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Abstract. Burguet [A direct proof of the tail variational principle and its extension to
maps. Ergod. Th. & Dynam. Sys. 29 (2009), 357-369] presented a direct proof of
the variational principle of tail entropy and extended Downarowicz’s results to a non-
invertible case. This paper defines and discusses tail pressure, which is an extension of
tail entropy for continuous transformations. This study reveals analogs of many known
results of topological pressure. Specifically, a variational principle is provided and some
applications of tail pressure, such as the investigation of invariant measures and equilibrium
states, are also obtained.

1. Introduction

In academic studies, a dynamical system is a concept in which a fixed rule describes the
time dependence of a point in a special space. Entropy is an elementary, but important,
factor since this invariant quantifies the complexity of the orbit structure of a dynamical
system. This study discusses this invariant from topological and measure-theoretical
viewpoints. These two notions are related by a variational principle, which states that
the supremum of the metric entropy over all of the invariant probability measures is equal
to the topological entropy; this principle has gained a lot of attention. A good discussion
of references for these entropy invariants appears in [11, 20], which contains many of the
early references.

In recent years, researchers have characterized the local structure of maps by defining
entropy pairs, entropy tuples, entropy sets, or entropy points in both topological and
measure-theoretical situations. Several studies examine the connection between measure-
theoretical entropy notions and topological entropy ones. These studies investigate the
local behavior of these entropies, and, in many cases, establish new variational principles.
See [6-8, 19] for related propositions and results.
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Furthermore, entropy can appear locally at arbitrarily small scales. Previous
researchers [1, 2, 5] have investigated tail entropy #*, which can capture the entropy near
any single orbit. From the measure-theoretical point of view, the local complexity of any
orbit can be estimated by the defect of uniformity in the convergence of the measure-
theoretical entropy function computed at increasingly fine scales. Downarowicz [5]
showed the relation, the so-called tail variational principle, for homeomorphisms.
Burguet [2] provided an elementary proof of this variational principle and extended the
related results to a non-invertible case.

As a natural generalization of topological entropy, topological pressure is a quantity
which belongs to one of the concepts in thermodynamic formalism. Thermodynamic
formalism itself is a generalization of the concepts of statistical physics to the area of
mathematical dynamical systems theory. Theories of topological pressure, variational
principles, equilibrium states and related topics play a fundamental role in statistical
mechanics, ergodic theory, and dynamical systems. For references, see [9, 10, 16-18].

In the present paper, we pursue the connection between tail pressure and the tail entropy
function. For a dynamical system admitting a refining sequence of essential partitions, the
proof proposed here is inspired by Misiurewicz’s work on the variational principle for
topological pressure (see [13]). The key point of the proof is that the tail pressure can be
written in terms of these partitions. A refining sequence of essential partitions does not
always exist, but Lindenstrauss [12] proved that the product of a homeomorphism of finite
entropy with an irrational rotation exhibits such sequences.

This paper first describes the notion of entropy structures, which was introduced by
Downarowicz [5], and also states the tail variational principle by Burguet [2]. Section 3
shows that the tail pressure is invariant under a natural extension and product with an
irrational rotation of the circle. This section also examines the power rule and product rule
for tail pressure. In particular, §4 gives a proof of the tail pressure variational principle by
natural extension and shows that the tail pressure determines invariant measures. The last
section gives some applications of tail pressure to equilibrium states.

2. Preliminary
Misiurewicz [13] was the first to introduce the quantity of tail entropy using open covers.
For convenience, this paper uses the notations adopted by Burguet [2]. Let T : X — X be
a continuous self-map of a compact metric space (X, d) with finite topological entropy.
Recall that the set M(X) of all Borel probability measures is compact for the weak*-
topology, and M (X, T) C M(X) is the subset of all T-invariant measures. The notion of
tail entropy according to Bowen’s balls is as follows.

Lete > 0, n € N\{0}; the notation B(x, n, €) for the Bowen’s ball of order n, of radius €
and of center x is defined by

B(x,n,€):={ye X |forall0 <k <n, d(T*x), T*(y)) < €}.

A set E C X is said to be a (n, §)-spanning subset of K if K C Uer B(x, n, 8) and
a (n, §)-separated subset of K if, for all x, y € E, there exists an integer 0 < k < n such
that d(T*(x), T*(y)) > 8. We use the notation r(n, 8, K) (respectively, s(n, 8, K)) for the
minimal cardinality of a (r, §)-spanning subset of a set K C X (the maximal cardinality
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of a (n, §)-separated subset of K, respectively). The Bowen metric is usually denoted
by d,(x, y) := maxo<j<n—1 d(T'x, T'x) for all x, y € X. The tail entropy of (X, T) is
defined as follows:

h*(T) := lim lim lim sup l sup log r(n, §, B(x, n, €)).
e—>06—0 n n yex

The tail entropy does not depend on the metric d, but only on the topology of X and,
moreover, the same as in topological entropy, 2* is a topological conjugacy invariant.

The following discussion defines the notion of entropy structures, which was introduced
by Downarowicz in [5].

