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Abstract Given a piecewise invertible map: X — X and a weighg : X — ]0, oo[, @
conformal measure is a probability measure ok such that, for all measurable c X
with T : A — T A invertible,

1
v(TA):A/ —dv
A8

with a constant. > 0. Such a measure is an essential tool for the study of equilibrium
states. Assuming that the topological pressure of the boundary is small, thahbsy
bounded distortion and an irreducibility condition, we build such a conformal measure.

1. Introduction

Consider a weighted dynamical system, i.e. a self-ffiagf some spac& together with

a positively-valued functiory : X — ]0,00[. The purpose of the thermodynamical
formalism is to studyequilibrium statesand their properties. An equilibrium state is a
T-invariant probability measure aXi, characterized by the following variational principle:

Py(ite, T) = SUpPy(u, ) Where Py(u, T) = h(u, T) + / logg .
" X

Pg (1, T) is called thepressureandi(u, T') is the entropy—seed] for a background on
the thermodynamical formalism.

An indication of the importance of this notion is that ¥ is a manifold, T is
differentiable ang; is the inverse of the Jacobian Bfw.r.t. Lebesgue measure, then (in
many settings) the equilibrium states are exactly the absolutely continuous (w.r.t. Lebesgue
measure) invariant probability measures @ei.m’s).

For general weighg, the equilibrium states are singular w.r.t. Lebesgue measure.
However, it turns out that (in many settings), they are again characterized by their absolute
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continuity w.r.t. to a special, not invariant, probability measthie ,conformal measuyee.

a probability measure with Jacobiapglw.r.t. T. Such results for the setting considered in
this paper were proved i3], but the existence of a conformal measure was proved only in
the piecewise affine case (and was assumed in the other cases).

In this paper webuild such conformal measurdsr general, multi-dimensional and
non-Markov piecewise invertible maps, completing the study of the thermodynamical
formalism of such systems reported By f]. Our assumptions are natural generalizations
of those encountered in the one-dimensional case (see, &.¢} §nd the references
therein) and they are satisfied in many higher-dimensional cases, see below.

To state our results we need some definitions.

Definition 1.1. A piecewise invertible dynamical system is a trighg, Z, T') with:

e X acompact subset &¢;

° Z afinite collection of pairwise disjoint, open subset®&édfsuch that := Uzez Z
is dense inX;

. T : Y — X such that for eac € Z, T}z is the restriction of a homeomorphisf
between neighborhoods @fand7 Z.

A weight for (X, Z, T) is a continuous functiog : ¥ — ]0, oo[. We write g,(x) =

g(x) - g(Tx)...g(T"x) where this is well-defined, that is to say, Qf_57 Y.

Let Z, be the set ofi-cylinders associated to the collectigni.e. forn > 1
Zy={AoNT tA1Nn---NT " DA, 1£0: Ag... Ap_1 € Z).

Then-cylinderaoNT-1A1N---NT"1A,_1 will be written[Ag. .. A,_1]. 9Z denotes
the topological boundary df as a subset d&?. We will use the following notation:

01z, = | J oz
ZeZ,

Thetopological pressuref S C X (w.r.t. the weightg) is

. 1
Py(S, T) = limsup= log Z supg.
n—oo N ZeZ,
7N

Let us define for eacl € Z, v o Tjz for each Boreliam:
vo Tjz(A) = v(T(Z N A)).

A conformal measurés a Borelian probability measuneon X such that, for some

number: > 0,

dvoT, 1

areliz _ A—,v-a.e, oneachZ € Z.

dv g

Observe that this is equivalent t§7 A) = /\fA g~ L dv for all measurablet on whichT
is injective. The conformality will be implied by requiringto be an eigenfunctional af*
for a positive eigenvalue (see 82 for definitions). Actually, under the conditi@g) = 0
we will obtain equivalence between both propertiaesis' an eigenfunctional of* for a

positive eigenvalue’ and,'is conformal’.
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MAIN THEOREM. Let(X, Z, T) be a piecewise invertible system with weightAssume
that:

(@) P,(0Z,T) < Po(X, T);

(b) g has bounded distortion undé&r in the following sense:

. . X
lim limsup max sup 8nx) _
m—>00 p_s00 Ze€Zyim x,yeZ gn(Y)

1

(c) Z generates, i.dim, o SUP; z, diam(Z) = 0;

(d) T()>Yandinfy g > 0;

(e) eachZ e Z,,n > 1, has finitely many connected components;

(f)  for every non-empty open s6tC X, there isn < oo such thatr”(U \ 9Z2,) D Y.

