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This paper analyzes autoregressive time series models where the errors are as-
sumed to be martingale difference sequences that satisfy an additional symmetry
condition on their fourth-order moments+ Under these conditions quasi maximum
likelihood estimators of the autoregressive parameters are no longer efficient in
the generalized method of moments ~GMM! sense+ The main result of the paper
is the construction of efficient semiparametric instrumental variables estimators
for the autoregressive parameters+ The optimal instruments are linear functions of
the innovation sequence+

It is shown that a frequency domain approximation of the optimal instruments
leads to an estimator that only depends on the data periodogram and an unknown
linear filter+ Semiparametric methods to estimate the optimal filter are proposed+

The procedure is equivalent to GMM estimators where lagged observations
are used as instruments+ As a result of the additional symmetry assumption on the
fourth moments the number of instruments is allowed to grow at the same rate as
the sample+ No lag truncation parameters are needed to implement the estimator,
which makes it particularly appealing from an applied point of view+

1. INTRODUCTION

This paper develops new instrumental variables ~IV! estimators for autoregres-
sive time series models when the errors are martingale difference sequences
rather than being independent+ The specification includes error processes that
are conditionally heteroskedastic+ Efficiency gains are obtained without having
to specify a model for the dependence in the errors+ The setup is general enough
to account for stylized facts in many economic time series displaying features
such as thick tailed distributions and time dependent conditional variances+
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Classical efficiency results for the quasi maximum likelihood estimator
~QMLE! of the autoregressive parameters such as Hannan ~1973! depend on
conditional homoskedasticity of the errors+ In the more general case of condi-
tional heteroskedasticity considered here the QMLE no longer attains a gener-
alized method of moments ~GMM! lower bound for the asymptotic covariance
matrix, which now depends on fourth moments of the innovation process+ In
Kuersteiner ~1997! it is shown how a decomposition of the higher moment
terms leads to a lower bound for the covariance matrix+ An IV estimator based
on this decomposition is shown to achieve the lower bound for the covariance
matrix in the class of IV estimators with instruments that are linear in the
innovations+

The feasible GMM estimators developed in this paper are similar to the es-
timators of Hayashi and Sims ~1983!, Stoica, Söderström, and Friedlander ~1985!,
and Hansen and Singleton ~1991, 1996!+ In this literature lagged observations
are used as instruments to account for unmodeled MA~q! innovations that lead
to inconsistent ordinary least squares ~OLS! estimators+ Here lagged observa-
tions are used as instruments to account for unmodeled conditional heteroske-
dasticity of the error terms, which renders OLS inefficient+

Apart from the different motivation for the use of instruments, inefficiency
versus inconsistency, this paper extends the previous literature by explicitly treat-
ing feasible estimation+ The number of instruments in our case is allowed to
grow at the same rate as the sample size+ This is made possible at the cost of an
additional restriction on the fourth-order cumulants compared to the treatment
in Kuersteiner ~2001!+ The advantage of making this assumption is that the es-
timator can be implemented without the need for a truncation or bandwidth
parameter for the number of instruments used+

Because the optimal instruments are unobservable they need to be estimated
nonparametrically+Assumptions about the generating mechanism of the volatil-
ity process or more generally the dependence in higher moments are replaced
by smoothness assumptions for higher order cumulant spectra of the errors+ This
setup allows us to treat the dependence in higher moments as a nuisance pa-
rameter+ Nonparametric estimators of this nuisance parameter are used to con-
struct the optimal instruments+

Other semiparametric procedures proposed to handle conditional heteroske-
dasticity include those of Robinson ~1987! and Newey ~1990!+ No parametric
assumptions about the form of conditional heteroskedasticity are made in these
treatments+ However, to estimate the conditional variance these authors have to
assume serially independent errors+ This assumption has precluded direct appli-
cation of their techniques to the stochastic conditional variance case+ Hidalgo
~1992! relaxes the independence assumption for the errors but has to assume
instead that the conditional variance is a smooth function of an independent
stationary process+ B+E+ Hansen ~1995! treats the stochastic volatility model in
a semiparametric generalized least squares ~GLS! framework+ He assumes that
the conditional variance process converges to a Brownian motion in the limit+
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Sample path continuity of the limit process then allows for consistent kernel
estimation of the conditional variance+

More generally, L+P+ Hansen ~1985!, Hansen, Heaton, and Ogaki ~1988!, Bates
and White ~1990, 1993!, and West ~1997! prove existence of IV estimators
achieving a GMM lower bound in the presence of conditional heteroskedastic-
ity+ The high-dimensional and nonlinear nature of the optimal instruments has
so far precluded implementation of these procedures except for special cases+

Here we limit ourselves to the implementation of optimal procedures in the
much smaller class of IV estimators with instruments that are linear functions
of the observations+ Ordinary least squares is a particular member of this class+
In the general case of conditional heteroskedasticity it is inefficient+ This paper
achieves the construction of a feasible version of the most efficient IV estima-
tor with linear instruments+

The remainder of the paper is organized as follows+ Section 2 describes the
model assumptions+ Section 3 develops the efficient IV estimator for the AR~ p!
model+ A frequency domain approximation for the IV estimator is derived in
Section 4+ Section 5 shows that a semiparametric estimator with the same op-
timality properties can be constructed+ Some Monte Carlo simulations are re-
ported in Section 6, and concluding remarks are made in Section 7+ Proofs are
contained in the Appendix+

2. MODEL

We start by defining the stochastic environment of the model+ Let ~V,F,P ! be
a general probability space and define a filtration Ft to be an increasing se-
quence of s-fields such that Ft � Ft�1 � F ∀ t+ There is a doubly infinite
sequence of random variables generating the filtration Ft + We assume that we
observe a sample of size n of a univariate time series yt where t � $1, + + + , n% +
More specifically, we assume that yt is generated by the following autoregres-
sive model:

f0~L!yt � «t , (1)

where «t is a martingale difference sequence generating Ft + Here f~L! �
1 � f1 L � + + + � fp L p where L is the lag operator+ The parameters f ' �
~f1, + + + ,fp! describe the mean equation of the model+ It is assumed that f0~L!
has all roots outside the unit circle+ We are interested in estimating the param-
eter vector f0+

Assumption A1+ The polynomial f0~L! has all roots outside the unit circle+

The martingale difference assumption for «t implies absence of correlation
between the errors+ However, it is not assumed that the errors are independent+
Rather we allow for dependence in higher than second moments to account for
thick tails and conditional heteroskedasticity+

EFFICIENT IV FOR AR(p) MODELS 549

https://doi.org/10.1017/S0266466602183010 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602183010


Assumption A2+

~i! «t is strictly stationary and ergodic, E~«t 6Ft�1! � 0, E~«t
2! � s2 � 0

~ii! E~«t
2«t�s

2 � s4! � s~s! � `,
~iii! E~«t

2«t�s«t�r ! � 0 for s � r,
~iv! (6s6 6s~s!6 � B � `, E~«t

2«t�s
2 ! � 0 for all s+

Remark 1+ Assumption A2 is similar to the first part of Assumption A in
Andrews ~1991! if we set vt � «t yt�j + The summability condition ~iv! is slightly
stronger than Andrews’s summability condition+ In addition we impose strict
stationarity to simplify some of the asymptotic theory+ Stationarity implies
s~s! � s~�s!+ Hosoya and Taniguchi ~1982! prove a central limit theorem
~CLT! for spectral estimators of linear processes without strict stationarity and
impose slightly weaker fourth-order cumulant summability conditions than in
~iv! but require additional mixing type conditions on the conditional second
and fourth moments+

Remark 2+ Assumption A2~iii! is added to the assumptions in Kuersteiner
~1999! to simplify the form of the optimal instruments+ It is somewhat restric-
tive as it rules out some nonsymmetric parametric examples such as EGARCH+
The IV estimators proposed in Section 3, which follows, are still consistent and
asymptotically normal if A2~iii! fails+ However, in this case they lose their op-
timality properties+

Remark 3+ Assumption A2~iv! guarantees that E~«t
2«t�s

2 ! � ta � 0 for some
constant ta uniformly in s+

Remark 4+ No assumptions about third moments are made+ In particular this
allows for skewness in the error process+

Remark 5+ It should be emphasized that no parametric structure is imposed
on the joint distribution of «t + Nevertheless parametric models for conditional
heteroskedasticity can be shown to satisfy Assumption A2+ Let a GARCH ~ pv,qv!
process be defined as «t � ut ht

102 where ht � g0 � (j�1
qv gj «t�j

2 � (j�1
pv bj ht�j

with ut ; N~0,1!+ Bollerslev ~1986! and Nelson and Cao ~1992! discuss restric-
tions on gj and bj guaranteeing that ht � 0+ The GARCH process satisfies
Assumption A2 under certain conditions+ Nelson ~1990! obtains sufficient con-
ditions for stationarity and ergodicity of the GARCH~1,1! model+ The martin-
gale difference property follows immediately from the definition of a GARCH
process+ Assumption A2~iii! is shown to hold for the ARCH~qv! case in Milhoj
~1985! for symmetric innovation densities+ The same argument extends to the
GARCH~ pv,qv! case as shown in Bollerslev ~1986! and He and Teräsvirta
~1999!+ If the innovation distribution is normal then fourth moments are known
to exist for the GARCH~1,1! case if 3g1

2 � 2g1b1 � b1
2 � 1+ This condition is

valid for b � 0 and thus covers the ARCH case+ In Milhoj ~1985! and Boller-
slev ~1986!, the autocorrelation structure s~s! is shown to be identical to the
AR~qv! and ARMA~max~ pv,qv!, pv! case for ARCH~qv! and GARCH~ pv,qv!,
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respectively+ This implies that the summability condition holds if fourth mo-
ments exist+ Similar arguments can be made to show that stochastic volatility
models satisfy the assumptions+

Based on the results in Kuersteiner ~1997!, we will now introduce the opti-
mal linear IV estimator for the AR~ p! model+ The estimator is constructed by
reweighting the innovation sequence by the unconditional fourth moments
s~k!� s 4 of the error process+ This operation corresponds to using an optimal
weight matrix in an overidentified GMM estimator with lagged innovations as
instruments+Without parametric assumptions about the form of conditional het-
erogeneity these moments typically have to be estimated+

3. IV ESTIMATOR

The parameter vector f0 can be consistently estimated by OLS+ Under the as-
sumptions in this paper OLS amounts to an inefficient IV estimator in the class
of IV estimators with linear instruments+ Kuersteiner ~1997! derives the form
of the optimal linear instrument as a function of the fourth moments and the
impulse response function of the underlying process yt in a more general con-
text+ In this section these more general results are specialized to the autoregres-
sive model+

Let zt � R
p be Ft�1 measurable and square integrable, strictly station-

ary, and ergodic+ Then, the instrument satisfies the moment condition
E @~f0~L!yt !zt # � 0 where f0~L!yt � «t + Let y t

' � @ yt , yt�1, + + + , yt�p# and f �
@1,�f '# '+ An IV estimator then is defined as

Ef � ~Z 'Y�1!
�1 Z 'Y, (2)

where Y ' � @ y1�p, + + + , yn# and Y�1
' � @ Typ, + + + , Tyn�1# where Ty t

' � @ yt , yt�1,
+ + + , yt�p�1# + The matrix Z is the matrix of instruments defined by Z ' �
@zp�1, + + + , zn# + Note that Y � Y�1f0 � «+ By the ergodic theorem it follows that
Ef is consistent+ The formulation of the IV estimator is not complete without

specification of the instruments+
As discussed in the introduction, instruments zt that are linear in past obser-

vations are considered+ Such instruments are equivalent to instruments that are
linear functions of past innovations+ This setup is formalized here+ Using
f0

�1~L! � (j�0
` cj L j , the time series yt can be expressed as a linear filter of

past shocks yt �(j�0
` cj «t�j + Also, let

aj � E~«t
2«t�j

2 !� s~ j !� s 4 (3)

and

bj
' � ~cj�1, + + + ,cj�p ! (4)

with cj � 0 for j � 0+ Then define Pm
' � @b1, + + + ,bm# +
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Let aj � R
p be a sequence of vector valued constants such that (j�0

` 6aj, i 6 �
` ∀i where aj, i is the ith element of aj + In Kuersteiner ~1997! it is shown that
for zt �(j�1

` aj «t�j the asymptotic distribution of Ef is normal with mean zero
and covariance matrix

lim
mr`

s�4~Pm
' Am !