Let S be a continuous self-map of a compact metric space ¥ andlet 7 : Y — X be a
continuous map that is not necessarily surjective. However, we assume that the induced
map ¥ : M(Y, S) > M(X, T) is surjective. This study refers to 7 and also to (Y, S)
as an extension of (X, T) if T om =m o §. This extension is zero-dimensional if the
topological dimension of Y is zero or, equivalently, if Y has a base consisting of clopen
sets. An extension 7 : (¥, §) — (X, T) is said to be principal if, for any v € M (Y, §), we
have h(;r*v) = h(v), where h(v) denotes the usual measure-theoretical entropy.

Recall that the natural extension of (X, T') is defined as follows. Denote

Y = {(twnez € X7 | Txy = xp41)
and let 7 : Y — X be the projection defined by 7 ((x;,),ez) = x0. Endow Y with the metric

d((n)nez nInez) = Y _(d(xn, ya) /2.
nez
The natural extension T : Y — Y of (X, T) is the shift map T ((x,)nez) = Xnt1nez.
Thus, the natural extension is an extension as defined above, and this extension is also
principal.

The term of a partition in this study means a finite partition of X by Borelian sets. We
say that a sequence of partitions P := (Py)ren is refining if Py is finer than Py for all &
and the diameter of P, goes to zero when k goes to infinity. A partition is said to be
essential if the boundaries of its elements have zero p-measure for all invariant probability
measures u. If P is a partition and w is an invariant probability measure, then A (u, P)
denotes the usual entropy of p with respect to P.

If P is a finite partition of X, denote P" := \/:’:_01 TP, then

H(u, Py == 1(A)log u(A).
AeP
If P; and P, are two partitions of X, and P; is finer than P,, write
H(u, P|Py) =Y w(B)H(ug, P\)=H(u, P1) — H(u, Py),
BeP,
where 11p denotes the probability measure induced by wu on B. Since H(u, P{'|P}) is a
subadditive sequence, divided n converges to its infimum, then 2 (e, P1|P2) = h(w, P1) —
h(w, P>), which is the conditional entropy.

A non-decreasing sequence of real functions defined on M (Y, S), H := (hr)keN,
converging to a bounded limit /., := limy Ay, is called a candidate of (Y, §).
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Let 7 : (Y, ') — (Y, S) be an extension and H := (hy)ien be a candidate of (Y, §).
The lift 7*H of H to M(Y’, S’) is the candidate of (Y’, S’) defined by 7*H :=
(hi(7T* ) ken-

Two candidates of (Y, S) are said to be uniformly equivalent if, for all y > 0 and for all
k € N, there exists/ € Nsuch thath; > g —y and g; > hy — y.

Consider a compact metric space X and a continuous map 7 : X — X with finite
topological entropy.

Let (X', T') be a zero-dimensional principal extension of (X, T) and (Py)ien be a
refining sequence of clopen partitions of X’.

An entropy structure H := (hj)ken is a candidate of (X, T') such that the lift 7*H of H
to M (X', T') is uniformly equivalent to the candidate (h(-, Pi))renN.

Let H = (hi)ren be a candidate. For a function f:M(X,T)— R*, denote
the smallest upper semi-continuous function greater than f by f, that is, ]7 () :==
lim sup,_, f(v). Let us define ult .= limg—s 4 o0 ho/o_\—/hk.

If P:= (Pr)ren is a refining sequence of partitions and Hp := (h(-, Pr))ken is the
sequence of entropy functions with respect to the partitions (Px)xeN, We use the notation
u” instead of u’tP.

Remarks.

(1) Two entropy structures are uniformly equivalent, and any candidate which is
uniformly equivalent to an entropy structure is also an entropy structure. In
other words, the set of entropy structures is an equivalence class for the uniform
equivalence relation on the set of candidates.

(2)  All entropy structures H converge to the metric entropy function and have the same
ult: we simply denote this function by u.

(3) (Burguet [2]) If H = (hg)ken is a candidate of (X, T), then

sup  ul(w)= lim lim  sup (h — he)(p).
ueMX,T) k—+o00 I—>+00 e pr(X,T)

LEMMA 2.1. [12] If T is a homeomorphism of finite topological entropy admitting an
infinite minimal factor, then there exists a refining sequence of essential partitions.

Burguet formulated the variational principle for the tail entropy independently of the
choice of an entropy structure.

THEOREM 2.1. (Tail variational principle [2]) If X is a compact metric space and T :
X — X is a continuous function with finite topological entropy, then
sup  u(p) =h*(T).
weEM(X,T)
Moreover, the supremum is achieved on the closure of the ergodic measures.

3. Tail pressure and related properties

It is possible to extend the concept of tail entropy to tail pressure associated with a potential
function. Furthermore, a variational principle is also true for this tail pressure. This section
first gives equivalent definitions of this new pressure, then some basic propositions are also
shown.
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3.1. Tail pressure. Let (X, d) be a compact metric space, C (X, R) be the space of real-
valued continuous functions of X and 7 : X — X be a continuous transformation. For
feC(X,R)andn > 1, denote Z?:_ol f(Tix) by (S, f)(x).