Then there exists a conformal measure Moreover, the associated eigenvaluelis=
Py, (X,T)
e's .

Remark 1.1.
. The conditions above are satisfied, for instancg, i piecewiseC!, expanding and
generic, in the sense that (s& Proposition 5.2])

hmult(zv T) = Os

and if g has a summable modulus of continuity (a weaker condition thalale”
continuity) and
d-1
su _
_ﬁ < A_ A_ s
inf g At

A4 andA_ being the maximum and the minimum of the rate of expansion.
° Condition (d) could be replaced by the (very slightly) weaker condition

° Condition (b) is used only in 83 to prove that:
—  Tlk=180w)/g(xk) converges for every sequence:) and (yx) such that
Txk_+1 = Xk, Tyr+1 = yr andxg, yi are in the same element gffor everyk;
— the measurability ofi (-, x) (see 83 for the definition).
Elsewhere only supg < oo is needed.

As was pointed out in the introduction, the existence of conformal measures is motivated
by the study okquilibrium statesRecall that these are the invariant probability measures
e Such that

h(ue,T)+/ logg due = Suph(u, T)+/ loggdu = Py(X, T).
X " X

Applying [3], we get the following Corollary.

COROLLARY 1.1. Assume thatX, Z, T, g) satisfies the requirements of the theorem.
Then there exists exactly one ergodic equilibrium state

Moreover, it is ergodic and coincides with the unique invariant probability measure
absolutely continuous with respect to the conformal measure
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Buzzi and Maume-Deschampd][then gives an estimate of the rate of mixing
depending on the smoothnesq®f g).

COROLLARY 1.2. If T is piecewise uniformly expanding andis piecewise Ilder
continuous, then”', u.) has exponential mixing w.r.t.dlder continuous observables, i.e.

/f«hoT”dy,e—> / fdue~/ hdu. exponentially fast
X X X

for f Holder continuous and bounded and measurable.

One also gets statistical results, e.g. the Central limit theorem. (In rdaeH”
situations, 4] gives sub-exponential speeds.)

CommentsThe essential condition in our Main theorem, besides bounded distortion, is
the smallness of the topological pressure of the boundary. This is the same condition as in
previous works 3, 4] and we believe it to be a very significant one, in fact it is the key to
the generalization of many one-dimensional results.

We would like to stress two features of our proof. The first one is that, in contrast to
most of the previous works, we do not enlarge diggamicalspaceX to have the transfer
operator acting on continuous functions, but rather enlargduthetional space beyond
continuous functions.

The second one is that we are able to work viittundedfunctions and do not need
fancier spaces like functions of bounded variation, which have rather subtle properties in
higher dimensions.

Question.As we have said, we work under assumptions routinely made in the one-
dimensional settingd], except for (e) in the Main theorem which is specifically multi-
dimensional.

It would be interesting to know whether one can suppress this assumption, as well as
(d) and (f).

2. Construction of a positive eigenfunctional
Let (X, Z, T, g) be as in the Main theorem. A standard, key tool isttaasfer operator
associated tQT, g). It is the mapC acting on functions according to

LHE = Y gy - f)
yeT—1x
which also can be written as
Lf=Y (gf)oT;  1rz.
ZeZ

Remark 2.1.In this definition, we implicitly defineC f(x) = 0if x € X \ T(Y). The
definition of £ is independent of the values gfon the boundary Z.

Under condition (b) of the Main theorem, sup < oo so that sup L1x < co: £ acts
on the Banach spad# of bounded functions. Finally, I8’ be the topological dual space
of B andL* be the dual operator i, i.e.
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Lra(f) =a(Lf)

foralla € B’ andf € B.

