, so it follows easily that rXisa supermartin-
gale. Recall that t =inf{s: X; = 0}. Using optional stopping, which is applicable since X is
bounded and P(t < oc0) = 1, it is easy to show that

rXo 1
P(t # mm | Xo) = P(Xqy, =M | Xo) < M1 ©)
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If r < 1 then using the estimate a/b < (a + ¢)/(b + ¢) that holds for 0 <a <b and ¢ > 0, we
find that if Xy, M > O then

FXo—1 %o
J— S —
M 1 M

A—p)M%0 50  ify (M—Xo) — oo. (10)

Recall that y =1 — r. If y — 0 and if, a fortiori, yM — 0 then
rXo—1 (1—py)yXo—-1 X

M1 (—p)M—1 M

We proceed by cases. The first case is Theorem 1.

Proof of Theorem 1. In this setting, ¥ — Yoo > 0 and we can assume Xy is constant. For any
>0,

—~0  if Xo=oM). (11

IP(r <11Xo) — P(rz <t Xo)| = P(r # mar | Xo) + P(v = tn, T At # 12 A 1] Xo).

Theorem 1 then follows from Theorem 6 if M can be chosen so that, for any ¢ > 0, the above
— 0asn— oo.

We let p1 =P(t # 7y | Xo) and pr =P(t =y, Tty At # 17 At | Xp). We first find M such
that p; — 0. If 5 > 0, using (10) we find that p; — 0 if M — oo. If yoc =0, then using (11)
we find that p; — 0 if M — oo and yM — 0.

We next find M such that po — 0. If © = 1)y then since X and Z are both absorbed at 0,
p2 <P(X; # Zs for some s <t A 1y | Xo). If X,Z [0, M] their transition rates differ by at
most (r — ¥ )M = rM? /n, so using the exponential distribution and noting that e ™ > 1 — x we
find that P(X, # Z; for some s <t ATy | Xo) <1 — e~ TM1/n < rM?t/n. Since r is bounded in
n, the right-hand side — 0 for fixed ¢ provided M = o(/n).

Thus, both p1, p» — 0 if we take M — oo sufficiently slowly. O

Next we prove Theorem 2.

Proof of Theorem 2. We first reinterpret somewhat the conditions of the theorem.

First option: coo =—00 and dae <00. Since coo =—00, Ln =0(|6x]) 8O0 aeo=
limy,—, o0 |8,|X,(0). Since ans < 00, X,(0) = O(1/18,]) = o(/n). In shorthand: y Xy —
aso € [0, 00) and Xo = o(/n).

Second option: ¢ > —00 and dee = 0. If ¢oo € R then aoo = 0 is equivalent to X,,(0)//n —
0, and implies [§,|X,(0) — 0. If cooc =00 then, in the same way as above, doo =
lim,,— o0 18,1X,(0) and X,,(0) = o(4/n). So, in this case as well, y Xo — aco € [0, 00) and
Xo = o(/n).

Thus the theorem is proved if it can be proved when yXo — aoo € [0, 00) and Xo = o(y/n).
First note that, with p; as in the proof of Theorem 1,

Pz <7 <tz|X0)| = 1 - p1. (12)

Since Xo — oo and yXg — aso <00, ¥ — 0. For W € {X, Z, Z'}, and writing 7 as 1y, let
Fw(t) =P(tw/Xo <t). From (12),

Fz(t) = p1 = Fx() < F y(1) + p1. 13)

By Theorem 6, if yXo, ¥'Xo — aco then, for all >0, Fz(?), FZ/(t) — P(H,,, <t). Since
y Xo — axo by assumption, it is enough to find M such that (i) p; — 0 and (ii) (y’ — y) Xo — 0.

https://doi.org/10.1017/jpr.2020.112 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.112

650 E. FOXALL

For (i), using (10) and (11) we need either y M — oo or both Xo/M — 0 and y M — 0. For
(ii) we compute (' — y)Xo = (r — )Xo = rXoM /n, so it is enough that XoM /n — 0.
Subcase 1: an = 0. Define = |y|V ﬁ and let M = B~ (BXo)'/2. Since yXo— 0 and

Xo = o(y/n), BXo=max (|y|Xo, Xo/+/n)— 0, so Xo/M = (pXp)"/> >0 and y M <M=
(BX0)'/> — 0, satisfying (i). Since p>—=, B~' </n so M=o0(/n) and XoM/n— 0,
satisfying (ii).

Subcase 2: aso > 0. Since Xo=o0(y/n) and yXo has a positive limit, /ny — co. Let
M=y~ (/ny)Y/?. Then yM = (/ny)!/? — oo, satisfying (i). Since Xy = o(y/n) and M =
W/ = n)(Jny)? = o(n), XoM /n— 0, satisfying (ii). O

Now we prove Theorem 3 in the ‘final stage’, i.e. when X,(0) < ny,|c,| ¢ for some € > 0.
The proof is broadly the same as in [5], although here the result is applicable to a somewhat
larger set of initial values.

Proof of Theorem 3 when X,(0) < ny,|c,|~€ for some € > 0.

Using our abbreviated notation, we shall prove the result under the slightly less restric-
tive condition Xq log (¥ Xo) = o(yn). To see that this is less restrictive, suppose Xo < yn|c|™¢,
so that Xp|c|¢ <yn. By assumption in Theorem 3, |c|] — 0o and a =y Xy — oco. Using
|c] = 00, log |c] = o(|c|€) so Xolog |c| = o(Xo|c|) = o(yn). Using a — oo and Xo = o(yn),
log (yXo) = o(log (yzn). Since |c| = y4/n, log (y Xo) = o(log (|c|). Therefore, Xo log (y Xo) =
o(Xp log |c]) = o(yn) as desired.

If Xolog (yXo) =o(yn) then, since yXg— 0o, Xo=o0(yn). As noted in the statement
of Theorem 3, in this case g =log (yXp) + o(1). So, we want to show that yt — log (yXp)
converges to standard Gumbel.

Let a =y Xo and for W € {X, Z, Z'} let Fy(t) =P(y tw — loga < t). Then, (13) also holds
for this choice of Fy(f). According to Theorem 6, for all t > 0 Fz(t) — P(G <1), and if (y' —
¥)Xo =o0(a/log a) then, forall 1 > 0, F_, (1) — P(G < 7). Following again the logic of the proof
of Theorem 2, it is enough to find M such that (i) p; — 0 and (ii) (' — y) Xo = o(a/ log a).

For (i) we need y (M — Xp) — oo, for which M =2X, suffices (and which, assuming
only yXp— oo, cannot be improved beyond a factor of 2). For (ii) we need XoM/n =
o(yXo/log (yXo)). Using M = 2Xy, the condition becomes Xy = o(yn/log (yXo)), which is
the condition given. O

6. Subthreshold cutoff

In this section we prove Theorem 3 in the case where X,,(0) > ny,|c,| ¢ for any € > 0. This
corresponds to the intermediate and initial stages as described in [5]; the final stage, where
X,(0) < nyylen| ™€, was proved in the previous section. The proof for the initial stage is just
about identical to their proof. For the intermediate stage, the setup of the problem follows
their approach, then I use a different method to handle the error term between the process
and its deterministic approximation (denoted ey in [5] and W here). In [5], an auxiliary result
(Lemma 3.2 there) is used to show that the maximum of the error term is (deterministically)
bounded by twice the maximum of the compensator of X, then the latter is estimated using the
corresponding exponential martingale. Here, we compute the drift and diffusivity of the error
term, then after making a time change we use a so-called drift barrier estimate, Lemma 19,
which is proved in [4], to show that the error term remains small on the desired time interval.
Neither approach seems to be strictly simpler or more efficient than the other.

Proof of Theorem 3 when X,(0) > ny,|c,| €. As before, suppress n from the notation and
write X;, Y;, etc. when it is convenient. For this proof only, let ¢ = /ny which amounts to
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a change of sign; this saves us from always writing |c|. Fix a small € > 0, to be determined,
and let Y; = X(¢/y)/(yn). Then yXo = c2Yy. Let us rewrite gn(X;,(0)) from the statement of
Theorem 3 in terms of Y. Abusing notation slightly, we have g(Yp) =2logc — log (r + 1/Yp).

Let t, =inf{r: Y; <c ¢} =inf{r: X(t/y) <nyc €}. The final stage corresponds to t, =
0. Since X jumps by £1, Y jumps by +1/yn==+1/c\/n=0(1/c), so g(Yp) — g(Y(t.)) =
—log (r+1/Yy) +log(c € +o(1/c))=—log (r+ 1/Yy) — € log ¢ + o(1). Thus, to prove the
result it remains to show that

t, —(—log(r+1/Yy) —elogc)— 0. (14)

For the intermediate stage, suppose ¢~ ¢ < Yy < €. We will use the notation for drift and
diffusivity discussed in the Appendix. Using the transition rates from (2) in (54) and noting
that y = —(r — 1), for X; we compute (X) = rX(1 — X/n) — X = —yX — rX*/n and 62(X) =
(1 +r(1 —X/n)X <(1+ r)X. From (54) we infer that if Y(r) = «X(B¢) then u(Y) = afu(X)
and 62(Y) = a?Bo*(X). So,

X?=—Y —rY?

1 1
n(¥) = WM(X) = _ﬁx T omy

and, using yzn =2,
) 1 ) 1 1
0°(Y)=—5750"X) = —U+nX==1+nY.
yon yc c

As in [5], we directly estimate the distance between Y and its deterministic approximation.
Let y(f) denote the solution to the initial value problem y' = —y — ry?, y(0) = Yo, and let 1+ =
inf{t:y(r) = (1 £ ¢~€)c™¢}. Solving by separation of variables,

Yo (1£c )¢
— 10
T+ BT rlteoee

~ =log

=—log(r+ 1/Yy) —€logc+ o(1).

Thus, r* both have the desired limit for #, as in (14). The result will be proved if we
show that 1~ <t, <" with probability 1 — o(1). Define the error process W, =Y, — y(¢).
If sup, ;- |W;| < ¢ %€ then r <t, < T, so we will show that the former has probability
1 — o(1). We first compute the drift and diffusivity of W. Factoring the difference of squares,
uW)y=u(Y)—y ==Y —r¥? +y—ry> = —=W(1 + r(Y +)). Since (y(¢)) is continuous and
has finite variation it has zero quadratic variation, so

2 2 1
o (W)=o (Y)Sﬁ(1+r)Y.

