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ONE DIMENSIONAL T.T.T STRUCTURES

DANIEL LOWENGRUB

Abstract. In this paper we analyze the relationship between o-minimal structures and the notion of
w-saturated one-dimensional t.t.t structures. We prove that if removing any point from such a structure
splits it into more than one definably connected component then it must be a one-dimensional simplex
of a finite number of o-minimal structures. In addition, we show that even if removing points doesn’t
split the structure, additional topological assumptions ensure that the structure is locally o-minimal.
Asa corollary we obtain the result that if an w-saturated one-dimensional t.t.t structure admits a topological
group structure then it is locally o-minimal. We also prove that the number of connected components in
a definable family is uniformly bounded. which implies that an elementary extension of an w-saturated
one-dimensional t.t.t structure is t.t.t as well.

§1. Introduction. The notion of a first order topological structure was introduced
by Pillay [1] as a generalization of the notion of an o-minimal structure. The idea
is to provide a general framework in which model theory can be used to analyze a
topological structure whose topology isn’t necessarily induced by a definable order.
In the o-minimal case, the topology is generated from a basis where each basis set
can be defined by substituting the variables y; and y, by suitable parameters in the
following formula

¢(x,y1,yz) =y <x<)y.

A first order topological structure generalizes this to the case where ¢ is some
arbitrary formula with more than one variable.

Pillay also introduced the notion of topologically totally transcendental (t.t.t)
structures which have the additional property that any definable set has a finite
number of connected components. For example, by definition o-minimal structures
are t.t.t.

In the previously mentioned paper, Pillay proved that one dimensional t.t.t struc-
tures have some characteristics in common with o-minimal structures such as the
exchange property. Furthermore, he showed that if the topology of a one dimen-
sional t.t.t structure is induced by a definable dense linear ordering then the structure
is o-minimal.

In this paper we’ll focus on w-saturated one dimensional t.t.t structures and prove
that under a few additional topological assumptions, such structures are composed
of o-minimal components in a relatively simple manner.
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Our main result which will be proved in Section 4 will be to show that if we assume
that removing any point from the structure splits it into at least two connected
components, then the structure must be a one dimensional simplex of a finite
number of o-minimal structures:

THEOREM 1.1. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for each point x € M, M\{x} has at least two definably connected components.
Then there exists a finite set X C M such that each of the finite number of connected
components of M\ X are o-minimal.

It’s important to note that there exist examples of 1-dimensional connected
w-saturated t.t.t structures such that for every point x € M, M\{x} is definably
connected. One easy example is the circle which we’ll discuss in example 5.12. This
example is somewhat degenerate as it can be “fixed” by removing a single point.

However, in example 4.10 we’ll analyze a 1-dimensional connected w-saturated
t.t.t structure with the property that even after removing any finite number of points,
not all of the connected components of the remaining structure are o-minimal.

In Section 5 we’ll analyze the case where removing a point doesn’t necessarily split
the structure, and will find two alternative topological properties which guarantee
that the structure is locally o-minimal. This is done by showing that basis sets which
are small enough can be split by removing a point.

THEOREM 1.2. Let M be a 1-dimensional w-saturated t.t.t structure such that one
of the following holds:

1. There exist a definable continuous function F : M* — M and a point a € M
such that for each x € M, F(x.x) = a and F (x. -) is injective.
2. For every basis set U, |bd (U)| = 2.

Then for all but a finite number of points, for every point x € M there’s a basis set U
containing x such that U is o-minimal.

An immediate corollary of part 1 of Theorem 1.2 is that if an w-saturated one
dimensional t.t.t structure admits a topological group structure then it is locally
o-minimal.

On this note I'd like to mention that Erik Walsberg independently obtained
a similar result for models admitting a topological group structure.

Toward the end of the section we’ll prove a version of the monotonicity theorem
for locally o-minimal structures. This shows that locally o-minimal structures share
many characteristics with standard o-minimal structures.

Theorem 1.1 illustrates that the defining characteristic of o-minimal structures
within the general setting of w-saturated one dimensional t.t.t structures isn’t exis-
tence of the order itself, but rather the ability to disconnect the structure by removing
a point.

Theorem 1.2 shows that even in the case where an w-saturated one dimensional
t.t.t structure isn’t o-minimal, it will at least be o-minimal on a local scale provided
that it has a rudimentary internal structure.

An important step in proving the theorems above will be to show that the relation
a ~ b, which says that ¢ and b are in the same connected component of M\{x},
is definable.
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PRrROPOSITION 1.3. Let M be a 1-dimensional w-saturated t.t.t structure such that
Jor each point x € M, M\{x} has more than one connected component. Then the
relation a ~, b C M3 is definable.

For example, in o-minimal structures ¢ ~, b is clearly definable. However, in
example 4.10 we’ll describe a structure where the relation is not definable.

In Section 3 we’ll prove that the number of connected components in a definable
family is uniformly bounded.

PROPOSITION 1.4. Let (M. ¢) be a 1-dimensional w-saturated t.t.t structure and

a(x,y1.....y) € L.

Then there exists a constant C € N such that for every l-tuple ci,...,¢; € M,
alcy.....c;) has less than C connected components.

This in turn will allow us to prove that elementary extensions of such structures
are t.t.t as well.

§2. Preliminaries. In this section we review some of the notions, definitions, and
results from Pillay [1] which will be used heavily throughout the following sections.

DEFINITION 2.1. Let M be a two sorted L structure with sorts M; and M, and
let ¢(x. p1.....yx) be an L formula such that {¢*(x,a)|a € M}} is a basis for a
topology on M,. Then the pair (M. ¢) will be called a first order topological structure.
When we talk about the topology of M, we mean the one generated by the basis
described above.

REMARK 2.2. In Pillay’s paper. first order topological structures were defined on
a one-sorted structure where each element can be both a parameter for a basis set,
and a point in the topological space. However, in practice this double meaning isn’t
needed, so we're using the two sorted definition both for clarity and in order to
slightly strengthen some of the theorems.

In addition, we consider the following condition on a first order topological
structure M :

(A) Every definable set X C M, is a boolean combination of definable open
subsets.

In this paper we assume that M, is HausdorfTand (M, ¢) is a first order topological
structure satisfying (A).

The following topological result is also helpful in this context and was proved by
Robinson [2, 4.2].

LemMa 2.3. Let V be a topological space and W C V' a nonempty subset. Let
A C V be aboolean combination of open subsets of V and let B = V\ A. Then either
W N A or W N B has an interior with respect to the induced topology on W .

DEFINITION 2.4. Let M be a first order topological structure satisfying (A) and
let X C M, be a closed definable subset of M,. The ordinal valued D, (X) is
defined by:

1. If X # () then Dy (X) > 0.
2. 1If § is a limit ordinal and Dj;(X) > « for all & < & then Dy (X) > 6.
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3. If there’s a closed definable Y C M, such that Y C X. Y has no interior in
X and DM(Y) >« then DM(X) > o+ 1.

REMARK 2.5. We'll write Dy (X) = aif Dy (X) > cvand Dy (X) 7 a+1. We'll
write Dy (X) = oo if Dy (X) > o for all a.

DEFINITION 2.6. We say that M has dimension if Dy (X) # oo for all closed
definable subsets X C M,.

In addition, we define the number of definable connected components for
definable subsets of our topology:

DEFINITION 2.7. Let X C M, be definable. Then dj; (X ) is the maximal number
d < o such that there are disjoint definable clopen sets Xj....,X; C X with
X =U? X; . and oo if no such d exists.

REMARK 2.8. Throughout the paper, when we say “connected” we always mean
“definably connected”.

And now for the main definition:

DEFINITION 2.9. We say that M is topologically totally transcendental (t.t.t)
if M is a first order topological structure satisfying (A) with dimension such that
for every definable set X C M,. dy(X) < oo. We say that a theory T is t.t.t is every
model of T is t.t.t.

The following lemma was proved by Pillay [1, 6.6] and plays a key role in most of
the proofs in this paper.

LeEMMA 2.10. Let M be a 1-dimensional t.t.t structure. Then:

1. For any closed and definable X C M,, D(X) = 0 iff X is finite.

2. The set of isolated points of M, is finite.

3. For any definable X C M, there are pairwise disjoint definably connected
definable open subsets X1, ..., X C M, and a finite set Y C M, such that
X=UrXx)uY.

4. For any definable X C M,. the set of boundary points of X is finite.

REMARK 2.11.

1. Since a finite set can always be dealt with in a definable manner, for the rest of
this paper we assume that M, has no isolated points.

2. One consequence of part 3 of Lemma 2.10 which will be used many times
below is that if a set A C M, is definable then the statement “A is infinite”
is expressible in first order logic as it’s equivalent to the statement “A4 has no
interior”.

§3. Connected components in definable families. In this section we’ll show that
the number of connected components is uniformly bounded over a definable family.
This is used to prove that in 1-dimensional w-saturated structures, the property of
being t.t.t is preserved under elementary equivalence.

LemMA 3.1, Let (M., ¢) be a 1-dimensional w-saturated t.t.t structure. Then there
exists a number K € N such that for each point b € My, |bd (¢™(b)| < K.
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(¢M:(b)] is finite. The lemma then follows from the
fact that M is w-saturated. -

LemMMA 3.2. Let (M. ¢) be a definably connected 1-dimensional w-saturated t.t.t
structure, K € N anumber such that for each point b € My, we have |bd (¢! (b)] < K.
and X C M; a definable subset such that bd(X) = n. Then dy(X) <n - K.