Observe that a probability measusebelongs toB’ and that, under the condition
a(d2) = 0, being conformal is the same as being an eigenfunctionalforith some
positive eigenvalue. On the one hand, the proof of the implicatifia ‘= A\« — « is
conformal’ is given with Lemma 4.1. On the other handy is conformal and (0 2) = 0,
then trivially,a (L f) = ra(f) for f = 14, andA C Z. The property follows from thé}
approximation of a continuous function by simple functidns . > ¢z1z.

Hence the first step of the proof of the Main theorem is as follows.

PROPOSITION2.1. There exists a positive functional € B’ with A(1x) = A(ly) =1
such that
LA =LA

for some numbed < A < oo.

Remark 2.2.Any suchA does not give mass to the bounday1; z, = 0 and

1
AQyz,) = FA(ﬁnlazn) =0.

Remark 2.3.Any suchA has full support:A(1y) > 0 for all non-empty, open subsets
U c X. This is an immediate consequence of conditions (d) and (f). Namely, take a
non-empty open séf andn such tha?”(U \ 82,) D Y, then

1
Aly) = Alp\pz,) = FA(Z:'llU\azn)
(infy &)"
—_— >
)\‘n
Proof of Proposition 2.1Since we are looking for a probability measure, we will restrict
the action ofC* to the following subsef of B’

1/.
> A—n(lgf ﬁ"1U\azn)A(1Y) > 0.

C={aeB :a(ly)=a(ly)=1anda(f) > Oforall f > 0}.

We shall consider theveak star topologpn B’ and its subsef without further comment.
The normalized operatdy : C — C is defined as in] by

1
T Lra(ly)
Thus we are looking for fixed points &f : C — C. To find them, we are going to apply the
Schauder—Tychonofftheorem, [V.10.5]. To begin with, note that is obviously a convex
subset of the topological vector spdée which is locally convex. Als@ is non-empty as
it contains, for instancé, (5x(f) = f(x), x € X is given). Thus it remains to check the
following hypotheses:
(1) N :C — Ciswell defined;
(2) Ciscompact;
(3) N :C — Ciscontinuous.

Nuo L, foralla €C.

https://doi.org/10.1017/50143385701001493 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001493

1040 J. Buzzi et al

CONDITION 1. NV : C — C is well defined.

Proof. To check this condition, take < C.

First we claim thatV'(«) = (L*a(1ly)) 1L*«a is well defined as an element &.
Indeed,L*«a € B’ by construction and’*«(1y) > 0: using the fact thak(1y) = 1 and
the positivity ofa

Ol([:ly) > (Inf ,Cly)a(ly) = inf L1y >0
Y Y

by condition (d) of the Main theorem.
Second N« is positive,(Na)(1ly) = 1 by construction and

a(Llx\y) +a(Lly) _ a(Lly) _

Na(ly) = L1yx) = = =1
v = Ly Y (L) «(C1y)
asL1x\y = 0 (only points inY have an image).
Thus, Condition 1 is satisfied. O

Recall the following theorem.

THEOREM2.2. (Banach—Alaoglu7, V.4.2]) The unit ball of the dual of any normed
vector space is weakly* compact.

Thus,B1 = {@ € B’ : ||| < 1}, the unit ball of 8, is compact and it is enough to
check that is a closed subset @ to establish the following.

CONDITION 2. C is compact.

Proof. To check it, leix € C and f € B with supy | f| < 1,
O<suplf|—f=<1-f
X

so thate(1 — f) > O and, sincex(1 — f) = 1 — a(f), a(f) < 1. In the same way,
—a(f) < 1. Thereforeq € B1 and we have show@ C Bj.

Recall that foranyf € B, « — «a(f) is continuous by definition of the weak* topology.
HenceC, which is defined by a collection of inequalities of the typef) < constant, is
closed and therefore compact. m]
CONDITION 3. NV : C — C is continuous.