Since r,y, Y >0,

Wl _
2(W) ~ 1+r

sgn(u(W)) = —sgn(W), [W]. 5)

Next, we change time from ¢ to s such that uy (W)= —W;. To do so, let s(t):fé 1+
(Y, + y(r)) dr. Since (W) and o>(W) are both scaled by d/ds € (0, 1], (15) remains valid
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after the time change, so (W)= —W, and o2(W)=0(1/c?). Also, if |W| <c~%¢ then
Ys < y(s)+ 26 <y(0)+ 726 <€ + 7%, 50 (1) < 1 + r(2c€ + ¢72€) = O(cf). Since t~ =
O(logc), if sups< g IWi| < ¢2€ then s(t~) = O(c€ log ¢) = o(c) so it is enough to show that
sup;<. [Ws| < ¢,

We first give an upper bound on W. Next we use Lemma 19, which is proved in [4]. In
the notation of Lemma 19, let x = C_2€/2, X=W—x, Asc(X)=1/yn, e =x, 0’*2 = C/c2 for
some constant C, C,, = 2x, and, since AOO(X)[,L*/UE =c%x/Cyn=y’nx/Cyn<y/C=0(1),
take Ca to be some large enough constant. Then, I' =exp (x*/16072) = exp (c>~2¢/16C) >
¢ for large enough ¢, and since ¢ — oo by assumption, with probability 1 — o(1), Xy <x or
equivalently Wy < 2x = ¢2¢ for all s < ¢. A matching bound for —W is proved in the same
way.

For the initial stage, suppose Yy > ¢© and let t* =inf{£:Y; < ¢¢}. If Yy > ¢€ then Yy — oo
so g(Yp) =2logc —log r+ o(1). Since the result is proved for Yy < ¢€ it is enough to show
that * =o(1). From the drift of Y and Jensen’s inequality applied to E[Yf] we find that
u(r) = E[Y,] satisfies the differential inequality u’ < —u — ru*> < —ru®. Integrating the inequal-
ity, u(f) < w(0)~! + rt)~! < 1/rt. By Markov’s inequality, ¥; < c¢ or equivalently #* < t with
high probability if u(f) = o(c®), which is the case if r = c~¢/2. Since ¢~¢/> = o(1), the result is
proved. 0

7. Non-linear diffusive

Proof of Theorem 4. The first part of the proof is to show convergence to the limiting diffu-
sion, which is done in [7] by convergence of generators; here, we do it using a general result,
Lemma 20, that requires convergence of drift and diffusion coefficients and vanishing jump
size. The second part of the proof is to show the extinction time is short when the initial value
is small, relative to the space and time scale of the limiting diffusion.

For this section let Y, () = X,,(y/nt)/+/n and let ¢, = i/n(r, — 1) as in the statement of the
theorem. There are two cases to cover: Y,(0) — y € (0, oo) and Y,,(0) — oo.

Case 1: Y,(0) — y € (0, 00). First we use Lemma 9 in the Appendix, which is a result from

d
[9], to show that if Y,(0) — y then, for all but countably many R, Y;(- /\tf) (—>) Y(- ATR),
where r,f and & are the exit times of ¥, and Y from (%, R) as described in Lemma 20. Recall
that Y,,(7) has transitions

Y.+ ﬁ atrate nY + /nY(c, —Y) —cnY,

Y, — |
Yn—ﬁ atrate nY,
so Y, has jump size ﬁ =o(1) and w(Y,)=Y(c, —Y)—c,Y//n, o2(Y)=2Y 4+ Y(c, —

Y)//n—c,Y/n. For |y| <R, u(y) — b(y) and Uz(y) — a(y) uniformly, where b(y) = y(coo —
y) and a(y) = 2y. Note that b and +/a are Lipschitz on compact subsets of (0, c0). By Lemma
20, the desired convergence holds.

For y > 0 define the mapping 7,(f) = inf{#:f(t) < y} from cAdlAg functions f:R, — R,
with the topology of uniform convergence on compacts. If f; — f and f is continuous then, since
inf{f(#):t € [0, Ty(f) — €]} > y for any € > 0, it follows that lim inf; 7y(f;) > Ty(f). On the other
hand, if y > O then, for any € > 0, Y(T(y) + €) intersects [0,y) since its diffusion coefficient at
y is non-zero. In other words, Q(f: if f; — f then lim sup; 7y(f;) < T,(f)) = 1, where Q is the
law of Y. Combining the two, the discontinuity points of 7, have Q-measure 0.
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Let 7,(y) = Ty(Yy) and T(y) = T\(Y), and let T, = T,(0) and T = T(0). By the continuous
d
mapping theorem and convergence of Y, to Y, T,,(y) (—>) T(y) fory > 0. Let P, be the law of ¥},.
Since T, > lim,_, o+ Ty,(y) and T = lim,_, o+ T(y),

lim sup P(7;, < 1) < lim sup lim P,(7,,(y) < 1) = lir(r)l+ QT =t=Q(T <.
n n y—

y—0t

To obtain the opposite inequality it is enough to show that for any €, ¢ > 0O there are «, ng such
that P,(T,, > ¢ | Y,(0) < @) < € for n > ny, since then

lim inf P,(7, <) > lim inf P, (7T, (e0) < 1) inf Po(T, <] ¥,(0) =)
n n x<a

> (1 =€) lim Pu(Ty(@)<1)
=(1-QT@ == (1 - AT <.

Returning to the original time scale, X, is dominated by the linear birth and death process Z
with parameter r and Zy = X,,(0), so, using p(¢) as in the proof of Theorem 6, P(X,,(\/nt) > 0 |
X,(0) < /nar) < 1 — (p(/n0)Y™ . If ¢, <0 we can take r = 1 which has p(f) =1 —1/(1 +1),
s0 1 — (p(/n))Y™ < o/t is at most € if & < € /1.
If ¢, > 0, rewrite p(¢) from (6) with § =r — 1 instead of y = 1 — r to obtain
redt — 1 )

-
p() et —1 + 1 —edt

Using 8, = ¢,/ /1,

1 —e ¢t

Jna
(p(/nt)V™ = <1 + M) — exp (— coot /(1 — e~ ") as n — oo,

and since for fixed ¢ the limit — 1 uniformly as @ — 0, we are done.

Case 2: Y,,(0) — oco. It remains to show the results of Step 2 are true for y = co. First we
need to make sense of 7 when Y(0) = oco. Let T(y, w) =inf{£:Y(#) <w | Y(0) = y}. Since Y is
continuous, and using the strong Markov property,

(v, 0) L T(y, w) + T(w, 0), (16)

where the last two are independent. In particular, 7(y,0) dominates 7(w,0) for y > w.
On the other hand, letting U=Y — coo, w(U)=—-U(U + cx) < —U? so, integrating and
using Jensen’s inequality, E[U(#)] < (1/E[Up] + 5! < 1/t. Using Markov’s inequality, if
Y>W>cCoo then P(T(y,w)>1) <P(U({)>w—ceo | Y(0)=y) < ((w— coo)t)fl. It follows

that 7(y, w) (—p>) 0 uniformly over y € [w, 0c0) as w — co. Combining with (16), there exists
T (o0, 0) such that T'(y, 0) @ T(00, 0) as y — 0o. A similar argument shows that for 7;,(y, 0) =
inf{#.Y,,(r) =0 Y,,(0) =y} there is a limit T, (o0, 0). By Step 2, T,(y, 0) g) T(y, 0) for each
y> 0, 50 it follows that T,(c0, 0) S T(c0, 0). 0

8. Threshold and metastable

In this section we prove Theorem 5. As we’ve done so far, we’ll avoid writing subscript n
on everything. So, for example X, is simply denoted X,, etc. Since we need some additional
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decorations later, we move the = from 7} into the subscript, so 7, =inf{r: X, € {0, X,.}}. We
begin with some basic theory and estimation of an important function. Let g (j) = rj(1 — j/n)
and g_(j) =j denote the transition rates of X, and for later use let g(j) = g+ (j) + g—(j). For
integer j, define 14 (j) =P(X¢, =X, | Xo=j) and h_(j) =P(X;, =0 | Xo =)) =1 — h1(}).

By definition, 44 (X(f A 7,)) is a martingale, as is h_(X(¢ A 7,)). Using the generator of the
process, it follows that g4 (j)(h+(j+ 1) — h4())) + q—(H(he(j—1)—hy(j)) =0 and simi-
larly for h_. Let v(0) =1, and forj > 1 let v(j) = 15:1 q—(i)/q+(i). Using the linear equations
for hy, h_ and the boundary conditions 4 (0) =0, h1(X,) =1, h_(0) =1, h_(X,) =0, we can
solve to find

k Y vk
hi(j) = ZX 00y (o= (17
jeo V(K ko V()

The solution of the above linear equations for A4, h_ to obtain (17) is not hard; it can
be found, for example, in [8, Example 5.3.9]. We begin by estimating v(k). Since it is no
more dlfﬁcult to estimate, and since we will need it later, we estimate the more general
v(j, k)= H i=jt1 9~ (i)/q+(i), defined for 0 <j < k < n; we recover from it v(k) =v(0, k). It
will be helpful to have both a general upper bound and a precise estimate.

Lemma 4. Let V(x) =x(logr — 1) — (1 — x) log (1 — x). Then, for integer na and nb with 0 <
a<b<1,v(na,nb) <exp(—n(V(b+ 1/n) — V(a+ 1/n))) and

= > exp (= n(V(b) = V(@)Ex(a. b)
with | log En(a, b)| < (12n(1 — b)*(b — a))~ .

