
Commun. Comput. Phys.
doi: 10.4208/cicp.091014.060315a

Vol. 18, No. 5, pp. 1313-1335
November 2015

An Adaptive Combined Preconditioner with

Applications in Radiation Diffusion Equations

Xiaoqiang Yue1, Shi Shu1,∗, Xiaowen Xu2 and Zhiyang Zhou1

1 School of Mathematics and Computational Science, Xiangtan University,
Hunan 411105, P.R. China.
2 Institute of Applied Physics and Computational Mathematics, Beijing 100088,
P.R. China.

Received 9 October 2014; Accepted (in revised version) 6 March 2015

Abstract. The paper aims to develop an effective preconditioner and conduct the con-
vergence analysis of the corresponding preconditioned GMRES for the solution of dis-
crete problems originating from multi-group radiation diffusion equations. We firstly
investigate the performances of the most widely used preconditioners (ILU(k) and
AMG) and their combinations (Bco and B̃co), and provide drawbacks on their feasibili-
ties. Secondly, we reveal the underlying complementarity of ILU(k) and AMG by ana-
lyzing the features suitable for AMG using more detailed measurements on multiscale
nature of matrices and the effect of ILU(k) on multiscale nature. Moreover, we present
an adaptive combined preconditioner Bα

co involving an improved ILU(0) along with
its convergence constraints. Numerical results demonstrate that Bα

co-GMRES holds the
best robustness and efficiency. At last, we analyze the convergence of GMRES with
combined preconditioning which not only provides a persuasive support for our pro-
posed algorithms, but also updates the existing estimation theory on condition num-
bers of combined preconditioned systems.
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1 Introduction

Equations of radiation hydrodynamics (RHE), which play a quite important role in nu-
merical simulations of inertial confinement fusion (ICF), contain a set of coupled equa-
tions that describe the motion of fluids and radiative transition processes, where the for-
mer is described by a multi-material Eulerian hydrodynamic equations while the latter
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approximatively by multi-group radiation diffusion (MGD) equations [1]. It is a widely-
used way to discretize the hydrodynamic equations explicitly and implicitly for MGD
equations, which gives rise to large-scale sparse linear systems solved for high resolu-
tions. It should be stressed that the computational costs occupy the predominantly time-
consuming part (more than 80% in general), numerical solutions of discretized algebraic
systems become the crucial bottleneck in ICF simulations. The preconditioned iterative
method is a primary choice to handle them, although its efficiency is affected severely by
the preconditioner.

In recent years, numerous preconditioners constructed for radiation diffusion equa-
tions have been presented, see [2–10] and references therein for details. These precondi-
tioners mainly fall into several preconditioning algorithms, such as incomplete LU factor-
ization (ILU) [11,12] and algebraic multigrid method (AMG) [13,14], which will be called
standalone preconditioners below. However, the actual physical modelings of ICF are
becoming more and more meticulous along with the development of high-performance
computers and the capability of numerical simulations. The existing standalone pre-
conditioners are difficult or even no more to adapt to numerical simulations of complex
physical modelings, which is mainly due to the following two aspects: (i) they are not de-
signed for MGD but for the 3-temperature heat-conduction equations, hard to handle the
complex coupling relationships in MGD; (ii) they usually lack inconsistency with respect
to the different matrices from nonlinear iterations at each integration time-step, nearly
impossible to accurately simulate a problem with up to 105 integration time-steps.

More recently, Hu et al. [15] proposed a combined preconditioner Bco, which was suc-
cessfully employed to solve symmetric and positive definite (SPD) linear systems arising
from petroleum reservoir simulations. On this basis, we develop an adaptive combined
preconditioner Bα

co, and apply it to MGD equations and further an actual numerical sim-
ulation of ICF implosion. We firstly introduce the popular strength measurement ψ and
define the distribution measurements φ and ̺ on the multiscale nature of an arbitrary ma-
trix, where ̺ is the number of magnitude intervals, and φ reflects how close these mag-
nitude intervals are. Secondly, we obtain three adaptability conditions ensuring the fea-
sibility of AMG by an investigation of two-dimensional convection-diffusion equations
and classical one-group and twenty-group problems. Meanwhile we provide the fact that
ILU(k) can weaken the multiscale strength and concentrate corresponding distributions,
which brings to light their underlying complementarity and offers theoretical help to the
effectiveness of combined preconditioners. Moreover, we present an improved ILU(k) by
adopting a simpler criterion to filtrate tiny matrix elements prior to performing ILU(k)
factorization, namely IL̂Û(k) in this study, which is a subtle version roughly equivalent
to ILU(k) but with a notable reduction in memory storage and computational cost when
disposing of multiscale problems. Bα

co is subsequently achieved by an additional heuristic
remedy on IL̂Û(0)-GMRES. Our numerical results verify the considerable advantage of
Bα

co over others.