PrOOF. Let N = dy(X) and let {Y;,..., Yy} be pairwise disjoint clopen
(in X) subsets of X such that X = UV, ¥;. In addition. we denote the elements of
bd(X)by bd(X)={ay.....a}.

By the Hausdorffness of M,, we can find basis sets { U], ... ., U, } such that for all
1<i<n:

1. a; € U;.

2. Foralll < j < N.if Y; # {a;} then Y,\U; # 0.

Cram 3.3. Foralll < j < N.if Y; isn't a point then there existsan 1 < i <n
such that a; € Y; and bd(U;) N Y; # 0.

Proor. Let 1 < j < N be chosen such that Y; isn’t a point. Without loss of
generality, ¥; # X because otherwise X would be connected and the lemma would
be trivial. Slnce M, is definably connected, bd(Y;) # 0. In addition, Y; is clopen
in X sobd(Y;) C bd(X). Therefore, there exists some 1 < i < nsuch that a; € Y;.

Wellnowseethdtbd( DNY; #0.

Assume for contradiction that bd(U;) N Y; = 0. Then both U; N Y; and
Uf N Y; are nonempty clopen subsets of X', which is a contradiction to the fact that
Y; is a connected component.

This completes the claim. -
Without loss of generality, let’s choose an integer L between 1 and N such that
{Y1,.... Y.} are points and {Y.4i,.... Yy} are not points. Furthermore, let’s
choose an integer M between 1 and n such that {a, ..., ay} areisolated in X and
{ams+1,....a,} are not. It’s clear that L < M.

According to the claim, for each index L + 1 < j < N there exists an integer
1 <i < nandapoint y; such that y; € bd(U;) N Y; and ¢; € Y;. We note that

from the fact that a; € Y;. it follows that a; is not an 1solated point of X. This gives
us a mapping:
n
¢ A{Yrn.....Ynt— | bd(Un).
i=M+1
Since yx # y; foreach L+ 1 < k </ < N , the map ¢ is injective. Furthermore,

Ubd ) <n-—M)-K<(n—-L) K,
i=M+1
so by the injectivity of ¢ we get that N — L < (n — L) - K. But K > 1 so
N <n-K. -
PRrOPOSITION 3.4. Let (M, ¢) be a 1-dimensional w-saturated t.t.t structure and let

alx, y1,..., y1) € L be a formula. Then there exists a constant C € N such that for
every I-tuplecy. . ... ccp €M, dy(aM(c..... ) <C.

Proor. First of all, let K € N a number such that for each point b € M, we have
|bd (¢M1(h)| < K. By Lemma 3.1, for each ¢ € M/ there exists a number n; € N
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such that bd (a™:(¢)) < n.. Therefore, since M is w-saturated, there exists some
n € N such that for each tuple ¢ € M’ bd (a™:(¢)) < n.

We’ll show that we can choose C to be dy(M,) - K - n. Let m = dy(M,)
and let {Y)..... Y, } be pairwise disjoint definably connected subsets such that

M, =U",Y;.By Lemma 3.2, foreach 1 <i <mandé € M'.dy(a™(¢)NY;) <
n - K. The proposition then follows immediately. -
We’ll now use this boundedness result in order to prove that a certain set of first order

properties are necessary and sufficient for an w-saturated first order topological
structure to be t.t.t.

THEOREM 3.5. Let (M. ¢) be an w-saturated 1-dimensional t.t.t structure. Then
M has the following properties:

1. For every formula a(x.y1.....y;) € L. there exists some C € N such that
for every tuple © € M’ there exist C points xi.....xc in o™ (¢) such that
aMi(@)\{x1.....xc} is open.

2. For every formula o(x, yy.....y;) € L. there exists a constant C € N such that

forallcy. ..., c; € M. dy(aM(cy..... ¢)) < C.

3. For any pair of formulas o(x. y1.....ys) and B(x.y1.....y,) in L, and for all

ae M andb € M', if B = M(b) c a™ (@) = A is closed and nonempty
and doesn’t have an interior in A, then A has an interior in M,.

Furthermore, if (M, @) is a first order topological structure which satisfies these three
properties and is Hausdorff, then M is a 1-dimensional t.t.t structure.

Proor. First we’ll see that the three properties are sufficient. Assume that
(M, ¢) is a first order topological structure such that M, is Hausdorff and has
the three properties in the theorem.

By property 1. every definable set X is a boolean combination of open sets so
M has property (A). By property 2, every definable set has a finite number of
definably connected components. Finally, by property 3, D(M) = 1.

Now we’ll prove the first part of the theorem. Let (M. ¢) be an w-saturated t.t.t
structure. By the definition of t.t.t. M, is Hausdorff. We’ll now prove that M has
each one of the required properties.

1. Let a(x.y1.....y;) € L. Since M is t.t.t, for every ¢ € M, there exist
C points xi,..., xc in o™ (2) such that o™ (¢)\{xi..... xc} is open. Since
M is w-saturated, we can choose C uniformly for all ¢ € M.

2. This property is essentially proposition 3.4.

3. This follows from the fact that D(M) = 1. -

COROLLARY 3.6. Let ¢(x,y1.....yx) be a formula and let (M,$) be a
1-dimensional t.t.t structure which is w-saturated. In addition, let N be a model
such that N = M. Then (N, ¢) is a 1-dimensional t.t.t structure.

Proor. This is immediate from the fact that all of the properties in Theorem 3.5
can be expressed in first order logic. -

84. Structures with splitting.

4.1. Introduction. Our main result in this section is that for any 1-dimensional
w-saturated t.t.t structure, if removing any point splits the space into more that one
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connected component then there exists a finite set X' C M, such that each connected
component of M;\ X is o-minimal.

In order to prove this, we first obtain some intermediate results such as the fact
that the equivalence relation y ~, z specifying if y and z are in the same connected
component of M,\{x} is a definable relation in M. We also introduce a notion
of “local flatness” which is used as a stepping stone between t.t.t structures and
o-minimality.

For example, consider the structure R;,, = (R, I(x, y, z)) where I(x, y, z) is true
if z lies on the interval between x and y. In example 4.9 we’ll show that R;,, has
the property that removing any point splits the space into more than one connected
component. We’ll use this fact to show that the relation y ~, z is indeed definable.
In the end of this section we’ll demonstrate how applying the construction of the
order to R;,, gives the standard ordering on the reals.

On the other hand, in example 4.10 we’ll construct a structure where y ~, z is
not definable. This structure will also contain many points with the property that
even after removing them the structure is still connected.

4.2. A definable relation. The following equivalence relation is useful for
analyzing what happens when a point is removed from a structure.

DEerFINITION 4.1. Let M be a 1-dimensional t.t.t structure. Let x, a, b € M,. Then
a ~, b will be a relation which is true iff @ and b are in the same definable connected
component of M,\{x}.

REMARK 4.2. Note that by proposition 3.4, there exists an N € N such that for
each point x € M, ~, has less than N equivalence classes.

Our first goal is to show that if for every x € M, we have dy,(M,\{x}) > 2, then
~,C M} is definable.

We start by showing that for any x such that dy (M, \{x}) > 2. x € acl(0).

The following technical lemma will be used many times throughout the proof.
As Erik Walsberg pointed out to me, a similar form of the lemma appears in [3] but
since we use it extensively we provide an exact statement tailored to our purposes
together with a proof.

Intuitively, the lemma says that after removing two points, the space is divided
into three distinct components. The part “in between” the points we removed and
one additional side for each of the points.

Lemma 4.3. Let M be a 1-dimensional w-saturatedt.t.t structure, C C M, an open
connected definable subset, a # b € C and?2 < k.l € N such that dy;(C\{a}) = k
and dy (C\{b}) =1. Let A4;..... Ay and By. ..., B; be the connected components of
C\{a} and C\{b}. respectively such that a € By and b € A,. Then:

1. bd(Uf(zzAl) = {Cl}

2. bd(Ui.:sz) = {b}.

3. bd(A; N By) = {a.b} and for every open set U containing a or b, U N

(Al N Bl) =+ 0.
4. The following union is disjoint:

C = (U,4;) Uf{a}u (4 nB)u{b}u(U,_,B)).

where all of the boundaries are relative to C.
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Proor. Throughout this proof, all topological operations such as interior,
boundary, and closure will be taken relative to C.

First we’ll prove 1.

Since C is connected, ¢ € A; for each 1 < i < k. Therefore, since « ¢ A;
for each 2 < i < k, a € bd(U_,4;). In addition, U*_, 4; is open which means
that bd(Uk ,A;) C {a} U A4;. But 4; is open as well and disjoint to U¥ ,4; so
bd (UK ,4;) = {a}.

Similarly, bd(Ul]:2 B;) = {b}.

We’ll now show that U ,4; C Bj. In order to do that we first prove that
(UK ,4;) U {a} is connected in C \{b} Assume for contradiction that X; and
X; form a clopen partition of (U, 4;) U {a} in C \{b} Without loss of generality,
a € X, which means thata ¢ X>. Furthermore, A4 is open and b € 4; which means
that b ¢ X,. Together this means that X> C (U, 4;) and b ¢ bd (X). Therefore,
X5 is clopen in C which is a contradiction to the fact that C is connected.

Now, 31 is the connected component of C\{b} containing a. So from the fact
that (U*_,4;) U {a} is connected in C\{b} it follows that U¥_,4; C By.