Proof. Since q+()/q—(@) =r(1 —i/n),

v(na, nb) =

k k
—logv(j.k)=Y_ (logr+log(l —i/m)=(k—jlogr— Y f(i/n), (18)

i=j+1 i=j+1

where f(x)=—1log(l —x) is positive and increasing for x e (0, 1). Since f(x) has the
antiderivative x + (1 — x) log (1 — x), the upper bound follows. Using a trapezoidal approxi-
mation with k — j subintervals of size 1/n and writing the approximation as an upper Riemann
sum minus a telescoping triangular correction,

k/n 1 k 1
S dx=— E SG/n) — —(f(k/n) — f(j/m) + Ru(J, k), (19)
n 2n

i i=j+1
where the error term (see [21] for a simple proof) has the bound

maXye(j/n k/n) "' )| 1 1
2k/n—j/m2 (L= k/n? 120/n—j/mym

Using the antiderivative of f together with (18) and (19),

[Rn(j, K)| <

b
+ R, (na, nb),

1 1 1-—
——logv(na, nb)=V(b) — V(a) + — log -
n

and the precise estimate follows. (]
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Note that V(x) has V(0)=0, V'(x) =log (r(1 —x)), and V”(x)=—1/(1 —x). In partic-
ular, it is concave on [0,1) and has V'(x,) =log 1=0, so is increasing and positive on
(0, x,) and decreasing on (x4, 1), with maximum V, =V(x,)=logr+ 1/r — 1 > 0, and has
V'(x)=—1/0 -1 —=1/r)=—r. If §oo =lim, § > 0 then V, has a positive limit, while if
§—0then V,=log(1+8)+1/(14+8) —1=8—08%/2—8+8>+ 0(8%) ~8%/2.

8.1. Extinction probability

In this section we prove the estimate of extinction probability in Theorem 2. The result in
the case 8o > 0 belongs to [1, (A2) of Theorem 1], while in the case § — 0 it is new. The
approach is to estimate s (Xp) for A_ as in (17), and the proof works by estimating the values
of v(k) separately for small and large k.

Lemma 5. Suppose X9 — aso € (0, 00). Then,

e oo if §—0,

PX; =0)—
(Xr. =0) (1 +6800) X0 if §— 800 > 0.

If X9 — oo then P(X;, =X,) — 1.

Proof. The quantity of interest is

Y V)
P(X;, = 0)=h_(Xo) = =20 ",
o V(K)

Since g_(k)/q+(k) = (1 —k/n))~", forany M > 1 and ke {1, ..., M}, r ¥ <v(k) < (r(1 —
M/n))_k and so

I M-l 1

1-7"7 —j
1 g v =T “M/n)1

r

(20)

Case 1: 6 — 0. Suppose M is taken large enough that §(M —j) — oo, and small
enough that M = o(8n). Then r~ M=) = (1 + §)~ M=) <M= 5 0 and r(1 — M/n) = (1 +
(A —M/n)y=1+8+0(8), so that 1 —1/r(1 —M/n)=1—-1/1+8+0@)=1—(1—
8 4 0(8)) ~ 8. Similarly, 1 — 1/r~ 8. Since § = 0, r 7 =(148)7 ~e ¥, so

M—1

Z v(k)~e %/, (21)

k=j

We have V'(0)=1log r =38 — 0(8) and x, = 8/r =0(1), so V(x) ~ x uniformly over x € [0, x,]
as n — oo. Using the upper bound from Lemma 4 with a = 0 and nb in the range {M, . .., X, —
1}, for large n, v(nb) = v(0, nb) < exp ( — dnb/2). Summing over nb,

Xi—1 —5M /2

Z v(k) < ﬁ =o0(1/9),

k=M
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since 8M — oo by assumption and 1 —e~%/? ~ §/2. Noting that 1 — 1/r ~ 8 and combining
with (21),

X—1

Z v(k) ~e%/s. (22)

k=j

Using the values j =0 and j = Xo, we conclude that if §M — §Xy — oo (which also implies
SM — 00) and M = o(én), then

—38Xo 8
h_(Xp) ~ < — / =e %0 5 g0,
e Y/§

If aso < 00, since 8Xp has a finite limit and /n8 — oo it is easy to check that M = /n(y/nd)'/?
satisfies the conditions. If as, = 00, since e ¥~ =0 and h_(X() decreases with X it is enough
to consider the case where §X() — oo arbitrarily slowly; thus, to satisfy the condition 6M —
§Xo — oo it is sufficient that M — oo, for which the above choice of M suffices.

Case 2: § — 80 > 0. Note that r — roo = (1 + 8o) > 1. Also, the condition §Xo — ao 1S
equivalent to X eventually being constant if as, < 00, and to Xg — 00 if as = 00. Suppose
that (M — j) — oo and M = o(n). Then, r~ ™= — 0 and 1 — M/n — 1. From (20) we find

M—1

> vk~ (= 1 rs). (23)

k=j

Since V(0) =0, V is concave and both x, and V(x,) have a positive limit; for some constant
C1 > 0, eventually V(x) > Cyx for x € [0, x,]. Using Lemma 2 as before with « =0 and nb in
the range {M, ..., X, — 1}, since § is bounded by assumption, 1 —b > 1 — x,, which has a
positive lower bound, and nb > nM — o0, so uniformly | log E,(a, b)| — 0 and for large n and
some constant C» > 0, v(nb) = v(0, nb) < CreCinb, Again, summing over nb,

Xe—1 C_CIM
Z v(k) < czm —0.
k=M

Using the values j=0 and j = Xy for constant Xy < oo and letting M = /n, combining the
above with (23) we find

X0 /(1 = 1/re0) + 0(1) _ %o

=X = e oo

If Xo — oo we may again assume it does so arbitrarily slowly, in which case M = ,/n again
suffices. Using j =0 and j = X as above we find the numerator — 0 while the denominator
— 1 —1/rs0 >0, 50 h_(Xp) — 0 as desired. O

8.2. Rapid extinction

Next we prove the results on rapid extinction from Theorem 5. Define the probability
measures P* and P° for events E by

P(E)=P(E | Xr, = X.), PYE)=P(E | Xy, =0). (24)
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Using the well-known Doob h-transform (which can be found by computing the generator of
the conditioned process), we find that with respect to P* and P respectively, for t < z,, X is a
continuous-time Markov chain with transition rates

. e+ D . (G
G (D=q+(D—F—5— (D=9 (D—F—F5—:
hy () hy (j) (25)
: -G+ D . N
0 0
D=9+(ND—7F—"—> —D=q-(D——"5—-
q+\J)) =4q+\J h_(j) q q-\J h_(j)
The following lemma is an equivalent formulation of the rapid extinction results of

Theorem 5.
Lemma 6. Suppose §Xo — aoo € (0, 00) and let PO be as in (24).
1. If§ — 0, then, for w> 0, P°(t < wXg) — exp ( — doo /(64" — 1)).
2. If 8 — 800 > 0, then, letting Yoo = 8o0/Too, PU(T <1/7s0) = (1 + yoo /(77 — 1)) %0,

Proof. We first estimate the transition rates (25) with respect to P, then approximate by a
linear birth and death process as in the proof of Theorems 1 and 2 to obtain the scaling of 7.

hGED_Niar® v 1
G YT P Y vGk
similarly,
ho(j—1) 1
— =1+ : 27
h-(j) Y= 1,k @n

Again, we divide by cases.
Case 1: § — 0. Letc = /nd so that c — oo and ¢ = o(4/n) by assumption, let M = |2./n/c],
so that M/ /n=o0(1), and let M" = | \/n]. For j < M, write

X, —1 M -1 X, —1
Y ovG =Y vG b+ Y v k. (28)
k=j k=j k=M

If j <k <M then r~* < v(j, k) < (r(1 — M’ /n))~*D, so, uniformly over j < M,

|y M 1

i1 © g R YT R Y

(29)

Thus, the above sum ~ 1/(1 —1/r)~ 1/8 uniformly over j <M provided r—™ =M _ ¢

and M'/n=o0(8). The second point is clear, since M'/n < ﬁ =0(8). To check the first

point, since r’(M/’M) =1+ 8)’(M/’M) < efs(M/’M) it is enough that (M’ — M) — oo. Since
c=+/nd — oo and § =0(1), S(M' —M)=c—2./c+ O() — oco. To estimate the second
sum on the right-hand side of (28), we note that since V'(0) =8 — o(8) and x, = o(1), for
large n, V(x) = V() >8(x —y)/2 if 0 <y <x <x,. With na=j<M and M’ <nb <X, — 1,
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l—a,1=b>1—x,— landnb —na>M' — M — o0, so log |E,(a, b)| — 0 uniformly over
a and b; thus, forlarge nandj <M, M’ <k <X, — 1, v(j, k) <2exp (— 8(k —j)/2). Summing
over k, the second term in (28) is < 2e~M ~M)/2 /(] _ ¢=8/2) ~ 4e=8M'=M/2 15 — 51 /5).
Combining the two estimates, it follows that the sum on the left-hand side of (28) ~1/§
uniformly over j < M.

Since v(j—1,k)=v(j—1,j)v(j, k) and 1/r<v(j—1,j)<1/(r(1 —M/n)) which — 1
uniformly over j < M, using (26), (27), and (25) we find that, uniformly over j <M,

SD~rjl—jmya—8),  (H~jid+8). (30)

Let X denote the process with Xo=Xo and transition rates §_(j)=j and §4(j)=
q(jr( 7G/q—(j)), which are the same as for X with respect to the measure P° except multi-
plied by the factor j/¢" (j) at each non-zero j. Then X with respect to P is obtained from X as
X, =X s(r) for t <, where s(7) is the inverse of the function

K 5(“
1(s) = / RN du
0 q-(Xu)
From the estimate of (30) we have sup,_,, s(t)/t ~ 1+ 8 — 1, so to obtain the desired result
for X with respect to P? it is enough to show it for X. Since M = o(\/n), M/8n = o(1//n8) =
o(1). Using r =1 + §, uniformly over j < M we have g+ (j)/j~ (1 +8)(1 —o(8))(1 —8)/(1 +
8)=1-—38+0(8). Let y, ¥’ be lower and upper bounds on 1 — g4(})/j, respectively, and con-
struct linear birth and death processes Z,Z” with parameters 1 — y and 1 — y’, and initial value
Xo, so that Z] <X, <Z, for t < ty. Following the proof of Theorem 2, combining (9) and
(10) we have P(t # 1 | Xo) < (1 — )Y ~%0_ which — 0 if X < /n/c since then y ~§ and
8(M — Xo) > 8+/n/c = \/c — 00. As in the proof of Theorem 2, it only remains to check that
(y — 8)Xp, (y' — 8)Xo — 0. This follows easily from the fact that y, " ~ 8.

Case 2: § = 600 > 0. Let roo = 1 + 0. Since §Xp converges, we may assume X is con-
stant. We follow the same approach as before, only with different M. So, let M’ = | \/n] and let
M — oo slowly. Then M’ /n — 0, M’ — M — o0, and, since r — roo > 1, r_(M/_M) — 0. Thus,
from (29) the first sum on the right-hand side of (28) ~ 1/(1 — 1/r) = reo/dc0. To estimate the
second sum, note that if j <M and M’ <k <X, — 1 then v(j, k) =v(j, M)v(M', X, — 1) <
v(M, M <(r(1 —M’/n))_(M/_M). We may assume that M = o(y/n); then, for large n, the
right-hand side above is < g doov//2, Summing over at most n such terms, the second sum
on the right-hand side of (28) is < nedoo/n/2 — o(1) so, combining the two, the left-hand side
of (28) — roo0/800 uniformly for j < M.