Proof. Recall that a basis for the weak* topology/8fis given by the sets
Voo, &, f1,..., f)i={aeB :Vi=1,...,n|a(f;) —ao(f)| < &}

withag € B, e > 0,n =1,2,... and f1,..., fu € B. Thus to establish Condition 3,
i.e. continuity, we have to find, for evety (N oo, ¢, f1, ..., fu), a numbem > 0 and
g1, ..., 8&m € Bsuch that

NV(xo,n, 81, ---.8m) C VINao, &, f1, ..., fu)-

We claim that one can take = n + 1 and

(infy ,Cly)z
=& | :
g infy L1y + (supy L1y) maxi<i<, SUPy | fi|
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and
e1=Lf1,....8 = Lfm, gnr1=L1y.
Note thatforallj =1,...,n+1,g; € B.
To prove the claim, assumee V (o, ¢, g1, - - ., gn+1)- By definition, we have for all
j=1...,n+1,
la(gj) — ao(g;)| < n.
Thus

1 N -
Tady) - Y~ maany

1 1 .
Cra(ly) E*ao(ly)‘ £ (o)

Wea(fi) — Nao(fi)l < ‘ L0 (f;)

"

1
= m|a(£ﬁ) —ao(Lfi)l

1
———|a(L1ly) — ap(L1 Lfi
+(infyﬁly)2|a( y) — ao(Lly)|leo(Lfi)]
< : 7 + — 7
~infy L1y = (infy L1y

2l fil

Moreover,
leo(L fi)| < suplLfi| < sup|Llx]|sup|f;]
X X X

which gives

n nsup, L1y maxcy supy | fil
infy L1y (infy ,Cly)z
<e.

Wea(fi) — Nao(fi)l <

This proves Condition 3. a

We are now in a position to apply the Schauder—Tychonoff theorem: there axsts
such thatV(A) = A, i.e.
LA = AA

with L = A(L1y) € ]0, oo[. This ends the proof of Proposition 2.1. O

3. Computing the positive eigenvalue
A prerequisite for proving that th& obtained above is indeed a measure is the following.

PROPOSITION3.1. Let A be an eigenfunctional foL*. Assume thatA is positive,
satisfiesA (1) = 1and A(1y) > Ofor every non-empty open subgét
Then the eigenvalue associatedos A = expPy (X, T).

Proof of Proposition 3.1The inequalityh < expP, (X, T) follows directly from the
conformality of A and the definition of the pressure as

1=Ax) =2T"A(L"1x) <A77 Y A(lpz)supg, <A™ Y supg,.
ZeZ, z ZeZ, z
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The proof of the converse inequality is more delicate and will make heavy use of the
conditionP, (0.2, T) < P,(X, T). We proceed pretty much like in the proof of Proposition
E in [3], except that, withA not being a measure, we shall have to check a measurability
property (Lemma 3.2 below) ‘by hand’.

Recall that theneasure-theoretic pressuoé 1 is

Po(u, T) = h(un,T) — / loggdpu.
X

We have thevariational principle i.e. the topological pressure is the supremum of the
measure-theoretic pressures: this follows from paragraph 3.3] afsjng the fact that
P,(02,T) < P,(T) and thatZ generates. This is easy to see as, for ergodic measures
with pressure strictly greater tha®, (02, T), the symbolic dynamics can be identified
with (X, T'), and the variational principle holds for the symbolic dynamics by a classical
result (see, for instance;,[Ch. 18].)

To conclude we will prove that the measure-theoretic pressures are boundedby log
using the approach of3] which combines a result of Ledrappie8][and ‘shadowing’
estimates.

Fix an ergodic invariant probability measure We can assume that, (u, T') >
P (02, T) (otherwise there is nothing to prove, B(0Z, T) < Py(X, T)).

Letp: (X, T, 1) — (X, T, u) be the natural extension in the following sense:

X={(..,x—k,...,x_1,x0) : Txp—1=xk, xr €Y, Vk € Z_}.

We realize it as

f(:{i:(A,x)eZZ‘ xX:xe mT"[An...Ao]}

n>0

with the topology induced by that &%~ x X.
The dynamics is given by the (partially-defined) map:

T:(...A_140,x) — (...A_1A0B, Tx)

if B is the element of containingT x.

