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Abstract. We study asymptotic distributions of the sums y, (x) = ZZ;(I) Y (x 4+ ka) with
respect to the Lebesgue measure, where @ € R — Q and where  is the 1-periodic function
of bounded variation such that ¥ (x) =1 if x € [0, 1/2[ and ¥ (x) = —1 if x € [1/2, 1][.
For every € R — Q, we find a sequence (n;); C N such that yy; / /] is asymptotically
normally distributed. For n > 1, let z,, € (Y )m<n be such that ||z, |l{2 = maxX,<p [ymllL2-
If « is of constant type, we show that z,, /||z, || 2 is also asymptotically normally distributed.
We give a heuristic link with the theory of expanding maps of the interval.

1. Introduction

Some purely deterministic, smooth and finite dimensional dynamical systems may generate
a diffusion process. Such a diffusion is due to uncertainty in the initial conditions. If a
distribution is initially concentrated in one point, it will remain so under the flow of such a
system. But if the initial conditions are distributed on some larger set of the phase space,
it may well be that the distribution evolves diffusively.

Some cases of deterministic diffusion have been successfully investigated [2]. Let us
mention the theory of expanding maps of the interval [12], and the important result by
Bunimovich and Sinai about the Lorentz gas [4]. In the two previous examples, the
underlying dynamical system is hyperbolic; and it has been suggested that macroscopic
diffusion is generally due to microscopic chaos [9]. But numerical experiments with
systems of zero Lyapunov exponents show that diffusion may happen even in the absence
of hyperbolicity [7].

The rotation of the circle by an irrational angle is a well known example of ergodic
non-hyperbolic dynamical system. Burton and Denker [5] (see also [6]) have shown that
one may find a function ¥ € L?(T, R) such that y, /|y, 2 is asymptotically normally
distributed. By the Denjoy—Koksma inequality (see (4) below), this ¢ is not a bounded
variation function. Among other results, Liardet and Volny have shown ([14, Theorems
1 and 2]) that, if r > 0, then there exist numbers « € R — Q and a sequence (d,,), C R(‘)"
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such that for every ¢ in a dense Gg set of C" (T, R), the distributions of d,, y,, form a dense
set in the space of all probability measures on R. Their results do not cover the case where
« is of constant type (see (9) below) and ¢ of bounded variation.

Let T =R/Z. If u € L'(T, R), one defines

1
Var(u) = sup{f wv' dx|ve Cl(’]I‘, R), Jlv|lLee < 1}. @)
0

One defines also the set BV(T, R) = {u € L'(T, R) : Var(u) < oo}.
Let ¥ € BV(T, R) be such that fol ¥ dx =0. Let o € R — Q. We consider the map

FITXxR->TxR:(x,y)— &+a,y+¢¥kx)). 2)
If n € N, one defines implicitly the function y, € BV(T, R) by the relation
F'(x, y) = (x + no, y + yp(x)). (€)

Explicitly, one has y, (x) = ZZ;(I) Y (x + ka) for n > 1. Although y, depends on v and «,
one will not generally write it. Let my, be the Lebesgue measure on T. The space (T, my.)
is then a probability space, and (y,),>0 is a sequence of random variables on this space.

The sequence (y,),>0 has been widely studied [1, 8, 11, 13]. Here are two important
pieces of information. First, the sequence (y,),>0 is bounded in LZ(T, R) if and only if
there exists u € L2(T, R) such that Ryu — u = ¥ (where by definition Ryu(x) = u(x +
o)) [11, p. 183]. Next, let p/q be an irreducible fraction such that |o — p/q| < 1/4>
(by the Dirichlet theorem, there are infinitely many such fractions). The Denjoy—Koksma
inequality [11, p. 73] asserts that

< Var(y). “)
LOO

g—1
yglie = | Y Rea
k=0

Let us now present our results. We will actually only consider the function v, defined
by
Yex)=1 if0<x<1/2, Y(x)=-1 ifl/2<x<1. 5)

It is known that there is no u € L>(T, R) that solves the equation Ryt — u = ¥, (Lemma 2,
§2).

First, can we find an increasing sequence (n;)>; CN such that y,,;/ +/j should
be asymptotically normally distributed (with strictly positive variance)? Proposition 1
answers this question positively. This means that, if we looked at the system at the times
n; only, we should observe a diffusion process. Next, how fast does the sequence (1) j>1
have to grow? If « is of constant type (see (9)), we will see that it may be taken to grow
exponentially, but not more slowly (see remark after Proposition 2, and Corollary 1).

It seems also natural to consider the sequence (z,),>0 C BV(T, R), defined as follows:

in € (ym)Ofmfn : ”Zn”L2 = max ||ym||L2 (6)
0<m=<n

(one take the first element of (y,)o<m<n if there is more than one possibility). In
Proposition 2, we will see that the sequence z,/|zull 2 is asymptotically normally
distributed.

Let G(o) be the probability measure on R that admits the density f(x) = e/ 2"2/

V2rwo? (o > 0).
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PROPOSITION 1. Let (yy)n>0 be defined as in (3). If f = Y« (see (5)), and ifa e R — Q,

D
there exists an increasing sequence (n;) j>1 C N such that ynj/\/j — G(1) as j — oo.