In addition, we obtain a qualitative convergence estimation of a nonsymmetric com-
bined preconditioner. Its analysis procedure consists of a transformation into the estima-
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tion of κ(Bco A) and a modification on the existing estimation theory of Bco, resulting in
a new sufficient condition stated in Theorem 6.1. In particular, an extra condition (see
Theorem 6.2) is appended to yield the same conclusion as Theorem 2.2 in [15].

An outline of the paper is as follows. MGD equations and the discretization scheme
are introduced in Section 2. Section 3 provides the performances of ILU(k), AMG, Bco

and B̃co. We analyze the multiscale nature of a given matrix and propose Bα
co in Section 4.

Section 5 reports and analyzes the numerical results of an actual ICF implosion to show
the advantage of Bα

co. A qualitative analysis of B̃co-GMRES is presented in Section 6, and
some concluding remarks are given in Section 7.

2 Model problem and discretization

2.1 Multi-group radiation diffusion equations

Consider the multi-group radiation diffusion (MGD) equations [1, 16]














∂Eg

∂t =∇·(Dg(Eg)∇Eg)+c(σBgB(TE)g−σPgEg)+Sg, g=1,··· ,G,

ρcE
∂TE
∂t =∇·(DE(TE)∇TE)−c∑g(σBgB(TE)g−σPgEg)+ωIE(TI−TE),

ρcI
∂TI
∂t =∇·(DI(TI)∇TI)−ωIE(TI−TE),

(2.1)

where g is the group index and G is the number of groups,

• Eg, Dg(Eg): the g-th spectral radiation energy density and radiation diffusion coef-
ficient;

• σBg, σPg: the g-th scattering coefficient and absorption coefficient of Planck-averaged
electron energy;

• B(TE)g: the g-th electron scattering energy density;

• Sg, c, ρ: the g-th radiation source, speed of light and medium density;

• Tα, Dα(Tα), cα: the temperature, thermal-conductivity coefficient and specific heat,
where α=E stands for electron and α= I for ion;

• ωIE: the coefficient of energy exchange between electron and ion.

The MGD equations (2.1) are a coupled nonlinear system of spectral radiation energy
densities, electron and ion, where Dg(Eg), DE(TE), DI(TI) and B(TE)g are all nonlinear
functions of energy densities and temperatures. Energy densities, without any exchange
themselves, are all coupled with electron through exchanges of energy c(σBgB(TE)g−
σPgEg), while electron and ion are coupled through ωIE(TI−TE).

In particular, when G=1, the radiation temperature TR can be obtained by

Eg=ER = aT4
R, a= const.,
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which obviously degrades Eq. (2.1) into classical 3-temperature heat-conduction equa-
tions.

2.2 Discrete linear systems

In order to guarantee the numerical stability and larger time-step size in practical ap-
plications, fully implicit schemes, such as adaptive backward Eulerian, are frequently
used along the time direction, which yields a steady state nonlinear system of Partial
Differential Equations (PDEs). We usually adopt the frozen-in coefficients method to
linearize their nonlinear terms in numerical simulations, as a consequence, a steady lin-
ear PDEs is required to be solved at each nonlinear iteration. In fact, numerous spatial
discretization methods available in the literatures, such as finite difference (FD), finite
element (FE) and finite volume (FV) methods, can be employed. Since the FV method
can locally preserve the conservation of certain physical quantities (mass, energy and so
on), it has become one of the most popular numerical methods in many software pack-
ages, such as five-point discretization in two-dimensional and seven-point discretization
in three-dimensional on a regular (Eulerian) grid [1], nine-point discretization in two-
dimensional on a Lagrangian grid with large deformations [2]. No matter which scheme
is utilized in the spatial direction, the resulted linear system has the form

Au= f , (2.2)

whose coefficient matrix A=(aij)N×N takes the sparse block form















A1 D1E

. . .
...