Let £ be the finite partitiorp 2. Letn be the measurable partitioy, ., 7"¢, i.e.
two points are in the same elementoiff they have the same past undér Observe that
nx) = {A} x W(x) if

F=(A,x) and W) := ﬂ T"[A_, ... Aol

n>0

The assumption (e) that each cylinder has finitely many connected components is used
for the proof of the following lemma.

LEMMA 3.2. If Po(un,T) > Py(02,T) then there exists a countable measurable
partition P of X moduloz such thatW(x) is constant and equal to a non-empty open
subset on each elementBf
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The proof is based on the notion of thkeadowingf a measure by a set introduced in
[2]. We recall it for the convenience of the reader.

A measure on X is shadowed by c X if for everye > 0 andji-a.e.i € X there
existn > ¢~ ands € S such that

d(T*(p(T7"%)), T*(s)) <&, VO<k <n.

i.e. the orbit is made of arbitrarily long beginnings of orbits startin§.in
The main consequence of shadowing is that it implies i, T) < Py(S,T)
[3, Theorem S].

Proof. The assumption on the pressurewoensures that it is not shadowed B2 =
Uscz 9T A by the above. We claim that this implies that fora.e.(A, x) € X, there
existsN < oo such that, for alk > 0,

OT"[A—N—n ... A_N_1D) N [A_n ... Aol = 0.

By assumption (c), we can fint such that diariZ¥) < ¢. Contradicting the above
claim gives, for a.ef € X, an infinite sequence; < nz < - - - such that

OT™ 1™ [A 1. A1) N [A_p, ... Ao] # 0,

We may assumei;;1 to be minimal for the givem;. Then, we must have that
OTA_p 1) N[A_ i 141-.. Aol # . Thus the itinerary off ~—"+171% is the same as
that of some point oA Z. Using the fact that diag€?) < ¢ and shifting byl ~* , we get
thatft is shadowed by Z, a contradiction which proves the claim.

Now the claim implies thal N *"[A_y_, ... Agl, which by construction is a subset
of TN[A_y ... Agl, is in fact a union of connected componentdf[A_y ... Agl. By
assumption (e) of the Main theorem, there are only finitely many such components. Hence,
there exista¥ < oo such that

W(A,x)=TY[A_)y ... Aol

In particular,W (-) is a.e. a non-empty, open subsetigfand takes only countably many
distinct values. Finally, observe that the sets where the vallié isffixed are measurable,
being of the form

{(B,x)eX:B_y...Bo=A_py...A0}\{(B.x) € X:Vm > M, B_,, ... By € A}

where A is the set of wordsB_,, ... By defining a strictly smallerw-set than

B_y ... Bo. O
We are going to compayewith the function (tentatively) defined on measurable subsets
S of X by
m(S) := / m(x, S) pn(dx)
X
where

Alwg) - p(X, ) - 1s)
Aldwi) - p(X, )

m(x, S) =
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and

g(TA__lk 00 TA—}ly)

X = =
p(x,y) 11;[1 o(T—7)
if ¥ € X,X=(A,x)andy € W(X). We have seg(A, x) := g(x).

We first check that the formu is well defined, i.e. that — m (X, S) is measurable.
Observe that, by assumption (b) of the Main theorenis uniformly continuous on its
domain of definition. Thus we can extend it to a continuous function defined on the whole
of X x X. Itis then routine to check that, W is any given measurable subset¥fthe
following is measurable:

X Alw - p(x, ) - Lg).
Now, use the previous lemma to wrilgyz) = > ;.5 lelw). The measurability of
m(-, S) follows. In particularm (S) is well defined.

We follow Ledrappier 8] closely for the rest of the proof of Proposition 3.1.
Let

0(x) = Adw) - p(x,)

(remark that the function to which we apply is indeed a function ovek, not X). A
crucial observation is that the previous lemma implies

0< Q(x) <oo, forp-a.ex.