This result is quite weak, because the sequence (n;);>1 is completely unknown.
Nevertheless, we believe it has some interest. First, the result is valid for any irrational
number «. Next, the proof is not technical but contains the principal ideas we need for
proving our second proposition. Finally, it allows us to make a heuristic link between
our case and the theory of expanding maps of the interval (see §2, after the proof of
Proposition 1).

One will then need the theory of continued fractions. Let (a,),>0 CN be the
sequence of partial quotients of « (see for example [10] for definition and details). The
sequence (p,/qn)n>0 C Q of convergents of « is then defined as follows: po/qo = ao/1,
p1/q1 = (apay + 1)/ay, and, forn > 1,

qn+1 = an+19n +4qn—1,  Pn+1 = Qn4+1Pn + Pn—1- @)

One will usually not write explicitly the dependence of a, and p, /g, on «. Here is a
fundamental result of the theory of continued fractions: for n > 0, one has

1 1 1
————— = |gno — pul = =< : ®)
qn + qn+1 dn+1  An+14n
Let us introduce a particular class of numbers. One says that « € R — Q is of constant

type if
. C
there exists C > 0 such that for all ¢ € Zg, forall p € Z, |qo — p| > —| )
q

Equivalently, « is of constant type if
there exists d > 1 such that foralln >0, a, <d. (10)

This implies that the sequence (g,),>0 grows only exponentially with n. These numbers
form a set of zero Lebesgue measure.
PROPOSITION 2. Let (zp)n>0 be defined as in (6). Let W =vy™* be defined as

. D
in (5). Let o be a number of constant type. One has zp/llzylli2 — G(1) as
n— oo. Moreover, there exist C,e >0 such that, if q; <n <gqjy1, one has

€7 <llznlli2 <CV/J.

Remark. Let ¥ =™, and let o be a number of constant type. Let n; be such that
Zq; =Yn;- Onehasnj <gq;. Let oj = ||y, i 2/+/J. By Proposition 2, one has € <o; =

- - D
”qu ”Lz/\/j <C,and )’n,-/x/jaj = qu/”qu ”L2 — G(1).

COROLLARY 1. Let (yu)n>0 be defined as in (3). Let = . be defined as in (5). Let
a be a number of constant type. Let (nj)j>1 CN and let (0j)j>1 C ]Rg be such that

D
Vn; /oj/] = G(1). Moreover, suppose that there exist C > € > 0 such that € <o; <C
forevery j > 1. Then, the sequence (n;) j>1 does not grow more slowly than exponentially
with j.
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Question. What happens when ¢ # ¥,? The choice ¥ = v, is only needed to prove
lznll 2 = €4/j when n > g;. (Lemma 11, §4). It follows from the proof of this lemma
that other choices should be possible.

The organization of the paper is as follows. Proposition 1 is shown in §2. In §3, an
abstract central limit theorem is shown; this section is independent of the others. We prove
Proposition 2 and Corollary 1 in §4.

The letter C is used to denote a strictly positive constant that may vary from place to
place.

2. Proof of Proposition 1
Let o € R — Q. Let (pn/gn)n>0 be its convergents, and (a,),>0 its partial quotients. Let
Y € BV(T, R) be such that [} v dx = 0.

LEMMA 1. Letn > 0.

(1)  Of the fractions py/qn and pp+1/qn+1, one at least satisfies |o — p/q| < 1/2q>.

(2) Ifqn is even, then qn+1 is odd.

(3)  If qn and g2 are even, then |0 — pui1/gns1] < 1/2q2, ;.

(4)  From four consecutive convergents, one at least has an odd denominator and satisfies
the inequality o — p/q| < 1/2¢>.

Proof. For (1), see [10, p. 152]. Let us show point (2) by contradiction. Let us suppose
we have found a smallest j € N such that g; and g4 are even. We have j > 1 and
therefore gj41 =ajy19; +qj—1. Because g;_1 is odd and ¢; is even, g should also
be odd. Let us show point (3). By (2), ¢»+1 is odd, and on the other hand we have that
qn+2 = An+2qn+1 + g». The number a, ., has to be even, and therefore a,» > 2. The
result follows from (8). Finally, point (4) is obtained by considering all the possibilities. O

If u e L*(T, R), if k € Z, one writes (k) = fO‘ u(x)e 47kx gy If u e BV(T, R), it
follows from (1) that |z(k)| < Var(u)/27 |k| for k # 0. One has

_ J2innka

5ok = T V) (2 1.k e Zo), (11)
Let us also introduce the following notation: if x € R, one writes
|x|T = inf |x — pl. (12)
pEL

One checks the two following inequalities: for all x, y € R, one has

Alx|p < |1 — ™| < 2m|x|T, (13)

lx + ylr <lxlr+ |ylr and |1 — O <1 — 27 4|1 =¥ (14)
Therefore, for every m € Z,

[T — 7™ < |m] - |1 — > (15)

Moreover, if n > 1, |g,a — pn| = |qno|T [11, p. 63].

LEMMA 2. Let =y, given by (5). There exists no ueL*(T,R) such that
Rou — u =y,
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Proof. A solution u should be such that
ﬁ(k) = 1kk(k)/(eZiﬂkot — D= —2i/7rk(e2”’k"‘ —-1

if k is odd. By point (2) of Lemma 1, for infinitely many odd k, one may write k = g; for
some j > 1. But one has |ka|T < 1/|k| for those k. Therefore i (k) should not go to 0 as
k — oo. O

LEMMA 3. One has y,, — 0in L*(T, R) as n — oc.