We’re now ready to prove 4. It’s immediate that

(Uiadi) N (410 B1) = (U By) N (410 By) = 0.

In addition, since (U, ,4i) C By it follows that (U,_,B;) N (U_,4;) = 0. This
shows that the union is disjoint so all that’s left is to show that it’s equal to C
Let ¢ € C be a point such that

¢ ¢ (U,_yB;) U{a} U (U, 4;) U {b}.

Since ¢ € C\{a} and ¢ ¢ (U5, 4;) it follows that ¢ € A;. Similarly, ¢ € By.
Therefore, ¢ € 4; N By.

We’re now ready to prove 3.

First of all, assume for contradiction that 4; N B; = (). Then by parts 1, 2. and 4
of the lemma, the sets (Uf_,4;) U {a} and {b} U (U,_,B;) would form a clopen
partition of C which is a contradiction to the dssumptlon that C is connected.

We’ll now show that bd (4, N By) = {a.b}. On the one hand, a € int(B;) and
a € Aysoa € bd(A; N By). Similarly. b € bd(A; N By). On the other hand. 4, N By
is open so

bd (41N B1) C (Ujy4;) U{a}U{b}U (U),B)).
But U, 4; and U'_, B; are open well so bd (41 N B1) C {a} U {b}. Together we get
that bd (4, N By) = {a.b}.

Finally, let U be an open set containing a or b. Since bd (4 N By) = {a.b}. it
follows that U N (A4, N By) # 0. -

LEMMA 4.4. Let M be a 1-dimensional w-saturated connected t.t.t structure. Let

D C M, be an open definable subset, E(x.a.b) C M} a definable relation and N € N
such that:

1. N >2.
2. Foreveryx € Danda,b € M,,a ~. b = E(x.a.b).
3. Forevery x € D. E(x,a.b) is an equivalence relation on M\{x} with N classes.

Then for each point a € D, there exists a point b € D such that the definable set
X = {x € D|=E(x.a.b)} is infinite.
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ProOF. Let a € D. Without loss of generality, D is connected. Otherwise, we’ll
look at the connected component containing a. We’ll now show that there exists a
point b € D such that for an infinite number of points x € D we have ~E(x.a.b).
In order to do this, we’ll inductively construct a sequence of points (b.b,....)
in D such that foreachn € Nand each 1 < j <n.a ~, b; and —|E(bj, a.by,).

For n = 1, we can choose any b; € D\{a}.

Let’s assume that we constructed the sequence up to b,. Let X7,..., X, (s, be the
connected components of M;\{b,} such that a € X>. We choose b, € D to be
some point such that —E (b, a, b,11). By our assumptions on E(x, a.b), b,+1 ¢ X.
So without loss of generality, in b, € Xj. Let Yy..... Y., ) be the connected
components of M\{b, .1} suchthatb, € Y;.By Lemma4.3,foralll < j < c(b,y1).
Y; N X, = 0. By the inductive hypothesis, b; € X for all 1 < j < n. This means
thatforalll < j < n.b; € Y;. Similarly, a € Y| and we already know that b, € Y.
Together we’ve shown that a ~y,, b forall 1 < j <n+1.

We’ll now show that for all 1 < j < n, ﬂE(bj, a.b,.1). This will be enough
because we already know that =E(b,,. a. b, ).

Let j be an index such that 1 < j < n. Let Xi....,X,(,) be the connected
components of M;\{b;} suchthata € X>and b, € X;.Inaddition.let Yi..... Y.
be the connected components of M,\{b,} such thatb;.a € ¥, and b, € Y. Since
b; € Yy and b, € X;, by Lemma 4.3 it follows that Y> C X; which means that
by ~p,; byy1. By our assumptions on E this implies £ (b j.bu.buy1). Therefore, as
ﬂE(b;, a.b,), we can conclude that ~E(b;. a.b,1).

Now. by the w-saturation, there exists a point » € D such that [{x € D :
—E(x,a.b)}| = oo. —|

LEMMA 4.5. Let M be a 1-dimensional w-saturated connected t.t.t structure. Let
D C M, be an open definable subset, E(x, a,b) C M,3 a definable relation and N € N
such that:

1. Forevery x € Danda.b € M, a ~, b = E(x.a.b).
2. Forevery x € D, E(x. a,b) is an equivalence relation on M\{x} with N classes.

Then N < 2.

Proor. Assume for contradiction that N > 2. For ease of notion, we define
c(x) = dy (M \{x}) for each x € M,. We note that for all x € D, ¢(x) > 2.

By Lemma 4.4, there exist points @, b € M, such that for an infinite number of
points x € D, —E(x,a.b).

We denote the infinite set {x € D : =E(x.a.b)} by X.

Letx.y € X.let Xi..... X (,) be the connected components of M, \{x} such that
a € Xjand b € Xy and let Y7..... Y,(,) be the connected components of M,\{y}
such thata € Yy and b € Y>.

First we note that for every j such that 3 < j < ¢(x). y ¢ X;. Because let
Jj be an index such that 3 < j < n(x), let k be an index such that x € Y, and
assume for contradiction that y € X;. Then, since y € X; and x € Y, it follows
from Lemma 4.3 that X7, X> C Y, which means that a.b € Y,. However, this
contradicts our assumption that a ~,, b.

In an analogous fashion, for each index j such that3 < j < ¢(y) wehavex ¢ Y.

Therefore, x € Y1 U Yy and y € X; U X>.
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Since this is true for any pair of points x, y € X, by Lemma 4.3 we get that:

1. forall3<i<e¢(x)and3<j<c(y).X;inY; =0.
2. forall3<i<ec(x). X;NX =10.

From these two results we’ll show that that M\ X has an infinite number of definable
connected components. First of all, by 2 it follows that for each point x € X, the
classes of E(x.a.b) not containing ¢ and b are definable sets which are contained
and clopen in M,\ X . Furthermore, by 1, all the sets obtained this way are disjoint.

But since X is both infinite and definable, this is a contradiction to the fact that
M is t.t.t. —|

Now, let p be some type in S(()). We now show that there exist a ()-definable
relation R,(x,a.b) C M} and an infinite (-definable set D, C M, such that:

1. For all elements x = p and points a.b € M,, R,(x.a.b) <= a ~, b.

2. For all elements x € D, and pointsa.b € M,.a ~, b = Rp(x, a.b).

3. For all elements x € D,, R, (x.a.b) C M,2 is an equivalence relation with
dy (M \{y}) equivalence classes where y is some element realizing p.

4. For every element x that realizes p, x € D,,.

We construct R, and D, in the following way. First, let x be some realization of p and
define N by N = dj;(M,\{x}). Then there exist ¢1(x. 7). ..., ¢n(x, 7) such that:

(*) for some j, ¢, [7). . ... ¢y [7] partition M,\{x} into N disjoint clopen sets.

Since this is a first order statement, (*) holds for all x |= p.

Now, we define D, as the set of all the points x € M, such that (*) holds for x with
the formulas ¢ (x. 7). ..., ¢n(x. 7). We then define R,(x, a.b) as a relation which
is true iff for one of the points j guaranteed by (*) for x, the sets ¢,/ [7].. ... Vi)
partition M,\{x} into N disjoint clopen sets such that ¢ and b are in the same

section of the partition.

PROPOSITION 4.6. Let M be a 1-dimensional w-saturated connected t.t.t structure
and let x € M, be a point such that dy (M \{x}) > 2. Then D, p) is finite and in
particular, x € acl (D).

PrOOF. Let N = dy (M, \{x}) and p = tp(x/0). Since N > 2. by applying
Lemma 4.5 with D = int(D,) and E = R,, int(D,) is finite. Therefore, D, is
finite. =

We now look at what happens if dj, (M, \{x}) = 2.

As before, let p € S() be a type such that for some element x realizing p we
have dy (M, \{x}) = 2. We define D, C D, as the set of points x € D, such that
there exist elements a.b € M, and a basis set U C M, containing x such that for
all pointsu € U, =R, (u.a.b).

ProposITION 4.7. Let M be a 1-dimensional w-saturated connected t.t.t structure
and let p € S1(0) be a complete type in M,. In addition. assume that for some (all)
elements x |= p, ~ has 2 equivalence classes. Then, for each point x realizing p, one
of the following hold.:
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1. There exists a finite (-definable subset of D, containing x and in particular.
x € acl().
2. int(D,) is a set containing x and for every point y € int(D,), dyy(M\{y}) = 2.

Proor. First of all, if D, is finite then the first case holds for all x = p.
Let’s assume that D, is infinite. Now, suppose that for each point x realizing p:

(*) for all a,b € M, and for every basis set U containing x, there exists a point
u € U such that R(u. a.b).

We define the set C C D, as the set of points in D, with property (*). C is clearly
()-definable. Furthermore, for all x = p, x € C. Assume for contradiction that C
is infinite. In that case, by Lemma 4.4 there exist points @.b € M, and a basis set
U C C such that for all u € U, =R(u.a.b). This is clearly a contradiction to (*).
This means that C is finite so again we’re in the first case for every point x = p.

Therefore, we can assume that for all elements x realizing p, x € D -

If D » 1s finite then again we're in the first case for every point x = p.

We'll now see that if D, is infinite then for each point y € int(D,),
dy(M\{y}) < 2.This will finish the proposition because we already know that
for every point x € D,, dy(M,\{x}) > 2. We also note that if x € D,\int(D,)
then clearly we're in the first case as |D,\int(D )| < 0.