�1Am
' Vm Am~Am

' Pm !
�1,

where Am
' � @a1, + + + ,am# + The lower bound is achieved when Am � Vm

�1 Pm and
is given by

J � lim
mr`

~s 4Pm
' Vm

�1 Pm !
�1, (5)

where it should be noted that under Assumption A2, Vm � diag~a1, + + + ,am!+
It follows that J � ~(j�1

` bj bj
'0~aj 0s 4 !!�1 , which is invariant to changes

in s 2 because aj 0s 4 � E~~«t 0s!2~«t�j 0s!2!+ Under Assumptions A1 and A2
it is shown in Theorem 5+1 in Kuersteiner ~2001! that J is a positive definite
matrix+ For a detailed analysis of the properties of J the reader is referred to
Kuersteiner ~2001!+

The optimal linear instruments leading to the lower bound ~5! are now de-
fined by setting zt

'� @zt,1, + + + , zt, p# with zt, k �(j�0
` ~cj 0aj�k !«t�j�k + It then fol-

lows immediately that the optimal instrument has weights aj � bj 0aj + Let lc~L!
be a lag polynomial of optimal weights defined as

lc~L! � (
j�1

`

bj 0aj L j+ (6)

We write lc0
~L! for a filter based on the true underlying coefficients bj and aj +

We can then write zt � lc0
~L!«t + A different way of writing the optimal instru-

ment is zt � limmr` Pm
' Vm

�1«t
m almost surely where «t

m � @«t�1, + + + ,«t�m#
'+

A consistent but inefficient estimator for f0 frequently used in practice
is the OLS estimator Zf � ~Y�1

' Y�1!
�1Y�1

' Y+ Using the notation introduced
in this section the asymptotic variance-covariance matrix of Zf is given by
JOLS � limmr` s

�4~Pm
' Pm !

�1Pm
' Vm Pm~Pm

' Pm !
�1+ Theorem 4+4 in Kuersteiner

~2001! establishes that J � JOLS is positive semidefinite+ In the case of con-
ditionally homoskedastic innovations, i+e+, when Vm � s 4Im, it follows imme-
diately that JOLS � limmr`~Pm

' Pm !
�1 � J, which restates Hannan’s famous

efficiency result+
The potential asymptotic efficiency gains of using an IV procedure as op-

posed to conventional OLS can be easily analyzed for an AR~1! model with
ARCH~1! innovations+ Let yt �fyt�1 � «t where «t is generated by the ARCH~1!
process «t � ut ht

102 with ht � g0 � g1«t�1
2 and ut ;N~0,1!+ From Milhoj ~1985!

it follows that «t has finite fourth moments for values of g1 � @0,M 1
3
_ !+

Figure 1 shows the potential efficiency gains of the IV estimator relative to
the Gaussian QMLE as a function of the autoregressive parameter f+ The effi-
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ciency gains are computed based on the asymptotic covariance matrix+ More
explicitly, the asymptotic variance of Zf can be expressed as

sOLS
2 ~f,g0 ,g1! �

~1 � f2 !2

s 4 (
i�0

`

f2iai�1, (7)

where s 4 � ~g001 � g1!
2 and ai�1 � 2g0

2g1
i�10@~1 � g1!

2~1 � 3g1
2!# � s 4+

The asymptotic variance for the optimal IV estimator can be obtained from ~5!+
It is given by

sIV
2 ~f,g0 ,g1! � �s 4(

i�0

`

f2iai�1
�1 ��1

+ (8)

Figure 1 plots sIV
2 ~f, +1,g1!0sOLS

2 ~f, +1,g1! for f � @0,1! and different values
of g1+

The estimator introduced so far is not feasible for several reasons+ First of all
it depends on an infinite sequence of unobservable innovations+ If we define
the sequence of residuals that can be estimated from the data as «t~f!� f~L!yt

with «t~f! � 0 for t � p � 1 or t � n then [zt � lc0
~L!f0~L!yt + Stacking the

instruments as ZZ ' � @ [zp�1, + + + , [zn# and writing h0~f0, L!� lc0
~L!f0~L! the ap-

proximate version of Ef is now

Ef~h0 ! � ~ ZZ 'Y�1!
�1 ZZ 'Y+ (9)

Figure 1. Asymptotic efficiency of OLS relative to the IV estimator as a function of
the parameter f+ Generating mechanisms considered are from bottom to top: g1 � +5,
g1 � +4, g1 � +3, and g1 � +2+
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This approximation to Ef is still not feasible because the optimal filter h0 de-
pends on unknown coefficients bj 0aj and f0+ We use the symbol Zh to denote a
feasible version of the filter where bj 0aj and f0 are replaced by estimated quan-
tities+ The proof of feasibility proceeds in two steps+ In Section 4 it is shown
that Mn ~ Ef~h0 ! � Ef! � op~1!, and in Section 5 we establish that Mn ~ Ef~ Zh! �
Ef~h0!! � op~1!+

In the next two sections approximation ~9! is represented in terms of fre-
quency domain integrals+ This imposes no practical limitations because the
frequency domain version differs from ~9! by the exclusion of only a few ob-
servations at the beginning of the sample+ The difference is asymptotically of
order Op~n

�1! and therefore does not affect the first-order asymptotic proper-
ties of the estimator+

Formulating the estimator in the frequency domain, however, offers the po-
tential for improvements in terms of computational efficiency because the fre-
quency domain formulation can be used to implement fast Fourier transform
~FFT! algorithms+ Using FFT algorithms reduces the computational complex-
ity of Ef~ Zh! from O~n2! to O~n log n!+ This improvement is substantial in ap-
plications where the data set is extremely large or the estimator is computed
many times+ Leading examples are model selection procedures in forecasting
applications and simulation studies+

4. IV ESTIMATION IN THE FREQUENCY DOMAIN

In this section a frequency domain approximation to the optimal IV estimator
is derived+ Consider the inverse of the spectral density for the AR~ p! model
fyy

�1~l! � ~2p0s 2!6f~e il!62 and let 6f~e il!62 � gyy
�1~f,l!+ Define the lag op-

erator a~l! � @e il, + + + , e ilp# and denote the complex conjugate transpose by
a~l!*+ Also introduce the matrix A~l! � a~l!*a~l!+ Then gyy

�1~f,l! can be
represented as

gyy
�1~f,l! � @1,�f ' #�1 a~l!

a~l!* A~l!��1

�f�+
Define

_h~f,l! :�
] ln gyy~f,l!

]f

and introduce the discrete Fourier transform ~DFT! of the data as vy~l! �
~10Mn !(t�1

n yt e�itl and the periodogram as In, yy~l! � 6vy~l!62+ Similarly, the
DFT of the instruments is given by vz~l! � ~10Mn !(t�1

n zt e�itl where zt �
lc0
~L!«t + The cross periodogram between instruments and regressors is then

defined as In, zy~l! � vz~l!vy~l!
*+

With these definitions we turn to the frequency domain implementation of
the IV estimator introduced in the beginning of this paper+ It is easy to show
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that the infeasible IV estimator using instruments that are based on a sequence
of innovations stretching into the infinite past can be represented in the fre-
quency domain as

Ef � ��
�p

p

Re@In, zy~l!a~l!# dl��1�
�p

p

Re@In, zy~l!# dl� Op~n
�1 !, (10)

where Re@c# � 1
2
_ @c � Sc# is the real part of any complex number c+

The main focus of the paper consists in analyzing feasible versions of this
estimator that only depend on observable data+ In a first step this is achieved
by decomposing the cross periodogram into the data periodogram and an un-
known optimal filter+

We now define the analogues of the optimal filters in time domain for
the frequency domain+ The filter for the kth instrument is lc, k~l! �

(j�0
` ~cj 0ak�j !e

�il~ j�k! , and the p � 1 vector of optimal filters is

lc~l! � @lc,1~l!, + + + , lc, p~l!# '+ (11)

Note that lc~l! is the same as ~6! evaluated at e�il+ Also let lh~l!� Re@lc~l!# +
The properties of lc~l! determine the asymptotic distribution of the IV estima-
tor+ Lemma A+6 in the Appendix gives a representation of lc~l! in terms of
convolution operators+ This shows that lc~l! is sufficiently smooth to apply
a CLT+

It is convenient to define

h x~f,l! � Re@lc~�l!f~e
il !a~�l!#

and

h~f,l! � Re@lc~�l!f~e
il !# +

We write h0~f0,l!, lh0
~l!, and lc0

~l! for filters based on the true underlying
parameters+ Using these definitions we are now ready to approximate the data
based IV estimator in time domain by a frequency domain version

Ef~h0 ! � ��
�p

p

In, yy~l!h0
x~f0 ,l! dl��1�

�p

p

In, yy~l!h0~f0 ,l!dl� Op~n
�1 !+

(12)

This result can again be checked straightforwardly by evaluating the integrals
and noting that the resulting sums differ from the formulation of Ef~h0! in ~9!
by only a finite number of terms independent of the sample size+ An actual
frequency domain version of the IV estimator Ef~h0! can be constructed by re-
placing the integrals in ~12! by discrete sums over the fundamental frequencies
lj � 2pj0n+ Such an estimator is then defined by

EFFICIENT IV FOR AR(p) MODELS 555

https://doi.org/10.1017/S0266466602183010 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602183010


EfFD~h0 ! � �(
j�1

n�1

In, yy~lj !h0
x~f0 ,lj !��1

(
j�1

n�1

In, yy~lj !h0~f0 ,lj !+ (13)

Implicit in the frequency domain formulation of Ef~h0! is a DFT approximation
for zt in terms of the DFT for the data+ The representation of the DFT’s of the
instruments allows us to obtain a frequency domain version of Ef~h0! without
the need to go through an explicit calculation of the instruments in the time
domain+ The approximation relies on the fact that convolutions in the time do-
main are transformed into multiplications in the frequency domain and the fact
that the residuals can be computed by a simple multiplication of vy~l! by f~eil!+

To demonstrate consistency of the estimator it is enough to note that

Ef~h0 !� f0 � ��
�p

p

In, yy~l!h0
x~f,l!dl��1�

�p

p

In,««~l!Re@lc0
~l!# dl

� op~n
�102 !

as is shown in the proof of Proposition 4+1 in the Appendix+ It then follows
from ergodicity and the fact that

E�
�p

p

In,««~l!Re@lc0
~l!# dl � s 2�

�p

p

Re@lc0
~l!# dl� 0

that the estimator is consistent+ It is transparent from equation ~12! that Ef~h0!
is infeasible as it stands, because it depends on knowledge of the true param-
eter values and the correlation structure of the squared errors+ Feasible versions
of Ef~h0! will be discussed in Section 5, which follows+

Under the assumption that the weight matrix Re@lc0
~�l!f~e il !# is known,

the asymptotic distribution of Ef~h0! is now a straightforward consequence of
Lemmas A+2 and A+3 in the Appendix+ The next proposition summarizes this
result+

PROPOSITION 4+1+ Let f0~L! satisfy Assumption A1 and «t satisfy Assump-
tion A2. Then for Ef defined in (2), Ef~h0! defined in (9), and EfFD~h0! defined in
(13) we have EfFD~h0! � Ef � op~n�102! , Ef~h0! � Ef � op~n�102! and

Mn ~ Ef~h0 !� f0 !n N~0,J!,

where J is defined in (5).

