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A new three-dimensional (3D) magnetohydrodynamic (MHD) algorithm is de-
scribed. The 3D MHD equations are solved in conservative form using a finite-
volume scheme. The hydrodynamic variables in a cell are updated by calculating
fluxes across the cell interfaces. The fluxes of mass, momentum and energy across
cell interfaces are calculated by integrating a Boltzmann-like distribution function
over velocity space. The novel feature of the method is that the distribution func-
tion incorporates most of the electromagnetic terms. In addition, the electric field
along cell edges, which is used to update the magnetic field at cell faces, is also cal-
culated using the Boltzmann-like distribution function. An important aspect of the
method is that it provides a theoretical framework to incorporate additional terms
in the 3D MHD equations (e.g. an anisotropic ion stress tensor and anisotropic
temperature distributions).

1. Introduction

The concept of using a Boltzmann-like distribution function to solve hydrody-
namic equations is not new (Chu 1965; Sanders and Prendergast 1974; Pullin 1980;
Macrossan 1989); these numerical techniques are also referred to as ‘gas-kinetic’
schemes. In recent years the gas-kinetic method has been applied to the Euler and
Navier—Stokes equations using the collisional BGK model (Prendergast and Xu
1993; Xu and Prendergast 1994; Xu et al. 1995).
The basic idea of the method is described as follows. Consider the continuity
equation
9p +V.-pV=0 (1.1)
ot py == '

Integrating over a cell width Az and a time step At, and applying Gauss’ law, gives

o = o 8t [ (V) n (12

where pr is the total mass in the cell, n is the outward normal to a cell face, and
the flux pV is evaluated at the intermediate time step ¢ + %At. Thus (1.2) updates
the mass in a cell by summing the mass fluxes across each cell face. The flux at
each interface is calculated using the distribution function method. This is easily
understood by considering a single interface 7 + 15 as shown in Fig. 1. The mass flux
F = pV at interface ¢ + % is written as # ;11,2 = F L + F g, where # 1, is the flux
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i-1 i i+d i+l i+3
Figure 1. Left (L) and right (R) states at interface ¢, and the corresponding fluxes.
associated with particles moving from the left side (L) of the interface to the right
side (R) of the interface, and # g is the flux associated with particles moving from

the right side (R) of the interface to the left side (L) of the interface. The flux is
defined as

F =pV = /vf(v)dv, (1.3)
so that
9@:/ vfL(v)dv, (1.4)
0
0
Fu= [ ofato)dv (15

where fr,(v) and fr(v) are the velocity space distributions representative of the
left- and right-hand states of the interface. Thus, once an appropriate velocity
space distribution function f(v) has been determined, it is used to calculate fluxes
at cell interfaces.

In this paper we present a distribution function method relevant to ideal 3D
MHD theory. The 3D MHD equations are solved in conservative form using a finite-
volume scheme. The hydrodynamic variables are updated by calculating fluxes
across the cell interfaces. The fluxes of mass, momentum and energy across cell
interfaces are calculated by integrating a Boltzmann-like distribution function over
velocity space. The novel feature of the method is that the distribution function
incorporates most of the electromagnetic terms. The electric field along cell edges,
which is used to update the magnetic field at cell faces, is also calculated using the
Boltzmann-like distribution function. An important aspect of the method is that it
can be generalized to incorporate additional terms in the 3D MHD equations (e.g.
an anisotropic ion stress tensor and anisotropic temperature distributions).

The organization of the paper is as follows. In Sec. 2 we write down the 3D
MHD equations in conservative form and the velocity space distribution function
f(v) used to calculate the fluxes. In Sec. 3 we demonstrate that the 3D ideal MHD
equations can be recovered using the distribution function f(v). In Sec. 4 we describe
the details of calculating the mass, momentum and energy fluxes. In Sec. 5 we
demonstrate that the distribution function method can also be used to calculate
the electric field and can be used to update the magnetic field. An example of the
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3D MHD code is given in Sec. 6, where the Brio-Wu shock problem is solved. The
results of this paper are summarized in Sec. 7.