Let feC(X,R),n>1,e>0andé > 0. Forall x € X, put

On(T, f,x,8,€)= inf{z e H)

F is a (n, §)-spanning set for B(x, n, e)}.
yeF

LEMMA 3.1. As above, the following statements are true.

1) 0,1, f,x,68,¢)>0.

(2)  Ifé1 <, then Qu(T, f, x, 81, €)= On(T, [, x, 82, €).
(3)  Ifer < ey then Qu(T, f,x, 8, €1) < On(T, [, x, 8, €2).
@) 0Ox(T,0,x,68,€)=r(n,d, B(x,n,¢€)).

For f € C(X, R), e > 0and § > 0, define

1
O(T, f,68,e)=limsup — sup log O, (T, f, x, 6, €).

n— 00 xeX

Definition 3.1. Let T : X — X be continuous and f € C(X, R); define the tail pressure as
follows:

P*(T, f)=1lim lim Q(T, f, 3§, €).
e—>06—0
It is trivial that P*(T, 0) = h*(T). Next, consider an equivalent but dual definition.

Let f e C(X,R),n>1,e >0and 3§ > 0. For x € X, put

P,(T, f,x,8,¢€)= Sup{z S HH)

E is a (n, §)-separated subset of B(x, n, e)}.
yeE

LEMMA 3.2. As above, the following statements hold.

&) P(T, f,x,8,¢)>0.

6)  Ou(T, f,x,8,€) < P(T, f, x, 8, ¢€).

(7 If81 < 8y, then P, (T, f, x, 61, €) > P, (T, f, x, 62, €).

®) Ife; < ey, then Py (T, f, x,6, €1) < P,(T, f, x, 86, ).

©)  Ifdo > 0is such that d(x, y) < 8/2 implies | f (x) — f(¥)| < 8o, then

)
Pn(T5 f’ 'x9 87 E) Sensan(T’ f’ 'x’ E’ E)'
For f € C(X, R), e > 0and § > 0, denote
1
P(T, f, 8, €) =limsup — sup log P,(T, f, x, 8, €).
n—oo N xex
LEMMA 3.3. If f € C(X, R), then P*(T, f) =lim¢_¢lims_.o P(T, f, §, €).
Proof. The limit clearly exists. By property (6), it follows that
P*(T, f) < lim lim P(T, f,$, ¢€).
e—>038—0

Property (9) shows that for any 8¢ > 0, lim¢_,g lims_.o P(T, f, 8, €) <o+ P*(T, f).
This implies the equality. O
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Next, the definition of conditional pressure with respect to partitions is introduced. If
those partitions are refining and essential, we show in Theorem 3.2 that this definition is
equivalent to the definition given by spanning sets and separated sets.

If P and Q are two partitions with Q finer than P, for some A € P" and f € C(X, R),
define

Ly(T, f. A, QIP)= Y inf e/,

BcA Beon “€P

The following properties are fundamental.
(10) If Q7 is finer than Q1, then L, (T, f, A, Q1|P) < L,(T, f, A, Q»|P).
(11) If P is finer than Py, Ay € Pl', for any A; € Py with Ay C Ay, then L, (T, f,

Ay, QIP) = La(T, f, A2, Q| P2).
This conditional pressure can be defined by

1
L(Ta fa Q|P) Zlimsup - Sup log Ln(T» f7 A’ QlP)
n—+oo N Aepr

Definition 3.2. Let f € C(X, R) and P := (Pr)ren be a refining sequence of partitions;
the tail pressure with respect to P is defined as follows:

PL(T, f):klim lim L(T, f, P\ Py).

—+00 [—+00

The limit of the last definition exists by properties (10) and (11). Furthermore, we
present another equivalent definition.

If P and Q are two partitions with Q finer than P, for some A € P" and f € C(X, R),
set

Mu(T, f, A, QIP)= Y supe!SN
BCA,BeQ" X€B

and define |
M(T, f, Q|P)=limsup — sup log M, (T, f, A, Q|P).

n—+oo N Acpn

THEOREM 3.1. Let f € C(X, R) and P := (Py)reN be a refining sequence of partitions;
then
PL(T, f)= lim lim M(T, f, P|Py).
k—~+00 [—>+00

Proof. On the one hand, for some A € P}, it is obvious that
L(T, f, A, P|P) < My (T, f, A, P|Py).