Proof+ See the Appendix+

This result establishes that the time domain estimator Ef~h0! and the fre-
quency domain estimator EfFD~h0! are first-order asymptotically equivalent+ The
remainder of the paper will now be concerned with the construction of a semi-
parametric estimator with the same distribution as Ef~h0!+
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5. ADAPTIVE ESTIMATION

To develop a feasible efficient IV procedure, it has to be established that
h~f,l! � Re@lc~�l!f~e il!# and h x~f,l! � Re@lc~�l!f~e il!a~�l!# can be
replaced by consistent estimates without affecting the limiting properties of the
estimator+ A semiparametric estimator having this property is called adaptive+
No confusion should arise between this use of the terminology and the litera-
ture on feasible local minimax estimators such as Bickel ~1982!, Kreiss ~1987!,
Linton ~1993!, and Steigerwald ~1994!+ The main difference, apart from effi-
ciency issues, is the fact that here a nonparametric correction to the criterion
function is made, whereas the local minimax literature makes a nonparametric
one-step Newton–Raphson improvement to a consistent first-stage estimator+

Different approaches to prove adaptiveness are used in the semiparametric
literature+ Direct calculation is used in Robinson ~1987, 1988! in the context of
i+i+d+ models and partially linear models and by Hidalgo ~1992! in the context
of time series regression models+ Newey ~1990! applies similar techniques as
Robinson ~1987! to the IV case for i+i+d+ data+ Andrews ~1994! develops a gen-
eral methodology based on stochastic equicontinuity arguments and applies it
to the partially linear framework+Andrews’s approach will be used here to break
the proof into two parts+ First, it is shown that a nonparametric estimate Zh~ Zf,l!
converges to h0~f0,l! uniformly in probability+ The second step is to establish
that uniformly in a shrinking neighborhood of the true filter h0~f0,l! the dis-
tribution of the feasible estimator is arbitrarily close to the distribution of the
infeasible estimator based on the true unknown filter+

This argument will now be formalized+ Introduce the spaces Lk @�p,p# of
functions f : @�p,p# r C

p such that *6 f 6kdl � `+ Also, define the spaces
C k @�p,p# of functions f : @�p,p# r R

p such that f is k times continuously
differentiable+ Let fc : @�p,p#r C

p and ff : @�p,p#r C where C is the com-
plex plane+ Then introduce a set of functions H defined as

H � $ fh : @�p,p#r R
p 6 fh � Re@ fc ff#;Re@ fc# ,Re@ ff# � C 1 @�p,p#%+

(14)

Define the L` Sobolev norm of order one as

7 f 71s � sup
l�@�p,p#

7 f ~l!7� sup
l�@�p,p#

�� ]]l f ~l!��,
where 7+7 is the Euclidean matrix norm defined by 7A7� ~ tr AA*!102+ Introduce
the metric on H as

r~ fh1
, fh2

! � 7 fc,1 � fc,271s � 7 ff1
� ff2

71s

such that ~H,r! is a complete metric space+ If ff � f~e il! satisfies Assumption
A1 and fc � lc~l! is defined in ~11! then it follows from Lemma A+6 in the
Appendix that lh0

~l! � C k @�p,p# for all k finite+ Therefore h0~f0,l! � H+
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We proceed by defining the estimator for h~f,l!+ We have established that
we can obtain a consistent estimate Zf, e+g+, from Zf� ~Y�1

' Y�1!
�1Y�1Y+ Resid-

uals as a function of some fixed parameter value f are obtained from

«t ~f! � «t � ~f� f0 !
'~ yt�1, + + + , yt�p ! (15)

such that the estimated error «t ~f! can be decomposed into the true in-
novation and the Ft�1 measurable part ~f � f0!

'~ yt�1, + + + , yt�p!+ We de-
note by aj

*~ Zf! the sample cross moments of «t
2~ Zf! with «t�j

2 ~ Zf! defined
as aj

*~ Zf! � ~10n!(t�p�j�1
n «t

2~ Zf!«t�j
2 ~ Zf!+ Then define the truncated sample

moments [aj~ Zf! by

[aj ~ Zf! � �
1

n (
t�p�j�1

n

«t
2~ Zf!«t�j

2 ~ Zf! if aj
*~ Zf! � dn

dn else,

where the sequence dn � 0 for all n with dn � cn�102�n for some 0 � n � 1
2
_

and some constant c � 0+ The truncation numbers dn are used to avoid “too
large” values for [aj

�1~ Zf!+ Truncation was introduced by Bickel ~1982! in the
context of score estimation+ More closely related to our context is Hidalgo’s
~1992! semiparametric frequency domain estimator+

The truncation parameter dn is used in the proofs of admissibility but seems
to be unimportant for the actual finite sample behavior of the estimator+ The
simulations reported in Section 6 are carried out without truncation+

Next, an estimate for bj defined in ~4! is needed+ The vector bj contains the
impulse response function of the AR~ p! model evaluated at different points+
The coefficients cj satisfy the recursion cs � f1cs�1 � {{{ � fpcs�p � 0 for
all s � 0 and c0 � 1+ It can be seen that bj � ~2p!�1*�p

p _h~f,l!e iljdl+ The
Fourier coefficient bj is thus continuous in the underlying parameters for all
finite j and can be consistently estimated from a consistent estimate Zf+

A nonparametric estimate of h~f,l! is defined as

Zlc~l! � (
j�1

n�p�1

[aj
�1~ Zf! Zbj e�ilj

where Zbj � ~2p!�1*�p
p _h~ Zf,l!e iljdl and

Zh~ Zf,l! � Re@ Zlc~�l! Zf~e il !# + (16)

No additional kernel smoothing is needed+ The reason is that h~f,l! is already
a convolution between a bounded sequence and a twice continuously differen-
tiable function+ In fact, the Zbj decay to zero quickly for every f inside the sta-
tionary region+
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We will also need the matrix Zh x~ Zf,l! whose elements are continuous func-
tions of Zh~ Zf,l! and that is defined by

Zh x~ Zf,l! � Re@ Zlc~�l! Zf~e il !a~�l!# +

The success of a semiparametric estimator depends on the ability to estimate
the weights aj

�1 sufficiently well+ Additional assumptions about the moments
of the driving error process are needed to assure this+ Because [aj depends on
fourth moments such conditions necessarily involve higher than fourth mo-
ments+ Here we prove convergence by a mean square argument that necessi-
tates summability assumptions on eighth moments+ The following assumption
is sufficient to prove the main result+

Assumption B1+ Let c« + + +«~t1, + + + , tk�1! be the kth-order cumulant of the error
process «t + Then

(
t1

{{{(
tk�1

~1 � 6 tj 6!6c« + + +«~t1, + + + , tk�1!6 � `, for all j � 1, + + + , k � 1 and

k � 2,3, + + ,8+

Remark 6+ Assumption B1 corresponds to the second part of Assumption A
in Andrews ~1991! but is slightly stronger than that assumption+ A necessary
albeit not sufficient condition for Assumption B1 to hold is that E6«t 68 � `+
For the GARCH class this requirement imposes further restrictions on the pa-
rameters controlling the dependence in the volatility process+ Details can be
found in Milhoj ~1985! and Bollerslev ~1986!+ For example in the case of an
ARCH~1! model E6«t 68 � ` holds if g1 � ~105!�104 � +31+

Assumption B1 enables us to state the following result+

PROPOSITION 5+1+ Let Zh ~ Zf,l! be as defined in (16); let Assumptions
A1, A2, and B1 hold; and assume that Zf r f0 in probability. Then
P~ r~ Zh~ Zf,l!, h~f0,l!! � d! r 0 for any d � 0 as n r ` and P~ Zh~ Zf,l! �
H! r 1 as n r ` .

Proof+ See the Appendix+

We proceed to define the semiparametric estimator Ef~ Zh! by replacing h0 �
h0~f0, L! with a nonparametric estimate ~16! or the corresponding time do-
main version of ~16!+ Then the following theorem can be established+

THEOREM 5+2+ Let Zh~ Zf,l! be as defined in (16). Let Assumptions A1, A2,
and B1 hold and let Zf be a first-stage estimator for which Zf r f0 in proba-
bility. Then, the semiparametric estimator EfFD~ Zh! has a limiting distribution
characterized by

Mn ~ EfFD~ Zh!� f0 !n N~0,J!+
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The time domain estimator Ef~ Zh! has the same limiting distribution and

Mn ~ EfFD~ Zh!� Ef~ Zh!! � op~1!+

Proof+ See the Appendix+

To carry out inference using the IV estimator a consistent estimate of the
variance-covariance matrix J is needed+ Such an estimate is easily constructed
by using expression ~5! and by setting

ZJ � � [s 4 (
j�1

n�p�1

[aj
�1~ Zf! Zbj Zbj

'��1

(17)

with [s 4 � ~~10n!(t�p�1
n «t ~ Zf!2 !2+ The next theorem establishes the consis-

tency of the covariance matrix estimator+

THEOREM 5+3+ Let ZJ be defined as in (17). Let Assumptions A1, A2, and
B1 hold and let Zf be a first-stage estimator for which Zf r f0 in probability.
Then

ZJ p
&& J+

Proof+ See the Appendix+

This result establishes the feasibility of a semiparametric estimator that im-
proves on the efficiency of the conventional Gaussian estimator in the presence
of higher order dependence+ The frequency domain representation allows us to
avoid estimating the instruments for each observation in the sample+ Instead an
optimal filter applied to the periodogram of the data leads to an asymptotically
equivalent procedure+ Moreover, the fact that the optimal filter itself is a con-
volution integral in the frequency domain solves the problem of truncating the
approximation of the optimal instrument at a given lag in a natural and elegant
way and eliminates the need for lag truncation parameters for the number of
instruments used+

6. MONTE CARLO SIMULATIONS

In this section a small Monte Carlo experiment is reported+ To keep the expo-
sition as simple as possible we focus on an AR~1! model+ We consider the ef-
ficiency gains0losses of the IV estimator relative to consistent but inefficient
OLS+

Of particular interest is the question whether in finite samples the IV esti-
mator is sufficiently well approximated by its asymptotic distribution+ Further-
more, robustness of the procedure to different generating mechanisms for
conditional heteroskedasticity is investigated+

We generate samples of size n � 2k for k � 5,6, + + + ,10 from the following
model:

yt � fyt�1 � «t , (18)
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where «t is generated by the process «t � ut gt with ut ; N~0,1!+ When «t is a
GARCH process then gt � ht

102 where ht � g0 � g1«t�1
2 � b1 ht�1+We consider

pure ARCH processes with b1 set to zero and GARCH~1,1! processes+ An al-
ternative formulation is the stochastic volatility model with gt � exp~ht 02! and
ht � g1 ht�1 � svvt with vt ; N~0,1! and ut and vs independent for all s and t+

Starting values are y0 � 0, h0 � 0, and «0 � 0+ In each sample the first 500
observations are discarded to eliminate dependence on initial conditions+ Small
sample properties are evaluated for different values of f, g1 � @0,1!+ It is clear
from Milhoj ~1985! and Bollerslev ~1986! that asymptotic normality estab-
lished in previous sections only obtains for a subset of values for g1+ Neverthe-
less, simulation results are reported for parametrizations outside this range to
analyze the robustness of the proposed IV procedure to departures from the
assumptions+ The parameter g0 is fixed at +1 for all experiments+

The parameter f is estimated by two different estimators+ The least squares
estimator is denoted by Zf � (t�2

n yt yt�1 0(t�2
n yt�1

2 + The optimal IV estimator
is obtained from the consistent first-stage estimator Zf as

EfFD~ Zh! � �(
j�1

n�1

In, yy~lj ! Zh x~ Zf,lj !��1

(
j�1

n�1

In, yy~lj ! Zh~ Zf,lj !

where Zh x~f,l! and Zh~f,l! are computed as explained in Section 5+
In the case of an ARCH~1! process we can compare the asymptotic gains

reported in Figure 1 with the empirical efficiency of the estimators Zf and EfFD

based on 10,000 replications for sample sizes ranging from 32 to 1,024+ The
results are summarized in Tables 1–3+

As expected, gains for the IV estimator are achieved for models where the
autoregressive parameter is above +5+ This conforms with the theoretical analy-
sis based on asymptotic approximations+ For the sample sizes considered here,
the theoretical efficiency gains are not achieved completely+ The tables show

Table 1. ARCH~1!: Relative efficiency of OLS ~N � 256!

f

g1 0 +5 +7 +9

0+0 1+002 1+005 1+009 1+042
~0+002! ~0+002! ~0+003! ~0+006!

