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INFINITELY RESIZABLE URN MODELS
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Abstract

Any margin of the multinomial distribution is multinomially distributed. Retaining this
closure property, a family of generalized multinomial distributions is proposed. This
family is characterized within multiplicative probability measures, using the Bell poly-
nomial. The retained closure property simplifies marginal properties such as moments.
The family can be obtained by conditioning independent infinitely divisible distribu-
tions on the total and also by mixing the multinomial distribution with the normalized
infinitely divisible distribution. The closure property justifies a stochastic process of the
family by Kolmogorov’s extension theorem. Over time, Gibbs partitions of a positive
integer appear as the limiting distributions of the family.
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1. Introduction

The random structure considered in this paper is well represented by an urn model. We ran-
domly distribute indistinguishable balls over distinguishable urns. Each urn has a size, which
controls the probability of a ball put into the urn. An urn is divided if it is replaced by two
urns whose total size equals that of the divided urn. Conversely, two urns are merged if they
are replaced by one urn whose size equals the total size of merged urns. Any combination of
division and merger is called resizing.

The distribution of balls over urns is closed under resizing if it is unchanged after resizing.
For example, let us regard the marginal parameter (cell probability) of the multinomial distri-
bution as the size of an urn. Then the multinomial distribution is closed under infinite resizing,
as we will see.

The multinomial distribution possesses many good features due to this closure property.
However, it cannot control second moments, which is a classical motivation to generalize the
multinomial distribution. We will see some existing approaches for the generalization in sub-
sequent sections, yet unlike them, our study generalizes the multinomial distribution so that
the closure property remains.

The present article is organized as follows. Section 1.1 introduces notation and the Bell
polynomials of [11]. Section 2 characterizes a family of generalized multinomial distribution
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502 N. HOSHINO

closed under resizing. This family is called the Bell polynomial distribution (BPD) because
its probability mass is expressed using the Bell polynomial. The BPD can be obtained by
conditioning random frequencies that have an infinitely divisible distribution; a distribution is
infinitely divisible if and only if it equals the distribution of the sum of infinitely many inde-
pendent and identically distributed (i.i.d.) random variables. Section 3 derives the marginal
properties of the BPD such as moments, exploiting the closure property. Section 4 considers
the case of random sizes, which includes the mixture of the BPD with the Dirichlet distri-
bution, with implications to Bayesian inference. An important generalization of the Dirichlet
distribution is the normalized infinitely divisible (NID) distribution proposed by [21]. It turns
out that the mixed multinomial distribution with a NID distribution equals the BPD. Section 5
examines two examples of the BPD, one of which is the Dirichlet multinomial mixture. Section
6 shows the existence of a stochastic process such that the finite-dimensional distribution is the
BPD. This fact leads to a limiting argument to obtain a random partitioning distribution of a
positive integer. The present study ends with Section 7. Proofs are collected in the Appendix.

1.1. Notation and Bell polynomials

This subsection sets up notation and summarizes some properties of the Bell polynomials
to be used. For a recent review of Bell polynomials, see [45].

We denote the set of positive integers and the set of non-negative integers by N and N0,
respectively. The set of positive real numbers is denoted by R+. Similarly, R− denotes the set
of negative real numbers, and R denotes the set of real numbers. Also, R0+ := {0} ∪R+ and
R0− := {0} ∪R−.

For n ∈N, let wn := (w1,w2, . . . ,wn) ∈R
n. Then partial Bell polynomials are defined for

k ∈ [n] := {1, 2, . . . , n} as

Bn,k(wn) := n!
∑

(s1,...,sn)∈Pn,k

n∏
i=1

(
wi

i!
)si 1

si! ,

where

Pn,k :=
{

(s1, . . . , sn) : si ∈N0, i ∈N,

n∑
i=1

isi = n,
n∑

i=1

si = k

}
.

Considering this definition, Bn,1(wn) = wn, and Bn,n(wn) = wn
1. In fact, Bn,k(wn) does not

depend on wi, i> n − k + 1.
The partial Bell polynomial is sometimes called the Bell polynomial of the second kind. The

first kind or the total Bell polynomial Bn(wn) is defined as the sum of partial Bell polynomials
over k. Namely,

Bn(wn) := n!
∑

(s1,...,sn)∈Pn

n∏
i=1

(
wi

i!
)si 1

si! ,

where Pn := ⋃n
k=1 Pn,k. It is important that B0(·) = B0,0(·) ≡ 1; see e.g. [46]. Conventionally,

Bn,0(wn) = 0 for n ∈N.
For future use, we cite equation 11.3 of [8], namely

Bn(cw1, c2w2, . . . , cnwn) = cnBn(wn). (1.1)

In particular,
Bn( − w1, (−1)2w2, . . . , (−1)nwn) = (−1)nBn(wn). (1.2)

https://doi.org/10.1017/jpr.2025.10042 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10042


Infinitely resizable urn models 503

Also, from equation 11.15 of [8],

Bn(λ,wn) := Bn(λw1, λw2, . . . , λwn) =
n∑

k=1

λkBn,k(wn). (1.3)

Equation (1.3) implies that

Bn(λ,wn) = λwn + O(λ2), λ→ 0. (1.4)

Also
Bn(λ,wn) = λnwn

1 + O(λn−1), λ→ ∞. (1.5)

In the following, the variables of the Bell polynomial are written as w := (wi)i∈N for sim-
plicity and dealing with the sequence of Bell polynomials. We regard Bn,k(w) as Bn,k(wn) so
that Bn(w) = Bn(wn).

Concerning an urn model, we denote the deterministic number of urns by J ∈N. The total
number of balls is deterministic and denoted by n ∈N0. The random number of balls in the jth
urn is denoted by Fj ∈N0, j ∈ [J]. The space of these frequencies FJ := (F1, F2, . . . , FJ) is
denoted by

Fn,J :=
{

f J := ( f1, f2, . . . , fJ) : fj ∈N0, j ∈ [J],
∑

j

fj = n

}
.

The size of the jth urn is denoted by λj. The vector of the sizes is denoted by λJ :=
(λ1, λ2, . . . , λJ). The total of the sizes is denoted by λ• =∑J

j=1 λj; the subscript ‘•’ expresses
summing up over the index throughout the manuscript.

2. Generalization of the multinomial distribution

2.1. Construction

Vershik [55] defines a multiplicative probability measure on Pn for a sequence of functions
(h̃i : N0 �→R+)∞i=1 by the following probability mass function (PMF):

p(sn) =
n∏

i=1

h̃i(si)/Qn, sn ∈Pn,

where Qn =∑
sn∈Pn

∏n
i=1 h̃i(si) is a normalizing constant. In this family, a margin is not inde-

pendent from other margins, but the multiplicative form of the probability mass simplifies the
combinatorial structure of the family.

Analogously, we can define a multiplicative probability measure on Fn,J for a sequence of
functions (h̃j : N0 �→R+)∞j=1 by the following PMF:

p( f J) =
J∏

j=1

h̃j( fj)/Qn,J, f J ∈Fn,J, (2.1)

where Qn,J =∑
f J∈Fn,J

∏J
j=1 h̃j( fj) is a normalizing constant.

For example, if h̃j( fj) = λ
fj
j /fj! then Qn,J = λn•/n! in (2.1). This case

p( f J) = n!
λn•

J∏
j=1

λ
fj
j

fj! , f J ∈Fn,J, (2.2)
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defines the multinomial distribution, which is usually parameterized by a cell probability or
πj := λj/λ•, j ∈ [J]. Because λJ = λ• −∑J−1

j=1 λj, this reparameterization is expressed as

λJ �→ (π1, π2, . . . , πJ−1, λ•). (2.3)

However, for notational convenience, we denote the transformed parameters by (πJ ; λ•), where
πJ := (π1, π2, . . . , πJ). The (J − 1)-dimensional multinomial distribution (2.2) reparameter-
ized by (2.3) is referred to by MnJ(n, πJ), which does not depend on λ•.

We regard the space of cell probabilities as the (J − 1)-dimensional unit simplex

	J−1 :=
{

πJ :
J∑

j=1

πj = 1, πj ∈R+, j ∈ [J]

}
.

It is important that πj is strictly positive in this definition. If πj = 0 then the observed Fj is
almost surely zero, which is called structural zero in statistics. By excluding structural zeros,
we avoid indeterminate J. Also, as a result, the support of MnJ(n, πJ) does not degenerate from
Fn,J . Namely,

for all f J ∈Fn,J, p( f J)> 0. (2.4)

We fix the space of cell probabilities to 	J−1. Then the corresponding space of λJ can only
be R

J+ or RJ−. However, the negative size of an urn is difficult to interpret. Hence, for the time
being, we assume that λj ∈R+, j ∈ [J].

The multinomial distribution MnJ(n, πJ) is the n-fold convolution of i.i.d. samples of
MnJ(1, πJ). Consequently, (2.2) is invariant under the permutation of n samples. This property
is called the exchangeability of balls.

We note that (2.2) is also invariant under the permutation of urns. The jth urn has two
attributes: a size λj and the number of balls fj in the urn. Permuting urns exchanges ( fj; λj)
with ( fi; λi), i 
= j, by which the right-hand side of (2.2) is unchanged. We call this property
the exchangeability of urns.

It is noteworthy that exchangeability often refers to that of arguments of a function. For
example, if all λj are equal then p( . . . , fi, . . . , fj, . . . ) = p( . . . , fj, . . . , fi, . . . ), i 
= j, for (2.2).
This p(·) is thus called exchangeable, but the exchangeability of urns is a different concept since
it holds for unequal λj.

We would like to generalize the multinomial distribution so that the closure property under
resizing remains. Since resizing operates on urns, the closure property seems relevant to the
exchangeability of urns. Hence we retain it but neglect the exchangeability of balls.

We note another characteristic of (2.2), that the normalizing constant λn•/n! has the same

functional form as that of the marginal numerator λ
fj
j /fj!. This symmetry between the numerator

and the denominator is actually the source of the closure property.
Consequently, we consider a subfamily of (2.1) with constraints h̃j( fj) = h( fj; λj)/fj! and

Qn,J = h(n; λ•)/n!. Namely, h(·) is restricted to satisfy

∑
f J∈Fn,J

p( f J) = 1 (2.5)
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under

p( f J) = n!
h(n; λ•)

J∏
j=1

h( fj; λj)

fj! , f J ∈Fn,J . (2.6)

To determine the form of h(·), we additionally assume continuity of h( · ; λ) as follows.

Definition 2.1. The PMF (2.6) that satisfies the following three conditions for n ∈N0, J ∈N,
and λJ ∈R

J+ defines a family of distributions denoted by M.

(i) Positivity. The PMF is strictly positive as in (2.4).

(ii) Unity. The total of probabilities is unity as in (2.5).

(iii) Continuity. h( f ; λ) is continuous in λ for f ∈N0.

Theorem 2.1 below shows that h( f ; λ) is uniquely determined by the sequence of h( f ;1) =
hf , f ∈N, for a member of M. Therefore (hf )f ∈N can be regarded as a parameter vector. It is
noteworthy that h(0;1) leads to 1.

Theorem 2.1. For (hf )f ∈N ∈R
∞+ , define h( f ; λ) by equating the coefficient of sf on both sides

of
∞∑

f =0

sf

f ! h( f ; λ) =
(

1 +
∞∑

f =1

sf

f ! hf

)λ
. (2.7)

Then the family of (2.6) is equivalent to M.