2. MHD equations

The 3D MHD equations are written in conservative form as

dp
— + V- = 2.1
o V- (pV) =0, (2.1)
dpV B? BB
— + V- +(P+—|1I——| =0 2.9
ot v [pVV ( 871') 47?] 0 (22)
Oe B? B
—+V- + P+ - —(V-B)| = 2.
5tV {V <e 8W> (v )} 0, (2.3)
%I: =V x (VxB), (2.4)
where
y B?
€= 1pv2 pe B (2.5)
2 2 81

The equations are closed by assuming an adiabatic equation of state:
P/p" = constant.
We consider the following generalized transport equation

8”‘8<tx>+v.n<xv>—n<a-g>‘f>:0, (26)

where
1 0B2, 1 0B 1 0B2,
— + ——Y&, +

as 87p 0z = 8mp Oy Y 8mp 9z
and the angular brackets are defined by

(2.7)

(@) = /dvg(v)F(v), with 1= /dvF(v).

The continuity equation is obtained from (2.6) by setting x = m, the momentum
equation by setting x = mv, and the energy equation by setting x = %va. The
question to be answered is the following: Can a distribution function F(v) be found
such that, when it is substituted into the transport equation (2.6), the ideal 3D
MHD equations (2.1)—(2.3) are recovered?

The following distribution function satisfies this requirement:

F=F+F, (2.8)
where
_ exp(—uf) exp(-v) exp(-u?) 20
L)1 (wd)) ' (o} ) 2 ‘
= (o , | exp(—u3) exp(—v3) exp(—w3) o
Fy = —(ugvs + usws + vows) (T2 )12 (ﬂ"Ugy)l/2 (ol )12 (2.10)
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and
v, — Vg vy =V v, =V,
U = — Vo = — Weo = )
Vax Vay Vaz
s _20% . : s _20% . : 2C7 . :
2 _ s 2 2 2 _ s 2 2 2 _ s 2 2
Uiy = y +VAy+VAzﬂ v]y_ +VAm+Vsz Uy, = ~y +VAI+VAya
2 _ 12 2 _ 2 2 _ 12
Voy = 4VA(L‘7 UZy - 4VAy? Vo, = 4VA27
> _ 2P 2 By
CS = ] VAOé = -
4mp

The MHD equations (2.1)—(2.3) are recovered from the transport equation (2.6)
using the distribution function defined by (2.8), as is shown in the next section.
The point is that the distribution function F' now contains the pressure and all
of the magnetic forces except those associated with a. Thus, by calculating the
mass, momentum and energy fluxes using F', the plasma pressure and most of the
electromagnetic terms are calculated directly.

3. Moments of the distribution function I
3.1. Continuity equation

The moments of F' associated with x = m and xv = mv are the following:

n/d3v mE (v, vy, ;) = p, (3.1)
n/d:;v mEs(vg, vy, v;) =0, (3.2)
n/dgv mvE (v, vy,v.) = pV, (3.3)
n/dxv mvEs (v, vy, v,) = 0. (3.4)
The first-moment equation is the continuity equation
% +V - (pV) =0, (3.5)

since (Om/dv) = 0.

3.2. Momentum equation

The moments of F' associated with x = mv and xv = mvv are the following:

n/d:gvval(vm,vy,vZ) =p, (3.6)
n/dgv mvEs(vg, vy,v;) =0, (3.7)
n/dgv mvvEy(vg, vy, v,) = pVV + Py, (3.8)
n/dgvmvvF-g(vx,vy,vz) = —P,, (3.9)

https://doi.org/10.1017/50022377899007503 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377899007503

3D MHD distribution function method 395

where
B2 + B2
p+Y % 0 0
8T
B2 + B? .
P, = 0 pP+==_== 0 ) (3.10)
8T
B:+B?
0 0 + =
8
0 B.B, B.B,
4 4
p= | BB BB | (3.11)
4m 47
B.B, B.B
Y 0
4m 4
The last term on the left-hand side of (2.6) for x = mv is
0
n<a-a§> = -V - Py,
where
BQ
L0 0
8 ,
B2
Pv= o =2 o [; (3.12)
8T
B?
0 0o ==
8
and (9(mv)/dv) = m has been used. The momentum-conservation equation takes
the form
opV
9PV 7 (p)VV+P, — Py —Py) =0, (3.13)

ot
where (3.3) has been used. In (3.13), the moment associated with F} leads to the
terms pVV + Py, the moment associated with F5 leads to the term —Ps, and the
acceleration term in (2.6) leads to the term —Py . Finally, (3.12) can be written as

opV B? BB
Y v oW+ P+ )1- 2] =0, (3.14)
ot 87 4T

in agreement with (2.2).