This means that P7’§(T, ) <limgos o0 limys 4 oo M(T, f, Pi| Py).
On the other hand, if d(x, y) < diam(Pl”) implies | f (x) — f(y)| < do, then

My (T, f. A, PI|Pc) < "L, (T, f, A, P||Py).
Therefore, for any §g > 0,

lim lim M(T, f, Pi|Py) <8 + PH(T, ). U

k——+o00 [——+00
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LEMMA 3.4. [2] If P is an essential partition, then, for all € > O, there exists § > 0 such
that

1
limsup — sup log #{A € P" | B(x, n,8) N A £ 0} <e.

n—oo N xex

THEOREM 3.2. If f € C(X,R) and P := (Pr)keN is a refining sequence of essential
partitions, then
PX(T, f)= Pp(T, f).
Proof. (1) Let 8o > 0. According to the previous lemma, there exists € > 0 such that
lim sup l sup log 8{A € P" | B(x, n, €) N A # @} < &.
n n xex
Forsome x € X, let E be a (n, §)-separated subset of B(x, n, €). Suppose that diam(P}") <
8, then each element of Pl" contains at most one element of E. Denote
I'=t{Ae P :B(x,n,e)NA+#I},
r:=sup t{A e P/ :B(x,n, )N A# 2}

xeX
and
A:={Ae P :B(x,n e)NA#a}.
Thus,
3 eSO < i sup 3 sup eSO <r x sup 3 sup e
yeE Ae A BCA X€B AEPk" BCA X€B

which implies
P.(T, f,x,8,€) <r x sup Mu(T, f, Pi|Pr).
AeP)

This yields that
P(T, f,8,¢) <M(T, f, P|Py).
Hence,
PX(T, f) < P5(T, f).
(2) For some x € X, consider the ball B(x, n, diam(P)). Suppose that E is a (n, §)-
spanning set for B(x, n, diam(FPy)).
If §; > Ois such that d(x, y) < §, this implies | f (x) — f(y)| < ;. Now, denote

r:=sup t{Ae P":B(x,n,8)NA+#}

xeX
and
l:=sup{A e P':B(x,n, 8 NA#0}.

xeE

Therefore,

inf e(Snf)(x)
Bca*<B
<Ix e x sup{z S DO | Eis a (n, 8)-spanning set for B(x, n, diam(Pk))}
xeX

yeE

“rx ™ x SUP{Z (50

E is a (n, §)-spanning set for B(x, n, diam(Py)) }
xeX

yeE
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By Lemma 3.1,
L(T, f, Pi|Px) < Q(T, f, §, diam(Py)) + 41,

showing that
PX(T, f) = Pp(T, f),
which implies the equality holds. o

THEOREM 3.3. If f € C(X, R) and P := (Pr)keN is a refining sequence of partitions,
then

1
lim — sup log M, (T, f, A, Pi|Py)

n—>+oo n AEP;’
exists and equals inf, (1/n) SUPgepy log M, (T, f, A, P|Py).

Proof. For some A € P,?””, there exist B € P;', C € P" suchthat A=BNT™"C. Itis
sufficient to show that

Muim (T, f, A, PiIP) < Mu(T, f, B, PI|P) - My (T, f, C, Pi|Py).
IfA’ e Pl’"+”, there exist B € P/, C’ € P/" suchthat A’ = B’ N T~"C’. Thus,
T sup SN < (Z sup e(Snf)o«))( 3 sup e(&f)(x))
A/CA YA B'CB X c'ccxed
Therefore,
Mysn(T. f. A, PPe) < My(T. £, B. Pl|PY) - My (T, . C. Pi|Py). o
The following theorem is a result of the last two theorems.
THEOREM 3.4. If f e C(X,R) and T : X — X is a continuous transformation of a

compact metric space, then

1
P*(T, f) = lim lim lim inf — sup log Q,(T, f, x, §, €)
e—>08—>0 n—>0o0 n

xeX

1
= lim lim lim inf — sup log P, (7, f, x, 8, €).

€>08—-0 n>00 N ,cy

Proof. On the one hand, by Theorem 3.3,

sup P,(T, f,x,8,€) <r x sup M,(T, f, Pi|Py).
xeX AeP)!

Then, setting the logarithmic limit inferior in 7, and then the limit in / and &, and finally
in €, we conclude that

1
lim lim lim inf — sup log P, (T, f, x, 8, €) < P*(T, f).

€>08—>0 n>00 N ,cxy
On the other hand, if d(x, y) < diam(P/") implies | f(x) — f(¥)| < 8o, then

e sup M,(T, f, A, P|Py) < sup L,(T, f, A, Pi|Py)
AeP,f AeP,f
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and

sup L,(T, f, A, Pi|Py) <sup OQ,(T, f, x,8,€) <sup P, (T, f, x, 38, ¢€).
AeP! xeX xeX

Again, setting the logarithmic limit inferior in n, and then the limit in / and &, and finally

in €, we conclude easily that

lim lim hmmf—suplogP (T, f, x,8,¢) > P*(T, ),

€—>06—0 n>0 n ,cy

which implies

PX(T, ) = hm hm hmlnf— sup log O, (T, f, x, 6, €)
n— 00

N xex
= lim lim lim 1nf— sup log P, (T, f, x, 6, €). O
€>06—-0 n>0 n ,cy

3.2.  Dynamical properties. The basic propositions of tail entropy include the power
rule, the product rule and the natural extension. In the following, we study these properties
of P*(T, f).