2.2. Characterization

The family M of Definition 2.1 is not very treatable when it is parameterized with (hf )f ∈N.
Hence we reparameterize it using Bell polynomials.

Theorem 2.2. Let hf = Bf (w), f ∈N. Then, for all n ∈N0, (2.6) equals

p( f J) = n!
Bn(λ•,w)

J∏
j=1

Bfj(λj,w)

fj! , f J ∈Fn,J . (2.8)

As a distribution on Fn,J , the parameter vector of (2.8) is (λJ,wn), where wf consists of
the first f entries of wn. Nevertheless, the three conditions of Definition 2.1 must hold for all
n ∈N0. Theorem 2.3 thus clarifies the space of w.

Theorem 2.3. The distribution (2.8) satisfies (2.4) for n ∈N0, J ∈N, and λJ ∈R
J+ if and only

if w belongs to either R+ ×R
∞
0+ =:�1 or R− ×∏∞

i=2 (−1)i
R0+ =:�2, where (−1)R0+ =

R0−.

When λJ ∈R
J− in Theorem 2.3, w belongs to either R− ×R

∞
0− or R+ ×∏∞

i=2 (−1)i
R0− due

to (1.2). Therefore only four parameter spaces of (λJ,w) exist, but the distributional property
of (2.8) is equivalent among them due to (1.2). Hence we restrict our attention to the most
intuitive space R

J+ ×�1 as in Definition 2.2.

Definition 2.2. Let w ∈�1. For each n ∈N0, the distribution that has the PMF (2.8) for J ∈N

and λJ ∈R
J+ is called the Bell polynomial distribution (BPD) of the nth order, which is referred

to by BPJ(n, λJ ; w). The sequence of the BPD of finite orders generated by w constitutes a
family {(BPJ(n, λJ ; w))n∈N0 : w ∈�1} denoted by BPD.
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In the following, we do not restate the spaces of n, J, λJ , and w, when they are the same as
those in Definition 2.2.

Theorem 2.1 shows an expression of M parameterized by (hf )f ∈N. The reparameterization
of it with w in Theorem 2.2 is bijective in fact. Hence we have the following characterization.

Theorem 2.4. BPD =M.

2.3. Generating sequence of the Bell polynomial distribution

We note that different sequences w can generate the same BPD as in Theorem 2.5, which
immediately results from (1.1) and (1.3).

Theorem 2.5. For c ∈R+, the following two equations hold:

BPJ(n, λJ ; w) = BPJ(n, λJ ;(wic
i)i∈N), (2.9)

BPJ(n, λJ ;(wic)i∈N) = BPJ(n, (λjc)j∈[J]; w). (2.10)

Also, observing (2.8), the BPD of the nth order does not depend on wi, i> n. This fact
delivers Theorem 2.6.

Theorem 2.6. Let v and w belong to �1. If the first n entries of v and w are the same, then
(BPJ(i, λJ ; v))i∈[n] = (BPJ(i, λJ ; w))i∈[n].

The following corollary to Theorem 2.6 is the special case of n = 1; it is easy to verify that

BPJ(n, λJ ;(1, 0, 0, . . . )) = MnJ(n, πJ).

Then, from (2.9),

BPJ(n, λJ ;(w1, 0, 0, . . . )) = MnJ(n, πJ) for w1 ∈R+.

Corollary 2.1. Irrespective of w, BPJ(1, λJ ; w) = MnJ(1, πJ).

Any BPD can be parameterized with cell probabilities by (2.3). Therefore we interchange
λJ of BPJ(n, λJ ; w) with (πJ ; λ•) without reservation. However, not every BPD depends on
λ•, as the multinomial distribution demonstrates. To discriminate between them, define

W := {w : (BPJ(n, (πJ ; λ•); w))n∈N0 depends on λ•}

and

Wc := �1 \W . (2.11)

For example, (1, 0, 0, . . . ) ∈Wc. Theorem 4.10 will exemplify Wc more generally.
In W , the result of taking λ• → ∞ for the BPD is simply Theorem 2.7, because

Bf (λj,w) ≈ (πjλ•w1)f as λ• → ∞; see (1.5). This limiting argument is widely known for the
Dirichlet multinomial mixture (e.g. [53]), which is the quintessence of the BPD examined in
Section 5.1.

Theorem 2.7. Let πJ ∈ 	J−1 and w ∈W . Then

BPJ(n, (πJ ; λ•); w) → MnJ(n, πJ) as λ• → ∞.
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2.4. Infinite divisibility and continuity

The family of BPD overlaps the family of the conditional compound Poisson (CCP)
distribution of [30] as shown below.

The compound Poisson distribution over non-negative integers is defined by the probability
generating function (PGF) of the following form:

G(s) = eλ(
∑∞

i=1 siqi−1), λ ∈R+, (2.12)

where (qi)i∈N =: q belongs to � := {q :
∑∞

i=1 qi = 1, qi ∈R0+, i ∈N} in the canonical form;
see e.g. [36, p. 188]. The distribution of (2.12) is referred to as CP(λ, q).

The notion of the CCP distribution arises from conditioning independent compound Poisson
variables on the total. Let us denote FJ constrained so that

∑J
j=1 Fj = n by (FJ |∑J

j=1 Fj = n).
This notation is used similarly below. The distribution of a random vector (variable) follows
after ‘∼’ henceforth.

Theorem 2.8. Let Fj ∼ CP(λj, q), j ∈ [J], independently. If q ∈ (�∩�1) then

(
FJ

∣∣∣∣
J∑

j=1

Fj = n

)
∼ BPJ(n, λJ ;(qii!)i∈N) for all n ∈N0.

Definition 2.3. In Theorem 2.8, the conditional distribution of (FJ |∑J
j=1 Fj = n) defines the

nth CCP distribution generated by q.

The restriction of q ∈ (�∩�1) in the theorem above excludes the case of q1 = 0, where
the conditional distribution may not exist. For instance, let q2 = 1 and qi = 0, i 
= 2. Then
P(
∑J

j=1 Fj = n) = 0 for odd n.
When q1 = 1 and qi = 0, i ≥ 2, Theorem 2.8 reproduces a known fact that the multinomial

distribution is the conditional distribution of independent Poisson variates; see [35, p. 32].
Conversely to Theorem 2.8, let us consider the sequence of CCP distributions equivalent to

(BPJ(n, λJ ; w))n∈N0 . If
∑∞

i=1 wi/i!<∞, then putting qi = wi/(i! ∑∞
j=1 wj/j!) lets q ∈�. For

this q, assuming that Fj ∼ CP(λj
∑∞

i=1 wi/i!, q) independently,

(
FJ

∣∣∣∣
J∑

j=1

Fj = n

)
∼ BPJ(n, λJ ; w)

by (2.10). This equation fails when
∑∞

i=1 wi/i! diverges, but we can equate BPJ(n, λJ ; w) with
the nth CCP distribution generated by qi = wi/(i! ∑n

j=1 wj/j!), i ∈ [n], and qi = 0, i> n; see
Theorem 2.6.

Let us examine the case of wi = i!, i ∈N. Although
∑∞

i=1 wi/i! diverges, the PMF of
BPJ(n, λJ ; (i!)i∈N) is explicitly written as

p( f J) = n!∑n
k=1 λ

k•
(n−1

k−1

) n!
k!

J∏
j=1

∑fj
k=1 λj

k
(fj−1

k−1

) fj!
k!

fj! , f J ∈Fn,J, (2.13)

since

Bn,k(1!, 2!, . . . ) =
(

n − 1

k − 1

)
n!
k! ,
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which is called the Lah number; see [45, eq. 1.7] and references therein. By (2.9),

BPJ(n, λJ ; (i!)i∈N) = BPJ(n, λJ ; (i! θ i)i∈N), θ ∈R+. (2.14)

We note that
∑∞

i=1 θ
i = (1 − θ )−1 for θ ∈ (0, 1). Then, if Fj ∼ CP(λj(1 − θ )−1, (i! θ i(1 −

θ ))i∈N) independently, the PMF of (FJ |∑J
j=1 Fj = n) is (2.13). Because the conditional distri-

bution is free of θ ,
∑J

j=1 Fj is sufficient for θ called a power parameter. See [30, Theorem 2].
However, in (2.14), θ ∈R+ ⊃ (0, 1).

The compound Poisson distribution is tantamount to the infinitely divisible (ID) distribu-
tion over non-negative integers; see e.g. [52, Theorem 3.2]. Therefore the CCP distribution
results from conditioning the ID distribution. Section 4 revisits this view in comparison with
normalizing the ID distribution over non-negative real numbers.

We did not assume that h( f ; λ) is a polynomial in λ, but a polynomial sequence (h( f ; λ))∞f =0
is called binomial if it satisfies two conditions: (i) h(0; λ) = 1, and (ii) when J = 2, the unity
(2.5) holds for all (λ1, λ2) ∈R

2 on (2.6).
The fact that h(0; λ) = 1 enables the construction of the BPD in Theorem 2.8 because the

distribution of Fj cannot be ID if P(Fj = 0) = 0; see e.g. [52, p. 23].
When J = 2, the unity condition (2.5) on (2.8) is rewritten as

n∑
f =0

Bf (λ1,w)

f !
Bn−f (λ2,w)

(n − f )! = Bn(λ1 + λ2,w)

n! , (2.15)

which is a fundamental property of the Bell polynomial; see e.g. [8, Exercises 11.9.1]. This
closure property under convolution (2.15) actually holds for all (λ1, λ2) ∈R

2.
Since B0(·) = 1, the sequence of Bell polynomials is binomial. In fact, the Bell polynomial

is known to be equivalent to a polynomial sequence of binomial type; see e.g. [2, Theorem
3.59].

Theorem 2.4, or more directly (A.5), shows equivalence between the sequence of con-
tinuous but not necessarily polynomial functions (h( f ; λ))∞f =0 and the sequence of Bell
polynomials. We note that continuous functions include polynomials.

The generating function of h(·) is not a PGF. Hence we cannot exploit the continuity theorem
of a PGF. Alternatively, we have assumed the continuity of h(·), by which the space of w has
been determined; see the proof of Theorem 2.3. The continuity of h(·) seems inevitable.

3. Marginal properties of the Bell polynomial distribution

3.1. Marginal distributions

The binomial property (2.15) of the Bell polynomial directly shows the following
Theorem 3.1, which generalizes the fact that the marginal distribution of the multinomial
distribution is again the multinomial distribution.

Theorem 3.1. Suppose that FJ ∼ BPJ(n, λJ ; w). Let

Jm := {j1, j2, . . . , jm} ⊂ [J].

Then(
Fj1 , Fj2 , . . . , Fjm , n −

m∑
k=1

Fjk

)
∼ BPm+1

(
n,

(
λj1, λj2 , . . . , λjm, λ• −

m∑
k=1

λjk

)
; w

)
.

https://doi.org/10.1017/jpr.2025.10042 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10042


Infinitely resizable urn models 509

Using Theorem 3.1, we can show Theorem 3.2, which generalizes a known fact on the
multinomial distribution; see e.g. [35, Sec. 3, Chap. 35].

Theorem 3.2. Under the assumption of Theorem 3.1,

(Fl, l ∈ [J] \Jm | Fj = fj, j ∈Jm) ∼ BPJ−m

(
n −

m∑
k=1

fjk , (λl)l∈[J]\Jm ; w

)
.

In particular, the conditional distribution of the BPD given the jth margin does not depend
on λj, as

(Fl, l ∈ [J] \ {j} | Fj = fj) ∼ BPJ−1(n − fj, (λl)l∈[J]\{j}; w)

due to Theorem 3.2. Hence the following corollary to Theorem 3.2 holds.