Let’s assume for contradiction that y € int(D,) and dM(Mt\{y}) > 2. Since
y € D,, there exist points @,b € M, and a basis set U C D containing y such
that forallu € U, =R (u a.b). Let Y, Y,, Y3 be three deﬁnable disjoint clopen
sets partitioning M, \{ y} such that ¢ € Y; and b € Y5. Since M, is connected,
there exists a z such that z € Y3 N U. Since z € D), k = dy(M,\{z}) > 2. Let
Zy. ..., Z be definable pairwise disjoint clopen sets partitioning M,\{z} such that
y € Z1.Since y € Z; and z € Y3, by Lemma 4.3 it follows that Y, U Y, C Z;
which means that a.b € Z;. However, this is a contradiction to the fact that
=R,(z.a.b). 4

We now use the previous propositions 4.6 and 4.7 to show that if for each point
x € M, we have dy; (M,\{x}) > 1, then the relation a ~, b C M} is (-definable.

In example 4.10 we’ll see a case where not every point splits the structure and
where the relation is not definable.

ProroSITION 4.8. Let M be a 1-dimensional connected w-saturated t.t.t structure
such that for each point x € M,, dy(M,\{x}) > 1. Then the relation a ~, b C M,3
is definable.

Proor. We'll show that both a ~, b and a ~, b are \/-definable by formulas
without parameters.

a ~y b is clearly \/-definable by formulas without parameters because a ~, b iff
there exist two open sets whose boundary is {x} such that one contains ¢ and the
other contains b.

We’ll now prove that a ~, b is \/-definable by formulas without parameters. This
is done by showing that for each point x € M,, there exists a set C, C M; which is
definable without parameters such that:

1. Forall points y,a.b € M,, (y,a.b) € Cy = a ~, b.
2. (x.a.b) € Cy <= a ~yb.
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Let’s choose some x € M, and define p = 1p(x/0).

If dy (M, \{x}) = N > 2 then, by proposition 4.6, D, is a finite ()-definable set
containing x. Furthermore, for every y € D, dy (M;\{x}) > N. Let’s denote the
points in D, by D, = {yi.....yx}. Without loss of generality, there exists some
0 </<ksuchthatforalll <i </ ,dy(M\{y;})> N andforalll +1<i <k,
dy (M \{y;}) = N.It’seasy to see that foreach 1 <i </, x ¢ Dy, 0)- Therefore,

we can define:
i

C, = ((Dp\ UDtp(y,-/@)) X Mtz) N RP'
i=1
Finally, let’s assume that d, (M, \{x}) = 2.

If D, contains a finite (-definable set containing x. then we can define Cy in the
same way as in the previous case. Otherwise. by proposition 4.7, int(D p) C D, is
a set containing x such that for all y € int(D,). dy(M,\{y}) = 2. Therefore, we
can define:

C, = (int(D,) x M})NR,,.

This finishes the proof of the proposition. -

ExaMPLE4.9. Let’s look at the structure R;,, = (R, I(x, y,z)) where I(x, y,z) is
true if z lies on the interval between x and y. In other words:

I(x.y.2) ={(x.y.2) e R¥|(x < z< p) V(y <z < x)}.
The basis sets will be given by:
{I%m(a,b.z)

a.b € R}.

Since (R, <) is an w-saturated one dimensional t.t.t structure, so is R;,,. We'll
now see that for every point ¢ € R, R\{«} has two definably connected components

in Rint-
Let a be some point in R. Let ¢ and b be two constants in R such that ¢ < a < b.
Then:
x<a < I(x.a.c)VI(c.a,x)V(x=ua)
and

a<x <= I(a.x.b)VI(a.b.x)V(x=0>b)
this shows that R\{«} has two definably connected components in R;;.
Therefore, by proposition 4.8, the relation a ~, b is definable in R;,,. Indeed:
an~yb = —I(ab. x).
ExaMPLE 4.10. This example is a slight variant of R;,, = (R, I(x,y.z)). Let’s
define the relation RI(x, y.z) in R = (R, +,-,0,1, <) by:
RI(x,y.z) <= (x<z<y)A(-l<x—y<]).

So RI is a version of [ restricted to intervals with a length of less than 1.

Let R < R be an w-saturated elementary extension and let R be the universe of
R. We define R,;,; = (R, RI) to be the restriction of R to the language { RI}.

Clearly R, is w-saturated. In addition, since R is o-minimal, R,;, is a one
dimensional t.t.t structure.
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However, for any point a € R, R\{a} has only one definably connected
component in R,;,;. Because assume for contradiction that the sets

Ay = {x e R|x > a},
A- ={x eR|x < a}
were definable in R,;,, using the constants ¢y, ..., cy. Let’s define subsets
A, ={x eR|(x>a)A(Vn < NVk(x > ¢, +k)}.
_={xeRl(x<a)A(Vn< NVk(x < c, +k)}.

By the definition of RI. an automorphism of R which swaps A, and A4_
is an automorphism of R, together with the constants ci...., cy which is a
contradiction.

We can tweak this example in order to obtain a structure where y ~, z is not
definable. Let’s define M = (@20, RI). In other words, the same as R, but without
the elements smaller than 0. It’s easy to see that for any n € N, M\{x} has two
definably connected components for any x < . But as before, if x > n foralln € N
then M\{x} is definably connected. By compactness, this means that the relation
y ~y z is not definable.

4.3. Local and global flatness. We’ll now prove that, under the condition that
removing any point creates at least two connected components, there exist a finite
number of points such that after removing them, the remaining finite number of
connected components are o-minimal. This is done by first showing that up to a
finite number of points the structure is “locally o-minimal”, and then showing that
local o-minimality implies global o-minimality. In addition, the definability of the
relation a ~, b C M} will play a crucial role.

We start by defining a notion of “local flatness” and then showing that locally
flat points have a neighborhood which behaves similarly to an o-minimal one.

DEerFINITION 4.11. Let M be t.t.t structure. We say that the point x € M, is locally
[lat if there exist points a,b € M, and a basis set x € U such that for every point
u € U,a~,b. Wesay that a set D is locally flat if all of its points are locally flat.

We first show that in the type of structures which we’re currently interested in, all
but a finite number of points are locally flat.

ProPosITION 4.12.  Let M be a 1-dimensional w-saturated connected t.t.t structure
such that for each point x € M,, dy(M,\{x}) > 1. Then for all but a finite number
of points x € M;, x is locally flat.

ProoOF. Let X C M, be the set of points x € M, such that for all points a, b € M,
and for every basis set U, there exists a point y € U such that a ~, b. By
proposition 4.8, X is definable.

Assume for contradiction that X is infinite. Then, by Lemma 4.4, there exists
a pair of points a,b € M, such that the set X = {x € X|a », b} is infinite. In
addition, X is definable so there exists a basis set U which is contained in X € X.
This is clearly a contradiction to the definition of X. -

The next few propositions will show that points which are locally flat have a neigh-
borhood on which we can define a linear order. This motivates the “flatness” in the
definition.
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LemmA 4.13. Let M be a 1-dimensional w-saturated connected t.t.t structure such
that for all x € M, dyy(M,\{x}) > 1. Let x € M, be locally flat and let U C M,
be an open connected definable set containing x. Then U\{x} has two connected
components.

PrOOF. Since dy (M, \{x}) > 1 and M, is connected, it’s enough to show that
U\{x} has no more than two connected components.

Assume for contradiction that Ui, ..., U, are the connected components of
U\{x} with k£ > 2. In addition, let a.b € M, be points and let ' C U be a
basis set containing x such that forallv € V', a », b.

Let the sets X, X2 € M,\{x} be part of a clopen partition of M,\{x} such
that « € X7 and b € X;. By the connectedness of M,, there exist points by, b, €
bd(U) such that by € X and b, € X,. Therefore, there exist 1 < ij,i» < k such
that by € bd(U;,) and by € bd(U,,). Let’s choose some i3 € {1,....k}\{i1.ir}.
The connectedness of M, implies that U, NV # ().

Now. let y be a point in U;, N V. By Lemma 4.3, U;, and Uj, are both subsets of
the connected component of U\{y} which contains x. So since U;, N X; # () and
U, N X;, # 0. both X and X; are in the same connected component of M,\{y}.
This means that a ~, b which is a contradiction to the fact that y € V. =

One consequence of Lemma 4.13 which will be used later is that if we remove all
of the finite number of points which aren’t locally flat then for each of the remaining
connected components C, and for each point x € C, C\{x} will have exactly two
connected components. This will be used to show that C is o-minimal.

Our next goal is to define an order on some neighborhood of each locally flat
point. The order we define here is essentially the same as the one defined in [3]. Let
xo € U be locally flat and let U C M, be a connected definable neighborhood of
Xo. We define a relation <., y on U in the following way.

By Lemma 4.13, U\{x(} has two connected components which we’ll denote by
V. and V_. Let x and y be points in U. We’ll say that x <., ¢ y if one of the
following hold:

X,y € Vi and xg »~, y.
x.y € V_and xg <, X.
yeViandx € V_.
y=xpand x € V_.
x=xpand y € V.

Note that by proposition 4.8, x <., v » is definable.
We now show that if xy is locally flat then there exists a neighborhood xo € U
such that <, ¢y defines a dense linear order on U.