THEOREM 3.5. Let T : X — X be a continuous transformation of a compact metric space
and f € C(X, R). Then, the following statements are true.
(1)  Ifk >0, then P*(T*, Sy f) = kP*(T, f).
2) IfT;:X; — X; is a continuous map of a compact metric space (X;, d;) and f; €
C(X;,R),i=1,2, then
P*(Ty x Tz, fi x fa) = P*(Ty, fi) + P*(Ta, f),

where fi x fo € C(X1 x X3, R) is defined by (f1 % f2)(x1, x2) = fi(x1) + f2(x2).
(3) If(Y, T) is a natural extension of (X, T) and f € C(X, R), then

P*(T, f o) =P*(T, f).
Proof. (1) If F is a (nk, §)-spanning set for T, then F is a (n, §)-spanning set for Tk,
Hence, Q,(T*, Stf, x,8,¢) < Qu(T, f, x,8,¢) and P*(T*, Sx f) <kP*(T, f). To
show the opposite inequality, let §p > 0 and choose § > 0 such that d(x, y) < 4§ implies
di(x,y) <ép. If F is (n, §)-spanning for Tk, then F is (nk, 80)-spanning for T.
Hence, Q,(T*, Sif, x, 8, €) > Qu(T, f, x, 8, €). Thus, P*(T*, Sy f)>kP*(T, f).
(2) Consider the metric on X x X, given by
d((x1, x2), (y1, y2)) = max{di(x1, y1), da(x2, y2)}.

If F; is a (n, §)-spanning set for By, (x;, n, €), then F| x F; is a (n, §)-spanning set for
B, (x1, n, €) x By, (x2, n, €) with respect to 71 x 1. Also,

n—1
> exp(Z(ﬁ x f)(T1 x o) (x1, xz))

1, y2)€F I xFy i=0

( > exp(Z (7] (m))))( > exp(rlz1 £ (xz))))

x1€F] i=0 X2 €F> i=0
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such that

Qn(Tl X Tls fl X f2y X1 X X2, 8’ 6) = Q}’l(Tlv fl’ X1, 8’ 6) : Qn(TZ, f25 X2, 65 6)'

Therefore, P*(Ty x Tz, f1 x f2) < P*(T1, f1) + P*(T2, f2).
If E; is a (n, §)-separated set for By, (x;, n, €), then Ej x E» is a (n, §)-separated set
for By, (x1, n, €) x Br,(x2, n, €) such that

Py(Ty x Ta, f1 X f2,x1 X X2, 8, €) = Py(T1, f1,x1,8,€) Py(Ta, f2, x2, 6, €),
since

1
lim sup — sup log P,(Ty x To, f1 X f2, X1 X X2, 6, €)
n—+00 M (x;,x)eX|xX,

> lim inf1 sup log P,(T1, fi1, x1, 6, €) + lim sup l sup log P,(T», fa2, x2, 6, €).
n—>+00 I y X, n—+o00 M x,eX,
This inequality gives P*(Ty x T», f1 X f2) > P*(T1, f1) + P*(T3, f2).
(3) According to [2], we know that:
(i)  any Bowen’s ball for T is contained in the lift of a Bowen’s ball for T of the same
radius and order; and
(i)  any lift of a Bowen’s ball for T is covered by N Bowen’s balls for T of the same
order and of triple radius, with N depending only on the radius.
First, prove P*(T, f o) = P*(T, f). Consider xo € X. According to (ii), there exists
E C Y with E < N such that

Br(xg,n,e)Cm U B7(x, n, 3¢).
xeE
Suppose that E is a (n, §)-spanning set for Br(xg, n, €), E> is a (n, §)-spanning set
for B7(y, n, 3¢), for some y € E that satisfies the above relationship. The definition of d
shows that if x = (X,)nez, ¥ = (Vn)nez and d, (x, y) < 8, then d,, (xq, yo) < 8.
This yields

3 eSO < N sup 3 oSN

yeE, YeE ;¢E,
= N - sup Z e(Sn(fom))(2)

YEE zeE,
< N -sup Z eSn(fom) (@)

yey z€Ey

which implies

Ou(T, f,x0,8,€) <N -sup Q,(T, fom,y,8,3e).
yeY

Therefore, P*(T, f o) > P*(T, f).

Next, prove P*(T, f om) < P*(T, f).

For e >8>0, n>1, let x =(x;)nez €Y and let Es be a (n, §)-spanning set of
B7(x, n, €) with the cardinality fEs = r(n, 8, Br(xo, n, €)). Let E; be a (n, §)-spanning
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setof By (xo, n, €) and {E1 = {{E. If E is a (n, 36)-spanning set of B7(x, n, €), according
to (i), then
Br(x,n, &) Cn ' Br(xo,n, &) C | w7 ' Br(y, n, ),
YEE,
and, using the second point for each y € Ej, there exist Z, C Y with ##Z, < N such that
7 'Br(y,n,8) C U B7(z, n, 38).
Z€Zy
If 8 > 0is such that d(x, y) < 3§ implies | f (x) — f(¥)| < 8o, then

Z eSn(fom))(y) < Z Z eSn(fom))(2)

yeE yEE| z€Zy

< Z (N - e(Snf)(y)+n80)
YEE]
= N . "0 Z e(Snf)(y)’
YEE]
which implies

O(T, fom, 38, €) <Q(T, f, 8, €) + .
Therefore, P*(T, f o) < P*(T, f). O

4. The variational principle of tail pressure

For a continuous function 7 of a compact metric space (X, d), the well-known variational
principle of topological pressure shows the relationships among pressure, entropy
invariants, and potential energy from probabilistic and topological perspectives. This
section provides a proof of the variational principle for the tail pressure, beginning with
the following useful lemmas.