Proof. By the Denjoy—Koksma inequality (4), [lyq, I 2 < lyg, lL < Var(y). Therefore,
we only need to check that, if k € Zo, y,, (k) — 0 as n — oco. By (11),

Var(yr) 1 1— eZinq,,kal

vo. (k)| < .
[¥g, (k)| < 2 k| |1_62mka||

if k # 0. But by (15)
11— e2manke | < |k . |1 — 279 <27 |k| - |gnat|lT — O asn — oo. O

A direct consequence of this lemma is that, for every 8 € R, Rgy;, — 0 in L2 (T, R) as
n— oo.

If x e R, one sets x =x — |x|. Following [11, p. 64], we give some information
about some finite sequences (77@),. If p/q € Q is irreducible, one has {j - p/q}o<j<q—1
={j/q}o<j<q—1. We say that p/q € Q (p/q irreducible) is a rational approximation of
o for the constant 0 < B < 1 if the inequality |@ — p/q| < B/q is satisfied. Let us write
{j_a}ofjsq_l ={ajlo<j<g—1,-Where 0=0p <y <--- <41 <1

If o> p/q, one has ka —k.p/q <kB/q> <1/q if 1 <k <q —1. Therefore, if
0<j<g—1, there exists some /(j) € N such that 0 <a«; —I(j)/q <1/q. But the
sequence {« }o<j<q—1 is ordered, and so /(j) = j. One may thus write

1
0=a0<—<a1<—<a2<-~~<q—<aq_1<1. (16)
q q

Similarly, if « < p/q, one has

1 —1
a0=0<a1<5<a2<—<-~~<aq_1<q—<1. 17

In both cases one has

loj —j/ql <B/q (1=j=q—1). (18)

The following lemma gives a slight improvement of the Denjoy—Koksma inequality (4)
when ¥ = v, as in equation (5).

LEMMA 4. Let v = Y, given by (5). Let p/q be a rational approximation of o for the

constant B < 1/2, and suppose that q is odd. Then the function y, takes only the values
+1.
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Proof. Let ¢ = Y970 Ripsq¥ = Y07 Rejg¥r. One has ¢(x) = ¥(¢x); indeed, one
has Rijgp=¢ and dlo,1/41 = (g = /2 + Rg-n2¥)l0.1/q1 — (¢ = 1)/2. Let us
then write {ja}o<j<q—1 ={j}o<j<g—1, Where 0 =cp < <--- <ay_1 < 1. One has

-1 -1
Yg =240 Ria¥ = 2{Z| Reyy — Riyg) ¥ + &

By (16) and if @ > p/q, one has, for0 <k <g — 1,
+2 ifxel[l —o, 1 —k/ql,
(Ray —Rejg)¥ (x) = { =2 ifx € [1/2 — oy, 1/2—k/q[ (mod 1),
0 otherwise.

Similarly, if « < p/q, one has by (17) that, for0 <k <g — 1,

=2 ifxe[l—k/q, 1 —al,
Ry, — Riy)¥(x) = {42 ifx €[1/2—k/q, 1/2— ol (mod 1),
0 otherwise.
One now computes y,. To fix the ideas, let us consider the case a > p/q. If
0<j<gq —1,onehas
g—1
yqi[j/q-,(j+1)/q[ - ];(R“k B Rk/q)w[j/q,(j-s-l)/q[ + ¢|[j/q,(j+1)/q[

= CX1G+1)/g-81 (), G+D/ql — 2X1j/q+1/2q—82(j),j/q+1/2qT)
+ (XLj/gq.j/a+1/2q1 — XLj/q+1/24.Gi+1)/qD)>

where, by (18), 0 < 81(}), 8(j) < 1/24. =
One checks that, if u : T — R, ifn > 1,if ¢ =0, if ¢y, ..., ¢, > 1, then
cretep—1 n cj—1
Y Rewt=) Rt pa ) Real. (19)
k=0 j=0 k=0

Proof of Proposition 1. By point (4) of Lemma 1, there exists a subsequence (pk/Gi)k>1
C (pn/qn)n>0 such that |o — pr/qk| < 1/25},3. Moreover, once qi, ..., gy (k>1) are
given, we may take gi4 as large as we please (by still taking a subsequence). So, by
Lemma 4, Rgyz, takes only the values =1 (8 € R). For k > 1, let ny =gy + - - - + g and
define f1 = yz and fr =Ry, ayg (thus fr(x) = =+1 and sz(x) =1 for every x € T and
every k > 1). By (19), one has y,, = Zl;zl fi

Let (0x)k>1 C RS‘ be such that Zl;zl 8.,'/\/% — 0 as k — 0o. One may suppose that,
for every k > 1, and for every y € [—1, 1]

1
V S €XpGyY (fuy + -+ fu)) dx| < k. (20)
0
Indeed, for some m(k) € N, one may write [0, 1] :U']";k]) I;, in such a way that

exp(iy (fu; + - - -+ fu,)) is constant on each I; (1 < j <m(k)). But, by Lemma 3, one
may suppose that | flj S dx| < 8 /m(k) (1 < j < m(k)); indeed one just needs to take
qk+1 large enough.
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Let L € R. For k > 2 and for 2 < j <k, one has

exp(i%(fn] ot fnj)> = exp(i%(fn. +oot fn./-l))
A S
x<1+lﬁfj +ok3/2) @1

For k > 1 big enough, one has |A/v/k| <1 and |1 — A%/2k| < 1. Therefore, using (21)
recursively, and applying (20), one finds that