Recall that v(j — 1, k) =v(j — 1, ))v(j, k). Uniformly for j <M, v(j—1,j) — 1/ro and
(1 —j/n) — 1.1In addition, 1 — §oo/roc = 1/roo. Thus, uniformly over j < M,

L)~ roaf(1 =8 /1) =, g2 ()~ (1 + 800) = Fogy.

Let X be as before, which has §_(j)=, and §4(j) ~j/reo. In this case, X; = 5(5(,) with
SUp; <, S(1)/t ~ roo. Thus, the result for X is obtained from the one for X by changing time
by the factor ro. For X, compare to the linear birth and death process Z with parameter 1 /7.
Following the proof of Theorem 2 it suffices to show that, for fixed > 0, P(t # 1), P(Xy # Zs
for some s <t A tyr) = o(1). Since g+ (j) < g—(j), Xisa supermartingale, so the first statement
is true provided M — oo. For t < 1, the difference in rates between X and Z, when they take
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the same value, is at most sup; Tq+(j) —J/reo| = 0(M), so is o(1) if M — oo slowly enough.
Thus, for constant Xg and fixed > 0, P(Xs # Z; forsome s <t Aty | Xo) <1 — e = (1),
which shows the second statement and completes the proof. U

8.3. Metastability

In this section we prove the metastability results of Theorem 5. In particular, in this section
we condition on A, = {X;, = X, }, the event denoted A} in Theorem 5. On A, 7, is the time of
the first visit to X,, and the time to extinction can be broken into three epochs. Define the time
of the last visit to X, as ) =sup{t: X, = X,}, setting ty = —oo if X never reaches X,. On A,,
the time to extinction T =inf{z: X; =0} is the sum of the approach time t., the sojourn time
70 — T4, and the fall time t — t2. We proceed as follows:

1. Estimate the expected sojourn time E? := E[tQ — 7, | X7, = X,
2. Show that the expected approach time and fall time are o(E?).

3. With a coupling argument, show that the rescaled sojourn time (t{ — t,.)/EY, condi-
tioned on X, = X,, converges in distribution to exponential with mean 1.

Let us make the formal statements that will be the goal of this section.

12
Lemma 7. (Expected sojourn time.) ES ~ il (SLZ exp (n(logr+1/r—1)).
n

Lemma 8. (Approach time.) maxje(1,... n) El74 | Xe, = Xi, Xo =j]=0(E)).

Lemma 9. (Fall time.) E[t — t0] = o(EY).
Lemma 10. (Exponential limit.) For each t > 0, P((t? — 7.)/ES > ) — e,

Note that the expected sojourn time and fall time do not depend on Xy; we have emphasized
the uniformity of the estimate with respect to Xp only in Lemma 8. Before proving these results,
we use them to prove the rest of Theorem 5.

Proof of metastability results of Theorem 5 The extinction time is the sum of the approach,
sojourn, and fall times: 7 = 7, + (70 — 7.) + (tr — 7 *° ). Combining Lemmas 7, 8, and 9, E[t |
X7, = X.]~ E2, which is the desired estimate of the expected time to extinction.

Using Lemmas 8 and 9 and Markov’s inequality, conditioned on X;, = X,, with proba-
bility 1 —o(1), T/E2 = (t2 — 7.)/E? 4 o(1). The exponential limit for v then follows from
Lemma 10. (]

We begin by deriving some formulas for the expected time to hit j+ 1 or j — 1, starting
from j.
8.3.1. Crossing times Let T+ (j)=1inf{t: X; =j+ 1} and T_(j) =inf{s: X; =j — 1}, and let
S+(J) =E[TL()) | Xo =j] and S_(j) = E[T_(j) | Xo =j]. Define also the conditioned versions,

() =E[T+(j) | Xo=j and X;, =X,] and SU(j) =E[T+(j) | Xo =/ and X, =0]. We will

need to estimate the following quantities: (i) 8% () forj < X,, (ii) S—() for 1 <j < n, and (iii)
SY.()) forj < X,.

Quantity (i): For 1 <j < X, a first step analysis gives

1 q (j)
CD+a () g (D+q )

ST = (S3G =D+ 850D,
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and solving gives g% (j)S% (])— 1+¢q*()S7(j—1). Following [15, Section 5.2] we let
w(i,i)=1 and 7 (i, ])—Hk lq+(k)/q (k+ 1), and multiply through by 7 (1,j) to obtain
¢ (N, )SE) =71, )+ ¢4 — D, j— DST(j — ). Then, since g% (DS =1, w
solve to obtain

J

PR

q+(1)n(1 NS

SL(H=

ﬂ(l N

J
i=1

Using (25), fori <j

1—[ g—(k+1) hy(k)/hy(k+1)

n(z ) g () hyk+D/hy(k)
(DN )
- <h+<j>) @ "D
This gives
4-() & he)? 1
SN =2 v j— s —— 31

() S hi () q+@0)

i=
Quantity (ii): For 1 <j<mn, a first step analysis gives the recursion ¢g_())S_(j)=1+
q+(NS—(j+ 1). Multiplying through by 1/7(j, n) gives

q-(j) ) 1 qg-(j+1) i
S ()= S_ 1);
2GS PTG T xS YD

since S_(n) = 1/g_(n), the solution is
n

S ) g ! -
S_ , D).
D=20 L~ wm &

Writing in terms of v we obtain

L q+()
S_())= 32
() 0 () 4 E V(i — 7(1) (32)

Quantity (iii): For 1 <j < X, a first step analysis gives q(l(j)S(l(j) =1+ qg(j)S(l(j + 1).
In this case it is better to express the solution using the function v, defined like v except with
¢Y. in place of g+. Since $° (X, — 1) =1/4" (X, — 1), following the same approach as above
we find that

o o DS 1
$0(j)= (i— 1, )——- (33)
T L0 ; TR
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8.3.2. Sojourn time Here we prove Lemma 7. We use the same basic approach as in [1]; the
calculations become more delicate when § — 0. Define recursively 7,(0) = 7, and, for 0 <
k< K=min{k > 0: X, ) =0}, .(k+ 1) =inf{r > 7.(k): X; € {0, X,.} and X # X, for some
(k) <s<t}.Fork=1,..., K let py = 1,(k) — 7.(k — 1). Then, conditioned on X;, = X,,

)1, = Z Pk- (34)

By the strong Markov property, K is geometric with success probability p, =P(X;, =0
Xo = X,) and, defining 'C+ inf{r: X; =X, and X; # X, for some 0 <s <t}, E[pr | K > k] =

Elz; | Xo =X_+ =X.]. Let L, denote this expectation. Applying Wald’s equation to (34),
E)=L,(1/p, —1). Recall V(x) =x(logr—1)— (1 —x)log (1 — x) defined in Lemma 4, and
V.= V(x,)=logr+ 1/r — 1. Lemma 7 follows immediately from the following estimates on
P« and L,.

8
Lemma 11. p, — 0 and p, ~ ——= exp (— nV,).

2Jr

1 Tr
NN

First we prove Lemma 11.

Proof of Lemma 11. First we show that if p, ~ (§/24/r) exp ( — nV,) then p, — 0; then we
establish the estimate. Since r > 1, V, > 0. If § — 0 it follows that p, — 0. If § — 80 > 0 then
Vi—> Voo =10greo + 1/roc — 1 >0, so exp (— nV,) — 0 and again p, — 0.

If the first jump of X is to X, + 1 then X;, = X,. So, conditioning on the first jump,

Lemma 12. L,

_4- (X%)
q(X,)

By the definition of X, ¢+(Xs) ~ g—(X,), so if Xo = X, then its first jump is to X, — 1 with
probability 1/2 4+ o(1). Thus, in the notation of (17) it is enough to show that h_(X, — 1) ~

% exp (—nV,). We have

h(*_)

*

v(X, — 1)

Yo v

and we begin by estimating the numerator using Lemma 4 with a=0 and b= (X, — 1)/n.
Notice that |6 —x,| <2/n and that x, =§/r=35/(1 + ), so the assumption lim sup, § < 00
implies limsup, b < 1. Since V'(x,) =0, b <x,, and x> |V"'(x)| is increasing, it follows
that |V(b) — V(x,)| < 2V”(x,,)(Z/n)2 O(1/n?). Since nb > n(x, — 2/n) =nsd/r — 2 — oo and
limsup, 1 —b >0, it follows that n(l — b)2(b — a) — co. Since l/r=1—x, 1 =b=1-
X +O0(1/n) =1 — x,)(1 4+ 0(1)) ~ 1/r. Putting it together, v(X, — 1) ~ /rexp (—nV(x,)).
The denominator is estimated in the proof of Lemma 5; in both cases,

ho(X, — 1) =

X, —1

1
Z v(k) ~ 1_1/r=r/5

k=0

and the result follows. O
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In order to estimate L, we will need additional information about the function v. First,
extend the domain of v by defining v(k,j) = 1/v(j, k) for 0 <j <k <n. An equivalent,
unifying definition is given by the formula

(k) = H?=j+1 q-(0)/q+(@)
RN | (PR YPRGE

Say that f(n, L) ~ g(n, A) uniformly over A € A if lim,,_, oo SUP; 4 ‘log (g&’x)‘ =0.