AG DGE

DE1 ··· DEG AE DEI

DIE AI















,

where N=(G+2)×n and n is the number of mesh cells, the diagonal block Aα=(aα
ij)n×n

(α = 1,··· ,G,E, I) reflects the diffusion of the α-th energy density or temperature in the
medium, and the nonzero diagonal matrix Dαβ (α 6= β), one of the so-called coupling
terms, expresses the coupling relation between the α-th and the β-th.

Normally, the coupling terms in Eq. (2.2) satisfy

DEI =DIE, DEg 6=DgE, g=1,··· ,G,

which implies that A is not necessarily symmetric but only positive definite. In such a
case, the most popular choice for solving Eq. (2.2) is the preconditioned restarted gen-
eralized minimum residual method, denoted by PGMRES(m) [17], which restarts the
algorithm once performing m iterations of PGMRES. Despite its performance, not only
the efficiency but also the robustness, PGMRES(m) is extremely affected by the variety
and quality of the underlying preconditioner.

https://doi.org/10.4208/cicp.091014.060315a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.091014.060315a


X. Yue et al. / Commun. Comput. Phys., 18 (2015), pp. 1313-1335 1317

In the upcoming analyses and numerical experiments, all the preconditioners, to
which we devote in this paper, are used to precondition GMRES method with the Krylov
subspace of dimension 30, namely GMRES(30).

3 Performance of two popular preconditioners and their

combinations

Nowadays, both ILU and AMG are regarded as the most popular preconditioners in
real applications, since the simplicity of ILU, which specifies the sparsity of its factors to
approximate the exact one, and the virtue of scalability and applicability of AMG. Below
we focus on the numerical performance of these preconditioners for two sets of linear
algebraic systems from simulations on capsule implosion. The first set consists of 3 linear
systems, denoted by S1-S3, arising from the five-point discretization with second-order
accuracy of a classical one-group problem on 8000×6, 16000×12 and 32000×24 grids,
while the second set includes 6 linear systems, denoted by M1-M6, originating from the
same discretization of a multi-group problem on 4000×12, 8000×24 and 16000×48 grids,
where the number of groups G=20.

All our numerical experiments are performed in a 64 bit Fedora 14 platform, in double
precision arithmetic on Intel Xeon (W5590) with 24.0 GB RAM, 3.33 GHz, with an -O2
optimization parameter. In the following tables, dashed entries (-) indicate the solutions
either diverge or fail to converge after 200 iterations, It is the number of iterations until
the stopping criterion is reached, Tc represents the CPU time including both Setup and
Solve phases, with second as its unit.

Table 1 shows the results of applying GMRES with ILU(k) and AMG preconditioning,
referred to as ILU(k)-GMRES and AMG-GMRES respectively, to aforementioned one-
group and twenty-group problems, where the tolerance for stopping is 10−8. Unless oth-
erwise stated, we choose the ILU(k) preconditioner from Euclid library [12] and the AMG
preconditioner provided in the HYPRE (High Performance Preconditioners) library [18]
(developed in the Center for Applied Scientific Computing at Lawrence Livermore Na-
tional Laboratory), empirically with a strength threshold 0.25, coarse-grid selection by
Falgout Coarsening (a hybrid RS/CLJP scheme), one presmoothing and postsmoothing
sweep performed by the symmetric hybrid Gauss-Seidel, and other parameters of these
two preconditioners chosen from their default sets. Here and below we only list the
numerical results of ILU(0) preconditioner due to the considerations of computational
efficiency and memory capacity, while the preconditioning behavior of ILU(k) (k=1,2,3),
with higher time and space complexity, is quite similar to that of ILU(0).

As shown in Table 1, despite the fact that it works well for S1 and M1-M4, ILU(k)-
GMRES lacks robustness for S2 and M5, or even it requires more than 200 iterations for
S3 and M6. Meanwhile, the less the stopping criterion, the more linear systems don’t
converge in 200 iterations. So the effects of ILU(k) preconditioners couldn’t be predicted,
and sometimes ILU(k)-GMRES may even break down. Besides a marked improvement in
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Table 1: Number of iterations and wall time of ILU(0) and AMG.