Corollary 3.1. If FJ ∼ BPJ(n, λJ ; w), then Fj is a sufficient statistic for λj.

3.1.1. Application: random sampling. We have seen two closure properties of the BPD, which
are useful for sampling from the BPD. First, we can decompose multivariate sampling into
sequential sampling of univariate margins. This simplification is called the conditional distri-
bution method; see [18]. Second, sampling from the BPD is closed under multi-stage sampling:
partial frequencies are generated given their sum, which is generated in an earlier stage.

The conditional distribution method exploits the following general relationship:

P(FJ = f J) =
J∏

j=2

P(Fj = fj | Fj−1 = f j−1) P(F1 = f1). (3.1)

Equation (3.1) implies that the J-dimensional sampling of FJ is accomplished by sequential
sampling of univariate Fj conditionally given Fj−1, beginning with F1.

Owing to Theorem 3.2, the univariate conditional BPD is BP2. The initial unconditional
univariate BPD is also BP2 by Theorem 3.1. Accordingly, Proposition 3.1 below determines
the conditional distribution method of sampling from the BPD.

Proposition 3.1. Suppose that FJ ∼ BPJ(n, λJ ; w). Then(
Fj, n −

j−1∑
k=1

fk − Fj

∣∣∣∣Fj−1 = f j−1

)
∼ BP2

(
n −

j−1∑
k=1

fk,

(
λj,

J∑
k=j+1

λk

)
; w

)

for j ≥ 2, and (F1, n − F1) ∼ BP2(n, (λ1, λ• − λ1); w).

Hence sampling from the BPD is feasible if we can sample from BP2. The inversion method
enables us to do so. This method maps a uniform random number on [0,1] by the inverse of
the (cumulative) distribution function; see e.g. [18]. Because the PMF of BP2 is explicit, the
distribution function of BP2 can be computationally obtained, although it can be vulnerable to
rounding errors.

Ho et al. [28] considered the conditional distribution method for the multinomial distri-
bution, where cell probabilities are sorted in descending order since sampling stops when a
remaining frequency becomes zero. The same argument applies to the BPD, and thus we should
sort the λj in descending order to curtail the time of sampling. It is important that Proposition
3.1 holds even after sorting due to the exchangeability of urns.

Next, we note that the conditional distribution of partial frequencies given their sum is again
BP distributed by Theorem 3.2. In particular, the following fact holds.
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Proposition 3.2. If FJ ∼ BPJ(n, λJ ; w), then (Fm |∑m
l=1 Fl = ñ) ∼ BPm(ñ, λm; w), where m ∈

[J] and ñ ∈ [n].

Proposition 3.2 justifies two-stage sampling from the BPD. In its simplest form, the first
stage generates the aggregated frequency of ñ =∑m

l=1 Fl and n − ñ =∑J
l=m+1 Fl as

(ñ, n − ñ) ∼ BP2

(
n,

(
m∑

l=1

λl,

J∑
l=m+1

λl

)
; w

)
,

and the second stage generates(
Fm

∣∣∣∣
m∑

l=1

Fl = ñ

)
and

(
Fm+1, Fm+2, . . . , FJ

∣∣∣∣
J∑

l=m+1

Fl = n − ñ

)
,

using Proposition 3.2. Then we have FJ ∼ BPJ(n, λJ ; w). A recursive argument shows that the
BPD is generally closed under multi-stage sampling.

Malefaki and Iliopoulos [39] provide empirical evidence that multinomial sampling of a
large scale can be made faster by introducing stages. In [33], it is argued that rejection sam-
pling from the quasi-multinomial distribution (5.6) can be made faster by multi-stage sampling
because it decreases a rejection rate.

3.1.2. Application: information matrix. In practice, a frequency vector is usually observed
only once. Then we cannot estimate both λJ and w of the BPD without constraints. The primary
concern tends to lie in λJ , and thus we derive the Fisher information matrix of BPJ(n, λJ ; w),
given w.

Theorem 3.3. Suppose that FJ ∼ BPJ(n, λJ ; w), where its likelihood function is denoted by
p( f J ; λJ). Then the diagonal element of the Fisher information matrix is, for j ∈ [J],

E

[
−∂

2 log p(FJ ;λJ)

(∂λj)2

]
=E

[
∂BFj (λj,w)/∂λj

BFj (λj,w)

]2

−
(
∂Bn(λ•,w)/∂λj

Bn(λ•,w)

)2

(3.2)

= ∂2Bn(λ•,w)/(∂λj)2

Bn(λ•,w)
−
(
∂Bn(λ•,w)/∂λj

Bn(λ•,w)

)2

−E

[
∂

∂λj

(
∂BFj(λj,w)/∂λj

BFj(λj,w)

)]
, (3.3)

and the off-diagonal element is, for i ∈ [J], j ∈ [J], i 
= j,

E

[
−∂

2 log p(FJ ;λJ)

∂λi∂λj

]
= ∂2Bn(λ•,w)/(∂λi∂λj)

Bn(λ•,w)
− (∂Bn(λ•,w)/∂λi)(∂Bn(λ•,w)/∂λj)

Bn(λ•,w)2
. (3.4)

Observing Theorem 3.3, we only need univariate marginal distributions to evaluate the
information matrix. This marginalization corresponds to the sufficiency of Fj for λj; see
Corollary 3.1. The factorization theorem of sufficiency suggests that this marginalization is
the property of a multiplicative probability measure (2.1), and a distribution on Fn,J outside
(2.1) seems unable to enjoy this marginalization. For example, Morel and Nagaraj [40] con-
sider a simple finite mixture of multinomial distributions, which causes computational issues
on the information matrix as discussed by Neerchal and Morel [42].

https://doi.org/10.1017/jpr.2025.10042 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10042


Infinitely resizable urn models 511

Paul, Balasooriya, and Banerjee [43] derive the information matrix of the Dirichlet multi-
nomial mixture that is parameterized by (πJ ; λ•). They exploit the marginalization of the
BPD.

3.2. Marginal moments

The marginal moments of the BPD are the same as those of the CCP distribution because
of Theorem 2.8. Theorem 1 of [30] shows the univariate marginal expectation of the CCP
distribution. Second moments are newly derived below.

Theorem 3.4. Suppose that FJ ∼ BPJ(n, λ; w). Then

E(Fj) = nπj, j ∈ [J], (3.5)

Var (Fj) = nπj(1 − πj)φ(n, λ•,w), j ∈ [J], (3.6)

and

Cov (Fi, Fj) = −nπiπjφ(n, λ•,w), i ∈ [J], j ∈ [J], i 
= j, (3.7)

where for n ≥ 2,

φ(n, λ•,w) = 1 + λ•(n − 1)!
Bn(λ•,w)

n−2∑
i=0

Bi(λ•,w)wn−i

i! (n − i − 2)!
and φ(1, λ•,w) := 1.

Observing Theorem 3.4, the covariance matrix of the BPD is that of MnJ(n, πJ) times
φ(n, λ•,w). Hence the following corollary to Theorem 3.4 holds.

Corollary 3.2. Any BPD with the same (n, πJ) has the same correlation matrix as that of
MnJ(n, πJ), irrespective of w.

On the multiplication function φ(n, λ•,w), we have the following bounds.

Theorem 3.5. Suppose that FJ ∼ BPJ(n, λ; w) and n ≥ 2. Then

φ(n, λ•,w) ≥ 2 − Bn−1(λ•,w)λ•w1

Bn(λ•,w)
≥ 1 (3.8)

and

φ(n, λ•,w) ≤ 1 + (n − 1)

{
1 − Bn−1(λ•,w)λ•w1

Bn(λ•,w)

}
< n. (3.9)

The lower bound of (3.8) is attained, that is, φ(n, λ•,w) = 1 if and only if wi = 0 for i ≥ 2.
Also, additionally when w ∈W ,

φ(n, λ•,w) = 1 + O(λ−1• ), λ• → ∞, (3.10)

and
φ(n, λ•,w) = n − O(λ•), λ• → 0. (3.11)

When wi = 0 for i ≥ 2, the BPD reduces to the multinomial distribution. Hence Theorem
3.5 implies that the marginal variance of the multinomial distribution is the smallest among
the BPD, given cell probabilities. It corresponds to the known fact that the compound Poisson
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distribution is overdispersed, i.e. of greater variance than the Poisson distribution; see [47].
Accordingly, (3.10) validates Theorem 2.7, where the BPD converges in distribution to the
multinomial distribution as λ• → ∞.

Remark 3.1. As φ(n, λ•,w) → n, Var (Fj/n) → πj(1 − πj). This limit corresponds to the
binomial sampling of {P(Fj = n) = πj, P(Fj = 0) = 1 − πj}.

If a distribution over Fn,J has the same mean vector as (3.5) and its covariance matrix is that
of MnJ(n, πJ) times {1 + ρ2(n − 1)}, then it is called an overdispersed multinomial distribu-
tion with an overdispersion parameter ρ by [42]. Theorem 3.5 shows that 1 ≤ φ(n, λ•,w)< n.
Therefore a BPD is an overdispersed multinomial distribution with ρ2 ∈ [0, 1). In [27], an
overdispersed multinomial distribution is discriminated from the standard quasi-likelihood
approach to overdispersion, in which the covariance matrix of MnJ(n, πJ) is multiplied by
a constant independent of n.

An important implication of Theorem 3.4 is that if an observed covariance matrix is not
proportional to that of the multinomial distribution of the same cell probabilities, then the
observation does not follow the BPD.

Testing the proportionality of covariance matrices has been motivated by, for example,
genetic experiments [22]. Recently, the high-dimensional setting of n � J has renewed an
interest in the test. See [9], [54], and their reviews of the literature, where a continuous
distribution is typically assumed, unlike our study.

4. Random cell probabilities

4.1. Bayesian inference

A Bayesian assumes a prior distribution for cell probabilities of the multinomial distribu-
tion. It is typically the Dirichlet distribution of the following density:

f (πJ ; αJ) = 	(α•)
J∏

j=1

π
αj−1
j /	(αj), πJ ∈ 	J−1, (4.1)

where αJ := (α1, α2, . . . , αJ) ∈R
J+. The distribution (4.1) is referred to by DirJ(αJ).

In the case of the BPD, we first rewrite the PMF of BPJ(n, (πJ ; λ•); w) as

p( f J) =
(

n

f J

)
1

Bn(λ•,w)

f1∑
l1=0

f2∑
l2=0

· · ·
fJ∑

lJ=0

J∏
j=1

πj
ljλ

lj•Bfj,lj (w). (4.2)

The right-hand side of (4.2) is the weighted sum of
∏J

j=1 πj
lj , which is proportional to the

PMF of MnJ(l•, πJ). This view leads to a Bayesian argument of Theorem 4.1, whose proof is
straightforward and thus omitted.