3.3. Energy equation

The moments of F' associated with x = éva and xv = %mvzv are the following:

s 1 1, 3 . B
n/d‘;v§mszl (Vgs Uy, V) = EpVZ + §P + g (3.15)
a1 ;

n/d"vEmszQ(vw,uy,vz) =0, (3.16)

s 1 | .
n d‘vgmv'vFl (Vs Uy, ;) = épV V+Ps, (3.17)

5, 1 —

n/d vémv VI3 (vg, vy, v;,) = —Py, (3.18)
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where
5 B B:+DB?
P; = —+ L _E Ve,
2 8T 8T
B2+ B? 5 B? B:+B?
T T e+ (2P + 25T ) Ve, (3.19)
8T 8T

= 2
+(2p+ E +
2 8T 8T 2
B B B B B B
P, =2V, + =V, |Beé,+ | —=Vot =V, | Byéy, + | —V.+--2LV,|B.é..
: <4 Yoty V) ¢ (471'V 47TV> vy <47TV ny) ¢
(3.20)
The last term on the left-hand side of (2.6) for x = %va is
0
n <a. X> - _V.P,, (3.21)
ov
where
Pl LR (3.22)

P;): ?;Vxéx‘i‘?;‘/yéy“"

and <8(%m02)/8v> = mV has been used. The energy equation can be written as
(3.23)

Oe .
a +V- (%[JV_)V + Pg - P4 - P;;) = 0,
where the moment associated with F; leads to the terms %pVQV + P35, the moment
associated with F, leads to the term —Py, and the acceleration term in (2.6) leads
to the term —P;. Finally, rearranging terms gives the usual energy equation
(3.24)

Bz) B V-B)] =0.

—

Oe
—+V-|V|[e+P+— ] — —
ot [ (6 87 4
where
1 _, 3 B?
= —pV?+ P+ —.
P 2 8

6_
2

4. Computational algorithms
The MHD equations (2.1)—(2.3) are integrated over a cell volume dx dydz and
(4.1)

written as
0
ﬂz—/pV-dA:—/g"p-dA,

ot
)
OpVir _ —/ l:pVV-l— (P+ B)I— BB} -dA
ot 8T 47
= ,/glfpv -dA, (4.2)
aET _ B2 B
= —/%-dA, (4.3)

where %, is the flux of «, the subscript T" denotes the total mass, momentum, and
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energy in a cell, and dA = dy dz N, é,+dx dz N, é,+dx dy N, é., where N is the unit
normal and is taken to be ‘outward’ from the cell face. The total mass, momentum
and energy at time ¢ + At are then

pEAt = pb — At / FUAZ A, (4.4)
PVIF = (V) - ot [ FN0 - aa, (4.5)
At = ¢ At / FAYZ A, (4.6)

where the fluxes are calculated at the half-time step. The new feature of the algo-
rithm is that the fluxes & are calculated by integrating a Boltzmann-like distri-
bution function F(v) over velocity space.

4.1. Continuity equation
The continuity equation is written as
apT -~
W:—prdif—ZypydAy—Zypszz (4.7)
where &%, = pV, and the summation is over the two cell faces in the z, y, and z
directions. The variables p and V can be discontinuous across a cell face; in order
to calculate the total flux across an interface, the ‘left” and ‘right’ side values of p
and V are needed. These are obtained using a high-order interpolation scheme and
a flux limiter (e.g. a partial donor cell method; Hain 1987).
The flux in the x direction at an interface 7 + % is calculated as follows:

Fowit1)2 =T, paitt)2t P pwiv)2, (4.8)
where
o0 o0 o0
T L pitlf2 = / dvy/ dv, dvg v pLFL, (4.9)
—0o0 — 00 0
0 ] 0
F o pri+l)2 :/ dvy/ dv, dvg Ve prFR, (4.10)
—00 —o0 —00

with the subscripts L and R indicating that the variables used in F' correspond
to ‘left-side’ and ‘right-side’” states. The first term on the right-hand side of (4.8)
transports mass across the interface from the ‘left side’; only particles moving in
the positive  direction contribute to the flux, so the integration limits on v, are
from 0 to oo in (4.9). The second term on the right-hand side of (4.8) transports
mass across the interface from the ‘right side’; only particles moving in the negative
x direction contribute to the flux, so the integration limits on v, are from —oo to 0
in (4.10). The sum of these two fluxes then gives the total flux across the interface
1+ % The mass flux in the x direction at the interface 7 — % is calculated in the
same way. The mass fluxes in the y and z directions are calculated similarly.