)\’2
[ oot )= (1-2) |

So, for each A € R, fol exp(i(k/«/%)ynk) dx — e 12 ask — oco. O

A A3
||Za +0||

We now give a heuristic link between Proposition 1 and the theory of expanding maps
of the interval [12]. If k > 2 is an integer, one defines the map Ty : T — T, x — kx (with
the notation ¥ = x — |x]). Forn > 1, T} =Ty 0 o Ty = Tyn.

Let ¥, be the function given by (5). If £ > 2, (¥, o TZ),,Z 1 is a sequence of random
variables on (T, mr ). One shows that there exists ox > 0 such that

Zlﬁ*OTj «/_th*oTk]aG(ok) as n — 00. (22)

Indeed, if k is even, the random variables (Y o T}),>1 are actually independent and
equidistributed (so o = 1). In general, one may use [12, Theorem 5]: one checks that Ty
is mixing with respect to the invariant measure my,, and that the equation u o Ty — u =
admits no solution u € L?>(T, R) (by Fourier expansion for example), so that oy > 0.

Let us now consider the sequence (fx)x>1 constructed in the proof of Proposition 1
(we keep the notations of this part). One has fi =R;,_ 4y5 (k>2). First, one may
expect the rotation R,, ,, to play no essential role in the decorrelation properties of the
variables fi (k > 1). Next, the proof of Lemma 4 was entirely based on the fact that yg
may be approximated by ¥, o T;,. For each irrational number o, the sequence (gx)r>0
grows at least exponentially with k (a superexponential growth actually improves the
decorrelations).

One comes thus to the conclusion that the sequence y,, / Vk= Z’;: L fil Vk is likely
to have a statistical behavior analogous to (22). The proof of Proposition 1 was greatly
simplified by the fact that one allowed gx to grow arbitrarily fast with k. In the two next
sections, we prove basically that an exponential growth is enough in some cases.

3. Central limit theorem
Let u be a probability measure on T. In this section, L? (T, R) =L”(T, R, du) (p > 1).

PROPOSITION 3. Let (qi)k>1 C No, and suppose there exists p > 0 such that for every
k>1,

Gri1 > g (23)

https://doi.org/10.1017/50143385708000680 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000680

1224 F. Huveneers

Let (fjr)jk=1 CBV(T,R) be random variables on (T, u) such that fol fikdu
=0(,k>1). Let S, = fu1 + - - + fun. Suppose that there exists C > 0 such that the
following hold.

(1) Forevery j, k=1, || fijkllLe < C and Var(fjx) < Cq.

(2) For some B € R, for every ¢ € BV(T, R) such that fol ¢du =0, for j > 1 and for

IESZI,
1
'/ 6 fisdu
0

1
VO b Fis S du

3)  Ifon = 1Su//nll 2, there exists € > 0 such that € < o, <C for each n > 1. Then,
S, /A/non L G(1) as n — oo.

5
<C- Var(¢) 2, (24)
qs

5
<C- Var(¢) . (25)
qs

Proof.  To simplify notations, we will only consider the case where f;; = fix for all
J» L, k> 1, and write fi = fix (k > 1). The hypotheses of the proposition only involve
estimates which are independent of the index j of fj; (j, k > 1). Therefore, the proof of
the general case is a straightforward adaptation of this one. We begin with a lemma.

LEMMA 5. Under the hypothesis of Proposition 3, there exists C > 0 such that for every
m,n =1, | 3R fills < Cn InGn +m))'/2.

Proof. One has
m—+n

ka

- f fo i fufo die

m<s,t,u, v<m+n

<4l

/ Fofofufo du«‘ 26)

Until the end of this proof, we assume m <s <t <u <v <m + n. We define
1
Sstuv = ‘ f s fi fufo du‘ and  Si = Squv- 27)
0 s,

By hypothesis (1), we have always Sy, <C. Let us obtain two other estimates
of this quantity. If f, g € BV(T, R), one has Var(fg) < || fl|lLe Var(g) + ||gllLe Var(f).
Therefore, by hypothesis (1), one has

Var(f fi fu) = C(gs + g1 + qu) = 3Cqu.
By (24) and (23), we first obtain that

Sstuv =

1
| titir o
Similarly, by (25), (24) and (23), one then gets

<cTu b < co200-wyb, (28)
qv

1 1 1 1
Sstuv < 0 (fsft _/(; Ss It dl/«) “Sufv d,u‘ + /0 s fr d,u,‘ : ‘fo Jufv dﬂ‘
< C(ﬂuﬂ + q_stﬁ;) < C(e—Zp(u—l‘)uﬁ + e—zp(t—S)tﬂ). (29)
qu qt
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Set k = (B/p) In(n + m). We assume « > 1. Inequalities (28) and (29) imply respectively

Ssrup < Ce PO ify —y >k, (30)
Sstuy < Cle™PW=D 4 e=PU=)y ify — >k andt — s > . (31)