0+5 0+988 0+955 0+917 0+944
~0+003! ~0+004! ~0+005! ~0+008!

0+9 0+958 0+912 2+640 0+729
~0+004! ~0+005! ~1+761! ~0+019!

Note: Relative efficiency is defined as SIV
2 0SOLS

2 where S 2 is the estimated variance
of the estimator Zf+ Numbers in parentheses are asymptotic standard deviations of
the variance ratio+ Results are based on 10,000 replications+
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that the relative efficiency of the IV estimator improves with the sample size+
The most significant increase takes place from size 256 to 512+ For smaller
sample sizes EfFD can still be computed fairly well but tends to have slightly
larger variance than OLS and can be sensitive to outliers+ It is also interesting
to note that the IV procedure maintains its properties even for values of g1 �

M 1
3
_ + In fact the gains are strongest when both autocorrelation and dependence

in the conditional variance are strong+
To obtain a clearer picture of the performance of the IV estimator we report

the 5%, 50%, and 95% quantile of the estimator and also the mean, mean abso-
lute error, and variance+ We also report coverage probabilities of a t-test of the

Table 2. ARCH~1!: Relative efficiency of OLS ~N � 512!

f

g1 0 +5 +7 +9

0+0 1+000 1+003 1+009 1+024
~0+001! ~0+002! ~0+002! ~0+004!

0+5 0+997 0+941 0+901 0+886
~0+002! ~0+004! ~0+006! ~0+008!

0+9 0+961 0+916 0+818 0+588
~0+005! ~0+007! ~0+020! ~0+019!

Note: Relative efficiency is defined as SIV
2 0SOLS

2 where S 2 is the estimated variance
of the estimator Zf+ Numbers in parentheses are asymptotic standard deviations of
the variance ratio+ Results are based on 10,000 replications+

Table 3. ARCH~1!: Relative efficiency of OLS ~N �
1,024!

f

g1 0 +5 +7 +9

0+0 1+000 0+998 1+005 1+012
~0+001! ~0+001! ~0+001! ~0+002!

0+5 1+002 0+940 0+861 0+840
~0+003! ~0+004! ~0+008! ~0+016!

0+9 0+965 0+991 0+814 0+523
~0+005! ~0+093! ~0+019! ~0+045!

Note: Relative efficiency is defined as SIV
2 0SOLS

2 where S 2 is the estimated variance
of the estimator Zf+ Numbers in parentheses are asymptotic standard deviations of
the variance ratio+ Results are based on 10,000 replications+
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hypothesis of Zf�f0 under the null hypothesis+ The standard errors for the OLS
estimator are obtained by using a White covariance matrix that is consistent in
this context+ The standard errors for the IV estimator are obtained from using ZJ
defined in ~17!+ The results reveal reasonable performance for the IV estimator
at all sample sizes but sensitivity to outliers that manifests itself in interquantile
ranges that are comparable to or better than the ones for OLS but sometimes
inflated mean square error statistics+ Considering the mean absolute errors might
therefore be more relevant+ For sample sizes larger than 250 the IV estimator
starts to dominate OLS in terms of concentration around the true value+ IV is
slightly more biased than OLS, but the difference becomes marginal in larger
samples+

In Tables 4– 6, the empirical sizes of a t-test of f� f0 are reported both for
OLS and IV based on the respective estimates for the standard errors+ In small
samples the t-test tends to have slightly larger size when based on IV as com-

Table 4. ARCH~1!: Empirical distribution of fOLS and EfFD ~N � 32!

Model: yt � fyt�1 � «t «t � ut ht
102 ht � 0+1 � g1«t�1

2

Empirical Quantiles

Estimator f g1 +05 +5 +95 Mean MAE Var ASDE Size

fOLS 0+0 0+0 �0+277 0+003 0+286 0+00145 0+13847 0+02934 0+16326 0+24550
EfFD �0+277 0+000 0+285 0+00104 0+13827 0+02926 0+20789 0+31180
fOLS 0+0 0+5 �0+363 0+003 0+365 0+00268 0+17902 0+04992 0+20455 0+24560
EfFD �0+355 0+003 0+360 0+00260 0+17475 0+04774 0+22183 0+28040
fOLS 0+0 0+9 �0+432 �0+004 0+440 �0+00054 0+21191 0+07051 0+23157 0+23310
EfFD �0+415 �0+001 0+418 0+00032 0+20355 0+06600 0+23048 0+25090
fOLS 0+5 0+0 0+198 0+487 0+698 0+47333 0+12004 0+02308 0+14348 0+26860
EfFD 0+178 0+470 0+688 0+45730 0+12363 0+02361 0+18201 0+32020
fOLS 0+5 0+5 0+106 0+480 0+738 0+45906 0+15407 0+03786 0+17238 0+24760
EfFD 0+094 0+461 0+717 0+43892 0+15485 0+03675 0+19272 0+27860
fOLS 0+5 0+9 0+039 0+470 0+764 0+44382 0+17753 0+05141 0+19429 0+24380
EfFD 0+029 0+445 0+726 0+38482 0+21166 12+14425 0+20099 0+26040
fOLS 0+7 0+0 0+414 0+680 0+846 0+66137 0+10549 0+01791 0+12168 0+25530
EfFD 0+386 0+657 0+828 0+63829 0+11316 0+01905 0+15310 0+30300
fOLS 0+7 0+5 0+334 0+674 0+863 0+64723 0+12905 0+02742 0+14094 0+24920
EfFD 0+308 0+647 0+836 0+62030 0+13727 0+05083 0+16101 0+27610
fOLS 0+7 0+9 0+285 0+665 0+878 0+63532 0+14813 0+03687 0+15633 0+23310
EfFD 0+256 0+635 0+844 0+60396 0+15774 0+10272 0+16725 0+25470
fOLS 0+9 0+0 0+654 0+877 0+972 0+85409 0+07781 0+01054 0+08298 0+25310
EfFD 0+600 0+844 0+935 0+81433 0+10001 0+09315 0+10287 0+30430
fOLS 0+9 0+5 0+629 0+875 0+974 0+84744 0+08508 0+01308 0+08903 0+25300
EfFD 0+576 0+841 0+936 0+81022 0+10305 0+02118 0+10679 0+29620
fOLS 0+9 0+9 0+557 0+872 0+978 0+83519 0+10038 0+01981 0+09683 0+23700
EfFD 0+512 0+838 0+935 0+79325 0+12347 0+12058 0+11137 0+29590

Note: Simulations are based on 10,000 replications+ The columns +05, +5, and +95 are the 5, 50, and 95% quantiles
of the empirical distribution of the 10,000 parameter estimates+ The columns Mean, MAE, and Var are the mean,
mean absolute error, and variance of the parameter estimates+ The column ASDE is the average estimated stan-
dard error based on White’s covariance matrix for OLS and ZJ for IV+ Size is the relative frequency at which a
t-test for H0 :f � f0 rejects the null when it is true with nominal size equal to +05+
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pared to OLS+ For sample sizes larger than 250 the pattern reverses in the case
of a positive coefficient g1+When g1 � 0 then the OLS based test using White’s
covariance matrix has smaller and more accurate size+We also report the aver-
age estimated standard error based on ZJ+ For sample sizes larger than 250 ob-
servations the IV based standard errors are smaller than OLS standard errors
using White’s covariance matrix, and the difference for large values of g1 can
be substantial even when f0 � 0+ The overall qualities of the sizes for both
OLS and IV are of comparable order of magnitude+ This is remarkable given
the usual size distortions for tests based on overidentified IV estimators+

In Tables 7 and 8 we also report similar simulation exercises for IGARCH
and stochastic volatility models+ Overall the properties of IV relative to OLS
are similar to the results reported for the ARCH case+ The efficiency gains are
largest for IGARCH when g1 is large relative to b1+ This result is not surpris-
ing as b1 � 1 and g1 � 0 corresponds to the homoskedastic case+ In the case of

Table 5. ARCH~1!: Empirical distribution of fOLS and EfFD ~N � 256!

Model: yt � fyt�1 � «t «t � ut ht
102 ht � 0+1 � g1«t�1

2

Empirical Quantiles

Estimator f g1 +05 +5 +95 Mean MAE Var ASDE Size

fOLS 0+0 0+0 �0+102 0+001 0+102 0+00067 0+04946 0+00382 0+06182 0+08960
EfFD �0+102 0+001 0+103 0+00059 0+04954 0+00383 0+07615 0+11110
fOLS 0+0 0+5 �0+166 0+000 0+164 �0+00032 0+07925 0+01043 0+09583 0+09370
EfFD �0+163 �0+000 0+164 �0+00023 0+07871 0+01030 0+09195 0+09250
fOLS 0+0 0+9 �0+264 0+003 0+273 0+00202 0+12515 0+02699 0+14419 0+09400
EfFD �0+258 0+003 0+266 0+00195 0+12229 0+02586 0+11797 0+08150
fOLS 0+5 0+0 0+404 0+500 0+583 0+49730 0+04300 0+00289 0+05356 0+09420
EfFD 0+402 0+498 0+580 0+49537 0+04317 0+00291 0+06601 0+11490
fOLS 0+5 0+5 0+355 0+494 0+617 0+49145 0+06384 0+00654 0+07829 0+09770
EfFD 0+353 0+491 0+611 0+48795 0+06281 0+00625 0+07738 0+09560
fOLS 0+5 0+9 0+251 0+487 0+679 0+47856 0+10158 0+01810 0+11766 0+09130
EfFD 0+250 0+480 0+657 0+46966 0+09802 0+01651 0+09793 0+07770
fOLS 0+7 0+0 0+617 0+696 0+764 0+69420 0+03610 0+00206 0+04442 0+10000
EfFD 0+613 0+694 0+762 0+69146 0+03650 0+00208 0+05468 0+12270
fOLS 0+7 0+5 0+578 0+694 0+788 0+68932 0+05033 0+00413 0+06122 0+09370
EfFD 0+578 0+690 0+779 0+68527 0+04877 0+00379 0+06207 0+10150
fOLS 0+7 0+9 0+485 0+684 0+818 0+67185 0+07998 0+01181 0+09110 0+08750
EfFD 0+489 0+678 0+797 0+66657 0+07637 0+03118 0+07722 0+08010
fOLS 0+9 0+0 0+842 0+897 0+934 0+89336 0+02266 0+00083 0+02759 0+09640
EfFD 0+837 0+893 0+931 0+88962 0+02370 0+00087 0+03386 0+11410
fOLS 0+9 0+5 0+828 0+896 0+938 0+89098 0+02707 0+00122 0+03257 0+09330
EfFD 0+826 0+892 0+933 0+88739 0+02700 0+00115 0+03591 0+10760
fOLS 0+9 0+9 0+777 0+891 0+948 0+88011 0+04149 0+00359 0+04710 0+09180
EfFD 0+793 0+889 0+934 0+87856 0+03571 0+00262 0+04181 0+09740

Note: Simulations are based on 10,000 replications+ The columns +05, +5, and +95 are the 5, 50, and 95% quantiles
of the empirical distribution of the 10,000 parameter estimates+ The columns Mean, MAE, and Var are the mean,
mean absolute error, and variance of the parameter estimates+ The column ASDE is the average estimated stan-
dard error based on White’s covariance matrix for OLS and ZJ for IV+ Size is the relative frequency at which a
t-test for H0 :f � f0 rejects the null when it is true with nominal size equal to +05+
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stochastic volatility models a fairly large innovation variance in the volatility
equation is required for the IV estimator to be any different from OLS+

7. CONCLUSIONS

This paper develops efficient IV estimators for autoregressive models with mar-
tingale innovations+ Popular parametric examples of such innovation processes
are ARCH, GARCH, and stochastic volatility models+ A vast empirical litera-
ture documents the presence of these effects in many macroeconomic and fi-
nancial time series+

The paper shows that estimation of the autoregressive parameters by stan-
dard Gaussian maximum likelihood techniques leads to inefficient estimators+
An important result in Kuersteiner ~1997! is that GMM estimators based on
lagged instruments improve efficiency and therefore dominate OLS+ Here it is

Table 6. ARCH~1!: Empirical distribution of fOLS and EfFD ~N � 1,024!