8000×6 16000×12 32000×24

Euclid AMG Euclid AMG Euclid AMG

It Tc It Tc It Tc It Tc It Tc It Tc

S1 3 0.4 11 0.5 3 1.6 11 2.0 4 6.5 11 8.9

S2 15 0.5 33 1.3 26 2.7 46 8.4 65 18.7 56 42.6

S3 - - 14 0.6 - - 16 3.5 - - 13 11.0

4000×12 8000×24 16000×48

Euclid AMG Euclid AMG Euclid AMG

It Tc It Tc It Tc It Tc It Tc It Tc

M1 2 3.3 14 14.2 2 13.8 35 179.6 3 60.6 48 1002.3

M2 2 3.3 14 16.1 2 14.0 39 212.3 3 61.6 42 972.6

M3 2 3.3 22 27.8 2 14.1 37 201.4 3 60.1 41 932.1

M4 2 3.1 48 43.6 2 12.8 51 206.9 3 56.4 52 832.8

M5 6 3.8 26 22.7 9 19.1 24 97.6 19 138.1 29 482.4

M6 - - 27 25.6 - - 28 120.2 - - 34 602.9

the convergence property over ILU(k)-GMRES, AMG-GMRES doesn’t converge robustly
enough, possessing an excessive number of iterations to achieve convergence (56 to S2

on a 32000×24 grid and 52 to M4 on 16000×48), and worse performance in terms of
CPU time. Hence, an efficient and robust preconditioner is of especially high demand for
MGD equations.

More recently, Hu and his co-authors developed a combined preconditioner Bco [15],
which is proven to be SPD and its key components are a contractive smoother S and a
SPD preconditioner B. They state clearly that there is no need to use Bco unless neither
B nor S̃ works well, where S̃ := S+ST−ST AS and A is the SPD coefficient matrix. Af-
terwards, Bco is employed as a preconditioner of the preconditioned conjugate gradient
method in petroleum reservoir simulations, with higher efficiency and better robustness,
where S is selected from classical AMG methods and B as incomplete Cholesky factoriza-
tion with zero level of fill-in. Observing that the original matrix of Eq. (2.2) is generally
nonsymmetric, we construct a nonsymmetric combined preconditioner B̃co, whose Setup
phase and Preconditioning phase are described below.

Algorithm 1. (Nonsymmetric combined preconditioner B̃co)

Step 1 Setup phase of B̃co.

1.1 (B: ILU(k)) Perform an incomplete LU factorization of A, which produces its
factors L and U.

1.2 (S: AMG) Apply the Setup phase of AMG to A, which builds the ingredients
required by a hierarchy of levels, coarsest to finest.

Step 2 Preconditioning phase of B̃co, i.e. w= B̃cog, where g is an arbitrarily given vector.

https://doi.org/10.4208/cicp.091014.060315a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.091014.060315a


X. Yue et al. / Commun. Comput. Phys., 18 (2015), pp. 1313-1335 1319

2.1 (B: ILU(k)) Compute w1=(LU)−1g and the residual r= g−Aw1.

2.2 (S: AMG) Taking the zero vector as the initial guess, the new iterate w2 is ob-
tained by invoking V-cycle once with respect to the linear system Aw2= r.

2.3 Compute w=w1+w2.

Table 2 compares the results of Bco-GMRES and B̃co-GMRES. Notice here that they
both converge robustly and their convergence rates are essentially the same, indicating
that Bco and B̃co both overcome the poor robustnesses of ILU(k) and AMG. But it is worth
noting that an extra AMG preconditioning effect of Bco makes it more expensive than B̃co

to use, for example, the wall time of M5 on three different grids are 9.4 s, 38.2 s, 125.7 s
and 5.6 s, 23.0 s, 102.7 s for Bco and B̃co, respectively.

Table 2: Number of iterations and wall time of Bco and B̃co.