Theorem 4.1. Let λ• ∈R+. Suppose that FJ ∼ BPJ(n, (πJ ; λ•); w), and πJ ∼ DirJ(αJ). Then
the marginal distribution of FJ has the following PMF:

p( f J) =
(

n

f J

)
	(α•)

Bn(λ•,w)

f1∑
l1=0

· · ·
fJ∑

lJ=0

1

	(α• + l•)

J∏
j=1

λ
lj•Bfj,lj (w)

	(αj + lj)

	(αj)
, (4.3)

and the posterior distribution of πJ given f J is the finite mixture of

DirJ(l1 + α1, l2 + α2, . . . , lJ + αJ)
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with the following density:

f (πJ | f J) =
f1∑

l1=0

· · ·
fJ∑

lJ=0

	(l• + α•)
J∏

j=1

πj
lj+αj−1

	(lj + αj)

(∏J
j=1 λ

lj•Bfj,lj(w)∏J
j=1 Bfj(λ•,w)

)
. (4.4)

We note that (4.4) reduces to (4.1) when f J = (0, 0, . . . , 0). If n ≥ 1 and w ∈W then taking
λ• → ∞ results in another simplification: the BPD converges in distribution to the multino-
mial distribution by Theorem 2.7, and thus the posterior (4.4) should converge in distribution
to DirJ(α1 + f1, α2 + f2, . . . , αJ + fJ). This fact can be confirmed by regarding (4.4) as a
polynomial in λ•. The highest degree of this polynomial is

∑J
j=1 fj, which is the case of lj = fj

for all j ∈ [J].

Remark 4.1. The finite mixture of Dirichlet distributions is a conjugate prior of cell probabil-
ities for the BPD, which results from Theorem 4.1. In particular, the Dirichlet distribution is
widely known as a conjugate prior for the multinomial distribution.

4.2. Mixing

Mixing of a distribution integrates out its parameters that are distributed. For example, mix-
ing πJ of MnJ(n, πJ) with DirJ(αJ) is denoted by MnJ(n, πJ) ∧πJ DirJ(αJ), which results
in the Dirichlet multinomial mixture (5.1). The following arguments consider mixing πJ of
BPJ(n, (πJ ; λ•); w) with some distribution on a unit simplex.

Lemma 4.1. Let PJ := (P1, P2, . . . , PJ) be distributed over 	J−1. Given PJ = πJ, suppose
that FJ ∼ BPJ(n, (πJ ; λ•); w). Then

E(Fj) = nE(Pj), j ∈ [J],

Var (Fj) = nφ(n, λ•,w)E(Pj(1 − Pj)) + n2 Var (Pj), j ∈ [J],

and

Cov (Fi, Fj) = −nφ(n, λ•,w)E(Pi)E(Pj)

+ {n2 − nφ(n, λ•,w)} Cov (Pi, Pj), i ∈ [J], j ∈ [J], i 
= j.

Correlations are immediate from Lemma 4.1, and the proof of Theorem 4.2 is thus omitted.

Theorem 4.2. In Lemma 4.1, if φ(n, λ•,w) = o(n) then limn→∞ Cor (Fi, Fj) = Cor (Pi, Pj).

On the multinomial distribution, φ(n, λ•,w) = 1 = o(n). Hence, by Theorem 4.2, the cor-
relation between any two mixed multinomial variates, Fi and Fj, whatever the mixing
distribution, converges to Cor (Pi, Pj) as n → ∞, as pointed out by Mosimann [41, p. 72].

If the moments of PJ are like (4.6), (4.7), and (4.8), then Cor (Fi, Fj) = Cor (Pi, Pj) for all
n under the assumption of Lemma 4.1; see Theorem 4.7.

Aitchison [3] calls data over a simplex compositional data and provides a good introduction
to compositional data analysis; see [20] for a recent review. In this literature, the merger of
margins is called amalgamation.

The Dirichlet distribution is closed under amalgamation because it equals the condi-
tional distribution of independent gamma distributions given their total, where the gamma
distribution is ID. This structure parallels that of the CCP distribution; see Section 2.4.
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Although the CCP distribution depends on a total frequency n, the Dirichlet distribution
does not depend on the sum of gamma variates. This property indeed characterizes the Dirichlet
distribution.

Let Xj, j ∈ [J], be independent non-degenerate and positive random variables. Write X• =∑J
j=1 Xj and let Pj = Xj/X•. Then Lukacs [38] shows for J = 2 that each Pj is independent of

X• if and only if all Xj are gamma-distributed with the same scale parameter. This result is
generalized in [41, p. 75], for all J.

If each Xj is independently gamma-distributed with the same scale parameter, then PJ is
Dirichlet-distributed independently from X•. Conversely, if PJ is independent of X• then, by
definition, each Pj is independent of X•, which is equivalent to all Xj being independently
gamma-distributed with the same scale parameter. Therefore PJ is independent of X• if and
only if Xj are independently gamma-distributed with the same scale parameter.

For example, the gamma distribution is a special case of the generalized inverse Gaussian
(GIG) distribution. Barndorff-Nielsen and Jørgensen [5] consider the conditional distribution
of independent GIG-distributed variables given their total. This total remains as a parameter,
except for the case of the Dirichlet distribution.

Thus the conditional distribution of PJ given X• generally depends on X•. By con-
trast, the marginal distribution of PJ is independent of X•, which is integrated out. Favaro,
Hadjicharalambous, and Prünster [21] consider the family of the marginal distribution of PJ ,
where each Xj has an independent ID distribution over R+. This family is called the normal-
ized ID (NID) distribution, which includes the Dirichlet distribution, the normalized half stable
distribution [7], and the normalized IG distribution [37], to name a few.

To be precise, let a random variable X be ID over R+. Write the Lévy–Khintchine
representation of the Laplace transform of X as

E(e−uX) = exp ( −ψ(u)) = exp

{
−
∫ ∞

0
(1 − e−ux)ν(dx)

}
, u ≥ 0,

where ψ is called a Laplace exponent and ν is the Lévy measure. It is known that P(X = 0) = 0
is equivalent to ∫

(0,∞)
ν(dx) = ∞; (4.5)

see e.g. [52, Proposition 4.4]. We assume (4.5) for Lévy measures below.
We construct a subfamily of the NID distribution that is closed under amalgamation, based

on the following fact. If exp ( −ψ(u)) is the Laplace transform of an ID distribution over R+
then, for all μ> 0, exp (−μψ(u)) is also the Laplace transform of an ID distribution over R+;
see [52, Proposition 6.1(i)].

Definition 4.1. Let μJ := (μ1, μ2, . . . , μJ) ∈R
J+. Let exp ( −ψ(u)) be the Laplace transform

of an ID distribution over R+ characterized by a Lévy measure ν. Let an independent ran-
dom variable Xj, j ∈ [J], have the Laplace transform exp (−μjψ(u)). Then the distribution of
(X1/X•, X2/X•, . . . , XJ/X•) defines NIDJ(μJ × ν).

NID is closed under amalgamation, which simplifies its marginal moments. Similarly to a
cell probability, define ρj := μj/μ•.

Theorem 4.3. Suppose that PJ ∼ NIDJ(μJ × ν). Write the Laplace exponent as

ψ(u) =
∫ ∞

0
(1 − e−ux)ν(dx).
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Then

E(Pj) = ρj, j ∈ [J], (4.6)

Var (Pj) = ρj(1 − ρj)ϕ(μ•, ψ), j ∈ [J], (4.7)

Cov (Pi, Pj) = −ρiρjϕ(μ•, ψ), i ∈ [J], j ∈ [J], i 
= j, (4.8)

and

Cor (Pi, Pj) = −
√

ρiρj

(1 − ρi)(1 − ρj)
, i ∈ [J], j ∈ [J], i 
= j, (4.9)

where

ϕ(μ•, ψ) = 1 −μ2•
∫ ∞

0
u

(
dψ(u)

du

)2

exp (−μ•ψ(u)) du. (4.10)

The moments shown in Theorem 4.3 are parallel to those of the BPD given by Theorem
3.4. We can regard ϕ(μ•, ψ) as an index of overdispersion similarly to φ(n, λ•,w) of
Theorem 3.4. Theorem 4.4 below shows the interval of ϕ(μ•, ψ), which is comparable to
1 ≤ φ(n, μ•,w)< n; see Theorem 3.5.

Theorem 4.4. In Theorem 4.3, 0 ≤ ϕ(μ•, ψ)< 1.

Theorem 4.4 holds because the elements of the second term of the right-hand side of (4.10)
are strictly positive due to (4.5) and the variance (4.7) has to be non-negative. It is noteworthy
that, by (A.18), ϕ(μ•, ψ) = 0 when ψ(u) = uc for some positive c, where P(Xj = cμj) = 1.

The parallelism in overdispersion between NID and the BPD will be justified by Theorem
4.8, based on the following result.

Theorem 4.5. Suppose that μJ ∈R
J+. Write the Laplace exponent of a Lévy measure ν as

ψ(u) =
∫ ∞

0
(1 − e−ux)ν(dx).

Let
wi = −diψ(1 − s)/(ds)i|s=0, i ∈N. (4.11)

Then
BPJ(n,μJ ; w) = MnJ(n, πJ) ∧

πJ
NIDJ(μJ × ν). (4.12)

Not every BPD can be expressed as mixed multinomial with NID because w may not define
the Laplace exponent of a proper distribution, by (4.11). Correspondingly, not every compound
Poisson distribution is mixed Poisson with an ID distribution; see [52, Example 12.2].

The right-hand side of (4.12) implies i.i.d. sampling given πJ . Accordingly, the law of large

numbers yields Theorem 4.6, where ‘
d→’ denotes convergence in distribution.

Theorem 4.6. Let (F1,n, F2,n, . . . , FJ,n) ∼ BPJ(n,μJ ; w). Suppose that the Laplace exponent
of a Lévy measure ν satisfies (4.11). Then

(F1,n/n, F2,n/n, . . . , FJ,n/n)
d→ NIDJ(μJ × ν) as n → ∞.
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Now we combine Theorem 4.3 with Lemma 4.1 to obtain the marginal moments of a mixed
BPD with NID. The proof of Theorem 4.7 is omitted.

Theorem 4.7. Suppose that FJ ∼ BPJ(n, (πJ ; λ•), v) ∧πJ NIDJ(μJ × ν), where λ• ∈R+, v ∈
�1. Then

E(Fj) = nρj, j ∈ [J],

Var (Fj) = nρj(1 − ρj){φ(n, λ•, v) − φ(n, λ•, v)ϕ(μ•, ψ) + nϕ(μ•, ψ)}, j ∈ [J],

Cov (Fi, Fj) = −nρiρj{φ(n, λ•, v) − φ(n, λ•, v)ϕ(μ•, ψ) + nϕ(μ•, ψ)},
where i ∈ [J], j ∈ [J], i 
= j, and Cor (Fi, Fj) is the same as Cor (Pi, Pj) of (4.9).

Theorem 4.7 actually implies (4.13), to be used for more results.

Theorem 4.8. In Theorem 4.5,

1 + ϕ(μ•, ψ)(n − 1) = φ(n, μ•,w). (4.13)

By (4.13), the known interval of 1 ≤ φ(n, μ•,w)< n is equivalent to that of 0 ≤ ϕ
(μ•, ψ)< 1, which is an alternative proof of Theorem 4.4. Also (4.13), together with (3.10)
and (3.11), results in Theorem 4.9 below.

Theorem 4.9. Suppose that ϕ(μ, ψ) of (4.10) depends on μ. Then ϕ(μ, ψ) = O(μ−1) as
μ→ ∞, and ϕ(μ, ψ) = 1 − O(μ) as μ→ 0.