Model: yt � fyt�1 � «t «t � ut ht
102 ht � 0+1 � g1«t�1

2

Empirical Quantiles

Estimator f g1 +05 +5 +95 Mean MAE Var ASDE Size

fOLS 0+0 0+0 �0+051 �0+000 0+050 �0+00021 0+02474 0+00096 0+03116 0+04870
EfFD �0+051 �0+000 0+050 �0+00020 0+02475 0+00096 0+03822 0+05860
fOLS 0+0 0+5 �0+090 0+001 0+091 0+00096 0+04401 0+00328 0+05394 0+05020
EfFD �0+089 0+001 0+091 0+00095 0+04396 0+00329 0+04940 0+04680
fOLS 0+0 0+9 �0+201 0+003 0+205 0+00199 0+09448 0+01667 0+11111 0+04510
EfFD �0+200 0+003 0+201 0+00194 0+09262 0+01608 0+08362 0+03690
fOLS 0+5 0+0 0+454 0+499 0+542 0+49899 0+02137 0+00073 0+02698 0+04440
EfFD 0+453 0+499 0+542 0+49852 0+02136 0+00072 0+03311 0+05880
fOLS 0+5 0+5 0+421 0+496 0+570 0+49603 0+03633 0+00214 0+04407 0+04770
EfFD 0+422 0+495 0+567 0+49507 0+03535 0+00202 0+04120 0+04530
fOLS 0+5 0+9 0+308 0+491 0+642 0+48368 0+07898 0+01194 0+08986 0+04390
EfFD 0+310 0+486 0+621 0+47648 0+07506 0+01183 0+06735 0+03470
fOLS 0+7 0+0 0+660 0+699 0+734 0+69819 0+01792 0+00050 0+02229 0+04860
EfFD 0+659 0+699 0+733 0+69748 0+01800 0+00050 0+02735 0+06090
fOLS 0+7 0+5 0+639 0+697 0+751 0+69609 0+02721 0+00122 0+03373 0+05070
EfFD 0+641 0+696 0+747 0+69524 0+02560 0+00105 0+03235 0+05230
fOLS 0+7 0+9 0+551 0+690 0+799 0+68291 0+05892 0+00711 0+06844 0+04700
EfFD 0+564 0+687 0+773 0+67880 0+05173 0+00579 0+04994 0+03950
fOLS 0+9 0+0 0+874 0+899 0+920 0+89841 0+01101 0+00019 0+01366 0+05240
EfFD 0+873 0+899 0+919 0+89753 0+01113 0+00019 0+01674 0+06160
fOLS 0+9 0+5 0+866 0+898 0+924 0+89711 0+01400 0+00032 0+01716 0+04910
EfFD 0+868 0+898 0+921 0+89636 0+01309 0+00027 0+01803 0+05540
fOLS 0+9 0+9 0+823 0+894 0+938 0+88821 0+02829 0+00194 0+03288 0+04280
EfFD 0+848 0+895 0+924 0+89090 0+01941 0+00102 0+02353 0+05220

Note: Simulations are based on 10,000 replications+ The columns +05, +5, and +95 are the 5, 50, and 95% quantiles
of the empirical distribution of the 10,000 parameter estimates+ The columns Mean, MAE, and Var are the mean,
mean absolute error, and variance of the parameter estimates+ The column ASDE is the average estimated stan-
dard error based on White’s covariance matrix for OLS and ZJ for IV+ Size is the relative frequency at which a
t-test for H0 :f � f0 rejects the null when it is true with nominal size equal to +05+
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shown how to construct the best GMM estimator based on instruments that are
linear in past observations+

A common problem of GMM procedures based on a large number of instru-
ments is their bad small sample performance+ We introduce a novel decompo-
sition of the weight matrix that leads to an orthogonalization of the instrument
space+ This decomposition has the advantage that it can be computationally ef-
ficiently implemented by using FFT algorithms+ Moreover, the estimator does
not require a bandwidth choice for the number of instruments used and is there-
fore straightforward to use in practice+

Table 7. IGARCH~1,1!: Empirical distribution of fOLS and EfFD ~N � 1,024!

Model: yt � fyt�1 � «t «t � ut ht
102 ht � 0+1 � g1«t�1

2 � b1 ht�1;b1 � g1 � 1

Empirical Quantiles

Estimator f g1 +05 +5 +95 Mean MAE Var ASDE Size

fOLS 0+5 0+0 0+452 0+499 0+544 0+49861 0+02261 0+00080 0+02812 0+04680
EfFD 0+451 0+498 0+544 0+49790 0+02262 0+00080 0+03358 0+05730
fOLS 0+5 0+4 0+365 0+495 0+615 0+49263 0+05815 0+00602 0+07012 0+04820
EfFD 0+364 0+493 0+613 0+49132 0+05818 0+00601 0+05703 0+03560
fOLS 0+5 0+6 0+330 0+490 0+632 0+48579 0+07144 0+00930 0+08449 0+04510
EfFD 0+328 0+488 0+628 0+48336 0+07082 0+00913 0+06604 0+03730
fOLS 0+5 0+8 0+295 0+489 0+650 0+48186 0+08146 0+01239 0+09579 0+04290
EfFD 0+293 0+484 0+638 0+47700 0+08004 0+01196 0+07260 0+03550
fOLS 0+5 1+0 0+261 0+490 0+669 0+48052 0+09230 0+01649 0+10613 0+04600
EfFD 0+262 0+483 0+642 0+46972 0+08866 0+01845 0+07664 0+03490
fOLS 0+7 0+0 0+659 0+700 0+736 0+69886 0+01878 0+00055 0+02321 0+04880
EfFD 0+658 0+699 0+735 0+69784 0+01884 0+00055 0+02770 0+05880
fOLS 0+7 0+4 0+589 0+694 0+783 0+69020 0+04619 0+00377 0+05700 0+04870
EfFD 0+589 0+692 0+780 0+68885 0+04587 0+00371 0+04665 0+04010
fOLS 0+7 0+6 0+557 0+690 0+797 0+68526 0+05628 0+00593 0+06706 0+04530
EfFD 0+559 0+689 0+789 0+68264 0+05462 0+00554 0+05256 0+03400
fOLS 0+7 0+8 0+532 0+689 0+805 0+68114 0+06295 0+00759 0+07428 0+04610
EfFD 0+534 0+686 0+790 0+67630 0+06020 0+01034 0+05584 0+04080
fOLS 0+7 1+0 0+515 0+689 0+810 0+67893 0+06848 0+00921 0+07985 0+04650
EfFD 0+526 0+685 0+779 0+67338 0+06046 0+00821 0+05589 0+03630
fOLS 0+9 0+0 0+873 0+899 0+921 0+89812 0+01161 0+00021 0+01426 0+04620
EfFD 0+872 0+898 0+919 0+89677 0+01176 0+00021 0+01699 0+05360
fOLS 0+9 0+4 0+827 0+894 0+939 0+88970 0+02675 0+00138 0+03218 0+04670
EfFD 0+828 0+893 0+934 0+88791 0+02587 0+00130 0+02688 0+04440
fOLS 0+9 0+6 0+813 0+893 0+942 0+88700 0+03069 0+00193 0+03609 0+04690
EfFD 0+820 0+892 0+931 0+88544 0+02747 0+00157 0+02814 0+04160
fOLS 0+9 0+8 0+803 0+892 0+942 0+88448 0+03313 0+00243 0+03850 0+04400
EfFD 0+820 0+893 0+928 0+88518 0+02636 0+00166 0+02798 0+04880
fOLS 0+9 1+0 0+799 0+893 0+944 0+88404 0+03414 0+00282 0+03926 0+04410
EfFD 0+835 0+895 0+924 0+88811 0+02225 0+00151 0+02572 0+05000

Note: Simulations are based on 10,000 replications+ The columns +05, +5, and +95 are the 5, 50, and 95% quantiles
of the empirical distribution of the 10,000 parameter estimates+ The columns Mean, MAE, and Var are the mean,
mean absolute error, and variance of the parameter estimates+ The column ASDE is the average estimated stan-
dard error based on White’s covariance matrix for OLS and ZJ for IV+ Size is the relative frequency at which a
t-test for H0 :f � f0 rejects the null when it is true with nominal size equal to +05+
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The small sample properties of the procedures developed are promising+ The
estimators are equivalent to conventional OLS even when the innovations are
i+i+d+ and strictly dominate OLS when the innovations are conditionally hetero-
skedastic+ These results hold for sample sizes as small as 250 observations and
are therefore relevant for macroeconomic time series+
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APPENDIX: Proofs
LEMMA A+1+ Under Assumption A2 for each m � $1,2 + + + % , m fixed, the vector

1

Mn (t�1

n

@«t «t�1, + + + ,«t «t�m #n N~0,Vm !

with Vm � diag~s~1! � s4, + + + ,s~m! � s4! .

Proof. Define Yt
' � @«t«t�1, + + + ,«t«t�m# + We show that for all � � R

m such that
� '� � 1 we have ~10Mn !(� ' EYt n N~0,1! where now EYt � Vm

�102 Yt and Vm � EYt Yt
' +

Note that for � fixed, � ' EYt is a martingale such that we can apply the martingale CLT
~see Hall and Heyde, 1980, Theorem 3+2, p+ 58! to the sum (t Ynt � ~10Mn !(t � ' EYt +
To check the conditional Lindeberg condition we note

P��(t E~Ynt
21$6Ynt 6 � l%6Ft�1!6 � h� �

E�(
t

E6~~� ' EYt !
21$6� ' EYt 6 � lMn %6Ft�1!6�

hn
,

which goes to zero for all h,l � 0+ To show that (E~Ynt
2 6Ft�1!

p
&& 1 note that

E~Ynt
2 6Ft�1! is a measurable function of an ergodic and stationary process and there-

fore ergodic and stationary itself+ The result then follows by the ergodic theorem+ The
proof of the CLT is complete because � was fixed arbitrarily+ �

Next we generalize Propositions 10+8+5 and 10+8+6 in Brockwell and Davis ~1991! to
allow for innovations «t satisfying Assumption A2+

LEMMA A+2+ Assume that «t satisfies Assumption A2 and that yt � (j�0
` cj «t�j

is the stationary solution to (1) with spectral density ~s 202p!gyy~ b0 ,l! . Let
§~ +! : @�p,p# r R be continuous with absolutely summable Fourier coefficients
$§k,�` � k � `% . Then for any e � 0

P�Mn��
�p

p

In, yy~l!§~l! dl��
�p

p

In,««~l!gyy~b0 ,l!§~l! dl� � e�r 0

as n r ` .