ProPOSITION4.14. Let M be a 1-dimensional connected wm-saturated t.t.t structure
such that for all x € M,, dyy(M,\{x}) > 1. Let D C M, be a connected open
definable subset such that for every point x € D, dy(M\{x}) = 2. Let xo € D be a
locally flat point. Then there exists a connected open neighborhood U C D of x such
that <, vy defines a dense linear order on U.
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PrOOF. Since x is locally flat, there exist points a.b € M, and a basisset V' C D
such that xo C V and for every point y € V' we have a ~,, b.

We can assume that 7 is connected because otherwise we can take the connected
component containing xy. In addition, let V. and V_ be the two connected com-
ponents of V\{x¢} (by Lemma 4.13 there are exactly two) and let C, and C, be
the connected components of M,\{x¢} such that ¢ € C, and b € Cp. In addition,
without loss of generality V. € C, and V_ C Cp. This follows from the fact that
C, NV and C, N V partition V into two clopen sets so by Lemma 4.13, one must
equal ;. and the other must equal V_.

We’ll now show that <, y is a dense linear order on V.

Let x, y, and z be points in V. In addition, let X, and X, be the connected
components of M;\{x} such that « € X, and b € X;. Y,. Y}, Z,. and Z;, are
defined analogously for y and z.

Since x,y € V. C C,, it follows from Lemma 4.3 that xo € X}, and x¢ € Y.
Because if we assume for contradiction that xy € X, then by Lemma 4.3 we get that
C, N X, = () which is a contradiction to the fact that b € C, N X,. The proof that
xo € Y} is identical.

L. x Lxov ¥ = ¥ <y v X:

According to the assumption, xo ~, y which together with the fact that
Xxo € X; means that y € X;,. Now let’s assume for contradiction that x € Y.
Since y € X}, we get from Lemma 4.3 that Y, N X, = () which is a contradiction
since « € X, N Y,. Therefore, x € Y, which together with xy € Y, gives
Y < Xorx.
2. X<y Y=Y Loy Xt
Since x <, yand xyp € X, wegetthaty € X,,. Now, weclaimthatx € Y.
For otherwise, if x € Y, then we’d get from Lemma 4.3 that Y, N X, = 0
which is a contradiction.
Therefore, since xo € Y, aswell, y £y, v x.
3. X<V VAY <xv 2 = X <y v Zt
According to the assumptions, xg,x € Y;. z € Y,, xo € X, and y € X,.
We have to prove that z € X, as well. But again by Lemma 4.3, y € X, A x €
Y=Y, CX,.
The proof of these claims is either trivial or identical when x, y, and z are distributed
differently among V., V_, and {xo}.

This shows that <, y is indeed a linear order. We’ll now show that if x <y, »
then there exists a point z € V' such that x <y, z <y, ». Again we’ll assume
that x, y € V. As before, this means that x € Y, and y € X, which by Lemma 4.3
implies that (X, N Y,) NV # (0. Let z be some point in (X, N Y;) N V. By the
definition of <, y and the fact that it’s linear we get that x <., z <y, 1 ». 5
Before extending the order defined above to connected components, we introduce
the notion of an interval in a t.t.t structure and prove some useful properties.

DEerFINITION 4.15. Let M be a 1-dimensional t.t.t structure and x, y € M, such
that dy (M \{x}) = dy(M,\{y}) = 2. In addition, let X; and X, be a clopen
partition of M;\{x} and let Y, and Y> be a clopen partition of M,\{y} such
that x € Y and y € Xj. Then the interval between x and y will be defined as
I(x,y)=X1N Y. Ifx=ythenI(x,y) = 0.
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REMARK 4.16. By Lemma 4.3, if V' C M, is an open definable connected subset
and x,y € V then I(x,y) NV # () and the following union is disjoint:

V=XnV)u{x}ul(x,y)nV)u{ytu(YanVv).

This motivates us to think of 7 (x. y) as the set lying “in between” x and y.

LEmMA 4.17. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for every point x € My, dy(M,\{x}) > 1. Let D C M, be a connected open
definable subset which is locally flat. Let x # y be points in D. Then:

1. Both I(x.y) and I(x,y) N D are nonempty definable open connected sets.
2. {x.y} =bd(I(x.y)) where the boundary is relative to D.

3. Ifa.b € D\{x,y} such thata ~, b anda,b ¢ I(x,y), then a ~y b.

4. If a.b € D\{x, y} such that a =, b and a.b ¢ I(x, y), then a oy b.

ProOF. Let X} and X, be the connected components of M;\{x} and let Y; and
Y, be the connected components of M,\{y}. Note that by Lemma 4.13, both
D\{x} and D\{y} have exactly two connected components which are given by
XiNnD, X;NnDand Y ND, YN D, respectively. Without loss of generality, x € Y
and y € Xy s0oI(x,y) = X;N Y. X» C Yy and Y, C X;. By Lemma 4.3 this
means that

() D=XNnD)Uu{x}Uu(x.y)NnD)U{y}U (YN D).

We’ll now prove the four parts of the lemma.

1. First of all, since X; and Y] are definable, I (x, y) is definable as well.

By Lemma 4.3, I(x.y) N D # (. I(x,y) is open as the intersection of
open sets.

Now, assume for contradiction that 7 (x, y) N D isn’t connected. Let 4| and
Aj be a clopen partition of /(x. y) N D. By Lemma 4.3 , the boundaries of 4;
and A, in D are contained in {x, y}. Since D is connected, for each i = 1,2
we have either x € bd(A4;) or y € bd(A;). Assume for contradiction that
x ¢ Ay and y ¢ 4,. By (*) this means that the sets

(DN X,) U{x}UA4,, (DN ) U{y}ud

form a clopen partition of D which is a contradiction to the assumption that
D is connected.

Therefore, without loss of generality, we can assume that x € bd(A4;) and
X € bd(A,). But then the set U = D N Y; is open and U\{x} has more than
two connected components which is a contradiction to Lemma 4.13.

Since this proof only used the fact that x and y are locally flat, the same
proof goes through when replacing D with M,.

2. This follows immediately from Lemma 4.3.

3. If a.b € X, N D then since X> C Y. a.b € Y; which means thata ~, b. So
we can assume that . b € X; N D. By the assumption, a.b ¢ Y; which by (*)
implies thata.b € Y> = a ~, b.

4. Without loss of generality, « € X} and b € X;. Therefore, b € Y;. In addition,
Y>C Xianda ¢ Y1 N X; s0a € Y,. This means that a ~,, b. 5
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In proposition 4.14 we showed that locally flat points have a neighborhood with
a dense linear ordering. We now show that in locally flat sets, this neighborhood
can be taken to be an interval.

LEMMA 4.18. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for all x € M,, dyy(M,\{x}) > 1. Let D C M, be a connected open definable
subset which is locally flat. Let xo € D. Then there exist points a,b € D such that:

1. xo € I(a.b).

2. <y.I(ab) defines a dense linear order on I(a.b).
3. I(a.b) C D.

4. Forallx € I(a.b), a » b.

ProOF. By proposition 4.14, there exists a definable connected open neighbor-
hood U C D of xp such that <, ¢ defines a dense linear order on U. Since M, is
Hausdorff and bd (U) is finite, we can assume that U C D and that <,y defines
a dense linear order on U. Let a be the point on bd (U) such that xo <y, @ and
such that for every point y € bd (U) with xo <y, v y. a <y, v y. Similarly, let b
be the point on bd (U) such that b <.,y xo and for each point y € bd (U) with
Y <x.U X0. Y <x.u b.

Let 4; and A be a clopen partition of M,\{a} such that b € 4; and let B; and
B, be a clopen partition of M;\{b} such that « € B;. Furthermore, let X and
X_ be a clopen partition of M;\{x} such thata € X, and b € X_.

First we prove that xo € I(a.b) = A; N B;. Assume for contradiction that
Xp € Ay. Since a € X, it follows from Lemma 4.3 that X_ C A4, which implies
that b € A, which is a contradiction. Similarly, xy € Bj. Together this shows that
X0 € A1 N By.

Next we'll prove that for every point y € I(a.b) N U we have a ~, b and
b <y v ¥ <x.v a. Let y be some point in I(a,b) N U. Without loss of generality,
»y € X;. Since in addition y € Ay, a £y, v y which means that y <., ¢y a. By the
definition of the order this implies that xo ~, a. Let Y1 and Y be a clopen partition
of M;\{y} such that xo € Y} and ¢ € Y>. By Lemma 4.3, X_ C Y; which means
that b € Y;. This proves that y <, vy a and a »~, b. Similarly, b <., v y.

We'll now see that I (a.b) C U. By Lemma 4.17, I (a, b) is a nonempty open con-
nected set. Furthermore, as we showed above, xo € I(a, b). Assume for contradic-
tion that 7 (a. b)\U # (). Then by the connectedness of I (a,b), I(a.b)Nbd (U) # 0.
Let y bea pointin I(a,b)Nbd(U). Then as we saw before, b <y, v ¥ <y,.v a which
is clearly a contradiction to the choice of a and b. -

Lemma 4.19. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for every point x € M,, dyy(M,\{x}) > 1. Let D C M, be a connected open
definable subset which is locally flat. Let xo, a, and b be points in D such that
xo € I(a.b) C D. for every point y € I(a.b) we have a ~, b and <, 1(, defines a
dense linear order on I (a.,b).

Then for each pair of points c.d € I(a.b) such that ¢ < j(,p) d.