Let us consider the stable distribution over R+; see [52, Example 4.9]. In this case, ψ(u) =
uγ for γ ∈ (0, 1], where we can obtain w explicitly by (4.11) as (γ

∏i−1
j=1 (j − γ ))∞i=1. Then, by

(4.10),
ϕ(μ, ·γ ) = 1 − γ, (4.14)

which is free of μ. The special case of γ = 1 has already appeared after Theorem 4.4 as an
example for which ϕ(μ•, ψ) = 0 when ψ(u) = u. By (4.13) and (4.14), we have

φ

(
n, μ,

(
γ

i−1∏
j=1

(j − γ )

)∞

i=1

)
= 1 + (n − 1)(1 − γ ), (4.15)

which is also free of μ.
Let us recall definition (2.11) of Wc, in which BPJ(n, (πJ ; μ); w) is free of μ. By Theorem

2.7, φ(n, μ,w) depends on μ when BPJ(n, (πJ ; μ); w) depends on μ. Hence the following
result holds.

Theorem 4.10. For γ ∈ (0, 1], (γ
∏i−1

j=1 (j − γ ))∞i=1 ∈Wc.

The Laplace transform of the stable distribution is generally expressed as exp (−λuγ ). If the
mean parameter of the Poisson distribution follows this stable distribution, then the PGF of the
mixed Poisson distribution results in G(z) = exp (−λ(1 − z)γ ), as pointed out by Devroye [19];
see also Lemma A.1 in the Appendix. This G(z) defines the discrete stable distribution [51].
It is also a compound Poisson distribution by rewriting that G(z) = exp (λ(g(z) − 1)), where
g(z) = 1 − (1 − z)γ . This g(z) defines the Sibuya distribution [49], whose PMF is

p(i) = γ

i−1∏
j=1

(j − γ )/i!, i ∈N.
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The CCP distribution generated by the discrete stable distribution can be expressed as

BPJ

(
n, (πJ ; λ•),

(
γ

i−1∏
j=1

(j − γ )

)∞

i=1

)
.

The second moment formulae, seemingly new, of this distribution are immediate from (4.15).

5. Examples

5.1. Negative hypergeometric distribution

Suppose that wi = (i − 1)!. Then Bn,k(w) is an unsigned Stirling number of the first
kind |s(n, k)|, and Bn(λ,w) = λ(λ+ 1) · · · (λ+ n − 1); see [44, eq. 1.54] for example.
Consequently, BPJ(n, αJ ;(0!, 1!, 2!, . . . )) has the following PMF:

p( f J) =
(

n

f J

)
	(α•)

	(α• + n)

J∏
j=1

	(αj + fj)

	(αj)
, f J ∈Fn,J . (5.1)

This PMF (5.1) defines the negative (multivariate) hypergeometric distribution [10].
The marginal moments of this distribution can be found in, for example, [35, pp. 81–82].

When the distribution of FJ is that of (5.1),

E(Fj) = nαj/α•, (5.2)

Var (Fj) = nαj/α•(1 − αj/α•)(1 + (n − 1)/(α• + 1)), (5.3)

and

Cov (Fi, Fj) = −nαi/α•αj/α•(1 + (n − 1)/(α• + 1)).

These moments are consistent with Theorem 3.4. Comparing (5.3) with (3.6), the
overdispersion index φ(n, α•, (0!, 1!, 2!, . . . )) equals 1 + (n − 1)/(α• + 1), which is equiv-
alent to Proposition 5.1 below. As a check of Theorem 3.4, a direct proof of Proposition
5.1 is provided in the Appendix. Also, it is straightforward to confirm Theorem 3.5 on
φ(n, α•, (0!, 1!, 2!, . . . )).
Proposition 5.1. For n ∈N \ {1} and α ∈R+,

(n − 1)! α
	(α+ n)

n−2∑
i=0

(n − i − 1)	(α + i)

	(i + 1)
= n − 1

α + 1
.

The negative hypergeometric distribution (5.1) is the mixed multinomial distribution with
the Dirichlet distribution (4.1) as discussed by Ishii and Hayakawa [34]. This view corresponds
to the case of w = (1, 0, 0, . . . ) in Lemma 4.1. When PJ ∼ DirJ(αJ),

E(Pj) = αj/α•, (5.4)

E(Pj
2) = αj(1 + αj)/(α•(α• + 1)),

and

Var (Pj) = αj

α•

(
1 − αj

α•

)
1

1 + α•
. (5.5)
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By putting these moments into the moment formulae in Lemma 4.1 with φ(n, λ•,w) = 1, we
can reproduce (5.2) and (5.3).

The Dirichlet distribution (4.1) is an instance of NID, where ν(dx) = x−1 exp (−λx) dx. In
this case, ψ(u) = log (λ+ u) − log λ. By putting μj = αj, Theorem 4.3 validates (5.4). On the
variance (5.5), we note an alternative expression (A.18) of

ϕ(α•, log (λ+ ·) − log λ) = α•λα•
∫ ∞

0
u(λ+ u)−α•−2 du.

Further, ∫ ∞

0
u(λ+ u)−α•−2 du = (λα•α•(α• + 1))−1,

using integration by parts. Hence ϕ(α•, log (λ+ ·) − log λ) = (α• + 1)−1, which validates
(4.7). It follows that limα•→∞ ϕ(α•, log (λ+ ·) − log λ) = 0 and limα•→0 ϕ(α•, log (λ+ ·) −
log λ) = 1. These results are consistent with Theorem 4.9.

Also, we can confirm Theorem 4.5 as −ψ(1−s)= log (1−1/(λ+1))− log (1−s/(λ+1)).
Let 1/(λ+ 1) = θ . Then

−ψ(1 − s) = log (1 − θ ) +
∞∑

i=1

(sθ )i/i.

Therefore
−diψ(1 − s)/(ds)i|s=0 = θ i(i − 1)! or wi = θ i(i − 1)!.

By (1.1), Bn(w) = θnBn(0!, 1!, 2!, . . . ). Then θ cancels out, and thus

BPJ(n, αJ ;(0!, 1!, 2!, . . . )) = MnJ(n, πJ) ∧
πJ
NIDJ(αJ × ν).

We verify the simplest case of Theorem 4.6. If X ∼ BP2(n, (α1, α2);(0!, 1!, 2!, . . . )), then
the moment generating function (MGF) of X is M(z) = 2F1(−n, α1; α1 + α2;1 − ez); see e.g.
[36, eq. 6.10]. The MGF of X/n is

M(z/n) =
∞∑

i=0

	(n + 1)	(α1 + i)	(α1 + α2)

	(n − i + 1)	(α1)	(α1 + α2 + i)	(i + 1)

{
(z/n)i + O(n−i−1)

}

→
∞∑

i=0

	(α1 + i)	(α1 + α2)

	(α1)	(α1 + α2 + i)	(i + 1)
zi

as n → ∞. The last expression equals the MGF of the beta distribution or Dir2(α1, α2). Hence
X/n converges weakly to NID2((α1, α2) × ν).

Theorem 4.1 arranges the Dirichlet Dirichlet-multinomial mixture so that

FJ | PJ ∼ MnJ(n, PJ), PJ | λJ ∼ DirJ(λJ) and λJ/λ• = πJ ∼ DirJ(αJ).

In this case
FJ | λJ ∼ BPJ(n, λJ, (0!, 1!, 2!, . . . )),

and the marginal distribution of FJ is (4.3), where

Bn(λ•,w) = 	(n + λ•)/	(λ•) and Bf ,l(λ•,w) = λl•|s( f , l)|.
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Also, the posterior of πJ is (4.4).
The Dirichlet multinomial mixture is the conditional distribution of independent negative-

binomial-distributed variables given the total; see e.g. [32]. The Dirichlet distribution is the
conditional distribution of independent gamma-distributed variables given the total, as dis-
cussed in Section 4.2. Hence the Dirichlet Dirichlet-multinomial mixture is the multivariate
and conditional (given n) case of the gamma-negative-binomial mixture discussed in [56,
Section 5].

5.2. Quasi-multinomial distribution

An interesting instance of the BPD arises when wi = ii−1. In this case, Bn,k(w) =(n−1
k−1

)
nn−k, and Bn(λ,w) = λ(λ+ n)n−1; see [44, eq. 1.56], for example. The PMF of

BPJ(n, λJ ;(10, 21, 32, . . . )) is expressed as

p( f J) =
(

n

f J

)
1

λ•(λ• + n)n−1

J∏
j=1

λj(λj + fj)
fj−1, f J ∈Fn,J . (5.6)

This expression is the canonical form of the quasi-multinomial distribution [15] as a BPD. The
special case of J = 2, called the quasi-binomial distribution (type 2), is proposed in [14].

Since Bn,k(10, 21, 32, . . . ) is explicit, we can express the Dirichlet quasi-multinomial
mixture in a closed form by Theorem 4.1, which is left for future work.

As noted in [30], the quasi-multinomial distribution is a CCP distribution by regarding
the Lagrangian Poisson distribution [13] as a compound Poisson distribution. The PGF of the
Lagrangian Poisson distribution is expressed implicitly; see e.g. [12, p. 166]. Its expression as a
mixed Poisson distribution is also implicit. Therefore we do not discuss relationships between
the quasi-multinomial distribution and the NID distribution in the present article.

A more intuitive parameterization of (5.6) with cell probabilities is utilized in [30]. Let
λ• = 1/β in (5.6). Then BPJ(n, (πJ ;1/β);(10, 21, 32, . . . )) is

p( f J) =
(

n

f J

)
1

(1 + nβ)n−1

J∏
j=1

πj(πj + fjβ)fj−1, f J ∈Fn,J, (5.7)

which reduces to the PMF of the multinomial distribution when β = 0.
The marginal moments of the quasi-multinomial distribution are derived by Consul and

Mittal [15] up to second order. Equivalent expressions to their results under the parameteriza-
tion of (5.7) are E(Fj) = nπj,

Var (Fj) = nπj

[{
(n − 1)!
1 + nβ

n∑
i=2

πj + iβ

(n − i)!
(

β

1 + nβ

)i−2
}

+ 1 − nπj

]
, (5.8)

and

Cov (Fi, Fj) = −nπiπj(1 + n2β)

1 + nβ
+ n(n − 1)πiπj

1 + nβ

n−2∑
i=1

(n − 2)!
(n − 2 − i)!

(
β

1 + nβ

)i

. (5.9)

We rewrite (5.9) as

Cov (Fi, Fj) = −nπiπj

{
n − (n − 1)!

1 + nβ

n−2∑
i=0

1

(n − 2 − i)!
(

β

1 + nβ

)i
}

(5.10)
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so that cell probabilities separate from the dispersion parameter β. Also, Theorem 3.4 shows
that the πj are separable from β in (5.8), which leads to Proposition 5.2 below.

Proposition 5.2. For β > 0, (5.8) can be rewritten as

Var (Fj) = nπj(1 − πj)φ(n, 1/β, (10, 21, 32, . . . )), (5.11)

where

φ(n, 1/β, (10, 21, 32, . . . )) = 1 + (n − 1)!
(1 + nβ)n−1

n−2∑
i=0

(1 + iβ)i−1((n − i)β)n−i−1

i! (n − i − 2)!

= n − (n − 1)!
1 + nβ

n−2∑
i=0

1

(n − 2 − i)!
(

β

1 + nβ

)i

. (5.12)

Equation (5.12) follows from (5.10) due to (3.7). The equivalence between (5.8) and (5.11)
does not seem straightforward.

6. Infinite-dimensional Bell polynomial distributions

Let us consider distributing n balls over urns sequentially so that the frequency vector of
the first t urns, Ft, has the BPD. An important question is the existence of a stochastic process
F := (Fj)∞j=1 defined by the finite-dimensional distribution of such Ft. An affirmative answer
is obtained by Kolmogorov’s extension theorem, as below.