Remark 7. Brockwell and Davis ~1991! also assume that §~+! is an even function
which is equivalent to assuming that §k � §�k+ This condition plays a role in the CLT of
Lemma A+3 as far as the asymptotic covariance matrix is concerned+ For the approxi-
mation result the symmetry is not required, and only the absolute summability is used+

Proof. First an expression for Rn~l! � In, yy~l! � In,««~l!gyy~b0,l! is obtained+ Let
vy~l! be the DFT of the data and v«~l! � n�102(t «t e�ilt+ Then

vy~l! � c~e�il !v«~l!� n�102 (
j�0

`

cj e�iljUnj ~l!, (A.1)
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where Un, j~l! � (t�1�j
n�j «t e�ilt � (t�1

n «t e�ilt and c~e il! � (j�0
` cj e ilj+ Then

Rn~l! � 2 Re@c~e il !v«~�l!Rn,c
1 ~l!#� 6Rn,c

1 ~l!62

with Rn,c
1 ~l! � n�102(j�0

` cj e�iljUnj ~l!+ Using the Markov inequality it is enough to
show that EMn 6*�p

p Rn~l!§~l! dl 6 r 0+ First consider

EMn��
�p

p

c~e�il !v«~l!Rn,c
1 ~�l!§~l! dl�

� 4p sup
k
ak

102 n�102 (
k�0

`

(
l�0

`

(
m��`

`

6ckcl §m 6 6 l 6r 0+ (A.2)

Next consider the term 6Rn,c
1 ~l!62+ First a bound for the expected value is obtained by

E6Rn,c
1 ~l!62 � �n�102 (

j�0

`

6cj 6~E6Unj 62 !102�2

� 2s2�n�102 (
j�0

`

6cj 6min~ j, n!102�2

,

where we use the martingale property of «t to show E6Unj 62 � 2 min~ j, n!s2+ This implies

EMn��
�p

p

6Rn,c
1 ~l!62§~l! dl� � 4ps2�n�104 (

j�0

`

6cj 6 6 j 6102�2

sup
l�@�p,p#

6§~l!6r 0

as had to be shown+ �

LEMMA A+3+ Suppose the «t satisfy Assumption A2. Let §(.) be any continuous
even function on @�p,p# r R with Fourier coefficients $§j ,�` � j � `% such that
(j�1
` 6§j 6 6 j 6102 � ` and *�p

p §~l! dl � 0 . Then

n102~2p!�1�
�p

p

In,««~l!§~l! dl d
&& N�0,4(

j�1

`

aj §j
2�+

Proof. Define §m~l! � (6 j 6�m §j e ilj where §m~l! converges uniformly to §~l! by
absolute summability of §j+ We use Theorem 4+2 in Billingsley ~1968! to approximate
the limiting distribution of n102*�p

p In,««~l!§~l! dl by n102~2p!�1*�p
p In,««~l!§m~l! dl+

We need to show that for all e � 0,

lim
mr`

lim sup
nr`

P�6n102�
�p

p

In,««~l!~§m~l!� §~l!! dl 6 � e	 � 0,

where

n102�
�p

p

In,««~l!~§m~l!� §~l!! dl � n1022p (
6 j 6�m

n�1

Jg««~ j !§j

with Jg««~ j ! � ~10n!(t�1
n�6 j 6 «t «t�6 j 6 + It follows that E Jg««~ j ! � 0,

E Jg«~k! Jg«~ j ! �
1

n2 (
t�1

n�6 j 6

E«t
2«t�6 j 6

2 �
n � 6 j 6

n2 aj
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if j � k and zero otherwise+ Using the Markov inequality we have

P��n102�
�p

p

In,««~l!~§m~l!� §~l!! dl� � e	 �

4p2 sup
j
6aj 6

e2 � (
6 j 6�m

n�1

6§j 6�2

r 0+

From Lemma A+1 we have

n102~2p!�1�
�p

p

In,««~l!§m~l! dl d
&& N�0,4(

j�1

m

aj §j
2�+

Letting Xm ; N~0,4(j�1
m aj §j

2! it remains to show that Xm
d
&& X as m r ` where

X ; N~0,4(j�1
` aj §j

2!+ By Billingsley ~1968, Theorem 7+6! it is enough to show
(j�1

m aj §j
2 r (j�1

` aj §j
2+ This follows by absolute convergence+ �

LEMMA A+4+ For any d � 0 let

Hd � $h : @�p,p#r R
p 6h � H,r~h, h0 ! � d%+ (A.3)

Then for d � 0 such that Hd � H � where H � is the interior of H

sup
h�Hd

n102 � 2p

n (j�1

n�1

In, yy~lj !h~lj !��
�p

p

In, yy~l!h~l!dl� � Op~n
�102 !,

where lj � 2pj0n.

Proof. First note that for h � Hd, h is of uniformly bounded variation in the sense
that for any typical element hk of the vector of functions h it follows that

sup
h�Hd

sup
n,lj

�(
j�1

n

6hk~lj !� hk~lj�1!6, �p � l1 � {{{ � ln � p, n � N	 � c2p

by the fact that suph�Hd
6]0]lhk~l!6 � c � ` and the mean value theorem+ The

proof then proceeds along the lines of Proof 5+9+1 in Brillinger ~1981!+ First
*�p
p In, yy~l!hk~l!dl � *0

2p In, yy~l!hk~l!dl by 2p periodicity of In, yy~l!hk~l!+ Then

� 2p

n (j�1

n�1

In, yy~lj !hk~lj !��
0

2p

In, yy~l!hk~l!dl�
� (

j�1

n�1 �
2pj0n

2p~ j�1!0n

6hk~lj !� hk~l!6In, yy~lj !� 6hk~l!6 6In, yy~lj !� In, yy~l!6 dl

� �
0

2p0n

6hk~l!6In, yy~l!dl+

Then E suph(j�1
n�1 *2pj0n

2p~ j�1!0n 6hk~lj !� hk~l!6In, yy~lj !dl � c4p2n�2(j�1
n�1 EIn, yy~lj !�

O~n�1! from the fact that suph�Hd
6hk~lj ! � hk~l!6 � c2p0n uniformly on l �

@2pj0n,2p~ j � 1!0n# + From Brillinger ~1981, p+ 417! it follows that E6 In, yy~l j ! �
In, yy~l!6 � O~n�1! for l � @2pj0n,2p~ j � 1!0n# + Finally E6hk~l!6In, yy~l! � ` such
that E*0

2p0n 6hk~l!6In, yy~l!dl � O~n�1!+ �
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LEMMA A+5+ For al
*~f!� ~10n!(t�l�p�1

n «t
2~f!«t�l

2 ~f! , al,f
n � Eal

*~f! with «t
2~f!

defined in (15), «t satisfying Assumptions A2 and B1 and for some e � 0 and any fixed
d � ` such that Nd~f0! � $f � R

p 67f � f07 � d, 6jj 6 � 1 � e% where the jj are the
roots of f~L! it follows that

max
l

E�n102 sup
f�Nd~f0 !

6al
*~f!� al,f

n 6� � O~1!+

Proof. Note that al,f
n � al,f~n � l � p!0n where al,f � E«t~f!

2«t�l~f!
2+ By a slight

abuse of notation we let fq � 1 for q � 0 such that we can write

«t ~f!
2«t�l ~f!

2 � (
q1�0

p

{{{ (
q4�0

p

fq1
{{{fq4

yt�q1
yt�q2

yt�l�q3
yt�l�q4

+

Now define [mn, y + + +y
' ~q1, + + + ,q4 , l ! � n�1(t�1�p�l

n yt�q1
{{{yt�l�q4

� Eyt�q1
{{{yt�l�q4

+
Then

sup
f�Nd~f0 !

6al
*~f!� al,f

n 6 � sup
f�Nd~f0 !

(
q1, + + + ,q4�0

p

6fq1
{{{fq4

6 6 [mn, y + + +y
' ~q1, + + + ,q4 , l !6+ (A.4)

Expression ~A+4! can be bounded by

�max
i
~6fi,0 6� d!�4

(
q1�0

p

{{{ (
q4�0

p

6 [mn, y + + +y
' ~q1, + + + ,q4 , l !6

so that it remains to show E6 [mn, y + + +y
' ~q1, + + + ,q4 , l !6 � O~n�102! for all l+ Note that

E6 [mn, y + + +y
' ~q1, + + + ,q4 , l !6 � ~E~ [mn, y + + +y

' ~q1, + + + ,q4 , l !!2 !
102

� ~Var [mn, y + + +y
' ~q1, + + + ,q4 , l !!

102+

Then use yt � (j cj «t�j and consider

n�2 (
t�1�l�p

n

(
s�1�l�p

n

Cov~«t�q1�j1{{{«t�l�q4�j4 ,«s�q1�j5{{{«s�l�q4�j8 ! � O~n�1 !+ (A.5)

The covariances can be represented by eighth- and lower order cumulants by
applying Theorem 2+3+2 in Brillinger ~1981!+ The summability assumption, Assump-
tion B1, implies that ~A+5! is uniformly bounded in l, j1, + + + , j8 + This shows that
Var [mn, y + + +y

' ~q1, + + + ,q4 , l ! � O~n�1! uniformly in l as had to be shown+ �

LEMMA A+6+ Let Assumptions A1 and A2 hold. Then lh~l!� Re@lc~l!# � C` @�p,p#
and

4plh~l! ��
�p

p

f Ja~l� j! _h~f,j! dj�
2p

s4 _h~f,l!,

where f Ja~l! � (j��`
` Jaj e�ilj with Jaj � ~10aj � 10s4! .
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Proof. First we show that f Ja~l! � L1 @�p,p# , which follows from *�p
p 6 f Ja~l!6dl �

2p(j��`
` 610aj � 10s46 � `+ Next note for a typical element k

�
�p

p

f Ia~l� j!@ _h~f,j!#k dj

��
�p

p

(
j�0

`

(
l��`

`

Jalcj e�ij~ j�k!e�i ~l�j! l �(
j�0

`

(
l��`

`

cj Jal e�i ~l�j! le ij~ j�k!dj

� 2p (
j�0

` cj

aj�k

~e�il~ j�k! � e il~ j�k! !�
2p

s4 (
j�0

`

cj ~e
�il~ j�k! � e il~ j�k! !,

where we have used the fact that aj � a�j in the last line+ The result follows from
Theorem 8+10 in Folland ~1984!+ �

Proof of Proposition 4.1. We first show that Mn ~ Ef~h0 ! � f0!
d
&& N~0,J!+

Using relationship ~12! it is enough to consider @*�p
p In, yy~l!h0

x~f0 ,l!dl#�1 �
*�p
p In, yy~l!h0~f0 ,l!dl+Using ~A+1! leads to

�
�p

p

In, yy~l!h0~f0 ,l!dl ��
�p

p

In, yy~l!h0
x~f,l!fdl

� �
�p

p

In,««~l! lh~l!dl��
�p

p

Rn~l!dl,

where the remainder term

Rn~l! � Re@lc~�l!f~e
il !Rn

2~l!# (A.6)

is defined with

Rn
2~l! � v«~l!Rn,c

1 ~�l!� v«~�l!
f0~e

�il !

f0~e
il !

Rn,c
1 ~l!� f0~e

�il !6Rn,c
1 ~�l!62+

Because *Rn~l! dl � op~n�102! by the proof of Lemma A+2 it follows that

Mn ~ Ef~h0 !� f! � ��
�p

p

In, yy~l!h0
x~f0 ,l!dl��1

Mn�
�p

p

lh~l!In,««~l! dl� op~1!+

By standard arguments it also follows that

�
�p

p

In, yy~l!h0
x~f0 ,l!dl

p
&& s2�

�p

p

gyy~f0 ,l!h0
x~f0 ,l!dl� 2ps2 (

j�1

`

aj
�1 bj bj

' +

Because lc0
~l! � C k @�p,p# by Lemma A+6 and f0~e il! � C k @�p,p# it follows from

Lemma A+3 that
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Mn�
�p

p

lh~l!In,««~l! dln N�0,4p2 (
j�1

`

aj
�1 bj bj

'�,
where the matrix (j�1

` aj
�1 bj bj

' has typical k, l th element (j�0
` aj�k∨l

�1 cjcj�6k�l 6 +
To show that Ef~h0! � Ef � op~n�102! note that

n�1 @ ZZ 'Y�1 � Z 'Y�1#k, l � n�1 (
t�p�1

n

yt�l (
j�t�p�k, j�0

` cj

ak�j

«t�j�k

� n�1 (
t�p�1

n

t�2(
j�t

` Dj 2 6c Dj 6

ak� Dj
6yt�l «t� Dj�k 6

with Dj � j � k � p such that by the Markov inequality n�1 @ ZZ 'Y�1 � Z 'Y�1#k, l � Op~n�1!
from

n�1E (
t�p�1

n

t�2(
j�t

` Dj 2 6c Dj 6

ak� Dj
6yt�l «t� Dj�k 6 � n�1c (

t�p�1

n

t�2(
j�t

` Dj 2 6c Dj 6

ak� Dj
� O~n�1 !,

where c is some constant such that E6yt�l«t� Dj�k6 � c uniformly in t, Dj, k, and l+ The
difference n�1~ ZZ 'Y � Z 'Y ! can be analyzed in the same way+

To prove that EfFD~h0! � Ef � op~n�102 ! we show EfFD~h0! � Ef~h0! � Op~n�1 !+
From Lemma A+4 it follows that ~2p0n!(j�1

n�1 In, yy~lj !h0
x~f0 ,lj ! � *�p

p In, yy~l! �
h0

x~f0 ,l!dl � Op~n�1! and ~2p0n!(j�1
n�1 In, yy~lj !h0~f0 ,lj ! � *�p

p In, yy~l! �
h0~f0 ,l!dl � Op~n�1! such that fFD~h0! � Ef~h0! � Op~n�1!+ This completes the
proof of the proposition+ �

Proof of Proposition 5.1. Recall the definition for Zh~f,l!� Re@ Zlc~�l!f~e il!# and
similarly for h0~f0,l!+ For the first part of the proposition we have to show that for any
h � 0

lim
nr`

P� sup
l�@�p,p#

7 Zh~ Zf,l!� h0~f0 ,l!7 � h�� 0+

This holds if there is a d � 0 and a neighborhood Nd~f0! of f0 such that Nd~f0! is
contained in the interior of the stationary region of the parameter space and

lim
nr`

P� sup
l�@�p,p#

sup
f�Nd~f0 !