Indeed,p(x,-) > 0 on W(x) which is a non-empty open subset and which therefore
satisfiesA(lW(;)) > 0.
Let 2/ = T~1Z. Compute

1
mE, Z2'(x)) = — - Adw) - p(X, ) - 1zin)

0(%)

= Q(i)rlz\(ﬁ(lw(,;) Sp(E, ) - L1zn)

= Gt Mzronre pE T25() 80 T5h)

- ﬁfll\(lmm p(T%,) - g(x)

=21 QQ((];)?g(x) (1)
using the fact thak (Tx) N TW (%) = W(T%) andp(T%, 2) = p(, y) - g(y)/g(x) where

y =Tz @.
We claim that

/~ logm(, Z'(x)) d(X) = / loggdji — logA.
X X
Remark that if logD was integrable, this equality would be an immediate consequence of

the above computation. However, we only know that db@s a.e. finite, so we use the
subtler argument ofg].
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To begin with, note that a& (%, Z'(x)) < 1, f;( logm(x, Z'(x)) di(x) is well defined
in [—oo, 0] and the Birkhoff ergodic theorem gives that

< k= k
nllﬁmoo . E logm(T*%, 2/ (T*x))
exists a.e. and is

f logm (%, Z'(x)) dju(%).
X

Convergence a.e. implies convergence in probability. Now the above computation shows
that the Birkhoff average in the previous equation is equal to

1 -
—(logQ o T" —log Q) + / loggdix —loga.
n X
As logQ is almost everywhere finite, this average must converge in probability to
[z loggdpi —logi. The claim follows.
Recalling that) = \/;~¢ T-*¢ and thatt generates, it is easy to see thagenerates
and that; is finer than7'», hence the entropy gf can be computed as

\/Tk> (T n

k>1

h(u, T) = h(it, T) = h(it, T = H; (

\/ )

k>0
= Hy(T  nin) = Hy (T~ *&|n)

f Y 12(®logE (12 |n) diu().
Z'eT-1¢
Thus,

Py(u. T) —logh = h(ii, T) +[ logg dji —loga

/ Z 12/(x)logE((1§|; f(X)

Z'eT-1
m(x, p /)
< log / 1O IELE) 45y
Z,EXT:% Ez (121
_.m(x, pZ') ) Y
=1 E; 1, ——=22 1) d
og/i M( Zl 2O T | 1) D
m(x, pZ')
|09/ > Ealzln ———=di(®)
2 E; (71
=log [ > m( z)dia(%)
X ziez

= Iog/~ m&, Dda(x) =
X

using the concavity of the log and thai-, pZ’) is n-measurable: a simple computation
shows thain(x, S) = m(y, S) if n(¥) = n(3).
This concludes the proof of Proposition 3.1. |
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4. A defines a conformal measure
We are going to prove that defines a conformal measure and this will conclude the proof
of our Main theorem.

Let C.(S) be the set of continuous functions with compact support contain§d @f
courseC.(X) = C(X), asX is compact.

Since Ajc(x) is a positive linear form orC(X), the Riesz representation theorem
implies that there exists, a positive Borel measure, such that

VieCX): AW =v(f).

In particular,y(1yx) = A(1lx) = 1 so thatv is a probability measure.

Forall f € C(X), A(LSf) = AA(f) = rv(f). However,Lf is not necessarily
continuous at points &f7 Z := | J,.z 9T Z, so itis not clear that(L ) = A(Lf).

We claim the following.

LEMMA 4.1.
v(0TZ) =0.

Let us see how this claim implies the conformalitywofFix f € C(X) non-negative.
We prove thav (L f) = A(LS).

Since the probability is a regular measure (as a Borel measure on a compact set), we
have the following property. For eaeh> 0, there exists &, open neighborhood &T Z,
such thav (U,) < .

As usual, we considef. € C.(X \ 9T £) such that

{fs =f. inX\U.
fe<f, inU,.
Then
W(LF) = M) = V(L) + VL = £2)) = Av(F)]
< e + 25upC 1Ly sups v(Uy) - ()|

< ‘2 supf(supﬁlx + A)u(Us)
X X
< (2 S;pr(sgpﬁlx + A))s.