Lemma 13. Uniformly over |o| <n'/3, v(X, — o /n, X)) ~exp(— o2r/2). Moreover, for 1 <

o <nl/8
Z v(/, X*)S(2+0(1))exp(—gzr/z)g'

0<j<n—1: [j—Xs|=0/n
Proof. Since r(1 — x,) = 1 and x — log (r(1 — x)) is differentiable at x,, it follows that, uni-
formly over j such that |j — X,| <n'/4, log (r(1 —j/n)) = O(n—3/*). Summing at most n'/*
terms, log v(j, X,) = O(ﬁ) This proves the first statement restricted to || <n™ /4.
If n'/*<|j—X,| <n’®, then since lim sup, x, <1, 1 —j/n~1—-X,/n. Since |j—
Xu| >nl/4 - 00, by Lemma 4, uniformly over such j, E,(j/n, X,/n)— 1 if j <X, and
E,(X./n,j/n)— 1ifj>X,, so

v(j, Xo) ~exp (—n(V(Xi/n) — V(j/n)); (35)

note that this expression is valid not only for j < X, but also for j > X, under the extended
definition of v. Since limsup, 1 — x, >0, V"/(x) = 1/(1 — x)? is bounded on [0, x, + o(1))],
and recall that V/(x,) =0 and V"'(x,) = —r. Thus, if |o| <n!/3 using a second-order Taylor
approximation we find that

V(xe +0//n) — V(x,) = —a62r/2n+ 0(n~"'8). (36)

In particular, V(X,/n) — V(x,) = O(n/%). Combining this with (35) and (36), the first
statement is proved for the remaining values of |o |, namely, (n_l/ 4 nl/ 8].
Next, for j < k < X,, since log (r(1 — x,)) =0 and x — log (r(1 — x)) is decreasing,

k
—logv(j, k)= log (r(1 —i/m) > (k — j) log (r(1 — k/n))
i:j+l

and thus v(j, k) < (r(1 — k/n))*(k’j). Fix o with 1 <o < n!/® and observe that, for any j, k, £,
v(j, &) = v(J, k)v(k, £). Using this property with k = X, — \/no and £ = X, and then bounding
the sum by a geometric series,

X‘f“y(.x)< (1 +o(1) exp(— o?r/2)
PTG = (K — o))

=0

Since (1 — X, /n) =r(1 —x,) + O(1/n) =1 4+ O(1/n), the denominator is

1—1+00/n)+or/yn) ' =1—1~1+o()or//n)=(+o(l)naor,
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SO
Xo—+/no—1
Z v(j, X)) <1 +o(1)exp(— a2r/2)£,
J=0

From the other end, if X, < k < then since log (r(1 —i/n)) <log (r(1 — x,)) =01ifi > X,, we
have

J
log v(j, k) = —logv(k, j) = Z log (r(1 —i/n)) < (j — k) log (r(1 — k/n))
i=k+1

and thus v(j, k) < (r(1 — k/n)Y~*. By an analogous argument we find that
n—1 2
Z b(j. X.) < (I +o())exp(—0°r/2) -
1= (1 = (Xa + /n0)/n)

(1+o(1))exp(— Uzr/Z)ﬁ.
J=Xut/no 7"

Combining the two estimates completes the proof. 0

We are now ready to prove Lemma 12.
Proof of Lemma 12. Let 8’ (j), S—(j) be as in Section 8.3.1. Conditioning on the first step,

L—_ b
Q+(X*) + qf(X*)

We have ¢g_(X,)=X, and, since r(l —X,/n)=140(/n), g+(Xi)~Xs, S0 L.~
(/X + 84 (Xe — D)+ S_(X, + 1)). Since hy(X) =1 and hy(Xe — 1) — 1, ¢%.(Xu — )~
q+X, — 1). By the definition of X,, ¢+(X, — 1) ~¢—(X, — 1). In addition, by Lemma 13,
v(i, Xi) = v(i, Xo —2)v(Xy — 2, X)) ~ v(i, X, — 2) uniformly over i. Thus, using (31) with
j=X,—1,

(14 ¢-X)ST X — D + g1 (X)S- (X + 1)) .

X, —1

22
S0~ D~ Y v x) D
i=1

g+()

(37)

We will estimate the bulk of the sum in (37), finding that it tends to a, then show that the
rest of the sum, as well as S_(X, + 1), are negligible in comparison. Recall the notation ¢ =
4/né, noting that ¢ — oo by assumption. We then have X, ~ né = \/nc. Since r(1 — x,) =1,
q+(@) =ri(1 —i/n) =i(1 4+ r(xx — i/n)), so g+(i) ~ X, uniformly over |i — X, | < C provided
C = 0(X,), or equivalently C = o(y/nc). By Lemma 5, h4(i) — 1 uniformly over i > M pro-
vided M — oo. If M =X, — C with C = o(y/nc) then §M ~ §X, ~ cz/r—> 00. Thus, if we
define ¥ = /c An!'/3 then since \/nc = o(/nc),

X,—1 X,—1
* h ~2 1 *
o™ oLy .
. g+@  Xu
i=|X,—T/n]+1 i=| X~ T/n]+1
Using Lemma 13 and the fact that ¥ — oo and & < n'/8,
o 0 2 ni
Z v(i, X*)“\/ﬁf e do = Eve
=X~ T /n)+1 - g
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Assuming the rest of the sum is negligible in comparison, since X, ~ nd/r we then have

Jnw 1 [=nr
S X — D~ = [ 38
¥ ) X, 2r Jns\ 2 (38)

So, we now show the rest of the sum in the brackets in (37) is o(y/n); we may of course
ignore the 1. Using the trivial estimate g4 (i) > 1 and 74 (i) < 1 fori > 1, as well as X, <né and
Lemma 13 with o =n!/8,if \/c > n'/3 then the rest of the sum is

[ X,—n/8 | ) 3/8
h 3/8 ns
Y i X —2) O <@t o2 _ 1) = ().
~ 4+ () r

If \/c < n!/8 we treat the remainder in two parts, beginning with i < 1/8 = /n/c. X is domi-
nated by the linear birth and death process Z with Zy = Xy and parameter r, and using (5), since
0 is absorbing for Z, P(Z; =0 for some ¢ > 0| Zo) = lim;_, o0 p(£)%° =min (1, 1/r)% = r=%
since r > 1 by assumption in this section. If Z, =i for i > 0, then with probability p; > 0,
Z hits 0 before it returns to i. Thus, Z visits any i > 0 at most a geometric(p;) number of
times, which is almost surely finite and implies that a.s., lim;— o Z; € {0, co}. Therefore,
P(limyoo Zr =00 | Zo) =1 — r % =1 — (14 8)~% < §Zy. The last inequality follows from
(1+ 5)_20 > ¢%% > 1 — §7,, where we used the estimate 1 + u < e for u € R which follows
from the convexity of u + e". Since Z dominates X,

hi() <P lim Z,= 00| Zy =1) < 5i. (39)
— 00
Since h (i) < 1, hy(i)> < h (i), and since X, < né and g (i) > i for i < X,, hy-())*X,/q+ (i) <
82n = ¢*. Using Lemma 13 with o = (X, — |/n/c])//n~c—1/c=c —o(1),
Lv/n/c]

h (i)
3wt X0y, < @ oiye 2 Y e 0P 2E i o i,
4+ or r

i=1

since ¢ — oo and thus (ZC/r)e_(C_O(l))Z’/2 — 0 as n — oo. Using again the trivial estimate
hy(i) <1 and ¢, (i) > i, and also v(i, X,) < v(X, — /nc, X,) ~e~<"/% fori < X, — \/nc,

X~ e B PN
Y w X)= X sUrote™ e 30 <
i=L/n/c]+1 A+ i=Lyfc+1 |

~ /nce”""*(log (v/nc) — log (v/n/c))
~ /n(2clog (e~ ") = o(V/n).

This completes the estimation of the sum from (37).

For S_(X, + 1), using (32) with j = X, + 1 and simplifying as before,

n

S-Xu+ D~ Y7 vi—1.X)
i=X,+1

RG)

Since this case is similar to the one before, we just give an outline. Breaking up the sum in the
same way, the bulk of the sum is estimated in the same way as before and gives the same result.
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To bound the remainder, it suffices to note that g_(i) =i > X, for i > X,, then use Lemma 13

directly, noting that 2e~F7/2 /(Zr)— 0. Since L, scales like the average of the two values, the
result follows from (38). O

8.3.3. Approach time We now prove Lemma 8. For this and for Lemma 8, we first derive
a more concrete lower bound on the expected sojourn time EY, using the formula EY ~
«/271/n(r/82) exp (nV,) of Lemma 7, where V, =logr+ 1/r — 1.

If §—0 then V,=log(1+8)+1/(14+8)—1=8—-8%/24+1-8+8—1+0()=
82/2 4 0(8%) ~ 8%/2 and, since ¢ = /n8 and r — 1, /2 /n(r/8%) = /27 (r/c8) and nV, ~
c2/2. If 6 - 80 > O then V, = Voo =l0g roo + 1/roo — 1 > 0. Thus in either case,

(11— 0(1))@ ! exp (1 —o(1))c?/2) if§ — 0,
E} > § ¢ (40)
V27 [1(rog /82, eI 70D Voer if § = 800 > 0.

Using (40), the following result implies Lemma 8, since c¢*logc=o((1/c)exp ((1 —
0(1))c2/2)) in the case § — 0 and nlogn = o(exp ((1 — o(1))Vson)) in the case § — do0 > 0.

Lemma 14.

1/8)c*1 its
max E[r, | Xz, =X., Xo=Jj]= O((1/8)c” log (¢)) 1 -0
jell..n} O(nlog (n)) if § = 850 > 0.

Proof. Using the natural coupling, by Lemma 1 it is enough to consider the initial val-
ues Xo =1 and X = n; we begin with Xo =n. We break up the travel time to X, into three
checkpoints: 2nx,, nx, + +/n, and X,.

First checkpoint: If x > x, then pu(x —x,) = u(x) =x(r(1 —x) — 1) = rx(x, — x) < —r(x —
x,)* < —(x — x,)°. The differential equation y' = —y> has solution flow ¢(z, y) = 1/(1/y + 1),
so letting 71 = inf{¢: x; <2x,} and defining the continued process X by X; = ¢(t —t A 71, Xinz,)
we have ©(X) < —)?,2 for all # > 0. Taking expectations and using Jensen’s inequality,

d
3 ElE] = —E[#] < —(E[%]),

which gives E[x/] < ¢(z, xo) = 1/(1/x0 + 1). Since xo < 1, Markov’s inequality then gives

1 r

1
P H<PG>2x)<——=—".
(M= 0 =B >2%) < 5 T = B 1

Letting t = 1/6, the above is at most 1/2. Using the Markov property and iterating, P(t; >
k/8) <27k soE[r;] < (1/8) Zkzo P(ty > k/8) <2/8.