We now estimate S;, in (27) for fixed ¢, u. First we consider the case u — ¢t < k. By (30)
one gets (setting v — u = k after the second inequality)

Stu = Z Sstuv + Z Sstuv

S, VIV—U<K S, VIV—US>K

Y. CH+ ) Certw

S, VIV—U<K S, VIV—U>K

> C+ ) Ce Pt <Cnk+Cn < Cnx. (32)

k<k,s k>K,s

IA

IA

Next, we consider the case u —t > k. We write the decomposition Sy, = Sy, (1) +
St (2) + S:4,(3). Those three terms will be defined one by one. First, in the same way
as (32), one gets

SuM2 Y Spws Y. CePUT <Cne PN (33)

s, viu—t<v—u s, viUu—t<v—u

Then,ifv—u <u —t <t — s, oneuses (31) to get Sg,p < Ce = and so

Su@= Y Suw=Ce U0 N I <Ca—ne PN (34)

S, VV—U<u—t<t—s k<u—t,s
Finally,letB ={(s, v):v—u <u —t,t —s <u —t}. For at most 2 elements (s, v) € B,
one has v —u <« and t — s < k, and so only the estimate S;s,, < C. For all the others,

one has Sy, < min{Ce =) Ce=P=9)} by (30) and (31) (to use (31) one uses the fact

thatt — s < u — t). Therefore,

St (3) = Z Sstup < Cik2 +C Z min{e ™, e Pk} < Cik? 4+ C < Ck2. (35)
s, vEB J.k=0
By (26)-(27) and (32)—(35) one obtains

m+n

Yo fi
k=m

Because k = (8/p) In(n + m), this gives the result. O

<C Z nk + C Z(nefp(””) +n(u— e PED 4 ).

4
L4 touiu—t <k tou

Let us now come to the proof of the proposition. As in [4], one defines a kind
of coarse-grained variable that gets more and more decorrelated as n — oco. Let yy,
y2 €10, 1[ be such that y; > y» + 1/2 (and thus y» < 1/2). If n > 1, set n; = [n¥" | and
ny = |n??]. In what follows, we suppose that n is large enough to have np > 1. We write
S, = Z/[:Ln[) Xk + Ynur) where p(n) is the smallest integer such that p(n).(n; +nz) >n
and where

Xk = flk—D)+n)+1 + - -+ fk—Dn+tn2)ni» (36)
Yuk = fl—D)(ny+n)+m+1 + -+ ity +n) 37
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(I <k < p(n) —1; for k = p(n) the definition is the same but one puts 0 instead of f;
whenever j > n). One has p(n)/nl_yl — lasn — oo.
Let & € R. This number will be treated as a constant in all our estimates. For n > 1, we

define |
LA = / < ) du, (38)
exp Jnon 12
and, for 1 <k < p(n),
! A
Lix (M) =/O eXP(l'm(an +--- +Xnk)> du. (39)

We also put I,o(A) = 1. By hypothesis (3) of Proposition 3 and (37), one has

pn)
p(n)ny (i —
() = Lupny )] < D Y| =C—==<Cnm TR o)
On (= L

LEMMA 6. Under the hypotheses of Proposition 3 and if | <k < p(n), one has

2no?

n

)\'2 1
Lik(A) = (1 - /0 X%, du)ln(mm + rak (L)

with [ra (M| < C(nPtle=2m2 4 p=G/DUA=v) 153/2 ) (where C depends on \).

Proof. Let us only consider the most difficult case k > 2. To simplify formulas, one will
assume that o, = 1 for all n > 1. By hypothesis (3), this does not change our estimates.

One has
1 2 3
. A AT o [ Xk
L) = /0 (1 +lﬁxnk - %Xnk +0 32

A
X eXP(lﬁ(Xm +--- +Xn(k1))> dp. 41)

If geC'(R,R)NL®(R, R), and if u € BV(T, R), then Var(g ou) < ||g|lL~ Var(u).
By (23), one has g1 + - - - + g < Cqy. So, by (36) and hypothesis (1), one has

A C
Var(exp(zﬁ(an +---+ Xn(kl)))) =< %q(k72)(n1+nz)+n1- (42)

Therefore, first, using (36), (24), (42) and (23), one gets

A
Xnk exp<lﬁ(xnl +--- 4+ Xn(k—l))> d“"

PN A
<= exp(i—=Xn + -+ Xnw-1) | - fore d
= Z /0 p( ﬁ( nl n(k 1))) Jk=1Dn1+n)+j du

Zw«k DO +n2) + )’
q(k—1)(n1+n2)+j

< Enlefz"”znﬂ <CnPe 22, (43)
n
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Then, similarly, using (25) instead of (24), and noticing that neither Xﬁ & nor

LA
exp(lﬁ(Xm +-+ Xn(kl)))

have in general a zero integral, one gets

‘/ X2, CXP( ﬁ(X"I +-- 4 Xn(k—l))) d

Azl ! A
- | x%4 [ | — (Xp1 + -+ Xpg—1)) | d
o Jy Tk Iz ; eXp<l\/ﬁ( nl nk—1)) | dp
< Cnﬂ+le—2pn2_ (44)

Finally, by Lemma 5 and (36), one has

/l Xl €Xp )L(X1+~~+X k—1)) | dp
0 32 ﬁ n n(k—1)