I(c.d) ={y eI(a.b)lc <y 1(ap) Y <xo.r(ap) 4}-

ProoF. Let C, and Cp, be a clopen partition of M;\{c} such that « € C, and
b € Cp and let D, and D, be a clopen partition of M,\{d} such that « € D,
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and b € Dy,. Furthermore, let A; and A4, be a clopen partition of M,\{a} such that
¢.d,b € Ay andlet B and B, be a clopen partition of M,\{b} such thatc,d.a € B;.

Let X, and X_ be a clopen partition of M;\{xo} such thata € X_and b € X,.
We’ll assume that ¢, d € X, since the other cases are either similar or trivial.

Now we’ll show that xo € C, and xo € D,. Assume for contradiction that
xg € Cp. Since ¢ € X, it follows from Lemma 4.3 that X_ N C, = () which is a
contradiction to the fact that a € X_ N C,. The proof that xy € D, is similar.

Since ¢ < j(4p) d and xo € C, N D, by the definition of < ;(,) it follows that
deCyandc € D,.

We’re now ready to prove the lemma.

First we note that by Lemma 4.3, it follows from the assumptions above that
I(a.b) = A;NBy. C, C Ay, and D, C B;. In addition, sinced € Cy and ¢ € D,
it follows from Lemma 4.3 that I(c.d) = C, N D,. Together this means that
I(c.d) C I(a.b).

We’ll now prove that

I(c.d) ={y eI(a.b)|c <y 1(ap) Y <xo.r(ap) 4}-

Let y be some pointin I (a. b) such thatc <, r(up) ¥ <so.r(ap) d-Sincec <, rap) V-
y € Xy . Inaddition, y € Xy N Cy = ¢ £y, 1(ap) ¥ 50 ¥ € Cp. In a similar fashion
it follows that y € D,,. Together this means that y € I(c.d).

Now, let y bea pointin I (c.d) = C,ND,. Since C,, C X,.y € X,. Furthermore,
since y € Cp, ¢ <, 1(q4p) ¥- Finally, since y € Dy, d £, (45 ¥ Which means that
Y <xod(ab) 4. B
Now, let’s assume that M and theset D C M, fulfill the assumptions in Lemma 4.18.
Then for each point xo € D there exists a pair of points ¢ and b in D such that
xo € I(a.b) C D, forevery point y € I(a.b) we have a »~, b and <, ;(,; defines
a dense linear order on I (a.b).

By Lemma 4.19. this means that forall ¢.d € I(a,b). I(c.d) C I(a.b) and:

{y € I(a,b)|c <x,1(u,b) Y <x,1(u,b) d} = I(C’ d)

In other words, in the set I(a,b) guaranteed by Lemma 4.18, the notion of an
interval we defined above coincides with the interval induced by the order <, ;(,5)-

We’ll now prove three lemmas about locally flat points which together will show
that the order we defined above can be extended from locally flat points to connected
locally flat sets.

LeEMMA 4.20. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for every element x € M,, dyy(M,\{x}) > 1. Let D C M, be a connected open
definable subset which is locally flat. Let x. a. and b be points in D such that for
every open set U C D containing x there exists some point u € U such that a », b.
Then a ~, b.

Proor. Since M, is Hausdorff, there exists an open definable connected set
U c D\{a,b} containing x. By Lemma 4.18, there exists a pair of points ¢ and d
in U such that x € I(c.d) C U, for every point y € I(c.d) we have ¢ ~, d and
<,.I(ca) defines a dense linear order on 7 (c.d).

By the assumptions of the lemma, there exists some y € I(c,d) such that
a », b. By Lemma 4.19, I(x,y) C I(c.d) which means that a.b ¢ I(x.y).
So by Lemma 4.17, a »=, b. =
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Lemma 4.21. Let M be a 1-dimensional connected w-saturated t.t.t structure such
that for all x € M,, dyy(M,\{x}) > 1. Let D C M, be a connected open definable
subset which is locally flat. Let x, a and b be points in D such that a ~, b. Then there
exists a definable open set U C D containing x such that for every u € U, a », b.

PrOOF. As in the Lemma 4.20. there exists an open definable connected set
U c D\{a,b} containing x. By Lemma 4.18, there exists a pair of points ¢ and d
in U such that x € I(c.d) C U, for every point y € I(c,d) we have ¢ =, d and
<y.I(ca) defines a dense linear order on 7 (c.d).

Let’s choose some point y € I(c.d). Since a,b ¢ I(c.d) it follows that a,b ¢
I(x,y) C I(c.d). Therefore, by Lemma 4.17, a =, b. -

We now use the Lemmas 4.19 and 4.20 to show that in some well defined sense,
locally flat sets look like a line.

LEMMA 4.22. Let M be a 1-dimensional w-saturated t.t.t structure such that for
every point x € M, dyy(M,\{x}) > 1. Let D C M, be a connected open definable
subset which is locally flat. Then, there doesn’t exist a definable connected closed subset
F C D such that bd (F) > 2 where the boundary is taken relative to D.

ProoF. Assume for contradiction that F C D is a definable closed connected
subset and that a, b, ¢ € bd (F) where the boundary is relative to D.
Let F,;, denote the set of points x € F such that a =, b.

Cram 4.23. F,, # 0.

Proor. By Lemma 4.18, there exists a pair of points x and y in D such that
a € I(x.y) C D. forevery point z € I(x, y) we have x . y and <, (, ) defines a
dense linear order on /(x, y).

Let s and 7 be points in 7 (x, y) such that s <al(xy) @ <ai(xy) t- By Lemma 4.19,

{z e I(a,b)|s <al(xy) 7 <al(xy) 1} = I(S,[),

so we can use the notion (s, ) to represent the interval given by the order <, s, ).
We’ll use this result throughout the proof of the claim.

Since I(s,t) = I(s,a)U{a}UI(a.t) and a € bd(U), we can assume without a
loss of generality that for every point v € I(a, t) there exists a point u € I (a,v) such
that u € F. Therefore, there exists some point u € I(a.t) such that I(a.u) C F.
Because assume for contradiction that for every u € I(a.t) there existed some
v € I(a,u) such that v ¢ F. In that case, the definable set I(a.7) N F would
have an infinite number of connected components which is a contradiction to
M being t.t.t.

Now, since a ¢ int(F). for every point u € I(s.a) there must be some point
v € I(u,a) such that v ¢ F. Similarly to above, this means that there exists some
point v € I(s.a) such that I (v.a) N F = 0.

Together, this means that without loss of generality we can assume that I (x, a) N
F=0and I(a.y) CF.

Ifb € I(a.y) thenforanyu € I(a.b) CI(a,y) C F.a =, bandsou € Fy,.

Let’s assume that b ¢ I(a, y).

Let 4; and A, be a clopen partition of M;\{a} such that x € 4; and let X; and
X3 be a clopen partition of M;\{x} such that ¢ € X;. By the choice of 4 and X7,
I(x.a) = A; N X;. Furthermore, since /(x,a) N F = () and F is connected, from
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Lemma 4.3 it follows that F € A, or F C X>. But I(a.y) C Ayand I(a.y) C F
so it must be that F C A, = 4, U {a}. This means that b € 4,.

Now, let u be some pointin I (a,y) C F. Let Uy and U, be a clopen partition of
M \{u} such that a € U;. Assume for contradiction that b € U,. Since b € A, this
means thath € 4oNU;.Buta € Uyandu € A, which means that I (a, u) = A>NUj.
This implies that » € I(a,u) C I(a, y) which is a contradiction to our assumption.
Therefore, b € Uy and a € U, which means that u € F.

This concludes the proof of the claim. -

By Lemmas 4.21 and 4.20, F,; is clopen. Therefore, F = F,.

Similarly, if F,, and Fp. are defined in the analogous fashion, F' = F,. = Fj, =
F,;,. We'll now show that this is a contradiction.

Let’s choose a point x € int(U). Let X; and X, be the two connected com-
ponents of D\{x}. Either X or X> will contain two out of @, b, and ¢. Without
loss of generality, a.b € X;. However, since x € Fy, a »~, b which is clearly a
contradiction. —

We’re now ready to show that every locally flat set is o-minimal. In order to do
this, we’ll extend our previous notion of order from neighborhoods of locally flat
points to locally flat sets.

Let D be a definable open connected locally flat set. Let ¢ € D be some arbitrary
point which we’ll think of as the center. In addition, let D, and D_ be the two
connected components of D\ {«a} which we’ll think of as the “positive side” and the
“negative side”. Finally let x, y € D. We say that x <, p y if one of the following
holds:

x,y € Dyand a ~, y.
x.y € D_anda ~, x.
yeDiandx € D_.
y=aandx € D_.
x=aandy € D..

By proposition 4.8, <, p is definable.
The proposition 4.24 shows that <, p defines a dense linear order on D such that
the induced interval topology is equivalent to the topology induced by M,.

ProrosITION4.24.  Let M be a 1-dimensional connected w-saturatedt.t.t structure
such that for each point x € M,, dyy (M, \{x}) > 1. Let D C M, be a connected open
definable subset which is locally flat and let a be some point in D. Then <, p defines
a dense linear order on D such that the induced interval topology is equivalent to the
topology induced by M.

ProoF. Let D, D_ be the sets used in the definition of <, p above.
Let x,y,z € D. In addition, let X; and X, be the connected components of
D\{x}suchthata € X;. Y, Y», Z;. and Z; are defined analogously for y and z.

l. x £up y =y <ap X:

We assume that x,y € D.. The other possibilities are either identical or
trivial. By the assumption, y € Xj. Assume for contradiction that x € Y.
Since a € X} N Y1, by Lemma 4.3 both X3 and Y, are subsets of D .