4.1. Tail entropy function.

LEMMA 4.1. [20] Let ay, . . ., ar be real numbers. If p; > 0 and ZL] pi =1, then

k k
Z pia; —log pi) < log(z 6‘”)

i=1 i=lI
and equality holds if and only if

edi

Yoy e
LEMMA 4.2. [20] Let X € [0, 1] and u, v be two probability measures. If P, Q are two
partitions, then

pbi =

H; v a—aw(P1Q) = AH, (P|Q) + (1 — X)) Hy, (P]Q).
LEMMA 4.3. [20] If A, B, C and D are partitions, then
H,(Av B|CvV D)< H,A|IC)+ H,(B|D).

Furthermore, the following lemmas give some properties of the function ult(u) +
f f du, where u () is called the tail entropy function in [5] and f f du is the potential
energy.
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LEMMA 4.4.

(1) If'H is a candidate, then the function MH(/,L) + f f du is an upper semi-continuous
function. In particular, MH(M) + f f du attains its supremum.

(2)  If H = (hg)ken is a candidate of (X, T), then, for all f € C(X, R),

u't () +/f dM:klggo<(h°° = hi) (1) +/ fd,u>-
(3)  IfH = (hi)ken is a candidate of (X, T), then, for all f € C(X, R),
sup {MH(M)Jr/fdM}: lim lim  sup {(hl—hk)(u)+ffdﬂ}-
neM(X,T) k—001=>00 epm(X,T)

@ Ifrn:(,S) — (X, T) is an extension and H = (hy)reN is a candidate of (X, T),
then, for all f € C(X, R),

sup {u”"”(u) +f fom du} = sup {u”(m +/ fdu}.

HEM(Y,S) HeM(X,T)

(5) If H= (hx)keN is a candidate with affine and upper semi-continuous hg, then the
supremum of ult(u) + [ f dw is achieved on the closure of the ergodic measures of
(X, T).

Proof. The assertions (1) and (2) are obvious. Assertion (3) follows easily from [1,
Proposition 2.4].
(4)Forallp e M(Y, S) and f € C(X, R),

sup {u”*H(M)Jr/fOﬂdu}

neM(,S)

= lim lim sup {(hl —hk)(n*,u)+/ fondu}
k—o00 [—>o00 ueM(,S)

= lim lim sup {(h[ —hk)(n*,u)—i—/ fdn*,u}
k— 00 [—00 neM(y,s)

< lim lim  sup {(hl—hk)(u)—i—/fdpc}

k—00 -0 [LEM(X,T)

= sup {uH(M)+ffdu}-

ueM(X,T)

On the other hand, for each w e M(X, T), there exists a u; € M(Y, S) such that
¥y = . Thus, for all f € C(X, R), we obtain

sup {u”(u) + / fdu}

ueMX,T)

= lim lim  sup {(hl—hk)(u)—i—/fd,u}

k—00 -0 ;LEM(X,T)

= lim lim  sup {(hl—hk)(n*,u])—i—/fdn*,u]}
k—o00 [—00 neMX,T)
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< lim lim sup {(hl — hp)(T* W) +f fom du}
k—o00 [—00 neM(Y,S)

= sup {u”*H(M) + / fom du}.
neM(y,Ss)

(5) Let H = (hi)ken be a candidate with affine and upper semi-continuous /. The ergodic

decomposition (affine upper semi-continuous functions are harmonic) yields

sup {(hoo — (W) + / f du} = sup {(hoo — (W) + f f du},
HeM(X,T) peMe(X,T)

where M¢(X, T) denotes the set of ergodic measures. Moreover, according to [1, Propo-

sition 2.4], this can be applied to the non-increasing sequence of upper semi-continuous

functions (hoo — hi)(1) + | f du defined on the closure of the ergodic measures. Thus,

sup {uH(pL)-i-/fdu}: lim  sup ((hoo—hk)(M)Jr/fdu)

— 00

weMe(X.T) Me(X.T)
and, finally,
sup {MH(M)-FffdM} = lim sup ((hoo—hk)(u)-i-/fd,u)
weM(X,T) k=00 p(X,1)
= sup {uH(M)+/fdu}- O
neMe(X,T)

Remarks. There exist entropy structures H = (hi)keny Wwith affine and upper semi-
continuous Ay (for example HTun: see [5]). In particular, the supremum of u(u) + f fdu
is achieved on the closure of the ergodic measures.

4.2.  Relationships.

THEOREM 4.1. (Variational principle of tail pressure) If T : X — X is a continuous map
of a compact metric space (X, d) with finite topological entropy and f € C(X, R), then

PX(T, f)=sup{u(u)+/fdu

Moreover, the supremum is achieved on the closure of the ergodic measures.

ne M, T)}.