< S Xl < Xl < () Iy
= A Anklls = -5 laklis =~ 573

<Cn 10 132 (45)
Inserting (43)—(45) into (41), one gets the result. O

To prove Proposition 3, it is enough to show that J,, (1) — e=¥/2 asn — oco. Forn large
enough, one has |1 — (12/2n) fol Xﬁk dx| < 1. Thus, by (40) and by recursive application
of Lemma 6, one has

)\2 ) )\'2 1 )

< Cp(n)(nﬂ+le_20”2 + n—%(l—yl) In372 n) + Cn~—(n2+1/2))

Because p(n)/n'=" — 1 as n — oo, the right hand side of this inequality goes to 0 as
n— o0.
Therefore, it is enough to show that

p(n)

1
In H(l — (A2/2n) / Xk du) — —22/2 asn— oo.
0

k=1
By hypothesis (3), one has

pn) 1 o 22 b 1 b 1 5 2
1 du ) = X e d 00— Xod .
n 1_[( 2}10’2 / nk M) Znaz / n + }12 l; (/0 nk H’)
First, Lemma 5 is still valid if || - ||; 2 is used in place of || - [|;4 (because || - ;2 < || - [l 4),
and so, by (36),

1 p(n) 1 ) 2 p(n)
= (fo Xnkdu> Zannkan 2p(n)nlln n

k=1

"M In?n >0 asn— oo.

IA
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Next, one has

1 ,p(n) 2 1 p(n) pn) j—1 .1
/(Z’“) du:/ ZxﬁkdquzZZ/ X Xk d .
0 \k=1 0 k=1 0

j=2 k=1
By (36) and hypothesis (1), Var(X;x) < Cq—1)(n;4n2)+n, - S0, by (36), (24) and (23), one
obtains as for (43) that, if | <k < j < p(n),

nj

=3

=1

< CnPe 22,

1
/() Xnkf(j—l)(n|+n2)+n] dﬂ

1
’/ anXnk d/fL
0

Therefore
1 p(n) 1 ,pn) 2
/ ZXﬁkdu—/ (ank> du — 0 asn— oo.
0 k=1 0 k=1
By (37),
1 p(n) 1 p(n)
— Yue| =< |—4= Yok —0 asn— oo.
H\/E k=1 L2 «/ﬁ k=1 Lo
Therefore
pn) .1
Z/ X2, dp/no? — ||Sull?,/no? — 0 asn— oo
0 nk A n nily2 n .
k=1
One concludes by hypothesis (3). O

4.  Proof of Proposition 2 and Corollary 1

Proof of Proposition 2. Let « be a number of constant type (see (9)), and let d be the
constant given by (10). Let (p,/qn)n>0 be its convergents, and (a,),>0 be its partial
quotients. One may decompose an integer » > 1 according to the Ostrowski system of
numeration. One has g, <r < g,+1 for some n > 0. One writes

r =bugn + - - - + boqo, (46)

where by > 0 (0 < k < n) are integers defined recursively: first b, > 1 is the only integer
such that 0 <r — b,,qn < gp; then, if b1 >0 (0<k <n —1) is given, by >0 is the
only integer such that 0 <r — (b,qn, + - - - + biqr) < qr. One has by < ay41, and by (10),
by <d({ <k=<n).

Now let us consider a sequence (s,),>1 such that g, <s, < g,+1. One wants to show
that zg, /|lzs, IL.2 LY G(1) as n — oco. All our estimates will be independent of the choice

of the sequence (s,),>1. Therefore, this will actually imply that z,/[|z,|l{ 2 L G(1) as
n — oo. Indeed, for n > ¢q, one finds a sequence (si)i>1 With gx < sx < qr+1 for every &,
and such that n = s; for some j > 1; one has j — oo as n — oo.

For each n > 1, there exists one and only one 1 <r, <s, such that y, =z,,. Let
(br(n))1<k<n be the sequence associated to the canonical decomposition (46) of ry
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(note that by (n) may not be defined for large &, in which case one then sets bi(n) = 0).
Let us define (fjx) jk>=1 CBV(T, R). Let j > 1. If 1 <k < j, one sets

b (j)qr—1
ik =Reg(Graot-+birGrane Y, Ria¥r. 47
1=0
If k > j,onesets fjx =0. By (19), one has zy, = y,, = Y | <x<p Juk-

Therefore, it is enough to show that the sequences (qk);ZI and (fjk)jk>1 satisfy the
hypotheses of Proposition 3. The estimates on ||z, ||;» will then be also proven. Indeed,
we will need to show that hypothesis (3) is satisfied, and thus that €/n < ||z, |l 2 < Cv/n
(where g, < sp < qn+1)-

First, (23) is satisfied. One has ¢» > q1, and, for n > 2, ¢,—1 > g,/2d by (10).
Therefore, forn > 2,

dn+1 = qn + gn—1 = (1 + 1/2d)qy.

Next, hypothesis (1) is satisfied. By (47), (19), (10) and the Denjoy—Koksma inequality (4),
one has for all j, k > 1

qr—1

Z Rlaw
1=0

And, by (47) and (10), one has, for all j, k > 1

Var(fjk) < Var(y)bi(j)qx < d - Var(y)qx.
Let us show that hypothesis (2) is satisfied.

Il fikliLee < bi(j) =d - Var(y).