Let’s define

F=D:nXinY)U{atu{x}u{y}
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By Lemma 4.3, F is closed and bd(F) C {a.x.y} where the boundary is
relative to D. We’ll now show that F is connected and that bd (F) = {a. x, y}.
Let C be some connected component of F. Since D is connected. bd (C) =
{a, x, y} relative to D. For assume for contradiction that one of the points
in the set {a, x. y} was not included in bd (C). Without loss of generality,
let’s assume that bd(C) = {x,y} relative to D. Since bd(C) C {a.x,y},
bd(X;) = {x} and bd(Y,) = {y}. it follows that C U X, U X; U {x} U {p} is
a clopen subset of D which is clearly a contradiction. Assuming that bd (C) is
equal to some other strict subset of {a, x, y} gives a similar contradiction.

In addition, a. x. and y are boundary points of D_, X>, and Y, respectively
so by Lemma4.13, each one of a, x, and y is the boundary point of at most one
connected component of F. Therefore, F has only one connected component
and bd (F) = {a.x, y}.

However, this is a contradiction to Lemma 4.22.

2. x<apy =Y Lap X:

Also in this case we’ll assume that x,y € D.. Since x <,p y and a € X).
we get that y € X>. Now, we claim that x € Y. For otherwise, if it was
true that x € Y, then we’'d get from Lemma 4.3 that Y; N X; = () which is a
contradiction to the fact that a € X7 N Y.

3. X<upVANY<apzZ=>X<ypZ:

According to the assumptions, @, x € Y}, z € Y>,a € Xj,and y € X,. We

have to prove that z € X, as well. But again by Lemma 4.3,

yeEXLNxeY1=1HhCXr=z¢€clX.

This shows that <, p is a linear order. We’ll now show that <, p is dense.

Let’s assume that x <, p y. As we showed above, this means that y € X, and
x € Y. By Lemma 4.17. X, N Y, = I(x.y) # 0. Let s be some point in I (x, y).
Since s € X, N Y}, it follows from the definition of <, p that x <, p s <,p y.

We’ll now see that the order topology induced on D by <, p is equivalent to the
topology on D induced by M,.

As a first step, we note that if x <, p y, then

I(x.y)ND ={z € D|x<up z<ap y}.

This is immediate from the definitions of 7 (x, y) and <, p.
Let U C D be an open set in D with x € U. By Lemma 4.18, there exists a pair
of points s, t € U such that x € I(s.¢) and I(s.7) C U. Without loss of generality,

s <gpt.
Therefore,
xe{ueD|s<gpu<upt}=I(s.t)nDCU
The other direction is trivial as I (x, y) is open in D for every x,y € D. =

We now obtain our primary result as an immediate consequence of propositions
4.12 and 4.24.

THEOREM 4.25. Let M be a 1-dimensional connected w-saturated t.t.t structure
such that for every point x € M,, dyy(M,\{x}) > 1. Then there exists a finite set
X C M, such that each of the finite number of connected components of M\ X are
o-minimal.
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ProOF. Let X be the definable set of points in M, which aren’t locally flat.
By proposition 4.12, X is finite. Let D be a connected component of M,\ X. Since
there’re only a finite number of connected components, D is a connected open
definable subset which is locally flat. By proposition 4.24, there exists a definable
dense linear order which induces the topology on D. By [1, 6.2], this means that D
is o-minimal. -

REMARK 4.26. Note that even if M, isn’t connected, we can obtain Theorem 4.25
for any open connected definable subset D C M, with the property that removing
any point from D splits D into more than one connected component.

ExaMPLE 4.27. Let’s return to the structure R;, = (R.I(x,y.z)) from
example 4.9. By Theorem 4.25, we should be able to recover the standard order
< onR from /.

Let D = R and let ¢ be some point from R. In addition, let x and y be points in
R such that @ < x < y. By the construction of, <, p it’s clear thata <, p x <,p .
By checking the other possibilities for x and y in a similar fashion it’s easy to see
that <, p is equivalent to <.

§5. Structures without splitting. In this section we look at structures where remov-
ing a point doesn’t split the structure into more than one connected component.
One example of such a structure is the unit circle. Our main goal in this section
will be to find alternative topological properties which ensure that the structure is
at least locally o-minimal as in the case of the unit circle.

LemMA 5.1. Let M be an w-saturated one dimensional t.t.t structure. Let A be a
definable open set, [ : A — P(M,) a definable function such that f(x) is finite for
each point x € M, and T the graph of f . Then for each point x € A, the fiber (T)y is

finite.

PRrROOF. Let’s assume for contradiction that there exists a point x € A4 and a
sequence of points (y;);<, in M, such that for every i < w. every basis set U C A4
containing x and every basis point }* containing y;, there exists some z € U\{x}
such that f(z) € V.

CLamM 5.2, For every i < w and every basis set V' containing y; there exists a basis
set U C A containing x such that for every basis set W C U containing x we have

fdW))nV #0.

ProoF. Let’s take some i < w. Let V' be some basis set containing y;. Assume for
contradiction that for every basis set U C A4 containing x there exists some basis
set W C U containing x such that f (bd (W)) NV = 0.

We now define X = /() N 4. By the definition of y;, for every basis set
W containing x, W N (X\{x}) # 0. Therefore, by the assumption for con-
tradiction there exists a descending sequence of basis sets (W;);«, such that
forall i < w:

e x € W; CX.
o Wi C W,
o bd(W;,))NX = 0.
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By the last two properties, for every i < w the set W;\ W, is clopen in X . But
this means that X can be partitioned into an infinite number of definable clopen
subsets which is a contradiction. -

Now, by the w-saturation we can assume that there exists some N < w such that
forevery z € A, |f(z)| < N. Similarly, there exists some B < w such that for every
basis set V', |bd (V)| < B. Let Vi,..., Vypi1 be pairwise disjoint basis sets such
that forevery 1 <i < NB + 1 we have y; € V;. By the claim, there exists a basis set
U C A containing x such that for every basis set W C U containing x and every
every 1 <i < NB + 1wehave f(bd(W))NV; #0.

Let W C U be some basis set. By the definitions of N and B, |/ (bd (W ))| < NB
which is a contradiction to the fact that V.. .., Vg, are pairwise disjoint. -

PROPOSITION 5.3. Let M be an w-saturated one dimensional t.t.t structure such
that there exist a definable continuous function F : M} — M, and a point a € M,
such that foreach x € M;. F(x,x) = a and F (x. -) is injective. Let  : M, — 2 (M,)
be a function such that for every x € M, |f (x)| < oo and f(x) # x. Let T be the
graph of f. Then for every basis set U C M,, there exists a point x € U such that
(x.x) ¢ T.

ProoF. Assume for contradiction that there exists some basis set U C M, such
that for every x € U. (x.x) € I'. We now define the function g : U — 2(M,) by

g(x)={F(x.y)ly € f(x)}.
In addition, we define the function 4 : M, — 2 (U) by

h(y) =g '(y)nU

Let I'y and I'j, be the graphs of g and /. respectively.

By our assumption on F, F(x,x) = a for each x € U. Therefore, by the
continuity of F together with the assumption that for every x € U, (x.x) € T, we
get that (x,a) € T, foreach x € U.

Furthermore, since for every x € U we have f(x) # x and F(x.-) is injective,
g(x)#aforall x € U.

We’ll now show that there exists an open set A4 containing a such that for every
y € A, the set h(y) is finite. By our assumptions on f, g(x) is finite for every
x € M,. Therefore, by the exchange principle there are a finite number of points
¥y € M, such that A(y) is infinite. Furthermore, 4(a) = @ so by the HausdorfTness
of M;. there exists an open set 4 containing a such that for every y € A, the set
h(y) is finite.

In addition, since (x,a) € F_g for each x € U, the fiber (F_h)a is infinite. However,
this is a contradiction to Lemma 5.1. -

PrOPOSITION 5.4. Let M be an w-saturated one dimensional t.t.t structure such
that there exist a definable continuous function F : M} — M, and a point a € M,
such that for each x € M,, F(x.x) = a and F (x, -) is injective.

Then for every basis set U there exists a basis set V' C U such that for every point
X € V there exists a basis set W such that bd (W) NV = {x}.

Proor. First of all, without loss of generality we can assume that for every x € M,
there is some basis set W such that x € bd (W ). Because let X be the set of all such
points. X is clearly definable. Assume for contradiction that X has a nonempty
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interior. Let I be a basis set such that W C X. Then bd (W) C X which is clearly
a contradiction. Therefore, X is finite.
We define a function f : U — £ (M,) by

f(x) = {y # x|there exists a basis set W such that {x. y} C bd (W )}.

Let N be an integer such that for every basis set U. |bd(U)| < N. Let I be the
graph of f.

We now look at two cases.

For the first case let’s assume that there exists a basis set V' C U such that for
each x € V, |f(x)| < oco. By proposition 5.3, there exists some basis set W C V
such that (W x W)NT = (. This means that for every point x € W, there exists
a basis set 4 such that bd(4) N W = {x}. Because let x be some point in W and
let A be a basis set such that x € bd(A). Since (W x W) NT = (), the rest of the
boundary points of 4 are not contained in W which means that bd (4)N W = {x}.