The mass flux functions are found by substituting (2.8) into (4.9) and (4.10).
Representative mass flux functions are given in the Appendix. In practice, these flux
functions are not calculated explicitly every time step; rather, they are calculated
once at the outset, and a table look-up is used during the running of the code.
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The mass at time ¢ = ¢ + At is then given by

A t+At/2 t+At/2
P? t= pT At (7 (J‘p T 7,/+1/2 dAx7i+]/2 - yp,m,i/fl/Q dAit:i_l/Q)

iy (THAt/z Ay jor s — ALz dAy j—1/2)

Py, J+1/2 pyY,i—1/2
At/2 At/2
—At (yf:z,tk/Jrl/Z dA; k12 = 97:;;«/—1/2 dAz,kfl/Q)' (4.11)

4.2. Momentum equation

The momentum flux is calculated in a similar manner, except the term associated
with the acceleration a needs to be treated separately. The momentum equation is

- / F,y - dA (4.12)

where
fpv = pVV+P1 _P2 —PN

The calculation of the flux associated with Py is obtained by integrating over the
distribution function F} and the flux associated with Py is obtained by integrating
over the distribution function F,. The pressure term Py is calculated directly; try-
ing to incorporate this term into the distribution function leads to the possiblility of
negative ‘thermal’ velocities, which is unphysical and computationally intractable.

Expanding the  component of (4.12) in Cartesian coordinates gives

L= = Fvae dAe = Fpvay dAy =Y Fpves dA.. (4.13)

The fluxes at an interface are defined by

(oo} oo oo
fpv,m,iﬂ/z :/ dvy/ dvz/ dvy vaiFlL
0
0
/ dvy/ dvz/ dv, pRv ’Fir

,Ll/)7 (4.14)
8

/pV:Ey j+1/2 — / de/ dvz ) d'Uy pL'Um'Uy(FlL + FZL)

0
/ dvg / dv, / dvy prVzVy(F1R + FoR), (4.15)

e/’pVa:z k+1/2 — / dvm/ d'Uy dvz vaxvz(F]L + FQL)
0

+/ dvx/ dvy/ dv, prULV, (Fir + FoR). (4.16)

Explicit expressions for the momentum flux functions are presented in the
Appendix.
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The momentum flux in the z-direction at time ¢t + At is given by

At/2 At/2
(PVw)EFAt = (pVa)r — At(ytpi/,;i,m/z dAgiv/12 = ‘%Z;/,;/w,i—l/Q dAm'*lﬂ)

At (ftJrAt/Q dAy,j+l/2 . yt+At/2 dAy,j—l/Z)

pVizy,j+1/2 pV,zy,j—1/2
t+At/2 t+At/2
—At (ypv,xz,kJrl/Q dAka"']/Q - eg:pV,xz,kfl/Q dAZak_]/Q)
32 i+1 Bz 1 P
z,i+1/2 z,i—1/2
IV ReGaTE R e Vo R 417
( oy Ji+1/2 S i—1/2 ( )

An important aspect of (4.17) is the presence of a term proportional to BZ. Since this
component of B is normal to the cell face, B, is continuous across the interface, and
the flux associated with this term is calculated directly. The y and z components
of the momentum equation are calculated similarly but are not shown explicitly.

4.3. Energy equation

The energy flux calculation is similar to that of the momentum flux in that the
acceleration a needs to be treated separately. The energy equation is written as

aaitT = - Zﬁ'},m dA, — Z FeydAy — Zfﬂz dA, (4.18)

where
F.=1pVV+P; — P, —P;.

The flux in the = direction is defined as follows

(o) o0 o0 ] . . .
Fominrf = / o, / do. / dvg prgmle? + %+ 02)oa(Fip + Far)
—00 —00 0

[e%e] fe%e] 0
1 ; ; ;
+/ dvy / dv, / dvg pREm(va + vf/ + vi)%(FlR + FbR)

Vw,z+1/QBx,i+1/2

4.19
S (4.19)

Explicit expressions for the energy flux functions are presented in the Appendix.