ﬁ, let 1 =inf{t: Xr <Xy + ﬁ} and
note that if x> x, then w(x —xy) = —rx(x — xy) < —rx(x — x,) = —8(x — x,). Thus, & =
e‘s(’MZ)(xmt2 — X,) is a supermartingale and if xp <2x, then & <x, and P(1rp > t|xp <
2x,) < P& = ¥/ /) <e ™V /nx, <e ¥ /ns =e %c. Thus, E[12 | xo <2x.]= [y~ P(r2 > 1|
xo <2x,)dt <c/$.

Second checkpoint: To get from 2x, to x, +
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Third checkpoint: Finally we estimate 73 = inf{z: X, = X,}, assuming Xy < nx, + +/n. With
S_(Jj) asin (32),
Xoty/n+1
Elr3 | Xo <nx,+vnl< D S-(j). (1)
./=X*+1
Since 1y (i) = hy(j) =1, ¢+(j) < g—(j) = ¢*(j), and g_() =i = X, for i, j > X.,

n

S-()= 5 Y= 1,

* =)
If X, <j <X, + +/n+ 1 then, using Lemma 13 with o <1+ 1/./n,

vi-Li= vt%lx)g) <(1+o(1) (i — 1, X).

Using Lemma 13 again and approximating the sum by a Gaussian integral, we obtain

S_ (,)<_<1+0(1)) ”2,/ _<1+0(1))f r/zf—oa/fa)

since r is bounded by assumption. Summing over /n + 1 terms of the same size and using
(41), we find E[13 | X0 < nx, + /n] = O(/n//n8) = O(1/8). In all three cases the expected
travel time is O(c/8), which satisfies the stated estimates; for the case § — §o0 > 0, note that
c/§ = ./n.
Next, we consider the case X = 1. From (31), and since g—(j) < ¢+(j) < ¢% () and g+ (i) >
ifori,j<X,,
)= 2’: @ ]
J)= vit, ] — . e
* P hy())? i
Let s;; denote the above summands. Then,

X,, X*_l /

Bl | Xo=1, Xr, =X,] Z SLH= Y Y sy

Jj=1 i=1

Ifi<j<X,thenv(i,j—1)<rand h+(i)/h+(j) <1, which we use below. In order to obtain
good enough estimates, we need to be a bit more precise. We treat the cases § — 0 and § —
800 > 0 separately.

Case 1: § — 0. Let ¢ = \/né, so ¢ — 00 and ¢ = o(/n). We treat the sum in three parts: (i)
1<i<j<l1/§,G)1<i<l/§<j<X,—1,and(ii) 1/6 <i<j<X,.

Part (i): From (39), h (i) < §i, and since the denominator ~ 1/(1 — 1/r),

>R k) _ U= /a—1/n
ZX'” vk) ~ (I+o(l)/(1—1/r)

Since § — 0, (1 4+8)7 =((1+8)"/%)=% — ¢~% uniformly over §j < 1. Since e ™* < 1 — (1 —
1/e)x forx € [0, 1], if §j < I then

hi(j) > (1= o(1))(1 — ey > (1 — o(1))(1 — 1/e)8], (42)

hi(j)= =(1 —o(1))(1 —r7).

https://doi.org/10.1017/jpr.2020.112 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.112

Extinction time of the logistic process 667

which is at least 8j/2 for large n, since 1 — 1/e > 1/2. Thus, s;; < r(i>/(j/2)*)(1/i) = 4ri/j*,

¢
L1/4] J L1/6]

J
Ssi= Y X3 i< Y <2

i2
j=1 i=1 j=1 J i=1 j=1

Part (ii): Since g_(k)/q4(k) = 1/r,v(0, i) > r "= (14 8)"" > e % foreach i. Since g_ (k) <
q+(k) fork <X, andi<|[1/8],v(i,j—1)<v([1/8],j—1),s0

S

. v(0,j—1) & .
=1 =——"<e’(0,j—1).
v(i,j—1) 0.0 <e"v(0,j—1)
Thus, if i < 1/§ <j < X, then
.. v(0,j—1) 1 .
Jg—1)=———"< 0,j—1).
v(i,j—1) 50D <e(0,j—1)

Since j> [1/8] and j+> hi(j) is non-decreasing, using (42), hy(j)> (1 —o(1))(1—
1/e)61/8] is atleast 1/2 for large n, since § — 0 implies §| 1/6] — 1. Again using h4 (i) < §i
and combining,

X,—1 [1/8] X, —1 [1/5] 6iP )2
> Tuz T o0y O
j=11/8]+1 i=1 j=11/8]+1
We easily estimate
L1/3] 2 L1/8]
8i)- 1 1/6
CURESPP Zi<452( )
, 1/4 i . 2
i=1 i=1
Using (22),
Xo—1
Z elv(0,j— 1) < (1 +o(1))/8.
j=11/8]+1

Combining the two, the sum is at most (2 + o(1))/$.
Part (iii): This part is the easiest; we simply use v(i,j— 1) <r, hy(i)/h+(j) <1, and
1/q+(i) < 1/i and, treating the sum as a right-endpoint Riemann sum,

Xi—1 J X,—1

YY i= Y rox(h-log(/sy,
J=L1/8141i=[1/8]+1 j=11/8]+1

We can combine the logs as log (§7), which is increasing in j. Treating the sum as a left-endpoint
Riemann sum of the function log (x) with interval widths 8, and noting that §X, <ns? = ¢2,
the sum is at most }(8X.(log (8X,) — 1) — 8(1/8)(log (8(1/8)) — 1) < x(c*(log (c*) — 1)+ 1).
Combining all three parts, we find E[z, | Xo=1, Xz, =X.] < 1(c?log(c?) — * + O(1)) <
+2¢% log (c) for large n, since ¢ — oo.

Case 2: § = 8o > 0. Since 1/§ = O(1) in this case, the whole sum can be treated as in part

(iii) above. Since s;; < r/i,

X,—1 J X,—1
ZZSU Z(l—i—log])
j=1 i=1 j=1

Treating the sum as a left-endpoint Riemann sum, it is at most X, log (X,) — 1log(1) <
né log (nd) = O(nlog (n)). (|
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8.3.4. Fall time Here we show that the time to hit zero after the last visit to X, is small
compared to the sojourn time. The following is an equivalent formulation of Lemma 9.

Lemma 15. E[7 | Xo = X,, X7, =0] = o(EY).

Proof. Let L? denote the above expectation. With $% () as in (33),

X.
=Y 523
j=1

Since we condition on X;, = 0, the initial jump off X, is to X, — 1 with rate g+ (X,) + g—(X.),
which we denote ¢°(X,), after which we use the rates qi given by (25). Thus, Sy, =

1/¢°(X,). Forj < X, — 1, 4%.(j) < g+(j) and ¢° (/) = g— (), 50 ¢%.()/q° () < g+ (D /q-()) <
r. Moreover, ¢° (i) > g_(i) = i, so

X,—1

d 1
S() N 0._1’._‘
C=r Yy v VE

i=j

Let s;; denote the summands. Summing over j and exchanging the order of summation,

Lg_q X Z Zs”

i=1 j=1

The first term is at most 1/X,, which is clearly o(E?). To estimate the sum we need more
information about v°, so we first estimate the ratios

91D _ a+() h-G+ D/h-())
@) g-() h—(j— D/h_())

(43)

of the conditioned rates given by (25). To do so we use the formulas (26) and (27). Since
v(j—1, k) <v(j, k) forj < X,, from (27),
h_(j—1) -1 1

— 2+ = 44
h-()) Y vk @

which simplifies some calculations. Define o; = (X, — j)/+/n and similarly for oy, and let £ =

nl/8 n Je.

Estimation for o; < X: By Lemma 13, uniformly over 0 <oy <o; < nl/8, v(j, k)=
. (=a?+02)r/2
v(j, Xu)/v(k, X,) ~e" 7 k77 and so

X,—1

9j
> vk~ i [ et g,
0

k=j

Changing variables to u = o; — o, 0j + 0x = 20; — u and the integral becomes

% Qoi—w)r/2 % 2 2
e u(20j—u r/ du < e uajr/ du <=
0 0 ojr
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Letting bj = (1 — €,)ojr//n with €, — 0 sufficiently slowly, and using (26) and (44), it follows

h
o =Dy heGED
h_(j) — e h_(}))

Since 0; < n'/3, b = 0(1) so h_(j+ 1)/h—_(j — 1) < 1 — b; + o(b;). On the other hand,

<1 —bj/2.

D) (1~ jgmy= (1 + rr — /)
q-(J)

=1+ r0j//n+O(1/n)=1+ (1 +o(1))b; + O(1 /n). (45)

Using (43) and the above estimates,

0,
qg(’.) < (4 (1 + 0o(1))b; + O /n)(1 = by + OB} = 1 — b7 +o(b}) + O(1/n).  (46)
q-()) '

Estimation for o; > X: Recall the upper bound from Lemma 4,
v(j, k) <exp(—n(V((k+1)/n) = V((j+ 1)/n)).

Using the fact that V is non-decreasing and V’ is non-increasing on [0, x,], n(V((k+ 1)/n) —
V((j+ D/n) > ((k—j) A /n)V'((j+ 1+ /n)/n). With this bound,

X,—1

1 ’
v(j, k) < (X, — jle V1V GHl+n/m) A7
kZ:j PO T G / 47

the first at most /n terms forming a partial geometric series, and the last at most X, — j terms
each contributing at most a constant. Since V'(x) =log (r(1 — x)) and r(1 — x) = 1 + r(x, — x),

eV HIHVDM | 1 y(x, — (4 1+ /n)/n)
, 1
=1+r(X.—j)/n— T + 0(1/n))
> 1+ 105 —2)/v/n

for large n. This easily gives the bound /n/(r(cj — 2)) on the first term on the right-hand
side of (47). To bound the second term, note that o; < \/n and r > 1, and that 1 + x> e*/2 for
xe[0,1],s0 1 +r(oj — 2)//n> e0=2)/2n, Using this on the second term on the right-hand
side of (47) and combining the two estimates, for large n,

X—1
Z v(j, k) < i) + /noje==2/2,

P r(oj —2

—x/2

Since xe — 0 faster than )—1( as x — 00, using b; = (1 —€,)roj//n with €, — 0 slowly

enough, since ¥ — oo it follows that, uniformly over o; > X, Zk;;l v(j, k) < 1/bj, and so
h-(j+1) - 1 —b;

ho(j—1) =~ 1+b;
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Since 0; > ¥ — 00, b; _a)( ) and using (45), ¢+(j)/q—(j)) =1+ (1 + 0(1))b;. Using (43),
uniformly over j < X, — 2\/_

CZ+(J)
7" (j)

=1+

=1- bj + O(bj). (48)

Case 1: § — 0. Since v°(i, i — 1) — 1 uniformly over i, we can work with v°(i, j) instead of
v0(i — 1, j). Again, we break the sum into parts; the decomposition is similar to the one in the
second half of the proof of Lemma 14, except that the third part has been further subdivided
into three parts, for a total of five: (1) 1 <j<i<1/8, (i) 1 <j<1/8 <i<X,— Z/n, (iii)
1/8<j<i<Xe—2n, (V) 1/§<j<X,—Zyn<i<X,—l,and (V) X, — T /n<j<i<
X, — 1. Note that 0; > X in parts (i)—(iii), and 0; > X in parts (1)—(iv).