For the second case, assume that for every basis set /' C U there exists some
point x € V such that f (x) is infinite. We now assume for contradiction that there
doesn’t exist a basis set V' C U such that for every point x € V', there exists a basis
set W such that bd (W) NV = {x}.

In order to get a contradiction, we’ll inductively build a sequence of tuples of
points, basis sets, and functions (x;, V;. ;)| with the following properties:

e /| is an arbitrary basis set in U. x; is a point in V| such that f(x;) is infinite

and /1= f.
Foralll <i <N, f;: U — P(M,) is defined by

fi(x) ={y # x.x1,....x;_1|there exists a basis set W
such that {x, x1,...,x;_1,y} C bd(W)}.

Foralll <i < N, x; € V;.
Forall1 <i < N, f;(x;) is infinite.
Foralli< j.x; ¢ V;.

The existence of (xi. V7. f1) follows immediately from our assumptions in the
second case.

Let’s assume that we’ve constructed the sequence up to the i-th place. Since f;(x;)
is infinite, there exists some basis set V; 1 C f;(x;) such that x; ¢ V;,;. We define
fi+1 as above.

Now, if forall x € V;, the set f;,1(x) would be finite then just as in the first case,
together with the fact that i < j = x; ¢ V/;. there would exist a basis set W C U
such that for every y € W, there exists a basis set A such that bd(4) N W = {y}.
Therefore, by our assumption for contradiction, there exists some point x; ;| € V;i
such that f;,(x;41) is infinite. Thus we’ve found a tuple (x;41, Vii1. fi41) satisfying
the requirements.

However, the existence of the tuple (xy. V. f ) isclearly a contradiction because
on the one hand f y(xy) is infinite but by the definition of N, for every point x € U
the set f v (x) is empty. -

We’ll now prove a similar proposition under the assumption that all of the basis sets
have only two points in their boundary.
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LEmMMA 5.5. Let X be a topological space and let U C X and V C X be definably
connected open sets such that

bd(UYNV =bd(V)NU =0

and U #V.Then UNV = ().

PrOOF. Let’s look at the open set W = U N V. If W = () then we’re finished.

Let’s assume that W £ (. If W # U then since U is connected, the boundary
of W in U must be nonempty. Let x € U be a point in bd (W). Since x ¢ W,
x ¢ V.But x € W C V which means that x € bd (V). This is a contradiction to
the fact that x € U. Therefore, W = U. Similarly, W = V. Together this means
that U = V" which is a contradiction to the assumption. -

LEMMA 5.6. Let M be a t.t.t structure and let X C M, be some finite subset. Then
there are only a finite number of basis sets U C M, such that bd (U) = X.

PrROOF. Let % be the set of basis sets U such that bd(U) = X. Assume for
contradiction that £ is infinite. Let 4 be defined by

€ = U {C C M,|C is a connected component of U}.
Ue

For each C € ¥, bd(C) C X. In addition, since 4 is infinite, € is infinite as
well. However, by Lemma 5.5, for each pair of connected components C;, C; € €.
C; N Cy = (. Therefore, the definable set

Ue=Uz

can be partitioned into an infinite number of clopen sets which is a contradiction
to the fact that M is t.t.t. o

PROPOSITION 5.7. Let M be an w-saturated one dimensional t.t.t structure such
that for every basis set U, |bd (U)| < 2.

Then for every basis set U there exists a basis set V' C U such that for every point
x € V there exists a basis set W such that bd (W) NV = {x}.

PRrROOF. As before, without loss of generality we can assume that for every x € M,
there is some basis set W such that x € bd (W).

We also use the function f : U — 92(M,) defined above by

f(x) = {y # x|there exists a basis set W such that {x. y} C bd (W )}.

Let U be some basis set. First let’s assume that there exists a point # € U such that
|/ (u) N U| = co. Since M, is Hausdorff, there exists some basis set V' C f(u) N U
such that u ¢ V. V clearly satisfies the requirements of the proposition.

On the other hand, assume that for each point u € U, |f(u) N U| < oc.
By Lemma 5.6 this means that there are only a finite number of basis sets W C U
such that W C U and u € bd (W). By the w-saturation this means that there exists
some number N € N such that for each point u € U there are at most N basis sets
W C Usuchthat W C U and x € bd (W).

We’ll now show using downward induction that there exists a basis set V' C U
such that for every point v € V', there are no basis sets W C V such thatv € bd (W)
which is clearly a contradiction.
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Assume that we found a basis set V; for 0 < i < N such that for every point
v € V;, there are at most i basis sets W C U such that W C U and x € bd(W).
Let v; be some point in V; and let X be the set of points x € V; such that there
exists a basis set W with v; € W and x € bd(W). Again by the fact that M, is
Hausdorff it follows that X is infinite. We choose V;_; to be some basis set such
that V;_; C X and v; ¢ Vi_y.

Now, let x be some point in V;_;. Since x € V;, there are at most i basis sets
W C V; such that x € bd (W). However, one of these sets contains v; which isn’t
an element in V;_;. Therefore. there are at most i — 1 basis sets W C V;_; such
that x € bd (W).

This finishes the downward induction and the proposition. -

THEOREM 5.8. Let M be a 1-dimensional w-saturated t.t.t structure such that one
of the following holds:

1. There exist a definable continuous function F : M} — M, and a point a € M,
such that for each x € M,;. F(x.x) = a and F (x. ) is injective.
2. For every basis set U, |bd (U)| < 2.

Then for all but a finite number of points, for every point x € M, there’s a basis set U
containing x such that U is o-minimal.

Proor. It’s enough to prove that for every basis set U there exists a point xo € U
with an o-minimal neighborhood.

First of all, we note that without loss of generality we can assume that for each
basis set U and for every point x € bdU, the set {x} U U is not open. In order to
see why, let’s denote our definable family of basis sets by %. For each U € % we
define the augmented basis set U as the set obtained by adding to U all of the points
x € bdU such that {x} U U is open. Since the augmented family 2 = {U|U € %}
is a basis of M, defining the same topology as . we can assume that we are working
with Z which has the desired property.

Let U be a basis set. By propositions 5.4 and 5.7, there exists a basis set
V' C U such that for every point x € JV there exists a basis set W such that
bd(W)nV ={x}.

Let x be a point in ¥ and let W be a basis set such that bd (W )NV = {x}. Since
{x}U W is not open, V'\(W U {x}) # 0. This means that for every point x € V,
77\{x} has at least two connected components.

Without loss of generality V' is connected. By Theorem 4.25 (and the remark
immediately after it), this means that after removing a finite number of points from
V' the remaining connected components are o-minimal. Let C be one of the o-
minimal components and let xy be some point in C. Clearly x¢ has an o-minimal
neighborhood. -

COROLLARY 5.9. Let M be an w-saturated one dimensional t.t.t structure which
admits a topological group structure. Then all of the points in M, have an o-minimal
neighborhood.

PrOOF. We define a function F : M? — M, by

F(x.y)=x—y.
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The function F clearly satisfies the conditions of Theorem 5.8. Therefore, all but
a finite number of points have an o-minimal neighborhood. But as M admits a
topological group structure, this means that all of the points have an o-minimal
neighborhood. -

ProposITION 5.10. Let M be an w-saturated one dimensional t.t.t structure such
that all but a finite number of points have an o-minimal neighborhood. Let f : M, —
M, be definable function. Then f is continuous for all but a finite number of points.

ProoF. We’ll show that in every basis set U there is a point xo € U such that f is
continuous at xg.

Let U be a basis set and let " be the graph of f.

If the projection of ' N (U x M,) onto the second coordinate is finite then there
exists a basis set ' C U such that f is constant on V.

On the other hand, if the projection is infinite then there exists some point y € M,
with an o-minimal neighborhood such that for any basis set } containing y there
exists some x € U such that y # f(x) € V. Let ¥V be an o-minimal basis set
containing y. By the choice of y, £ ~!1(V) N U is infinite so by the assumption there
exists some o-minimal basis set W C U such that (W) C V. Since both W and
V' are o-minimal, by the monotonicity theorem there exists some xo € W C U such
that f is continuous at xy. -

REmMARK 5.11. Tt is still unclear whether the assumption of local o-minimality in
the proposition 5.10 is necessary. This is a special case of a more general question
regarding the topological properties of definable sets in M” where n € N and M is
an w-saturated one dimensional t.t.t structure. For example, do there exist definable
subsets of M" with an infinite number of connected components?

We conclude this section by giving two examples of Theorem 5.8.

ExaMPLE 5.12. For the first example we return to the unit circle mentioned in
the beginning of the section. We’ll look at the structure S = (S', R(x, y, z)) where
R(x.y.z)is true if x and y are not opposite each other and z lies on the short arc
between x and y. If we define the set of basis sets as

{R5(a.b.z)|a.b € S}.

then S is a 1-dimensional w-saturated t.t.t structure. In addition, for every basis
set U, |bd(U)| = 2 so by Theorem 5.8 S is locally o-minimal. This is indeed true
as locally S looks like the structure R;,, from example 4.9 which was shown to be
o-minimal.

ExaMPLE 5.13. We now revisit example 4.10. As we saw previously, No point in
R, splits the structure.

On the other hand. the basis sets of R,;,, have two boundary points so by The-
orem 5.8, every point in R,;,; has an o-minimal neighborhood. This makes sense
because for any point ¢ € R and interval U containing a with a length of less than
one, we can define an order on U in the same way that we defined an order on R,
in example 4.9.
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