8000×6 16000×12 32000×24

Bco B̃co Bco B̃co Bco B̃co

It Tc It Tc It Tc It Tc It Tc It Tc

S1 1 0.5 2 0.5 2 2.5 2 2.3 2 10.0 2 9.2

S2 5 0.7 6 0.6 5 3.1 6 2.7 5 12.7 6 11.2

S3 7 0.8 10 0.7 6 3.3 10 3.2 8 15.4 11 13.8

4000×12 8000×24 16000×48

Bco B̃co Bco B̃co Bco B̃co

It Tc It Tc It Tc It Tc It Tc It Tc

M1 1 5.1 1 4.7 1 20.9 1 19.1 3 119.1 3 98.2

M2 1 5.3 1 4.8 1 21.5 1 19.5 2 110.6 2 93.9

M3 1 5.2 1 4.7 1 21.3 1 19.4 2 109.0 2 94.1

M4 1 5.4 1 4.8 1 22.1 1 19.5 2 111.6 2 95.0

M5 6 9.4 3 5.6 6 38.2 3 23.0 3 125.7 3 102.7

M6 4 7.9 3 5.8 3 29.2 3 23.5 7 191.1 3 103.6

By an investigation in terms of the wall time in Table 1 and Table 2, it is easy to see
that B̃co partially requires less wall time than the standalone preconditioners. In spite of
the fact that it is stable for MGD problems, B̃co won’t solve them in an optimal way due
to the cost of one step of certain standalone preconditioner is much more efficient than
B̃co. Based on these observations, as a premise of maintaining the robustness of B̃co, an
adaptive preconditioning technique will be considered in the next section.

4 An adaptive combined preconditioner

Generally speaking, the key ingredient used in constructing an adaptive preconditioner
resides the clear distinction between linear systems suitable for the above standalone
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and combined preconditioners. With this observation, the desired distinction, which we
describe below, will be used as the critical strategy to adaptively pick a preconditioner.

4.1 Multiscale nature of matrices and its effect on AMG

Given a nonsingular matrix B = (bij)n×n, along with its index set IB denoted by IB =
{1,··· ,n}, the conventional measurement on the multiscale nature of B is introduced by

ψ(B) :=⌊lg(max
i∈IB

vB(i))⌋,

where ⌊·⌋ is the rounding down of its argument, and the real array vB is defined as

vB(i)=
maxk 6=i |bik|

minj 6=i,bij 6=0 |bij|
, i∈ IB.

It is trivial to see that the measurement ψ primarily represents the strength of the multi-
scale nature. Therefore, B and its associated linear system are said to be strongly multi-
scaled if ψ(B)> θψ for a relatively large integer θψ.

In the ordinary way, the intensity of ψ is utilized as the judgment to determine whether
or not AMG is an preferable preconditioner [19]. However, it is sometimes quite unreli-
able. In fact, we discover that AMG is still perfectly suitable to use when the distribution
of elements in vB satisfies certain constraints, which are described below by the following
two measurements we propose.

Taking the definition of ψ(B) into consideration, we can assume that all the values of
vB scatter in [10kl ,10kl+1) (l = 1,··· ,̺(B)), where ̺(B) is the number of magnitude inter-
vals, and the nonnegative integers obey k1 < k2 < ···< k̺(B)=ψ(B). In addition, aiming
to acquire the absolute distance between these magnitude intervals, we define φ(B)= 0

if ̺(B)=1, and φ(B)=∑
̺(B)
i=2 (ki−ki−1−1) otherwise. Thus, ̺(B) and φ(B) can be viewed

as the first and second measurement on the distribution of the multiscale nature. In prac-
tice, we also draw a threshold θp > 0 into the actual calculation of ̺(B) and φ(B), with

the purpose to omit the disturbance of [10kl ,10kl+1) if nl/n< θp, where nl is the number
of elements in vB scattered in that interval.

In order to exploit the effect of the above measurements ψ, ̺ and φ on AMG, We
firstly consider a two-dimensional convection-diffusion equation with anisotropy and
discontinuity.

Example 1. Consider linear systems resulting from the five-point finite difference ap-
proximation (one-order upwind scheme) of

−cxuxx−uyy+ux =1, in Ω=(0,1)2,

with the Dirichlet boundary condition

u=0, on ∂Ω,
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Figure 1: Illustration for the distribution of cx in 3×2 blocks.

where the anisotropic and discontinuous coefficient cx>0 is distributed over Ω=
⋃6

i=1Ωi

as illustrated in Fig. 1.

Here, we distinguish 7 situations, where ci
x = cx|Ωi

, i=1,··· ,6.

Case 1. c1
x = c2

x = c3
x =1.0, c4

x = c5
x = c6

x =103;

Case 2. ci
x =10i, i=1,··· ,6;

Case 3. c1
x = c2

x =1.0, c3
x = c6

x =103, c4
x = c5

x =106;

Case 4. c1
x = c2

x = c3
x =1.0, c4

x = c5
x = c6

x =1014;

Case 5. c1
x = c2

x =1011, c3
x = c6

x =1012, c4
x = c5

x =1014;

Case 6. c1
x = c2

x =102, c3
x = c6

x =108, c4
x = c5

x =1014;

Case 7. c1
x = c2

x =1.0, c3
x = c6

x =107, c4
x = c5

x =1014.