A concern is the calculation of the final term in the energy flux; unlike the
momentum equation, this term is not continuous across the interface, because of the
velocity component. However, making use of the fact that the normal component
of the magnetic field is continuous, this term is calculated as follows:

2 2
Vx,i“/?Bx,m/Q _ Bac,i+l/2 o e *
= dvy dv, dvg v Fip,
—00 —0o0 0

81 8

B2 1/2 0o ') 0
+%/ dvy/ dvz/ dvg v FlR. (4.20)
i —00 —0o0 —o00

In essence, the flux of normal magnetic energy is being calculated, which cancels
that included in the integrations over Fj in (4.19).
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Figure 2. Cell geometry, showing the face-centred magnetic field B, and the edge-aligned
electric fields Ey and E.

Finally, the energy at time ¢t = ¢ + At is given by
At _ t+At/2 SttAL/2
Et]j— t = 65« — At (97 / dAz,i+l/2 - / dAx,i—l/2)

€,x,i+1/2 e,x,i—1/2

_At (yt-%—At/Q dAy,j-H/Q B grt-#At/Q dAy,j—]/Z)

7 ey,j+1/2 €,y,5—1/2
t+At/2 SFtTAL/2 <
—At (g;e,z,kﬂ/Z dAzJﬁl/2 - ‘/s,z,k—l/Q dAzﬁk*1/2)' (4.21)

5. Magnetic field evolution

This technique is also used to update the magnetic field. The evolution of the mag-
netic field is governed by

%—I::VX(VXB):—CVXE. (5.1)

The normal component of the field is integrated over a cell face:

/dA.%]::—c/dA-VxE:—c/E-dl, (5.2)

where [ dl denotes a line integral around the cell face. The electric field is
1 . 1 . 1 . .
E= _E(Vsz - Vsz) e, + E(VzBa: - Vsz)ey - E(VxBy - VyBx) €z- (5.3)

As an example, the x flux through each interface is

a®m [~4
BT = —cz E,dy — CZEZ dz, (5.4)
where @, = B, dy dz and the summation is over the two faces associated with each
cell (see Fig. 2). Thus the updated z flux is

t+At/2
QLA = @f + cAt(Z Eydy+Y E. dz> . (5.5)
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The distribution method can also be used to calculate the electric field. For ex-
ample, the z component of the electric field is found from

1

1 : .
- ( / F(v)v,By d*v — / F(v)v, B, d'*v) : (5.6)

The velocity integrations are more complicated than those associated with the
hydrodynamic variables. In Fig. 3(a) we show the four cells in the (z,y) plane
surrounding a ‘corner’ along which we want to determine the electric field E,.
The magnetic fields B, and B, are known at the ‘cell-centred” face of each cell as
shown. However, unlike the hydrodynamic variables p, V, and € in which two states
are needed (the left L and right R with respect to the cell interface), four states
(I, IT, ITT and IV) are needed to calculate the electric field along a vertex. One way
to calculate the electric field E, from (5.6) would be as follows:

cE, = [/ dvz/ dvy/ F(v)v, By dvy
/ dv, / dv,, / (v)vy By dvy}
0 0 1
[e%s} [e%s} 0
+[/ dvz/ dvy/ F(v)v, By dv,
—00 0 e}
e’} 0 o)
- / dv / dv, / F(v)vy By dvy]
—o00 [ I1
I 0 0
+[/ dvz/ vy/ F(v)vy By dv,
;o 0 0
- / dv / dv, / F(v)vyB, dvy}
—00 ) [e%e} 111
[e%s} 0 [e%e}
/ dv / dvy / F(v)vge By dv,
e} o) 0
0
/ dvz/ dvx/ F(v)vy B, dvy] , (5.7)
v

where the subscript denotes which variable states are used in the integrations.
These integrations are more complex than the mass, momentum and energy flux
integrations, because only one of the three integations is from —oo to +oo.

An easier calculation is to rotate the mesh through 45° in the (z, y) plane so that
the new axes are o', y’ (see Fig. 3b). The electric field E, is now written as

1
E. = —(V;B, - V,B;)

c
= ]E (/F(’UI)USCB; By — /F(U/)U;B; d31)/>
where
Al = Ay cos {m + Aysin i,
A, = —Agsin ;m + Ay cos .
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(a)
B IR
‘f JIV | LY
\ T
NI~
— -
B, y
Lx
(b)
v E
[ e
\ OO
B, WS
y o

Figure 3. Configuration for calculating the electric field E. in (a) the original geometry and
(b) the rotated geometry.