The conformality ofv follows using the following approximations. Let be a Borel set
such thatT : A — TA is invertible and let > 0. Sincev is regular, there exisK,
compact and, open such thak, ¢ A C O, and

V(A) —v(K) <e, v(0Og)—v(A) <e.
Considerg, continuous with compact support such that

g.=1/g, in K,
g =0, in O¢,
g <1/g, InO\K,,
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W(L(1a-1/g) —Av(1a - 1/8)]
< [v(L(la-1/g)) —v(Lge) + Av(ge) — Av(1a - 1/9)]
< v(L(Aa-1/g — gl +AIV(gs —1a-1/9)I
supy L1y
2—— —
infy g

<4 <sup,{ L1y +A)
infy g

V(Oe \ K¢) + 22— V(Os\K)

f

and 1
)L/ —dv=2xav1y-1/g) =v(L(14 -1/g)) = v(TA).
A8
We turn to the proof of Lemma 4.1. We shall need the following two lemmas.

LEMMA 4.2.
P,(0TZ,T) < P,(02,T).

LEMMA 4.3. For all Borel setsB,

v(B) < inf{A(O): O open O D B}.

Proof of Lemma 4.2By definition,

P30T Z,T) = I|msup log Y supg..
n—oo N BeZ,
BNOT Z#0

Let B € Z, such thatB N dT Z # @; there existsZ € Z such thatZ N Tng NoZ # .
Moreover, letx € B,

g1 (T 1) 1
ha _f < inf Sup gup+1.
g(T,~(x)) intg ZnT; B

gn(x) <

Hence sup g, < (1/inf g) supy gn+1 With B’ = ZnglB € Z,+1. Recallthatinfg > 0
by assumption (b) of the Main theorem. We have

1
Z supgn, < —— Z Supgn+1
B infg B
_ BeZz, B eZ)H»l
BNAT Z#0 B'NdZ+)

and thus

I|msup log Y supg,

n—oo N i BeZ,
BDBTZ;A@
1
< lim —Iog—+l|msup 7 log > SUPgn+1. O
n—-oon g n—oo N
BEZVHrl
B9 Z40
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Proof of Lemma 4.3Sincev is regular,
v(B) = inf{v(0) : O open O D B}.

Let us fix an open sad and show that (0) < A(O); this will prove the lemma. Take
¢ > 0. Using again the regularity of there existX., a compact subset @, such that

v(0) < v(K¢) +e.
Letg. : X — [0, 1] be continuous and such that
g =1 inkK,,

g =0, inO°,
g: <1 inO\K..

On the one hang;. < 1o so that

v(ge) = A(ge) < A(O) and  sup(ge) < A(O).

e>0

On the other hand;(g.) > v(K.;) > v(0O) — ¢ so that
v(0) < v(Ke) +e=<v(ge) +¢
andv(0) < sup.qgv(gs) < A(O). =

Proof of Lemma 4.1The claim will follow from Lemma 4.1 if we can find neighborhoods
O of aT Z with A(O) arbitrarily small.
Let A, be{Z € Z,,ZN3dTZ # #}. Using the conformality, we get, for ardy> 0,
N (8) such that, foralk > N(6),
1 oPeOT Z,T)+8 \" P2, )48 \"
A (UA,,) <o ZZZ supg, < ( @D ) < ( D )
ZmaeTZn;é@

by Lemma 4.2. Taking = (Py(X, T) — Pz(3.2, T))/2, which is positive by assumption
(a) of the Main theorem, we get

lim A (U A,,) —0. )

If Z e Z,\ A, thenZ N 3T Z = ¢, and since both sets are compa¢Z, 97 Z) > 0.
As the setz, \ A, is finite, infzcz,\ 4, d(Z,dT Z) > 0. Thus the following set is a
neighborhood ob T Z:

0,,:{xeX:d(x,8TZ)< inf d(Z,aTZ)}

Ze n\ n

and it is included il J ;. 4, Z. Because of Remark 2.2({Uzc4, Z) = A(U A); we
deduce lim_,» A(O,) = 0, concluding the proof of Lemma 4.1 and therefore the proof
of the Main theorem. O
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