The effect of the above 7 cases on the number of iterations of AMG-GMRES by ψ, ̺ and
φ is indicated in Table 3, where the first column represents the grid partitioning np×np

by n2
p, the tolerance for stopping is 10−8, and dashed entries (-) indicate the solutions fail

to converge in 200 iterations.

Setting thresholds θψ=4, θ̺=3, θφ=3 and θp = 0.1%, we can observe from Table 3 that
AMG-GMRES will be stable in 3 situations. The first one is ψ< θψ, i.e. relatively weak
multiscale nature (see Case 1); the second is ψ≥ θψ and ̺< θ̺, i.e. strongly multi-scaled
but few magnitude intervals (shown by Case 4); the third is ψ≥ θψ, ̺≥ θ̺ and φ< θφ, i.e.
strongly multi-scaled and too many magnitude intervals but closely gathered (presented
in Case 2 and Case 5). As a consequence, we obtain by induction three adaptability
conditions below of linear systems suitable to solve by AMG-GMRES.
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Table 3: Effect of ψ, ̺ and φ on AMG.

n2
p

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

ψ,̺,φ It ψ,̺,φ It ψ,̺,φ It ψ,̺,φ It ψ,̺,φ It ψ,̺,φ It ψ,̺,φ It

1282 3,3,1 8 6,7,0 12 6,4,3 31 14,2,13 8 14,4,1 1 14,4,10 51 14,3,12 -

2562 3,3,1 10 6,7,0 14 6,4,3 - 14,2,13 9 14,4,1 2 14,4,10 71 14,3,12 -

5122 2,2,1 11 5,6,0 18 5,3,3 - 13,2,12 13 13,3,1 2 13,3,10 104 13,3,11 -

10242 3,2,2 11 6,6,0 21 6,3,4 - 14,2,13 11 14,3,1 2 14,3,10 - 14,3,12 -

Cond 1. ψ< θψ;

Cond 2. ψ≥ θψ but ̺< θ̺;

Cond 3. ψ≥ θψ, ̺≥ θ̺ but φ< θφ.

Let us examine the above sufficient conditions with linear systems from one-group
and twenty-group problems. Table 4 presents the multiscale measurements ψ, ̺ and φ of
the original matrix A from S1-S3 on 8000×6 grid and M1-M6 on 4000×12.

Table 4: ψ, ̺ and φ of the original matrix A.

S1 S2 S3 M1 M2 M3 M4 M5 M6

ψ 24 24 18 23 23 23 32 32 32

̺ 16 17 16 18 18 18 19 17 16

φ 1 3 2 6 6 6 14 16 17

Combining Table 4 and Table 1, we can see that S1 and S3 both satisfy Cond 3 while
AMG-GMRES is stable to solve them. By contrast, S2 and M1-M6 violate all the sufficient
conditions while AMG-GMRES solve them either not robustly enough or with a rather
excessive number of iterations. These observations confirm the validity of Cond 1-Cond

3.

4.2 The effect of ILU(k) on multiscale nature

Here we concentrate on the effect of ILU(k) preconditioner performed on the multiscale
nature of original matrices. Table 5 lists ψ, ̺ and φ of the preconditioned matrix C :=
(LU)−1A for the same problems used earlier, where L and U are the incomplete factors
obtained from ILU(0) factorization of A.

Table 5: ψ, ̺ and φ of the preconditioned matrix C.

S1 S2 S3 M1 M2 M3 M4 M5 M6

ψ 22 21 18 22 22 22 22 23 23

̺ 6 5 1 8 7 7 7 8 8

φ 0 0 0 0 0 0 0 0 0
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By comparing Table 4 with Table 5, it can be easily seen that the strength measurement
ψ of A decreases by performing ILU(k) preconditioning once, as well as a significant im-
provement on the distribution measurements ̺ and φ, especially all the preconditioned
matrices satisfy Cond 3. Take (S2, M4) as an example, values of ψ are reduced from (24,
32) to (21, 22), ̺ from (17, 19) down to (5, 7), and φ from (3, 14) down to (0, 0), respectively.