Proof. First of all, we will prove the variational principle of tail pressure, in which (X, T')
admits a refining sequence of essential partitions.
(1) Let u € M (X, T); first show that

u(m+/fdusP*<T, .

Let P := (Py)ken be a refining essential sequence of partitions of X. If C € P/, let a(C)
denote sup{(S, f)(x) | x € C}. Then,
H/L(P[n|Pkn) +/ Spfdu= Z M(A)<H(MA7 Pln) +f4 SnfdﬂA>

Aep

< Y (A Y pa(©)l-log ua(C) +a(0)]

AeP) CepP/
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Z w(A) sup log Z O

AeP! AeP!  cepy

= sup log Z O
AeP cep

IA

Sn I

sup log Z sup e
AePy)! CcaxeC

Thus, we have
h(w, P Py) +/ fdu<M(T, f, PI|P),

and then u(p) + [ f du < P*(T, f).

(2) Next, find u € M(X, T) with u(u) +f fdu=>P*(T, f). Let E be a (n, §)-
separated set and let P := (Px)ren be a refining essential sequence of partitions of X.
Let 0, € M(X) be the atomic measure by the formula
P ep €SP0,

ZzeE e(Sn (@)
Fix A € P!, and such that A N B(x, n, €) # §. Without loss of generality, we assume that
diam(P/") <§. Let u, € M(X) be defined by

Oy =

n—1

1 w
pn=— ) (OulA) 0T,
i=0

Since M (X) is compact, choose a subsequence {r ;} of the natural numbers such that { Mo }
converges in M (X) to some u € M(X, T).
Burguet [2] shows that, for 0 < j < m < n, it is possible to cut the interval (0, n) into
[n/m] —2 intervals of length m:(j, j+mk—1),...,(j+km,j+ (k+ D)m—1),
., with at most 3m remaining terms. Since each element of Pl" contains at most one
element of E, according to Lemma 4.1, we have

HanLA(PI"IP;?)Jr/ Suf d(on|A) = 1’7&:,,LA(1"1")+/A Suf d(on|A)

—log Y DO
yeENA

which implies that

log 3" e(Snf)(y)ZHUnLA(PI”|PIf)+/Snf d(on|A)

yeENA

[n/m]-2 JHk+D)m—1 ) jt+k+1Dm—1 -

< Y HGHLA< \/ 1n \/ T_’Pk>+3m10g(ij1)
k=0 i=j4km i=j+km

+ f Suf d(oalA)

[n/m]—-2

< Y He,aor-ssn (PP +3m log(2P) + f Suf d(0a1A).
k=0
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Summing for 0 < j < m leads to

n—1
mlog Y eSO <N Ha k(PP + 3m* log(Pr) + m f S f d(o,|A)
yeENA k=0

<nH,, (P"|P") + 3m? log(gP;) +m / Snf d(onA).

Dividing by n yields
m , 3m?
— log > SO < H, (PP + —— log(3P) +m / fdun.
yeENA

On the other hand,

- log Z inf SN < 1 log Z eSnHO)
n Boa X€EB n yeEnA

where B € P, B C A. Since the partitions P, and Py are essential, the function p —
H, (P"|P") is continuous. Thus, taking the limit and replacing n by n; yields

mL(T, f, P|Py) < H,(P"|P") +m / fdu,
and then
1 m m
L(T, f, PI|Py) < n—1Hu(P1 [P+ [ fdu.

Thus, u(w) + [ fdu > P*(T, f).

In the general case, Lemma 2.1 shows that, for an irrational 8, the product of the natural
extension of (X, T') with the rotation of angle 6 on the circle, (Y x S, T x Ry), admits a
refining sequence of essential partitions. Therefore, according to the previous proof,

P*(T x Ry, (fom) xg) =Sup{u(u) +/(fon> x gdu ‘ weMX xS T x Re)},
where g € C(S', Ry), f € C(X, R) and f x g is defined by (f x g)(x1, x2) = f(x1) +
g(x2).  Suppose that 7y :(X xS, T x Rg) > (X, T) is defined by my(x,y)=
x, forall (x, y) € X x S!. Therefore, (X x S!, T x Ry) is an extension of (X, T).

If g =0, Theorem 3.5 shows that P*(T x Ry, (f o) x g) = P*(T, f). Moreover,
according Lemma 4.4, we obtain

sup{u(,u)—i—/(fon) xgdu‘,ueM(YxSl,Tng)}
= sup u(,u)+/(forr)onxdu‘MEM(YXSI,TXRg)}

= sup u(u)+/(f°ﬂ)du‘M€M(Y,T)}

= sup u(u)—i—/fdu’ueM(X, T)}.
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Finally,

P*(T, f):sup{u(u)+/fdu‘ueM(X, T)}. O

A point x € X is said to be a non-wandering point of T if, for each neighborhood U of
x, there exists n € N such that T"(U) N U # (. Let Q(T) denote the non-wandering set
of T. It is well known that w(2(7T)) =1 foreach u € M(X, T).