Theorem 6.1. Let λj ∈R+, j ∈N, so that λ• =∑∞
j=1 λj <∞. Then there exists a process F

such that Ft ∼ BPt+1(n, (λt, λ• −∑t
j=1 λj); w), t ∈N.

In practice, the sample path of F defined in Theorem 6.1 can be generated by the conditional
distribution method discussed in Section 3.1.1. As in (3.1),

(Ft | Ft−1 = f t−1) =
(

Ft, n −
t−1∑
j=1

fj − Ft

)
∼ BP2

(
n −

t−1∑
j=1

fj,

(
λt, λ• −

t∑
j=1

λj

)
; w

)
(6.1)

by Proposition 3.1. If Nt := ∑t
j=1 Fj equals n then no ball remains to be put into remaining

urns. Hence the sampling procedure (6.1) stops at

T := min{t : Nt = n}. (6.2)

We can derive this stopping time by noting that T = t when Nt = n and Nt−1 < n. That is,
P(T = t) = P(Nt = n) − P(Nt−1 = n). Because

Nt ∼ BP2

(
n,

(
t∑

j=1

λt, λ• −
t∑

j=1

λt

)
; w

)

due to the closure property under the merger of urns, Theorem 6.2 below holds.

Theorem 6.2. Suppose that T of (6.2) is defined on F of Theorem 6.1. Then

P(T = t) =
{

Bn

(
t∑

j=1

λj,w

)
− Bn

(
t−1∑
j=1

λj,w

)}
/Bn(λ•,w)

https://doi.org/10.1017/jpr.2025.10042 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10042


Infinitely resizable urn models 521

or, equivalently,

P(T ≤ t) = Bn(
∑t

j=1 λj,w)

Bn(λ•,w)
.

Next, for a random vector (F1,J, F2,J, . . . , FJ,J) ∈Fn,J , define

Si,J :=
J∑

j=1

I(Fj,J = i), i ∈ [n].

This statistic is called the frequency of frequencies [25] or a size index [50]. The random vec-
tor of (S1,J, S2,J, . . . , Sn,J) =: Sn,J is equivalent to the order statistics of positive frequencies
among (F1,J, F2,J, . . . , FJ,J), and thus it does not diverge when J → ∞. The sample space of
Sn,J is

⋃J
k=1 Pn,k, which is a subset of Pn when J < n. However, as J → ∞, Sn,J is distributed

over the whole of Pn.
A distribution over Pn randomly partitions a positive integer n. Theorem 6.3 presents a lim-

iting argument to obtain a random partitioning distribution from the BPD. The same limiting
argument has been applied to the CCP distribution; see [29, Construction 1].

Theorem 6.3. Let

(F1,J, F2,J, . . . , FJ,J) ∼ BPJ(n, (λ1,J, λ2,J, . . . , λJ,J); w).

Suppose that λj,J =μ/J + o(J−1), j ∈ [J], where μ ∈R+. Then the limiting distribution of Sn,J

as J → ∞ has the following PMF:

p(sn) = n!
Bn(μ,w)

n∏
i=1

(
μwi

i!
)si 1

si! , sn ∈Pn. (6.3)

The resulting family (6.3) is called assemblies; see [4, eq. 2.2]. Also (6.3) is a special case
of Gibbs partitions in the sense of [44, Sec. 1.5].

For example, (6.3) is called the Ewens distribution when wi = (i − 1)!; see the review
in [16]. Equation (4.12) can explain this case by regarding BPJ(n, (μ/J, μ/J, . . . , μ/J);
((i − 1)!)∞i=1) as i.i.d. sampling given πJ ∼ DirJ(μ/J, μ/J, . . . , μ/J).

The limiting distribution of the order statistics of such πJ as J → ∞ is known as the
Poisson–Dirichlet distribution. The size indices of i.i.d. samples from the realization of the
Poisson–Dirichlet distribution are known to have the Ewens distribution; see e.g. [23]. Because
the size indices of i.i.d. samples are the same as those of the order statistics of the samples, the
limiting distribution of the Dirichlet multinomial mixture is the Ewens distribution.

In Theorem 6.3, the convergence of λj,J can be replaced by the convergence in probability,

‘
p→’, of a cell probability as in the following corollary.

Corollary 6.1. Let PJ = (P1,J, P2,J, . . . , PJ,J) be a random vector over 	J−1 such that Pj,J
p→

1/J, j ∈ [J], for all J ∈N. Suppose that (FJ | PJ = πJ) ∼ BPJ(n, (πJ ; μ); w), where μ ∈R+.
Then Sn,J converges in distribution to (6.3) as J → ∞.

For example, let νs be the Lévy measure of the stable distribution that ψ(u) = uγ . If all μj

are equal then

PJ ∼ NIDJ(μJ × νs)
p→ (1/J, 1/J, . . . , 1/J) as γ → 1

https://doi.org/10.1017/jpr.2025.10042 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10042


522 N. HOSHINO

because Var (Pj,J) → 0 by (4.7) and (4.14); using Chebyshev’s inequality, Pj,J
p→E(Pj,J) =

1/J by (4.6). Corollary 6.1 covers this case.
If a random vector (S1, S2, . . . , Sn) is distributed as (6.3), then

P

(
n∑

i=1

Si = k

)
=μkBn,k(w)/Bn(μ,w), k ∈ [n].

Hence limμ→∞ P(
∑n

i=1 Si = n) = 1. Equivalently, P(S1 = n) = 1, which implies P(Fj,J ≥ 2) =
0. Observing (4.12), the underlying fact is that

PJ ∼ NIDJ(μJ × ν)
p→ (1/J, 1/J, . . . , 1/J) as μ→ ∞

when ϕ(μ, ψ) depends on μ; from Theorem 4.9, ϕ(μ, ψ) = O(μ−1), by which

lim
μ→∞ Var (Pj,J) = 0.

Under i.i.d. sampling from uniform J cells, it is obvious that P(Fj,J ≥ 2) → 0 as J → ∞.

7. Concluding remarks

The family M of Definition 2.1 is constructed to be closed under resizing, but further anal-
ysis of its properties should be difficult under this parameterization. The equivalence to the
BPD given by Theorem 2.4 has initiated an unexpectedly long investigation of the family.

The moment expressions of the BPD naturalize cell probabilities. This finding has led us to
consider random cell probabilities, which greatly advance our understanding. In particular, the
mixed multinomial expression of the BPD with the NID distribution presented by Theorem 4.5
seems insightful.

Section 4 on random cell probabilities, or equivalently a random probability measure, is
motivated by Bayesian non-parametrics; see e.g. [24]. Together with the infinite-dimensional
extension of the BPD shown by Theorem 6.1, the BPD should open up myriads of research
opportunities.

BPD sampling can control the Fisher information by changing w, as revealed by Theorem
3.3. We can apply this property to information protection; see [31] for this context of data
privacy.

The present article has been too long to additionally demonstrate the applicability of the
BPD. Hence the author will show in a separate paper that the BPD is useful.

Appendix A. Proofs

Proof of Theorem 2.1. If (2.5) holds for J = 2, then (2.6) is rewritten as

n∑
f =0

h( f ; λ1)

f !
h(n − f ; λ2)

(n − f )! = h(n; λ1 + λ2)

n! . (A.1)

Conversely, if (A.1) holds, then (2.5) holds for J ≥ 3 on (2.6) by recursion. Hence (A.1) is
necessary and sufficient for (2.6) to satisfy (2.5) for all J.

Let us define a formal generating function by

G(s; λ) :=
∞∑

f =0

sf

f ! h( f ; λ).
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Then (A.1) holds for all n ∈N0 if and only if

log G(s; λ1) + log G(s; λ2) = log G(s; λ1 + λ2). (A.2)

As noted by a referee, (A.2) is an instance of Cauchy’s functional equation, whose solution is
G(s; λ) = G(s;1)λ under the continuity of h( · ; λ); see e.g. [1, Theorem 1, p. 34]. Noting that
h( f ;1) = hf , this solution is equivalent to (2.7). Hence the unity and continuity conditions of
M are equivalent to (2.7).

On the positivity condition, the spaces of (hf )f ∈N are exhausted by Theorem 2.3 because of
(A.5). The representative space of hf is R+ when w ∈R+ ×R

∞
0+. �

Proof of Theorem 2.2. Define

G(s) = 1 +
∞∑

f =1

sf

f ! hf ,

and expand it as

log G(s) =
∞∑

i=0

si

i! wi.

Then we express hf as the function of the wi, comparing the coefficients of s between the two
sides of

exp (w0) exp

( ∞∑
i=1

si

i! wi

)
= 1 +

∞∑
f =1

sf

f ! hf . (A.3)

Equating the coefficient of s0 in (A.3), we find that 1 = exp (w0) or w0 = 0. Thus G(s) =
exp (γ (s)), where γ (s) := ∑∞

i=1
si

i! wi. For f ∈N, the coefficient of sf of γ k(s)/k! is

∑
∑

iki=f ,
∑

ki=k

(wi/i!)ki

k! ·
(

k

k1k2k3 · · · kf

)
= Bf ,k(w)

f ! .

Hence the coefficient of sf of

exp (γ (s)) =
∞∑

k=0

γ (s)k/k!

is
f∑

k=1

Bf ,k(w)/f ! = Bf (1,w)/f !.

Namely,

exp

( ∞∑
i=1

si

i! wi

)
= 1 +

∞∑
f =1

sf

f ! Bf (1,w). (A.4)

Comparing it with (A.3), we have hf = Bf (1,w), f ∈N. This argument completes bijective
reparameterization between (hf )f ∈N and w.

Let us note that

G(s)λ = exp

( ∞∑
i=1

si

i! λwi

)
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determines h( f ; λ) in the proof of Theorem 2.1. Therefore, using (1.3), we have

h( f ; λ) = Bf (λ,w). (A.5)

Putting this expression into (2.6), we obtain (2.8). �

Proof of Theorem 2.3. We begin by proving the ‘if’ part. Since B0(w) ≡ 1 irrespective of w,
we consider the case of n ∈N. By definition (1.3),

Bn(λ,w) =
n−1∑
k=1

λkBn,k(w) + λnBn,n(w) =
n−1∑
k=1

λkBn,k(w) + λnwn
1.

Because Bn,k(w) is a weighted sum of the wi with non-negative weights,
∑n−1

k=1 λ
kBn,k(w) ≥ 0

when w ∈�1 and λ ∈R0+. We observe that λnwn
1 > 0 when λ ∈R+ and w1 ∈R+. Therefore

Bn(λ,w) is strictly positive for n ∈N0 when λ ∈R+ and w ∈�1. Consequently, (2.8) satisfies
(2.4) for n ∈N0, J ∈N, and λJ ∈R

J+ if w ∈�1. When w ∈�2, using (1.2) results in the same

argument because (−1)
∑J

j=1 fj = (−1)n.
Next, the ‘only if’ part follows. If the sign of liml→+0 Bf (l,w) is different from that

of liml→+∞ Bf (l,w), then there exists λ ∈R+ such that Bf (λ,w) = 0 since Bf (l,w) is a
continuous function of l. Therefore the condition of p( f J)> 0 excludes w that satisfies

sgn
(

lim
l→+0

Bf (l,w)
)


= sgn
(

lim
l→+∞ Bf (l,w)

)
.

By (1.4) and (1.5), we thus discard w such that sgn (lwf ) 
= sgn (lf wf
1) for some f ∈N0.