LOC

LEMMA 7. If « is of constant type, then for all p € N, there exists co € N: (forallc e N :
c>cp), foralln €N, g > q,f.

Proof. Let d be given by (10). For ¢ large enough and n > 1, one has by (23),
Gen = €0 = 2d)P" > g5 O

As in [3], one defines the sets
Ti={jeNo|1/q1 <l -],
Fy={j €Nol1/gn < |1 — ™% < 1/gy-1} (n=2). (48)
One has Ng =J,,»; Twand T, N Ty =@ if m # n.
LEMMA 8. There exists C > 0 such that, for everym > 1,

J€lm=j>Cqgn and j,kEUFn=>|k—j|2Cqm- (49)
n>m
Proof. If j €Ty, |1 — ¥ < 1/gm_1. By (9) and (13), there exists C > 0 such that
4C/|jl <4|jalr <1/qn—1. Let d be given by (10). One has g,,—1 > gn/2d, and so
|j1 > Cqm. Next, if j, k € | I",,, one has by (14) that

n>m

|1_e2irr(k—j)ot|<|]_eZinka|+|1_eZinja|< ,
- T qm-1
and so one gets the second inequality (49) as the first. O
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LEMMA 9. There exist C, B € R such that, for every ¢ € BV(T, R) with fol ¢ dx =0, for

l>1andfort>s>1,
1 $B 1

‘/ @ fis dx| < C - Var(¢)—, V & fis fir dx
0 qs 0

Proof. Both inequalities may be shown in the same way, but the first one is simpler, and
we will only prove the second one. In this proof, we consider as constants, numbers that
depend only on ¢ or . Let/ > 1 and ¢t > s > 1. One writes

g=fis and h= fy.

Let ¢ € BV(T, R). One has |¢p(k)| < Var(¢)/27|k| if k € Zo, and $(0) = 0 by hypothesis.
Let us first simplify the problem in two ways.

First, by Lemma 7, there exists ¢ € N such that g., > q,‘; for every n e N. Let
P:L%(T, R) — L(T, R) be the projector defined by Pu(x) = > k<qu a(k)e2 T x et
Q =1Id — P. One has ||Qgll;2» <C/q; and ||Qh||;» < C/q;; indeed, by hypothesis (1), one
has for example

sB
<C- Var(qb)q—. (50)

Var? (h 1 2 C
Qni, < Ssci & 51)
T k= ge et 41

But

1 1 1 |

‘/ oghdx| < / ¢PgPh dx ~|—/ |¢QgPh|dx+/ |pgQh| dx.

0 0 0 0

Because

1
/0 ¢dx =0, [@llLx < Var(e).

By hypothesis (1) and inequality (51), one has

1
1
/O [pgQh| dx < [|@llL>lglliL<llQhll2 = C- Var(¢)q—,
t

and, because ||Ph||;2 < ||h]l;2 < |||, one has similarly

1
/0 |pQgPh| dx < [[@|lL= Qg Il 2[PAll 2 < C- Var(¢)it-
Therefore, it will suffice to estimate | [¢PgPh dx| instead of | [y¢gh dx|.

Next, let us prove that, if 7 > ¢s for some ¢’ € N, then the first inequality (50) implies
the second one (the proof of the first inequality makes obviously no use of this fact).
If u, v e BV(T, R), one has Var(uv) < ||u| L~ Var(v) + ||v||Le Var(u#). Therefore, using
again the fact that ||¢||L~ < Var(¢), hypothesis (1), and the first inequality (50), one gets

B B 2.8
t_sCVar@)(qxr | 4 )
qt qs q: qt

1
/ (6g) - h dx
0

< C(llgllL= Var(¢) + Var(¢) Var(h))

By Lemma 7, there exists ¢’ € N such that g/, > g2 for every n € N. Therefore, if t > ¢'s,
one may write t = ¢’s + u with u > 0, and so, using (23),

gst? N q2tP - 2qes(c's + u)P < C(c’s +u)P < Cc/ﬁsﬂw < CsP.
q: q: qc's+u e e
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One now comes to the proof itself (and one supposes ¢ < ¢’s). After some algebra one

gets
1
‘ [ opepnay = > g(j)h(—k)qs(k—j)‘
0 Jok: L1k <ger
4V; .. A 1
D Y T TG R—.—
T <) K=gu k] k= Jl
Var(¢) 18001 - 1h(K)|
* 2 1; k
<K=<{ct
2 V@) 4o 1y, (52)

2

Let us estimate S given by (52). The sets I';, (n > 1) are defined in (48). By (49)
and (23), there exists a constant w > 0 such that, if j € [';, 4y, then j > g, (m > 1), and
therefore

A 1
Si= Y Y BONE® =S 3D S (53)

1<smn<ct+w jelm,j<qe 1<m,n<ct+w
kel k<qci .k#j

Let us fix m,ne{l, ..., ct+ w} and estimate S(m, n). Let us first consider the case
m <n. By (47), (11), (15), (10) and (48), one has

e _ L2inbg()gsjo F11 _ plimgso
B = Tn()] < L=¢ | Var() _dj - 1 = TP Varly) _ (ot

|1 — e2imje| 2rj 1/qm 2mj qs
(54)
By (47), (11), the fact that |1 — e27X| <2 for all x € R, and (48), one has
. . 11— eZinh,(l)q,ka| Var(yr)
)| = 1 Fis ()] < <cl (55)