7 Zh~f,l!� h0~f0 ,l!7 � h�� lim
nr`

P~ Zf � Nd~f0 !!� 0+

Consistency of Zf implies P~ Zf � Nd~f0!! r 1 so that only the first term needs to be
considered+ It follows that

7 Zh~f,l!� h~f0 ,l!7 � 7 Zlc~l!� lc0
~l!76f~e�il !6� 7lc0

~l!76f~e�il !� f0~e
�il !6

so that it is enough to show that

sup
l

sup
f�Nd~f0 !

7 Zlc~l!� lc0
~l!7 � op~1!,

whereas d can be chosen such that 6f~e il! � f0~e il!6 � h0~2supl,f�Nd~f0 !7lc0
~l!7!

on Nd~f0! by uniform continuity of f0~e il ! on @�p,p# + To establish
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supl supf�Nd~f0 !7 Zlc~l! � lc0
~l!7 � op~1! it is enough to look at a typical element

6 Zlc, k~l! � lc, k,0~l!6+ Let bj, k denote the kth element of bj and aj,f � E«t
2~f!«t�j

2 ~f!+
Then, using the definition of lc, k~l!

sup
l�@�p,p#

sup
f�Nd~f0 !

6 Zlc, k~l!� lc, k,0~l!6

� sup
l

sup
f�Nd~f0 !

� (
j�1

n�p�1

~ [aj ~f!
�1bj, k,f � aj,f

�1 bj, k,f � aj,f
�1 bj, k,f � aj

�1 bj, k,0 !e
�ilj �

� sup
l
� (

j�n�p

`

aj
�1 bj, k,0 e�ilj � + (A.7)

We note that supl 6(j�n�p
` aj

�1 bj, k,0 e�ilj 6 � supj aj
�1 n�102(j�n�p

` j 102 6bj, k,0 6 �
o~n�102!+ Next

� (
j�1

n�p�1

~~aj,f!
�1bj, k,f � aj

�1 bj, k,0 !e
�ilj �

� � (
j�1

n�p�1

~~~aj,f!
�1 � aj

�1!bj, k,f!e
�ilj � (A.8)

� � (
j�1

n�p�1

~aj
�1~bj, k,f � bj, k,0 !!e

�ilj �+ (A.9)

It is therefore enough to show that ~A+8! and ~A+9! go to zero uniformly on @�p,p# as
d r 0+ First consider ~A+9!+

sup
l�@�p,p#���p

p

(
j�1

n�p�1

aj
�1 e�i ~l�m!j~ _hk~f,m!� _hk~f0 ,m!! dm�

� sup
l�@�p,p#���p

p

(
j�1

n�p�1�aj
�1 �

1

s4�e�i ~l�m!j~ _hk~f,m!� _hk~f0 ,m!! dm�
�

1

s4 sup
l�@�p,p#� (j�1

n�p�1

~bj, k,f � bj, k,0 !e
�ilj � , (A.10)

where, for f � Nd~f0!, the finite Fourier approximation of _h~f,m! converges uni-
formly on @�p,p# � Nd~f0! such that

sup
l�@�p,p#� (j�1

n�p�1

~bj, k,f � bj, k,0 !e
�ilj �

� sup
l�@�p,p#

6 _h~f,l!� _h~f0 ,l!6k � 2 sup
f�Nd~f0 !

(
j�n�p

`

6bj, k,f 6

� e1~d!� 2 sup
f�Nd~f0 !

(
j�n�p

`

6bj, k,f 6
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with e1~d! r 0 as d r 0 where uniform continuity of _h~f,m! on @�p,p# � Nd~f0!
implies 6 _h~f,m! � _h~f0,m!6k � e1~d! for some d � 0+ Also, supf�Nd~f0 ! �

(j�n�p
` 6bj, k,f 6 goes to zero as n r `+ Then, letting Jaj � aj

�1 � s�4 the first term in
~A+10! is dominated by

sup
l�@�p,p#

�
�p

p

� (
j�1

n�p�1

Jaj
�1 e�i ~l�m!j � 6 _hk~f,m!� _hk~f0 ,m!6 dm

� (
j��n�p�1

n�p�1

6 Jaj
�1 6�

�p

p

6 _hk~f,m!� _hk~f0 ,m!6 dm � Ce1~d!,

where we use that *�p
p 6 _h~f,m! � _h~f0,m!6k dm � 2pe1~d!+ The constant C can be

bounded by 2p(j��`
` 6 Iaj ~f0 !

�1 6 independently of n+ Next we consider ~A+8!+ First
look at

6aj,f
�1 � aj

�1 6 �
6aj,f � aj 6

aj,faj

+

From aj,f � E~f~L!yt !
2~f~L!yt�j !

2 it follows that aj,f � taf � 0 because otherwise
f~L!yt � 0 a+s+ But, because f~L!yt � f~L!f0

�1~L!«t is an ARMA~ p, p! process with
parameters f0 and f, f~L!yt has nonzero variance contradicting f~L!yt � 0 a+s+ Then

6~aj,f!
�1 � aj

�1 6 � C16aj,f � aj 6

for some constant C1+ Because E«t
4 � ` and f~L!yt is continuous in f � f0 we can

uniformly bound 6aj,f � aj 6 by e2~d!C2 where C2 is a finite constant depending on f0

and E«t
4 and e2~d! r 0 as d r 0+ Then

� (
j�1

n�p�1

~~~aj,f!
�1 � aj

�1!bj, k,f!e
�ilj � � e2~d!C1 C2 (

j�1

n�p�1

6bj, k,f 6,

where (j�1
n�p�1 6bj, k,f 6 � ` on Nd~f0!+ Now turn to the first two terms of ~A+7!

� (
j�1

n�p�1

~ [aj ~f!
�1 � aj,f

�1!bj, k,f e�ilj � � (
j�1

n�p�1

~ [aj ~f!aj,f!
�1 6 [aj ~f!� aj,f

n 6 6bj, k,f 6

� (
j�1

n�p�1

~ [aj ~f!aj,f!
�1

j � p

n
6aj,f 6 6bj, k,f 6,

where aj,f
n � ~~n � j � p!0n!aj,f is the expected value of aj

*~f!+ First note, that because
aj,f is bounded away from zero and [aj~f!

�1 � cn102�y , we can replace ~ [aj~f!aj,f!
�1

by n102�y times a constant that does not affect the argument+ Then the second term

n�102�y (
j�1

n�p�1

~ j � p!6aj,f 6 6bj, k,f 6r 0 as nr `
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uniformly on Nd~f0!+ The first term is dominated by

n102�n (
j�1

n�p�1

6aj
*~f!� aj,f

n 6 6bj, k,f 6� n102�n (
j�1

n�p�1

6 [aj ~f!� aj
*~f!6 6bj, k,f 6+ (A.11)

By Markov’s inequality the first term of ~A+11! is bounded by

n�n

h
sup

f�Nd~f0 !
(
j�1

n�p�1

6bj, k,f 6E�n102 sup
f�Nd~f0 !

6aj
*~f!� aj,f

n 6� +
The result then follows from ~n�n0h!(j�1

n�p�1 6bj, k,f 6 � O~n�n! if

n102 max
j

E� sup
f�Nd~f0 !

6aj
*~f!� aj,f

n 6� � O~1!+

This is shown in Lemma A+5+ For the second term in ~A+11! fix any e � 0 and pick
m such that supf�Nd~f0 ! (j�m 6bj, k,f 6 � e+ Then Mn ~ [aj ~f! � aj

*~f!! � op~1! for j �
1, + + + ,m+ To see this note that P~ [aj~f! � aj

*~f! � h0Mn ! � P~aj
*~f! � dn! for any

h � 0+ But P~aj
*~f! � dn! r 0 because aj

*~f!
p
&& aj,f � 0+ It follows that

n102�n (
j�1

m

6 [aj ~f!� aj
*~f!6 6bj, k,f 6 � op~n

�n !+

From 6 [aj~f! � aj
*~f!6 � n�102�n we deduce that n102�n (j�m 6 [aj ~f! � aj

*~f!6 �
6bj, k,f 6 � e+ Because e was arbitrary it follows that the second term is op~1!+

It remains to show that P~ r~ Zh~ Zf,l!, h~f0,l!! � d! r 0+ Using the result from the
first part it is enough to show that supl�@�p,p#7] Zhn~ Zf,l!0]l � ]h~f0,l!0]l7 � op~1!+
Note that _h~f,l!k � C h @�p,p# ∀h � ` and ]h _h~f,�p!k0]lh � ]h _h~f,p!k0]lh be-
cause _h~f,l! depends on l only through e il+ It follows from Folland ~1984, Theo-
rem 8+22e!, that ~ij !hbj~f!� ~2p!�1*~~]h0]lh! _h~f,l!!e�iljdl+ By Bernstein’s theorem,
(6 j 6h�1 6bj ~f!6 � ` such that

(
j

~ij !bj ~f!e
ilj r

]

]l
_h~f,l!

uniformly on @�p,p# + Using these facts, and noting that lh~l! � C h @�p,p# , the proof
of the first part can be applied to the first derivative+

Because ~H,r! is a complete metric space P~ r~ Zh~ Zf,l!, h~f0,l!! � d! r 0 implies
that P~ Zh � H! r 1+ �

Proof of Theorem 5.2. First we note that for any e � 0 and some d � 0 such that
Hd � H �

P�n102 � (
j�1

n�1

In, yy~lj ! Zh~lj !��
�p

p

In, yy~l! Zh~l!dl� � e�
� P� sup

h�Hd

n102 � (j�1

n�1

In, yy~lj !h~lj !��
�p

p

In, yy~l!h~l!dl� � e�
� P~ Zh � H or r~ Zh, h0 ! � d!r 0
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by Lemma A+4 and Proposition 5+1 such that we focus on the integral representations+
We will establish that

Mn ~ Ef~ Zh!� Ef~h0 !! � op~1!+ (A.12)

It is enough to show that Mn ~ EfF ~ Zh! � EfF~h0!! � op~1! and

Mn ~ Ef~ Zh!� EfF ~ Zh!! � op~1! (A.13)

for EfF~h! � @*�p
p In, yy~l!h

x~f,l! dl#�1*�p
p In, yy~l!h~f,l!dl+ We first show ~A+13!+

Consider

n�1 ZZ 'Y�1 � n�1 (
t�p�1

n

(
j�1

t�p�1 Zbj

[aj ~ Zf!
Zf 'yt�j Ty t�1

' +

Compare this to the qth column of

~2p!�1�
�p

p

In, yy~l! Zh x~ Zf,l! dl

� n�1 (
t�q�1

n �(
j�1

t�1 Zbj

[aj ~ Zf!
yt�j �(

j�1

t�2 Zbj

[aj ~ Zf!
Zf1 yt�j�1

� {{{� (
j�1

t�p�1 Zbj

[aj ~ Zf!
Zfp yt�j�p� yt�q

such that the difference between the two terms is

n�1 (
t�q�1

n �(
j�1

p Zbt�j�p�1

[at�j�p�1~ Zf!
yp�1�j � (

j�1

p�1 Zbt�j�p�1

[at�j�p�1~ Zf!
Zf1 yp�1�j

� {{{�
Zbt�p

[at�p~ Zf!
Zfp�1 yp� yt�q

� n�1 (
t�q�1

p �(
j�1

t Zbj

[aj ~ Zf!
yt�j �(

j�1

t�1 Zbj

[aj ~ Zf!
Zf1 yt�j�1 � {{{�(

j�1

t�p Zbj

[aj ~ Zf!
Zfp yt�j�p� yt�q +

We can now write 6 Zbl 0 [al ~ Zf!6 � 6 Zbl 0bl 6 6bl 6c�1n102�n+ Because
(t�q�1

n 6bt�j�p�16 6yp�1�j yt�q 6 � Op~1! and 6 Zbj 0bj 6 � Op~1! uniformly in j it follows
that the difference is Op~n�102�n!+ The same can be shown for the difference between
ZZ 'Y and *�p

p In, yy~l!h~f,l! dl, which shows that Mn ~ Ef~ Zh! � EfF~ Zh!! � op~1!+
We define hf0