Accordingly, sgn (w1) determines sgn (wi) for all i ≥ 2. Hence either w ∈�1 or w ∈�2 is
allowed when λj ∈R+. The case of w1 = 0 is excluded because then B1,1(w) = 0, which
contradicts (2.4). �

Proof of Theorem 2.8. Rewrite (2.12) as

G(s) = exp

( ∞∑
i=1

si

i! (λqi i!)
)

exp (−λ).

Then, from (A.4),

exp (λ)G(s) = 1 +
∞∑

f =1

sf

f ! Bf (λ, (qi i!)i∈N).

Therefore
P(Fj = f ) = exp (−λj)Bf (λj, (qi i!)i∈N)/f !.

Also,

P

(
J∑

j=1

Fj = n

)
= exp (−λ•)Bn(λ•, (qi i!)i∈N)/n!,

since the PGF of
∑J

j=1 Fj is

exp

(
λ•

( ∞∑
i=1

siqi − 1

))
.
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Combining these results, the conditional distribution of FJ given
∑J

j=1 Fj = n is

BPJ(n, λJ ;(qi i!)i∈N).

Then P(
∑J

j=1 Fj = n)> 0 for all n is equivalent to Bn(λ•, (qi i!)i∈N)> 0 for all n. We have
already proved in Theorem 2.3 that this positivity is equivalent to (qi i!)i∈N ∈�1 or q ∈�1. �

Proof of Theorem 3.3. First, write the score function as

∂ log p(FJ ;λJ)

∂λj
= ∂BFj(λj,w)/∂λj

BFj (λj,w)
− ∂Bn(λ•,w)/∂λj

Bn(λ•,w)
. (A.6)

The expectation of the score function is zero because

E

[
∂BFj (λj,w)/∂λj

BFj (λj,w)

]
=
∑
f J

n!
Bn(λ•,w)

J∏
i=1

Bfi (λi,w)

fi!
∂Bfj(λj,w)/∂λj

Bfj(λj,w)

= n!
Bn(λ•,w)

n∑
fj=0

Bn−fj (λ• − λj,w)∂Bfj(λj,w)/∂λj

(n − fj)! fj!

= n!
Bn(λ•,w)

∂

∂λj

n∑
fj=0

Bn−fj (λ• − λj,w)Bfj (λj,w)

(n − fj)! fj!

= ∂Bn(λ•,w)/∂λj

Bn(λ•,w)
. (A.7)

Replacing (∂/∂λj) with (∂2/(∂λj)2) in (A.7), we also obtain

E

[
∂2BFj (λj,w)/(∂λj)2

BFj (λj,w)

]
= ∂2Bn(λ•,w)/(∂λj)2

Bn(λ•,w)
. (A.8)

Noting that

∂

∂λj

∂BFj(λj,w)/∂λj

BFj (λj,w)
= ∂2BFj (λj,w)/(∂λj)2

BFj (λj,w)
−
(
∂BFj(λj,w)/∂λj

BFj (λj,w)

)2

, (A.9)

the differentiation of (A.6) yields

∂2 log p(FJ ;λJ)

(∂λj)2
= ∂2BFj(λj,w)/(∂λj)2

BFj (λj,w)
−
(
∂BFj(λj,w)/∂λj

BFj (λj,w)

)2

− ∂2Bn(λ•,w)/(∂λj)2

Bn(λ•,w)
+
(
∂Bn(λ•,w)/∂λj

Bn(λ•,w)

)2

.

Then taking expectation on both sides results in (3.2) because of (A.8).
Next, (3.2) equals

E

[
∂2BFj (λj,w)/(∂λj)2

BFj (λj,w)

]
−E

[
∂

∂λj

(
∂BFj (λj,w)/∂λj

BFj(λj,w)

)]
−
(
∂Bn(λ•,w)/∂λj

Bn(λ•,w)

)2

because of (A.9). This expression reduces to (3.3) by (A.8). Therefore the diagonal elements
have been shown to be (3.2) or (3.3).
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Next we differentiate (A.6) as

∂2 log p(FJ ;λJ)

∂λi∂λj
= − ∂

∂λi

∂Bn(λ•,w)/∂λj

Bn(λ•,w)
,

which equals

−∂
2Bn(λ•,w)/(∂λi∂λj)

Bn(λ•,w)
+ (∂Bn(λ•,w)/∂λi)(∂Bn(λ•,w)/∂λj)

Bn(λ•,w)2
.

Then taking expectation on both sides produces (3.4). �

Proof of Theorem 3.4. Without loss of generality, we consider the two-dimensional case that
(F1, F2) ∼ BP2(n, λ1, λ2; w), and the moments of F1 are shown.

Define

η(s) :=
∞∑

i=0

si

i! wi.

Then

G(s) =
∞∑

i=0

exp (w0λ•)
Bi(λ•,w)

i! si = exp (λ•η(s)).

We denote G1(s) = exp (λ1η(s)) and G2(s) = exp (λ2η(s)). Write dG1(s)/ds as

G′
1(s) =

∞∑
i=0

exp (w0λ1)
Bi(λ1,w)

(i − 1)! si−1 = G1(s)λ1η
′(s),

where η′(s) = dη(s)/ds. Then

G′
1(s)G2(s) = exp (w0(λ1 + λ2))

∞∑
n=0

n∑
i=0

iBi(λ1,w)Bn−i(λ2,w)

i! (n − i)! sn−1. (A.10)

Also, since
dG(s)/ds = G′(s) = G(s)(λ1 + λ2)dη(s)/ds,

we obtain
λ1

λ1 + λ2
G′(s) = λ1G(s)dη(s)/ds = G′

1(s)G2(s),

using G(s) = G1(s)G2(s). Then we equate the coefficient of sn−1 between (A.10) and

λ1

λ1 + λ2
G′(s) = λ1

λ1 + λ2

∞∑
n=0

exp (w0(λ1 + λ2))
Bn((λ1 + λ2),w)

(n − 1)! sn−1.

It follows that
n∑

i=0

iBi(λ1,w)Bn−i(λ2,w)

i! (n − i)! = Bn((λ1 + λ2),w)

n!
nλ1

λ1 + λ2
.

Dividing both sides by Bn((λ1 + λ2),w)/n!, we obtain E(F1) = nλ1/(λ1 + λ2), which shows
(3.5).
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On the variance, we use the second derivative:

G′′
1(s) = λ1{G′

1(s)η′(s) + G1(s)η′′(s)} = λ2
1G1(s)η′(s)η′(s) + λ1G1(s)η′′(s).

Hence
G′′

1(s)G2(s) = λ2
1G(s)η′(s)η′(s) + λ1G(s)η′′(s).

By G(s)η′(s) = G′(s)/(λ1 + λ2),

G′′
1(s)G2(s) = λ2

1

λ1 + λ2

{
G′(s)η′(s) + λ1 + λ2

λ1
G(s)η′′(s)

}

= λ2
1

λ1 + λ2

{
G′′(s)

λ1 + λ2
+ λ2

λ1
G(s)η′′(s)

}

=
(

λ1

λ1 + λ2

)2

G′′(s) + λ1λ2

λ1 + λ2
G(s)η′′(s).

Then, noting that

G(s)η′′(s) =
∞∑

i=0

ew0(λ1+λ2) Bi((λ1 + λ2),w)

i! si ×
∞∑

i=0

wi

i! i(i − 1)si−2,

which equals

∞∑
n=0

n∑
i=0

ew0(λ1+λ2) Bi((λ1 + λ2),w)

i!
wn−i

(n − i)! (n − i)(n − i − 1)sn−2,

we obtain

G′′
1(s)G2(s)

=
(

λ1

λ1 + λ2

)2 ∞∑
i=0

ew0(λ1+λ2) i(i − 1)Bi((λ1 + λ2),w)

i! si−2

+ λ1λ2

λ1 + λ2

∞∑
n=0

n∑
i=0

ew0(λ1+λ2) Bi((λ1 + λ2),w)

i! wn−i(n − i)(n − i − 1)sn−2. (A.11)

Alternatively,

G′′
1(s)G2(s) = ew0(λ1+λ2)

∞∑
n=0

n∑
i=0

i(i − 1)Bi(λ1,w)Bn−i(λ2,w)

i! (n − i)! sn−2

= ew0(λ1+λ2)
∞∑

n=0

E(F1(F1 − 1))
Bn((λ1 + λ2),w)

n! sn−2. (A.12)

Therefore, equating the coefficient of sn−2 between (A.11) and (A.12), we have

E(F1(F1 − 1)) =
(

λ1

λ1 + λ2

)2

n(n − 1) + λ1λ2

λ1 + λ2

n!
Bn((λ1 + λ2),w)

n∑
i=0

Bi((λ1 + λ2),w)wn−i

i! (n − i − 2)! .
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Since Var (F1) =E(F1(F1 − 1)) +E(F1) −E(F1)2, the variance (3.6) follows immediately.
On the covariance, we use Var (Fi + Fj) = Var (Fi) + Var (Fj) + 2 Cov (Fi, Fj). Because of

the closure property of marginal variables,

Var (Fi + Fj) = n(πi + πj)(1 − (πi + πj))φ(n, λ•,w).

Then we have (3.7). �

Proof of Theorem 3.5. For n ∈N,

Bn(λ,w) =
n−1∑
i=0

(
n − 1

i

)
Bi(λ,w)λwn−i;

see e.g. [8, eq. 11.10]. It implies for n ≥ 2 that

Bn(λ•,w) − Bn−1(λ•,w)λ•w1 = λ•(n − 1)!
n−2∑
i=0

Bi(λ•,w)wn−i

i! (n − i − 1)! . (A.13)

Because Bn(λ•,w)> 0 in the parameter space, we divide the both sides of (A.13) by Bn(λ•,w).
Consequently,

1 − Bn−1(λ•,w)λ•w1

Bn(λ•,w)
= λ•(n − 1)!

Bn(λ•,w)

n−2∑
i=0

Bi(λ•,w)wn−i

i! (n − i − 1)! . (A.14)

Therefore, for n ≥ 2,

1 − Bn−1(λ•,w)λ•w1

Bn(λ•,w)
≤ λ•(n − 1)!

Bn(λ•,w)

n−2∑
i=0

Bi(λ•,w)wn−i

i! (n − i − 2)! = φ(n, λ•,w) − 1.

Hence the first inequality of (3.8) holds.
The middle term of (3.8) takes its minimum when (A.14) is minimized, where wi = 0, i ≥ 2,

since all other elements of (A.14) are positive. Then the middle term of (3.8) equals one.
The following proof of (3.9) parallels that of (3.8).
Because of (A.13), it follows for n ≥ 2 that

(n − 1){Bn(λ•,w) − Bn−1(λ•,w)λ•w1} ≥ λ•(n − 1)!
n−2∑
i=0

Bi(λ•,w)wn−i

i! (n − i − 2)!
= Bn(λ•,w)(φ(n, λ•,w) − 1).

Because Bn(λ•,w)> 0 in the parameter space, we divide the both sides of the above inequality
by Bn(λ•,w). Consequently,

(n − 1)(1 − Bn−1(λ•,w)λ•w1/Bn(λ•,w)) ≥ φ(n, λ•,w) − 1 for n ≥ 2.