Part (i): Note that if j = o(X,), which is the case if j < 1/8, then o; ~ \/nx, and b; ~ §, so
VO3, j) < (1 — 8 + 0(8))' 7 < e~ (1HT0(8G=) "and treating it as a partial geometric sum,

e—(I+o(1)si (14 o(1))8i .
Zv (i) < - iy =5 = o).
Thus,
L1/8] i U/Sjl
2D si= ) ~(+o(Ni=(l+o()/s.
i=1 j=I1 i=1
Part (ii): If i > 1/§ then, from the above,
[1/48] |
0, -
Z V(i ) < T oo’ < (I +o(1))/é.
J=1

Noting that X, <né = /nc and 1/8 = \/n/c,

Xo—Sn 11/
1 1 1
>3 = log (Wie) — og (vifen = A tog

i=[1/8]+1 j=I

Part (iii): Since i>j, bj=(—e)rXy —j)/n< (1 —&)rX, —i)/n=0b;, VO3, j) <
e~ (—obili=)) ' apd ngi VO, )< 1/(1 — e~ (—o(biy 1/b; =n/(X, — i) uniformly over i,
since b; < § and 6 — 0. This gives

X—Sym) X~ /1) X~ /1)

o
2 2 ms ) i(Xn—l) Xi 2 (_'+X*—i>'

i=[1/8]+1 j=[1/8]+1 i=|1/8]+1 i=11/8]+1

Treating the sums as Riemann sums and noting that n/X, <n/(né — 1)~ %, 58X, <ndé? =c?

and X, /(X/n) < /n8/E = o(/c), this is at most

1+4+0(1) + o(1)

(& + o(J/0)).

(log (X,) — log (1/8) + log (X,) — log (E+/n)) <
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Part (iv): Writing as a product and using (46) on the first term, then proceeding as in part
(iii) on the sum, fori > X, — Z./n >,

Yo Y@= X - Y VK=V, )
J=Xu—=E/n J=X=En
< en5/80<1/n>/(1 — e~ U=0WE/VA _ (1 4 o(1))/n/ 5.

Since T = o(c) = o(X,/+/n), 1/i~1/X, and

X,—1 X.—2/n X,—1
n 1
Y Y w=arapd YL
i=X,—Z/n+1j=11/8]+1 i=X,—/n+1
JnEZyn n 1
<(1+4o0(1)X ~— <.
=1 +o)—4 x. X 53

Part (v): Using (46) as in part (iv), v0(i, j) < e=v0U/m =1 4 o(1). Again, 1/i~ 1/X,.
Since there are at most X7 terms in the sum and ¥ < /¢, it is bounded by

2
(I+o(1)

n_ 1 { c
X. =1+ o( ))3'
In all five parts, the sum is 0(c2/5); referring to (40), this is o(EY).

Case 2: § — 80 > 0. Since, by (48), q;(j)/q(l(j) <1 for j <X, — X./n and, by (46),
a5.()N/42 () <1+ 00 /n) <e?/" for X, — £/n<j<X., and since T <n'/®, 10, ) <
""" 00/m — | 4 o(1) for j < i < X,. Thus,

Xo—1 i X1
Z Zs,;,s<1+o<1)) Z —i~ X,
i=1 j=I i=1
and X, < né = o(EY), again by (40). (I

8.3.5. Exponential limit Here we prove Lemma 10. By the strong Markov property, this is
equivalent to showing that 72 /E? converges in distribution to exponential with mean 1, assum-
ing Xo = X,. Let ® denote the natural coupling, so that for each j € {0, ..., N}, (P(J, 1)=0
is a copy of the logistic process with initial value j, and by Lemma 1, ®(i, f) < ®(j, t) for all ¢
it i <j; let t,(j) =inf{r > 0: &(j, 1) € {0, X,.}} and 72(j) = sup{t > 0: &(j, 1) =X, }. We give
a sufficient condition for (z,) — 7,)/E to have an exponential limit.

Lemma 16. Let ES =E[t(n)] and assume that (i) P(z)(j) =t0(n) | P(J, tu(j)) =X) =1 —
o(1) uniformly over j € {1, ..., n}, and (ii) uniformly over j€ {1, ..., n} and t > 0, P(z2(n) >
(E] | ®(j, 7.())) = X,) = P(r2(n) > 1E}) — o(1). Then, for each t > 0, P(t°(X,) > tE®) — e .

Proof. By definition, ®(X,, 7 (X,)) = X, so using assumption (i) it is enough to show that
P(z2(n) > tE) — ¢! for t > 0. By the definition of 70(n), ES =E[z? | Xo = n], so using the
Markov property and then Lemma 8 we find that ES =E} + E[t. | Xo =n] ~ E2. Thus, it is
enough to show that p, () := P(z2(n) > tES) —e'fort>0.

Using the natural coupling of Section 3, if j <n then, for any ¢t >0, ®(j, ) < P(n, 1),
which implies (/) < tl(n). Conditioning on the value of ®(n, ) and using the Markov
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property, it follows that p,(t + 5) = pu(t) >, P(2(j) > SENP(P(n, tE;) = j) < pa(t)pa(s), i.c.
t— pu(t) is submultiplicative for each n. Given ¢, s > 0, conditioning on ®(n, tES), using the
Markov property, then using assumption (i) followed by assumption (ii) and the law of total
probability,

P(z°(n) > (1 + $)E, | 12(n) > (E;)

=D PE() > SE) | D(j, Tl ) = XOP(D(n, 1E,) = j)
J

>3 PE(n) > SE)) | O(j, Tl ) = X)P(D(n, (E,) =) — o(1)
J

> Y P(x2(n) > SE))P((n, iE,) =j) — o(1)
J

= pn(s) — o(1)

uniformly over 7 and s. Since the above left-hand side is just p,(¢ + s)/p,(t), we obtain p,(t +
8) > pp(t)pn(s) — o(1). Combining with p,(t 4 5) < p,(H)pn(s), it follows easily that for rational
t, pn(t) = pu(1)' + o(1), and since ¢ > p,(?) is non-increasing, the same holds for real ¢ > 0 by
rational approximation. Thus, it remains only to show that p, (1) — % as n— oo.

Let T(n) = rf(n)/ES, so that E[T(n)] =1 for each n. By Markov’s inequality, p,(2) < %,
and p,(2)) < pn(2y =277 for integer j> 1, so E[ T(m)1(T(n) > 2k)] < Yk 2P(TY > 2)) <
2=*=2)which — 0 as k — oo uniformly in n. Since P(T(n) > 1) = P(T(n) > 1) + o(1) for
each 7, an easy approximation argument using the monotonicity of ¢+ P(T(n) > t) then
shows that E[ T(n) | = fooo P(T(n) > 1)" dt + o(1). Since E[ T(n) ] = 1 for all n, it follows that
P(T(n)>1)— % as n — 00, as desired. O

It remains to show that assumptions (i) and (ii) of Lemma 16 are satisfied. Let t.(j) =
inf{t: ®(j, 1) = P(n, 1)} denote the coupling time of the two trajectories, which is a.s. finite
since both eventually hit 0. We begin by extracting a further sufficient condition, which we
then prove.

Lemma 17. Let t2(j) = inf{t > 1c(j): ®(J, t) = X.}. Suppose that

_ {rlnin }P(Tc*(j) <00 | ®(j, () =X0) — 1. (49)
je n

Then assumptions (i) and (ii) of Lemma 16 are satisfied.

Proof. Assumption (i): Since ®(j, 1) = ®(n, 1) for all > t.(j) (see Lemma 3.1), the event
2(j) = t2(n) is equivalent to the event that ®(j, 1) = ®(n, 1) = X, for some 7 > 0, which in
turn is equivalent to the event tZ(j) < 0o, and assumption (i) follows directly from (49).

Assumption (ii): First note that, since P(®(X,, 7,(X,)) = X,) = 1, it follows from the above
that

P(2(X.) = t2(m) = 1 — o(1). (50)

Next, using the strong Markov property, {(n) conditioned on tJ(j) < oo is equal in distri-
bution to t7(j) conditioned on () < 0o, plus an independent copy of t2(X,). In particular,
7,)(n), conditioned on t}(j) < oo, dominates t2(X,) (with no conditioning). Since }(j) < 0o
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implies ®(j, 7.(j)) = X., using (49), then the above observation, then (50), it follows that,
uniformly over j,

P(r2(n) > 1E, | ®(j, T2(/)) = X.)
=P(r2(n) > 1E, | T2(j) < co)P(r2(j) < 00 | D(j. Tu(j)) = Xu)
=P(z0(n) > 1E, | T (j) < 00)(1 — o(1))
> P(t0(X,) > tEy)(1 — o(1))

= (P(z(n) > 1E}) — o(1))(1 — o(1))

=P(z°(n) > (E;) — o(1). -

Finally, we prove the hypothesis of Lemma 17. To do so we show that, within a short time
after the paths started from j and from n reach X,, they meet (if they have not met already), and
then with probability 1 — o(1) their common trajectory hits X, at least once more before going
to 0.

Lemma 18. As n — 00, minje(1,....n) P(z2()) < 00 | @(j, 7.())) = Xo) — 1.

.....