From the above observation, an immediate consequence is that AMG is the very pre-
conditioner to solve these ILU(0) preconditioned systems. Also, note that the underlying
thought of the combined preconditioner B̃co in Algorithm 1 is to perform an extra AMG
with respect to the ILU(k) preconditioned system, B̃co is an effective preconditioner asso-
ciated with the original system, of which the data in Table 2 are in support.

4.3 An improved algorithm of ILU(k)

Since the coefficient matrix A of MGD equations has roughly strong multiscale nature,
and its incomplete LU factorization maintains the primary part of A, a straightforward
idea is to filter relatively small entries out of A, and then perform ILU(k) factorization
for the filtered matrix Â. The idea derives a new ILU factorization, denoted by IL̂Û(k),
which is stated below.

Algorithm 2. (IL̂Û(k) factorization)

Step 1 Generate the filtered matrix Â=(âij)n×n of A=(aij)n×n by the relation

âij =

{

aij, if |aij |> θd ·|aii |,

0, otherwise,
i, j=1,··· ,n,

where the drop-tolerance θd ∈ [0,1] is a given scalar.

Step 2 Perform the ILU(k) factorization for Â with the resulting factors L̂ and Û as IL̂Û(k)
factors of A.

An intuitive claim of IL̂Û(k) is that its preconditioning behavior shouldn’t be much
worse than that of ILU(k). Table 6 shows the comparison between ILU(0)-GMRES and
IL̂Û(0)-GMRES with respect to S2 and M5, where the drop-tolerance θd = 10−5, T1 and
T2 show the wall time of Setup and Solve phases, and the column labeled AuxLength
indicates the actual length of auxiliary arrays required in the implementation of ILU(0)
or IL̂Û(0).

It is observed from Table 6 that IL̂Û(0) is almost equivalent to ILU(0), with a notable
reduction in memory storage (on the average, 50% and 31%, respectively) and computa-
tional cost. For S2 on a 32000×24 grid, IL̂Û(0)-GMRES runs 41 times faster than ILU(0)-
GMRES in Setup phase while 10.99s abated from 13.73s in Solve phase. Thus, the above
facts confirm our former claim. Moreover, as a consequence of the tactical advantage
of Algorithm 2, B̂co-GMRES is predicted more efficient than B̃co-GMRES, where B̂co is
generated by replacing ILU(k) with IL̂Û(k) in Algorithm 1.
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Table 6: Comparison between ILU(0) and IL̂Û(0).

S2
Euclid IL̂Û(0)

T1 T2 It AuxLength T1 T2 It AuxLength

8000×6 0.37 0.13 15 863,964 0.01 0.10 15 434,875

16000×12 1.46 1.30 26 3,551,928 0.03 1.00 26 1,771,933

32000×24 5.84 14.45 65 14,399,856 0.14 10.99 65 7,174,898

M5
Euclid IL̂Û(0)

T1 T2 It AuxLength T1 T2 It AuxLength

4000×12 2.69 1.12 6 7,119,472 0.12 0.96 6 4,902,172

8000×24 10.85 7.08 9 28,830,944 0.51 6.33 9 19,926,150

16000×48 44.26 83.74 19 116,029,888 2.11 80.32 19 80,093,475

4.4 Definition and performance of an adaptive combined preconditioner

From the previous preliminary investigations, we can summarize that the sharp distinc-
tion between AMG and others is drawn by Cond 1-Cond 3, but it is difficult to assess
in advance an appropriate distinction with respect to ILU(k)-like because of its unpre-
dictability and inconsistency shown in Table 1. A simple and heuristic way to remedy
this appeals to the reduction in the residual norm at each step of IL̂Û(0)-GMRES.

Using the above arguments, we can get an adaptive combined preconditioner Bα
co,

which is based on AMG, IL̂Û(0) and B̂co. Below is the algorithm of Bα
co and its PGM-

RES(m), where σ1 and σ2 are respectively given thresholds for ‖r1‖/‖r0‖ and ‖rk‖/‖rk−1‖
(k ≥ 2), and rl = f −Aul is the residual vector obtained at step l of Eq. (2.2) by IL̂Û(0)-
GMRES.

Algorithm 3. (Adaptive combined preconditioner Bα
co and its PGMRES(m))

Given an initial guess u0, stopping criterion ε, thresholds θd, θψ, θp, θ̺, θφ, σ1 and σ2.