In this coordinate system the calculation of E, is much simpler:

cE, = [/ dvz/ dv;/“ F(v')v,B, dv;]
—o0 —o0 1
+ / dvz/ dv;/ F(v'y, B, dv;}
L/ —oo —o0 0 11
r poo 00 0
+ / dvz/ v;/ F(v')v, B, dv;}
L/ —oc0 —o0 —c0 1
[ oo 00 0
+ / dvz/ dv'x/ F(v')v, B, dv;] . (5.8)
L/ —o0 —o0 —oo v

There are fewer terms to calculate and the integrals are simpler. The needed flux
functions are similar to those used in the mass-flux calculation.
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Figure 4. Solutions to the Brio-Wu problem.

6. Test case

As an example of this technique we present results for the Brio-Wu shock problem
(Brio and Wu 1988). This problem is similar to the Sod shock problem (Sod 1978),
except that both tangential and normal magnetic fields are included. The profiles
of the density n, magnetic field B, and velocities V, and V, are shown in Fig. 4.
The mesh is 800 cells and the initial conditions are as follows:

pr=012,  p, =096, Pr=01, P,=1,

Byr = —0.8, By = 0.8, B, =0.75B,1, v =2
The solid curves are the initial conditions. The important features of Fig. 4 are that
the fast rarefaction waves (FR), slow compound wave (SM), contact discontinuity

(CD) and slow shock (SS) are well resolved.

7. Summary

A new three-dimensional magnetohydrodynamic (3D MHD) algorithm has been
developed. The fluxes of mass, momentum and energy across cell interfaces, as well
as the electric field along cell edges, are calculated by integrating a Boltzmann-like
distribution function over velocity space. The novel feature of the method is that
the distribution function incorporates most of the electromagnetic terms. A nice
feature of the distribution function method is that it can be used to solve more
general forms of the MHD equations. For example, finite-Larmor-radius (FLR)
effects and temperature anisotropies (e.g. T and T}) can be included by choosing
appropriate distribution functions. The 2D MHD FLR equations have been solved
using this technique (Huba 1996).
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Appendix
We present several representative flux functions associated with the mass flux,
momentum flux and energy flux. We only show expressions for the x direction;
similar expressions can be derived for the y and z directions.
The mass flux in the z direction is given by
e97p,x = PLUlchFla;L + pvawRFla:R7

where

1 1 2 .
P = 5 {W]/ze_ oL+ Vigp [1 + erf (leL)]} )

1 1
Fer = é {7_‘_1/26 Vier + W1R|l - erf(‘/lzRH} .

The momentum flux in the x direction is given by
_ 2
Fovw = pLVtr Foar + prvisr (Vige + Vier) Flar
+pLvazr (Vayr + U221) GoaL

s
+pRrVprF22R T PRVIZR Vier + Vizr) FiRe

B;
TPRV2zR (UQyR + UZZR) Gazr — g:
where

1 1 ; 1 ; X

Foop = 54 5 Vierexp(=Vizp) + [ 5+ Vipp | [T +erf(Vier)] ¢
2 | wl/2 2
1 1 ; 1 X

Foor = 54— Vizrexp(=Vizp) + | 5 + Vizg ) [1 —erf (Vigr)]
2 wl/2 2

Goor, = —g[1 +erf(=Vazr)],

1
8
GQQ«;R = *%[1 + erf(ngmR)].

The energy flux in the z direction is given by

Fe,z = va%zLVleLFQmL
oLV [V, + %(v%yL +oi,p) + (V12yL +VE ) FiaL
+2p1V901 (Voyr, Vigr + v2:1.Vi21) G L
+prvi, R VizrFozr
+PRUIR[ ViR + %(v%yl{ +ot,p) + (V12yR + V) Fizr

+2pRV22R(VoyRViyR + V2:RVI:R) G2z R
9

_ €T

8/m

(vlmLFl:vL + vlmRFlmR)'
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In the above equations the following definitions are used:

202, L\ 22 )\
Y Y

202, o\ 2 _ P
vlz—(73+vjm+vjy) , o=

s 7
2 _ Bj 2 _ BZZI 2 _ Bz
Az grp AT drp A2 ymp’
V2 = 2VAac7 V2y = 2‘/Aya V2, = ZVsz
V, V, V.
VZZw = i; Vva = 7‘7]; ‘/22 = i?
V2g Vay V22

and the subscripts L and R refer to the left and right states of the interface.
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