Hence the first inequality of (3.9) holds.
We observe in the parameter space that Bn−1(λ•,w)λ•w1/Bn(λ•,w)> 0. Therefore the

middle term of (3.9) is strictly smaller than n.
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As λ• → ∞,

φ(n, λ•,w) − 1 = λ•(n − 1)!
λn•wn

1 + O(λn−1• )

{
Bn−2(λ•,w)w2

(n − 2)! + O(λn−3• )

}
= O(λ−1• )

due to (1.5). Therefore (3.10) holds.
As λ• → 0,

φ(n, λ•,w) − 1 = λ•(n − 1)!
λ•wn + O(λ2•)

{
B0(λ•,w)wn

(n − 2)! + O(λ•)

}
= (n − 1) + O(λ•)

due to (1.4). Therefore (3.11) holds. �

Proof of Lemma 4.1. Generally, E(Fj) =Eπ (E(Fj|πJ)), where Eπ (·) implies that the
expectation is taken under random πJ . Similarly,

Var (Fj) =Eπ (Var (Fj | πJ)) + Varπ (E(Fj | πJ))

and
Cov (Fi, Fj) =Eπ (Cov (Fi, Fj | πJ)) + Covπ (E(Fi | πJ),E(Fj | πJ)).

The conditional moments of Fj given πJ are provided in Theorem 3.4. Using these and taking
the expectation under random πJ , the formulae are obtained. �

Proof of Theorem 4.3. Write

G(u) = exp (−μ•ψ(u)) =E(e−uX• ).

Denote dG(u)/du by G’(u), and other derivatives are similarly denoted.
Because P(X• = 0) = 0 is assumed, G(∞) = 0 and G(0) = 1. Also

uG′(u) = u
d

du

∫ ∞

0
e−utFX• (dt) = u

∫ ∞

0

de−ut

du
FX• (dt) =E

(
− uX•

euX•

)
,

which implies that
[uG′(u)]∞0 = 0. (A.15)

Proposition 2 of [21] implies that

E(Pj) =
∫ ∞

0
μjψ

′(u) exp (−μ•ψ(u)) du.

Noting that ψ ′(u) exp (−μ•ψ(u)) = G′(u)/(−μ•), we have

E(Pj) = −ρj

∫ ∞

0
G′(u) du = −ρj[G(u)]∞0 = ρj.

Hence (4.6) is proved.
Equation (7) of [21] implies that

E(P2
j ) =

∫ ∞

0
u

(
d2 exp (−μjψ(u))

du2

)
exp ( − (μ• −μj)ψ(u)) du. (A.16)
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Then, by

(d2/du2) exp (−μψ(u)) = (−μ)ψ ′′(u) exp (−μψ(u)) +μ2(ψ ′(u))2 exp (−μψ(u)),

(A.16) can be rewritten as

E(P2
j ) =

∫ ∞

0
u{(−μj)ψ

′′(u)G(u) +μj
2(ψ ′(u))2G(u)} du

=
∫ ∞

0
u{(−μj)ψ

′′(u)G(u) +μj
2ψ ′(u)G′(u)/(−μ•)} du

sinceψ ′(u)G(u) = G′(u)/(−μ•). Further, ψ ′(u)G′(u) = G′′(u)/(−μ•) −ψ ′′(u)G(u), and thus

E(P2
j ) =

∫ ∞

0
u{(μj

2/μ• −μj)ψ
′′(u)G(u) + (μj/μ•)2G′′(u)} du

=
∫ ∞

0
{λ•ρj(ρj − 1)uψ ′′(u)G(u) + π2

j uG′′(u)} du.

Employing integration by parts,

∫ ∞

0
uG′′(u) du = [uG′(u)]∞0 −

∫ ∞

0
G′(u) du = 1 (A.17)

because of (A.15). Hence

E(P2
j ) = ρj(1 − ρj)(−μ•)

∫ ∞

0
uψ ′′(u)G(u) du + ρ2

j .

Because Var (Pj) =E(P2
j ) −E(Pj)2,

ϕ(μ•) = −μ•
∫ ∞

0
uψ ′′(u)G(u) du. (A.18)

Then, by

ψ ′′(u)G(u) = G′′(u)/(−μ•) −ψ ′(u)G′(u) = G′′(u)/(−μ•) +μ•(ψ ′(u))2G(u),

we have

ϕ(μ•) =
∫ ∞

0
uG′′(u) du −μ2•

∫ ∞

0
u(ψ ′(u))2G(u) du. (A.19)

The first term of the right-hand side of (A.19) is unity because of (A.17), which shows (4.7).
The covariance (4.8) can be shown by noting that

Var (Pi + Pj) = (πi + πj)(1 − (πi + πj))η(λ•) = Var (Pi) + Var (Pj) + 2 Cov (Pi, Pj);

the first equation holds because E(e−u(Xi+Xj)) = exp (−(μi +μj)ψ(u)).
The correlation is derived using (4.7) and (4.8). �
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Two lemmas for Theorem 4.5

Lemma A.1. Let ν be a Lévy measure, and μ ∈R+. Write the Laplace transform of an R+-
valued random variable M as exp (−μψ(u)), where ψ(u) = ∫

(1 − e−ux)ν(dx). Then a random
variable satisfies F ∼ Po(M) if and only if E(sF) = exp (−μψ(1 − s)). �

Proof of Lemma A.1. This link between the PGF of a mixed Poisson distribution and the
Laplace transform of its mixing distribution is widely known; see [26, Proposition 2.1(vi)]. �

Lemma A.2. In Lemma A.1,

P(F = f ) = exp (−μψ(1))Bf (μ,w)/f !,
where w satisfies (4.11).

Proof of Lemma A.2. Because E(sF) =∑∞
f =0 P(F = f )sf , we obtain P(F = f ) by differenti-

ating exp (−μψ(1 − s)). First, expand

−ψ(1 − s) =
∞∑

i=0

si

i! wi.

Then w0 = −ψ(1), and w satisfies (4.11). Let

G(s) = exp

( ∞∑
i=0

si

i! wi

)
=

∞∑
f =0

sf

f ! hf .

By (A.4), hf = exp (w0)Bf (w). Noting that E(sF) = G(s)μ, we obtain P(F = f ). �

Proof of Theorem 4.5. Suppose that Fj ∼ Po(Mj), j ∈ [J], independently, where the Laplace
transform of Mj is exp (−μjψ(u)). Write

MJ := (M1,M2, . . . ,MJ) and mJ := (m1,m2, . . . ,mJ).

Then

P

(
FJ = f J

∣∣∣∣
J∑

j=1

Fj = n,MJ = mJ

)
=
(

n

f J

) J∏
j=1

(
mj

m•

)fj
.

Taking the expectation over MJ ,

P

(
FJ = f J

∣∣∣∣
J∑

j=1

fj = n

)
=
∫
R

J+

(
n

f J

) J∏
j=1

(
mj

m•

)fj
dF(mJ).

Next we transform variables so that pj = mj/m•, j ∈ [J], and integrate out m•. Write pJ−1 :=
(p1, p2, . . . , pJ−1), and the Jacobian of mJ �→ (pJ−1,m•) is mJ−1• . Therefore

P

(
FJ = f J

∣∣∣∣
J∑

j=1

Fj = n

)
=
∫

	J−1×R+

(
n

f J

) J∏
j=1

p
fj
j mJ−1• dF(pJ−1,m•)

=
∫

	J−1

(
n

f J

) J∏
j=1

p
fj
j dF(pJ−1). (A.20)
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The right-hand side of (A.20) equals Mn(n, πJ) ∧πJ NIDJ(μJ × ν). On the other hand, each

P(Fj = fj) = exp (−μjψ(1))Bfj(μj,w)/fj!
by Lemma A.2. Then, similarly to Theorem 2.8, the left-hand side of (A.20) equals the PMF
of BPJ(n,μJ ; w). Hence (4.12) holds.

Proof of Theorem 4.6. By Theorem 4.5, if w satisfies (4.11) of a proper distribution ν, then
the PGF of (F1,n, F2,n, . . . , FJ,n) equals that of MnJ(n, πJ) ∧πJ NIDJ(μJ × ν) for all n ∈N. If
so,

(F1,n, F2,n, . . . , FJ,n | πJ) ∼ MnJ(n, πJ).

Then the multivariate Lindeberg–Lévy central limit theorem applies, and

(F1,n/n, F2,n/n, . . . , FJ,n/n | πJ)
p→ πJ as n → ∞;

see [48, Theorem 2.7 (p. 109) and Application C (p. 26)]. Therefore the conditional PGF of
(F1,n/n, F2,n/n, . . . , FJ,n/n) given πJ converges as n → ∞:

E

(
J∏

j=1

z
Fj,n/n
j | πJ

)
→

J∏
j=1

z
πj
j .

Hence the PGF of (F1,n/n, F2,n/n, . . . , FJ,n/n) unconditionally converges to EπJ (
∏J

j=1 z
πj
j ),

which is the PGF of NIDJ(μJ × ν). �

Proof of Theorem 4.8. Suppose that v = (1, 0, 0, . . . ) in Theorem 4.7. Then we obtain FJ ∼
BPJ(n,μJ ; w) by Theorem 4.5. The marginal variance of this distribution is given by (3.6).
This expression has to equal the special case of the variance formula of Theorem 4.7 with
φ(n, λ•, v) = 1. Hence (4.13) holds. �

Direct proof of Proposition 5.1. By induction, it holds that

n∑
i=0

	(α+ i)/	(1 + i) = 	(1 + n + α)/a	(1 + n).

Using this equation, we have

(n − 1)! α
	(α+ n)

n−2∑
i=0

(n − i − 1)	(α+ i)

	(i + 1)
= (n − 1)! α
	(α+ n)

{
(n − 1)

n−2∑
i=0

	(α+ i)

	(i + 1)
−

n−2∑
i=1

	(α+ i)

	(i)

}

= (n − 1)! α
	(α+ n)

{
(n − 1)

	(n − 1 + α)

α	(n − 1)
− 	(n − 1 + α)

(α+ 1)	(n − 2)

}

= (n − 1)! α
	(α+ n)

{
	(n + α)

α(α + 1)	(n − 1)

}

= n − 1

α + 1
.

�
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Proof of Theorem 6.1. Corollary 2.20 of [6] states conditions of such F to exist, which are
confirmed below: it is apparent that pt(·) ≥ 0 and

∑
f1 p2( f1, n − f1) = 1. The key condition is

that ∑
ft

pt+1

(
f t, n −

t∑
j=1

fj

)
= pt

(
f t−1, n −

t−1∑
j=1

fj

)
.

This equation holds because Theorem 3.1 ensures that

(
Ft−1, n −

t−1∑
j=1

Fj

)
∼ BPt

(
n,

(
λt−1, λ• −

t−1∑
j=1

λj

)
; w

)

when (
Ft, n −

t∑
j=1

Fj

)
∼ BPt+1

(
n,

(
λt, λ• −

t∑
j=1

λj

)
; w

)
.

These conditions hold within the parameter space of the BPD. �

Proof of Theorem 6.3. The PGF of Sn,J is expressed as

E

(
n∏

i=1

z
Si,J
i

)
=

J∏
j=1

{
1 +

n∑
i=1

zi

i!
i∑

k=1

λj,J
kBi,k(w)

}
n!

Bn(λ•,w)
.

Then the assumption that λj,J =μ/J + o(J−1) lets the right-hand side be

{
1 +

n∑
i=1

zi

i!
(
μwi

J
+ o(J−1)

)}J
n!

Bn(λ•,w)
→ exp

(
μ

n∑
i=1

zi

i! wi

)
n!

Bn(μ,w)
as J → ∞.

The last expression is the PGF of (6.3). �
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