~f,l! � Re@lc~�l!f~e
il !f0

�1~e il !# such that hf0
~f0 ,l! �

Re@lc~�l!# with Zhf0
~ Zf,l! � Re@ Zlc~�l! Zf~e il !f0

�1~e il !# + Note that here we need to
distinguish between f0~e il! from the true data generating process and the f~e il! used
in h~f,l!+ By applying ~A+1! it can be shown that for h � H

In, yy~l!h~f,l! � In, yy~l!Re@lc~l!f~e
�il !a~l!#f0 � In,««~l!hf0

~f,l!� Rn~l!,

(A.14)
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where the remainder term Rn~l! is defined in ~A+6!+ Property ~A+12! then follows if

���
�p

p

In, yy~l!~ Zh x~ Zf,l!� h0
x~f0 ,l!! dl�� � op~1! (A.15)

and

Mn���
�p

p

In,««~l!~ Zhf0
~ Zf,l!� lh~l!! dl�� � op~1!, (A.16)

Mn���
�p

p

Re@~lc~�l!f~e
il !� lc0

~�l!f0~e
il !!Rn

2~l!# dl�� � op~1!+ (A.17)

First, ~A+15! can be established easily with the help of Proposition 5+1 by the following
argument:

���
�p

p

In, yy~l!~ Zh x~ Zf,l!� h0
x~f0 ,l!! dl��

� sup
l�@�p,p#

7 Zh x~ Zf,l!� h0
x~f0 ,l!7�

�p

p

In, yy~l! dl

� 4p sup
l�@�p,p#

7 Zlc~�l! Zf~e il !� lc0
~�l!f0~e

il !7 sup
l�@�p,p#

7a~l!7 [gyy~0!r 0,

where the first inequality uses the fact that In, yy~l! is a positive scalar and the second
inequality uses tr~ab 'ba '!� ~a 'a!~b 'b! where a and b are two conformable vectors+ The
last expression goes to zero by ~5+1! and the fact that supl�@�p,p#7a~l!7 is bounded+ To
prove ~A+16! we work with the metric space ~H,r! defined in ~14!+ Also let h0 �
h0~f0,l!, Zh � Zh~ Zf,l!, lc � lc~�l!, lc0

� lc0
~�l!, fl � f~e il!, f0

l � f0~e il!, and

yn~h! � Mn�
�p

p

In,««~l!~hf0
~f,l!� lh,0 !� Re@~lcf

l � lc0
f0
l!!Rn

2~l!# dl

for h � H+ Choose the open neighborhood Hd as in ~A+3! for d � 0 such that Hd � H �+
Following Andrews ~1994!, ~A+16! follows if for any given q � 0 there exists a d � 0
such that

P~7vn~ Zh!� vn~h0 !7 � q, Zh � H, r~ Zh, h0 ! � d!� P~ Zh � H or r~ Zh, h0 ! � d!r 0

as n r ` where P~ Zh � H or r~ Zh, h0! � d! r 0 follows from Proposition 5+1+ There-
fore we need to show that

P� sup
h�Hd

Mn���
�p

p

~lcf
l � lc0

f0
l!Rn

2~l!dl�� � q� r 0+ (A.18)
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A more refined analysis of ~A+2! is needed+ Using the notation aj
' for the weights of a

filter h � Hd note that the kth element in lcfl � lc0
f0
l is

sup
h�Hd

6@lcfl � lc0
f0
l#k 6 � sup

h�Hd
�(

l�0

p

(
j�1

` �fl

bj, k,f

aj
' � f0, l

bj, k,0

aj
�e�il~ j�l ! �

� c1 sup
h�Hd

�(
j�1

` 6bj, k,f 6� 6bj, k,0 6

c2 ��(
j�1

`

6bj, k,0 6c3

� c4 (
j�1

`

6 Izj 6 � `,

where c1 � p max~1,6f16, + + + ,6fp6,6f0,16, + + + ,6f0, p6!, c2 � sup6aj
' 6 � 0, c3 �

sup610aj
' � 10aj 6 � ` for h � Hd, c4 � 2c10c2 � c3 , and 6bj, k,f6 � 6 Izj 6+ If the poly-

nomial f~L! has d distinct roots js with multiplicities ds then 6bj, k,f6 � (r�1
d

(s�0
ds�1 6crs 6 6 j � k 6s 6js6�j�k where the constants crs are bounded+ For h � Hd we have
6js6 � 1 such that 6bj, k,f6 � 6 Izj 6 is uniformly bounded by an absolutely summable
sequence for all h in Hd+ Setting c~e�il! � f0~e�il!0f0~e il! it now follows that

EMn sup
h�Hd

��
�p

p

c~e�il !v«~l!Rn,c
1 ~�l!@~lcf

l � lc0
f0
l!#k dl�

� c44p sup
j
aj

102 n�102 (
j��`

`

(
l��`

`

(
m��`

`

6cjcl 6 6 Izm 6 6 l 6r 0+

With these adjustments ~A+18! follows from a straightforward extension of the proof of
Lemma A+2+ Finally we show

P� sup
h�Hd

Mn���
�p

p

In,««~l!~hf0
~f,l!� lh,0~l!! dl���r 0+ (A.19)

The main idea of the proof is taken from Robinson ~1991!+ We use integration by
parts to separate h from In,««~l!+ First

sup
h�Hd

Mn���
�p

p

In,««~l!~hf0
~f,l!� lh,0~l!! dl��

� sup
h�Hd

Mn���
�p

p

~In,««~l!� EIn,««~l!!~hf0
~f,l!� lh,0~l!! dl��

� sup
h�Hd

Mn���
�p

p

EIn,««~l!~hf0
~f,l!� lh,0~l!! dl��+

Because EIn,««~l! � s2 it follows that the last term is s2*�p
p ~hf0

~f,l! � lh,0~l!! dl+
Now note that *�p

p lh,0~l! dl � 0 and *�p
p hf0

~f,l! dl � 0+ Next use integration by
parts
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sup
h�Hd

Mn���
�p

p

~In,««~l!� EIn,««~l!!~hf0
~f,l!� lh,0~l!! dl��

� sup
h�Hd

Mn���
�p

p ]

]l
~hf0

~f,l!� lh,0~l!!�
�p

l

~In,««~m!� EIn,««~m!! dmdl��
� sup

h�Hd

Mn��~hf0
~f,p!� lh,0~p!!�

�p

p

~In,««~m!� EIn,««~m!! dl��+ (A.20)

Now for h � Hd both 7 ~]0]l! ~hf0
~f,l!� lh,0~l!!7 and 7hf0

~f,p!� lh,0~p!7 are uni-
formly bounded by C~d! where C~d! r 0 as d r 0 such that

sup
h�Hd

Mn���
�p

p ]

]l
~hf0

~f,l!� lh,0~l!!�
�p

l

~In,««~m!� EIn,««~m!! dmdl��
� C~d!Mn�

�p

p

��
�p

l

~In,««~m!� EIn,««~m!! dm� dl+

It remains to show that Mn*�p
p 6*�p

l ~In,««~m! � EIn,««~m!! dm6dl is bounded in proba-
bility+ Let In,««

0 ~m! � In,««~m! � EIn,««~m! and define the function

t~l,m! � �1 m � l

0 m � l+

Because In,««~m! is 2p periodic we work with Mn*0
2p 6*0

l~In,««~m!� EIn,««~m!! dm6dl+
Letting ms � 2ps0n, we first show that

Mn�
�p

p

� 2p

n (s�1

n�1

t~l,ms !In,««
0 ~ms !��

0

2p

t~l,m!In,««
0 ~m! dm� dl � op~1!+

The inner integral can be split into a part

2p

n (s�1

n�1

t~l,ms !In,««
0 ~ms !��

0

2p

t~l,m!In,««
0 ~m! dm

� (
s�1

n�1 �
2ps0n

2p~s�1!0n

@~t~l,ms !� t~l,m!!In,««
0 ~ms !

� t~l,m!~In,««
0 ~ms !� In,««

0 ~m!!# dm

� �
0

2p0n

t~l,m!In,««
0 ~m! dm (A.21)

and s2~~2p0n!(s�1
n�1 t~l,ms !� *0

2p t~l,m!dm!+ If ms � l and ms�1 � l then 0 � l�
2pt0n � 2p0n such that

Mns2 � 2p

n (s�1

n�1

t~l,ms !��
0

2p

t~l,m!dm� � O~n�102 !
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uniformly in l+ Using Markov’s inequality we look at each term of ~A+21! separately+
First

MnE� (
s�1

n�1 �
2ps0n

2p~s�1!0n

~t~l,ms !� t~l,m!!In,««
0 ~ms ! dm�

� Mn(
s�1

n�1 �
2ps0n

2p~s�1!0n

6t~l,ms !� t~l,m!6s2dm,

where 6t~l,ms!� t~l,m!6� 0 if l � @2ps0n,2p~s � 1!0n# and 1 otherwise+ Therefore

Mn(
s�1

n�1 �
2ps0n

2p~s�1!0n

6t~l,ms !� t~l,m!6s2dm � s2
2p

Mn

uniformly in l+ Also

MnE��
0

2p0n

t~l,m!In,««
0 ~m! dm� � s2

2p

Mn
,

where the bound is again uniform in l+ Finally, because E~In,««
0 ~ms ! � In,««

0 ~m!! � 0,

MnE� (
s�1

n�1 �
2ps0n

2p~s�1!0n

t~l,m!~In,««
0 ~ms !� In,««

0 ~m!!dm�
� (

s�1

n�1 �
2ps0n

2p~s�1!0n

~n Var~In,««
0 ~ms !� In,««

0 ~m!!!102dm,

where, from Brillinger ~1981, p+ 417!, n Var~In,««
0 ~ms !� In,««

0 ~m!!� O~n�1! uniformly
on 2ps0n � m � 2p~s � 1!0n+ This shows that

MnE� 2p

n (s�1

n�1

t~l,ms !In,««
0 ~ms !��

0

2p

t~l,m!In,««
0 ~m! dm� � O~n�102 !

uniformly in l+ We can therefore consider

Mn�
�p

p

� 2p

n (s�1

n�1

t~l,ms !In,««
0 ~ms !� dl,

which is bounded in probability by Markov’s inequality if supl nE6~2p0n! �

(s�1
n�1 t~l,ms !In,««

0 ~ms !62 is bounded+ From Brillinger ~1981, Theorem 5+10+1!,

nE� 2p

n (s�1

n�1

t~l,ms !In,««
0 ~ms !�

2

� 2�
0

2p

f««
2 ~m! dm� ��

0

l�
0

l

f«+ +«~m1,m2 ,�m1! dm1 dm2�� O~n�1 !,

where the error is uniform in l+ Here f«+ +«~m1,m2,�m1! is the fourth-order cumulant
spectrum of «t , which is uniformly bounded under Assumption A2+
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From Brillinger ~1981, Theorem 5+10+1 and 5+10+2!, it follows immediately that

MnE��
�p

p

~In,««~m!� EIn,««~m!! dm�
is bounded such that the second term in ~A+20! is small in probability on Hd+ This com-
pletes the proof+ �

Proof of Theorem 5.3. The proof is essentially identical to the proof of Proposi-
tion 5+1 and is therefore omitted+
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