[l — e2imke| gk — k°
Therefore, by (53), (54) and (55), and then (49), one has
dm4n 1 dmYn 1 1
S(m,n) < C—— - =<C - .
Z klk — j Z Z |k —Jjl

. - k . . )
§ JE m,J<qet 9s kely,k=<qes JE€Tm, j<qer, j#k
keln.k=qci.k#j

qmqn { C 1 C 1 C
ce (€ 3 1) (5 ) Cn

9s \dn <=, Im | <ni=g. ds

The case m > n is analogous: one uses the estimates [g(j)| < Cq,,/j and | (k)| < Cqn/qs,
to obtain S(m, n) < (C/g;) In? gc;. Therefore, one has S1 < C(ct + w)2(In? ger)/gs.

The sum S is estimated in the same way. One gets Sy < C(ct + w)(In g.;)/qs. To get
the result, one uses then the inequality g, < (2d)’, where d is given by (10), and one
takes 8 = 4. O

Let us show that hypothesis (3) is satisfied.

LEMMA 10. Let a be a number of constant type. Let n >0 and 0 <m <g,. One has
lymll2 < Cy/n.
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Proof. By Lemma 7, there exists ¢ € N such that g0, > q,% for every n € N. By (11), one
has

1 Var2(1//) Gen—1 1 |1 _eZinmk(x|2 Var (y )
/O i dx < 7[2 > =" (56)

27.[2 = k2 |1 _eZinka|2 o
Because y,, = Z;'?;O] Rjq¥ (m > 1), one has Var(y,,) < Var(y)m < Var(yr)g,, and thus
the second term in (56) is bounded by a constant. The sets I';, (m > 1) are defined
in (48). By (49) and (23), there exists a constant w > 0 such that, if j € ', 4, then
Jj > gm (m > 1), and so

Gen—1 1 |l _eZin’mka|2 cn+w 1 2
- - @ < - -
2 _ plitka|2 — Z Z 211 — pRimka|2
=1 K L —emmhe =1 ker, K L — e
cntw cn+w
qm 2qm
< <C < Cn. ]
2 )W sCX ) 5
m=1 kely, m=1 u>1 m

One has S, =z, = yn for some m <g,+1, and therefore, by Lemma 10, [|S,|;2
<C«/n+1<Cy/n. The estimate ||S,||;2 > €+/n is obtain by the next lemma.

LEMMA 11. Under the hypotheses of Proposition 2, there exits € > 0 such that ||z, ||} 2
> e/n foreveryn > 1.

Proof. Let § > 0. By (23), there exists [ > 1 such that, for each n >0, ¢,/qn+1 <8.
Therefore, for each k >0, g, /qn+11 < 8%, Now let us construct a sequence (#;)n>1 C N.
For n > 1, t, =0 except in the following cases. If n =4kl for some k > 1, then, by
point (4) of Lemma 1, there exists m € {n, ..., n + 3} such that g, is odd and that
gmlgme|T < 1/2; one sets then t,, = g,, (and one takes the smallest m if there is more
than one possibility).

Let us fix n>1. Because, go+ -+ gn < ¢gn+t3, one has 1 +- -+ 1, < guy3.
Therefore, if r =1 + - - - + 1, one has ||zy, 5|l 2 > llzg,.5 L2 = Y-l 2. But, by (11), (5)
and (8), one has

_ eZ[nrkoc|2 8 11— e2i77r‘Iu¢¥|2
72

8 1
2
lyrllf. = = E Sy >
L 2 2 _ p2imka|2 —
T s Treda K- 11 —e | T

n
C Y =P =0 el
u=1

1<u<n:gq,odd

Z 2 _ plimqua|2
1<u<n:g,odd qu |1 € ! |

v

Letu € {1, ..., n} be such that t, # 0 (and thus #, = g,). One writes rt,a = tgoz + T,
where t = (11 + - - - + ty—Dtyo + t,(ty410 + - - - + t,0). By (14), one has

Izl < (1 + - -+ ty—D|twa|T + tu Ity + - - - + [t |T).

Let us now adopt the convention that 1/7, = 0 when #, = 0. One has

t tu_ o
[T pEL e T D (57)
qu qu ty+1

So, taking § small enough (and thus / big enough), |7|T can be made arbitrarily small.
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If peN, if x eR and if p|x|T <1/2, then |px|T = p|x|T. Therefore, if d is given
by (10), one has by (8), and because #,|t,a|T < 1/2 by construction, that

Gu 1
et = qulqualy =2 ——— > —.
‘ o Gu+qur1 ~ 3d
Therefore, there exists C > 0 such that |rtua|12r > C, and so ||y, ||i2 >Cn/l. O
This ends the proof of Proposition 2. g

Proof of Corollary 1. For j large enough, one has n; > 1, and one may thus find 7(j) € N
such that g;(j) <nj < g¢(j)+1. Now, by Lemma 10 and the hypothesis on (0;) j>1, one

has ||ynj/ajﬁ||Lz <CJ(t(j)+1)/j. Because y,,j/aj\/j—D> G(1), there has to be a
number C > 0 such that t(j) > Cj for j large enough. The result follows from the fact
that n; > g.(;) and that (¢,),>0 grows exponentially with 7. |
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