Proof. Let X/, X" denote the processes (P(j, 1))r=0, (P(n, 1))=0. As we will see, when
X, X" > (1+ €)X,/2, the drift tends to push them together. Let 7,(j)=inf{t > 7.(j) vV
T.(n): max (|X] — nx,|, X7 — nx,|) = nx, /4}. If 7e(j) < 72(j) V Ta(n) then X! = X" = X, with
t = T.(j) V tu(n), which implies t7(j) < 0o. On the other hand, if 7,(j) V 7.(n) < 7c(j) < w(})
then Xic(j) :X;lc(j) > 3X, /4. Using the strong Markov property and the fact that X/ and X"
remain together once they meet, on the latter event it follows from Lemma 8.1 that tX(j) < oo
with probability 1 — o(1) uniformly over j. Thus, it is enough to show that

max P(to() A te()) < () | (), () = X) — 1. (1)

We begin with a lower bound on 7(j), that ensures both X/ and X" remain fairly close to X,
for a while after they hit it. Then, we estimate the drift and diffusivity of X/ — X" assuming that
both are at least 3X, /4, and with the help of the lower bound, deduce (51).

Lower bound on 7,(j): Let W=X —nx,. Then u(W)=uX)=Xr(1—-X/n)—1)=
rX(x, —X/n)=—rXW/n and o*(W)=0>X)=X(r(1—X/n)+1)<(1+r)X. Since W
jumps by &1, if |[W| > 1 then w(|W]) = sgn(W)u(W) and a2(|W|) = o 2(W). Suppose nx, /8 <
|[W| < nx,/4, noting that 1 <nx,/8 for large n. Since 3nx,/4 <X <5nx,/4, 0’2(|W|)=
O(nx,) = 0(n8), u(|W|) < —(3rx,/4)(nx,/8) = —3n8%/32r, and |u(|W|)| < (5rx,/4)nx, /4 =
O(n8%). We shall use Lemma 19 (with apologies for overloading notation). In the notation
of Lemma 19, let X = |W| — nx, /8, x = nx,/8 = nd/8r, p. = 3n8>/32r = 3c¢%/32r, 6> = Cns,
and Cy, = Cné? for some C >0 and Cp = 1. Since Aso(X) = 1, Asc(X)tu/0} =38/32Cr is
at most % if C > 0 is chosen large enough. Then, I' = exp (2(c?)) and x/16C,, = Q(1/8), so
PCsup,<(1/5) exp () IWil > nx. /4 ‘ [Wo!| < nx,/8) = o(1). Applying this bound to X/, X" from
time 7, (), respectively t.(n), we find that

P(rp(j) < (1/8) exp () | @(j, Tu(j) = X,) = (1) (52)

uniformly overj € {1, ..., n}.
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Upper bound on 75(j) A 7c(j): Let F(x) =x(r(1 —x) — 1) = rx(x, — x) and G(x) =x(r(1 —
x)+1)>x, so that uw(X)=nF(X/n) and 0%(X)=nG(X/n)>X. We have F'(x)=r(x, —
2x), so if 3x,/4 <x <5x,/4 then F'(x) € [F'(5x./4), F'Bxs /)] = [ — 3rxu/2, —1x /2] = [ —
38/2, —6/2]. If X/, X" > 3nx,/4 and X/ # X" then, letting U =X/ — X", by the mean value
theorem, wu(U)/(U)=n(F(X//n) — F(X" /n))/(X/ — X") e [ — 38/2, —8/2] and, since X/ and
X" evolve independently until they collide, o2(U) =n(GX/ /n) + G(X"/n)) > 3nx,/2 > nd/r.
Since U jumps by £1 and takes values in Z, if U # 0 then pn(JU|) = sgn(U)u(U) and 0’2(| U=
a2(U), so letting V = |U|, the above implies that, conditional on ®(j, 7,(j)) = Xs, ux(V) €
[—@38§/2)V:, —(6/2)V;] and o,z(V) >nd/rforall 7,(j) V 7,.(n) <t < 7.(j) A tp(j). If this inter-
val is empty, then 7.(j) A 75(J) < Tu(J) V Tu(n) < 15(j) so there is nothing to show. Otherwise,
since on this time interval sgn(U,) is fixed, then, given sgn(Ux,(;)), on the same time interval
V is a Markov chain with state space a subset of Z. Let u = | /1], to = 7.(j), and 11 = 1,(j) A
inf{r > 1: V; = u}, and define recursively #; = 7,(j) Ainf{t > #;_1: V; € {0, u, 2u} \ 'V;,_,}. Let
pi=ti—ti—y fori=1,...,N=min{i: V;, =0 or t; = 7(j)} = min{i: t; = tc(j) A ©())}. By
the a priori bound, we may assume that |V;,| < nx,/2 = n8/2r. Then, & = e?Cotirr0/2y, o
is a supermartingale with &y < nd/2r, so

8/2
P(oy > 1) < (&, > /2y < e~ /20 21,
Jn—1
This probability is O(1/c)=o0(1) if t=(1/6)logc. Using a similar estimate with & =
2u, P(p; > 1| Vp,_, =2u) < 672‘”27“ <2e72% and, integrating over ¢, E[p; | V, . =2u] < %

To estimate pp, we note that, for o >0, w(aV?) =2aV,u(Vy)+a?c?(V)>—3asV> +
aan/r so, for t; <t <1, since V; <2u <2./n, choosing o = 13r we have /,Lt(OlVZ) > and.

Thus, Vt21+t/\,02 —né(t A p2) is a submartingale. Since V;, =u and V;, < 2u, using optional
stopping,
1 1 3n 3
E[p] < —E[V2 = V2] < —@du? —u?) < — ==,
[o2] < —(BLV,, = Vi) < —(d? =) < = =

By the Markov property, the same estimate holds for E[p; | V;, , =u]. Using simply that
(V) <0 and optional stopping, P(V;, = 2u | V;,_, = u) < 1/2. Summarizing, on the time inter-
val [1.()) V 1u(n), 7c(J) A T5(j)], V hits u, then goes to 2u and back to u at most geometric(1/2)
number of times before either V;, =0 or t; = 7,(j). As shown above, p1, the time to first hit u,
is at most % log ¢ with probability 1 — o(1), and the expected time to go from « to either O or to
2u and back to u is at most (4/§). Using Wald’s lemma and E[geometric(1/2) = 2], va:}l pi <
8/8. Using Markov’s inequality, the sum is at most % log ¢ with probability 1 —o(1), so
combining with the estimate on pj, we find that, uniformly over j € {1, ..., n}, P(zp(j) A
() — T (j) V 1.(n) > (2/8) log ¢ | ©(J, 7(j)) = Xi) = o(1). From Lemma 14, if § — 0 then
E[7.()], E[1.(n)] = O(c* log (¢)/8) uniformly over j € {1, . . ., n}, so using Markov’s inequal-
ity, with probability 1 — o(1) uniformly in j, 7,(j) V t.(n) =0(e“2/5) for any fixed € > 0.
Summing the two and combining with (52), we obtain (51). O

Appendix A. Stochastic calculus

We recall a useful probability estimate and diffusion limit result, stated in the context of
semimartingales. We give here a very brief list of definitions, enough for the acquainted reader
to understand the context for this paper; for an overview of the theory, see [13].
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Recall that a semimartingale is an optional process X that can be written X = Xo + M + A,
where M is a local martingale and A has finite variation. It is special if A can be taken to
be predictable, in which case we write X = Xo + X™ + XP, where X™ is the martingale part
and XP is the (predictable) compensator. A sufficient condition for X to be special is if it has
bounded jumps, i.e. if the process of jumps AX; = X; — X,- satisfies | AX| < y for some non-
random y < o0. If s0, let A (X) denote the least such y. In this case, a fortiori X™ is locally
square-integrable, i.e. the predictable quadratic variation (X) exists.

A process is quasi-left continuous if AXT =0 a.s. on {T < oo} for any predictable time 7.
Feller processes, which include continuous-time Markov chains, are quasi-left continuous. As
noted in [12], if X is special and X™ is locally square-integrable then X is quasi-left continuous
if and only if both (X™) and XP are continuous. This motivates the following definition (not
found in other references).

Definition 1. Let X be a special supermartingale with X™ locally square-integrable. Then X is
quasi-absolutely continuous if both XP and (X™) are absolutely continuous. In this case define
the drift n(X) and diffusivity o2(X) by

mm=%ﬁ, #ab%w%. (53)

Any right-continuous continuous-time Markov chain X on a finite state space S C R has
finite variation so is a supermartingale. Index the possible transitions by i e {1, ..., m} for
some m, with g;:S — R the rates and A;:S — S — S the jumps. Writing X as a sum of jumps
and using the standard linear and quadratic martingales for Poisson processes, it is easy to
show that X is quasi-absolutely continuous and has

W)=Y a(X)AiX), o} X)=)_ giX)(AiX). (54)

i=1 i=1

Our first result gives a strong (exponential in 1/02) lower bound on the escape time from a
barrier with negative drift. It is proved in [4].

Lemma 19. (Drift barrier.) Fix x > 0 and let X be a quasi-absolutely continuous supermartin-
gale on R with jump size Axo(X) <x/2. Suppose there are positive reals [iy, 03, Cy,, and Cx
with max {AOO(X)[,L*/U*Z, %} < Ca sothat if0 < X; < x then (1/(X) < —w, |0i(X)| < Cp,, and
GIZ(X) < 0*2. Let T =exp (,u*x/(32CAcr*2)). Then we have

P< sup X:>x | Xo 5x/2> <4/T.
1<|Tx/16Cy,

The next result gives a diffusion limit, assuming the drift and diffusivity converge while
the jump size tends to 0. It follows from [9, Theorem 4.1, Chapter 7], and from the Lipschitz
existence and uniqueness condition for SDEs, if (i) in the proof of the former result we let tf
be the exit time of X" from (%, R) instead of ( — R, R), as described below, and (ii) we allow
that the limiting diffusion ¥ may be defined only on the interval [0, ¢) where ¢ := limg_ R,
with 7R as defined below.

Lemma 20. (Diffusion limit) Let X" be a sequence of quasi-absolutely continuous semi-
martingales with drift and diffusivity given by functions [y, onz, and suppose a:(0, co) — R4
and b:(0, 00) — R are such that \/a and b are Lipschitz on compact subsets of (0, 00).
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Suppose the largest jump in X" tends to 0 as n — co. Also assume that, for each R >0,
as n— 00, sup|<g [1n(x) — b(x)I, |a,%(x) —a(x)] = 0. Suppose X"(0) — x € R and let f,f =
inf {t: X™(1) ¢ (%, R) or X"(t7) ¢ (%, R)} Then, for all but countably many R, X"(- Atk)
converges in distribution to X( - /\tR), where X solves the initial value problem xy = x, dx =

b(x)dt + v/a(x)dB, and TR =inf {t: X(1) ¢ (%. R) }.
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