COROLLARY 1. Let T : X — X be a continuous map of a compact metric space and
feC(X,R). Then:

(D
2

PX(T, )= P*(Tla(r), fla)); and
P*(T, f)ZP*(T|ﬂzio TnX» f|ﬂ;° T"X)’

=0

COROLLARY 2. If T : X — X is uniquely ergodic and M (X, T) = {u}, then

5.

PX(T, f)=u(w) +f fdu.

Tail pressure determines invariant measures

This section shows how P*(T, -) determines the invariant measure of 7 when 7 : X — X
is a continuous map of a compact metric space X. Recall that a finite signed measure on
X isamap u : B(X) — R, which is countably additive.

LEMMA 5.1. Let T : X — X be a continuous transformation of a compact metric space
X Iff,geCX,R),e>0,6>0,andc €R, then the following are true.

(1) P*(T,0)=h*(T).
(2) If f <g then P*(T, f) < P*(T, g). In particular,
h*(T) +inf f < P*(T, f) < h*(T) + sup f.
(3) P*(T, -) is either finite valued or constantly co.
@ |PYT, )= PT, I =If — gl
(5) PXT,f+c)=PT, f)+ec
©6) PXT, f+goT —g) =PXT, [).
(NPT, f+8 < P*(T, f)+ P*(T, g).
8) P*(T, -, 8, ¢)is convex, so if P*(T, -) < 0o, then P*(T, -) is convex.
9 P*(T,cf)<cP*(T, f)ifc=1,and P*(T,cf)>cP*(T, f)ifc <1.
(10) |P*(T, /HI < PX(T, |fD.
Proof. The proof follows [20] and is omitted. O

LEMMA 5.2. (Tail pressure determines invariant measures) Let T:X — X be a
continuous transformation of a compact metric space with finite topological entropy. If
w:B(X)— R is a finite signed measure, then € M(X, T) if and only if [ fdp <
P*(T, f), forall f € C(X, R).

Proof. The proof follows [20] and is omitted. O

The definition of u! shows it is an upper semi-continuous function. In particular, ult
attains its supremum.
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LEMMA 5.3. Let T : X — X be a continuous map of a compact metric space with finite
topological entropy and for all uo € M(X, T). Thus,

M(Mo)=inf{P*(T, f)—/fduo Fec, R)}.

Proof. The proof follows [20] and is omitted. O

6. Tail equilibrium states

Classical thermodynamic theory deals with dynamic equilibrium states. The local state
of a system at thermodynamic equilibrium is determined by the values of its intensive
parameters, such as pressure or temperature. Specifically, thermodynamic equilibrium is
characterized by the minimum of a thermodynamic potential. This section gives some
applications of tail pressure P*(T, -) to equilibrium states.

Definition 6.1. Let T : X — X be a continuous map of a compact metric space X and
let feC(X,R). A member u of M(X, T) is called a tail equilibrium state for f if
P*(T, f)=u(uw) + f fdu. Let M;t (X, T) denote the collection of all tail equilibrium
states for f.

Definition 6.2. Let T : X — X be a continuous map of a compact metrizable space
with finite topological entropy and let f € C(X, R). A tangent functional to P*(T, -)
at f is a finite signed measure u : B(X) — R such that P*(T, f + g) — P*(T, f) >
f gdu, forall g e C(X, R). Let t}f(X , T) denote the collection of all tangent functionals
to P*(T, f)at f.

LEMMA 6.1. Let T : X — X be a continuous map of a compact metric space with finite
topological entropy and f € C(X, R). Then, M;‘Z (X, 7= tji X, T)YcMX,T).

Proof. The proof follows [20] and is omitted. |

LEMMA 6.2. Let T : X — X be a continuous map of a compact metric space with finite

topological entropy and f € C(X, R). Then:

€)) M}‘- (X, T) is compact and non-empty, and

2) if f, g € C(X, R), and there exists ¢ € R such that f — g — c belongs to the closure
oftheset {hoT —h|heC(X,R)}inC(X,R), then M;'Z(X, T)=Mgz(X,T).

Proof. (1) It follows that the function u is an upper semi-continuous function and, in
particular, u attains its supremum. The variational principle can show that M;i (X, T)is
compact.

(2) Notice that forall u € M(X, T), [ fdu= [ gdu + c. Therefore,

u(u)+/fdu=u(u)+/gdu+c and P*(T, f)=P*(T, g) +c.
Hence, M}'Z(X, T):M;,‘(X, 7). O

LEMMA 6.3. If T has finite topological entropy, then T is uniquely ergodic if and only if
P*(T, ) : C(X, R) — R is differentiable at each point of C (X, R).
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Proof. Lemmas 6.1 and 6.2 imply that M;‘Z (X, T)= t;’? (X, T) # . Thus, the conclusion
follows. O

Remark. For a transformation with zero tail entropy (asymptotically i-expansive in Bowen
terminology), a tail equilibrium state for a real-valued continuous function f is an invariant
probability which maximizes the integral of f with respect to invariant probabilities. This
kind of problem has been studied for many years by several authors. A good discussion of
these properties and applications appears in [3, 4, 14, 15].
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