Step 1 If A satisfies Cond 1 or Cond 2 or Cond 3,

1.1 Set Bα
co = AMG;

1.2 Solve Eq. (2.2) by Bα
co-GMRES(m) until convergence.

Step 2 If A doesn’t satisfy Cond 1-Cond 3,

2.1 Set Bα
co = IL̂Û(0);

2.2 Compute u1 by performing Bα
co-GMRES(m) once to Eq. (2.2).

2.3 Compute the adjacent residual reduction α1=‖r1‖/‖r0‖;

2.4 If α1
>σ1,

2.4.1 Set Bα
co = B̂co;

2.4.2 Solve Eq. (2.2) by Bα
co-GMRES(m) with u0 as the initial guess until con-

vergence.
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2.5 If α1≤σ1 then set k=1 and until αk
>σ2 or α< ε Do

2.5.1 Compute uk+1 by performing Bα
co-GMRES(m) once to Eq. (2.2).

2.5.2 k= k+1;

2.5.3 Compute the adjacent residual reduction αk =‖rk‖/‖rk−1‖;

2.5.4 Compute the absolute residual reduction α=‖rk‖/‖r0‖;

2.6 If α≥ ε,

2.6.1 Set Bα
co = B̂co;

2.6.2 Solve Eq. (2.2) by Bα
co-GMRES(m) with uk−1 as the initial guess until con-

vergence.

Let us illustrate the effectiveness of Algorithm 3 with classical one-group and multi-
group problems, and the numerical results are summarized in Table 7, where u0 = 0,
ε=10−8, θd=10−5, θψ=4, θp = 0.1%, θ̺=3, θφ =3, σ1=10−4 and σ2=0.1.

Table 7: Number of iterations and wall time of B̃co and Bα
co.

8000×6 16000×12 32000×24

B̃co Bα
co B̃co Bα

co B̃co Bα
co

It Tc It Tc It Tc It Tc It Tc It Tc

S1 2 0.5 11 0.5 2 2.3 11 2.0 2 9.2 11 8.9

S2 6 0.6 6(1) 0.3 6 2.7 6(1) 1.1 6 11.2 6(1) 4.7

S3 10 0.7 14 0.6 10 3.2 16 3.5 11 13.8 13 11.0

4000×12 8000×24 16000×48

B̃co Bα
co B̃co Bα

co B̃co Bα
co

It Tc It Tc It Tc It Tc It Tc It Tc

M1 1 4.7 2 0.6 1 19.1 2 2.6 3 98.2 3 15.7

M2 1 4.8 2 0.7 1 19.5 2 2.8 2 93.9 3 16.6

M3 1 4.7 2 0.7 1 19.4 2 2.8 2 94.1 3 17.2

M4 1 4.8 2 0.5 1 19.5 2 2.0 2 95.0 3 11.9

M5 3 5.6 3(2) 2.9 3 23.0 3(3) 12.8 3 102.7 3(3) 60.7

M6 3 5.8 3(2) 3.0 3 23.5 3(3) 13.2 3 103.6 3(3) 62.3

As expected, the results show that Bα
co = AMG to S1 and S3, Bα

co = IL̂Û(0) to M1-M4,
while iteration numbers of Bα

co are listed by s(t) for S2 and M5-M6, where s is the actual
iteration number of B̂co-GMRES to solve, t is the iteration number of IL̂Û(0)-GMRES used
for judgement. All such costs of IL̂Û(0)-GMRES are perfectly acceptable to solutions of
these entire linear systems since all ts are quite small and the computational complexity
required by IL̂Û(0)-GMRES is rather low. From the viewpoint of s, Bα

co-GMRES is fairly
robust, roughly the same as that of B̃co-GMRES. In addition, Bα

co-GMRES is even more
efficient than B̃co-GMRES, runs 1.3, 1.2 and 1.4 times faster on the average for one-group
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problems on 3 different grids, and 3.6, 3.4 and 3.2 for multi-group problems. Further-
more, compared with AMG-GMRES and ILU(0)-GMRES (See Table 1), Bα

co-GMRES has a
significant advantage in computational cost and robustness.

5 Application in simulations of hydrodynamic instability

We now consider an application of Bα
co in the hydrodynamic instabilities simulated by

LARED-S [1] code, which is a two-dimensional and three-dimensional multi-material
Eulerian radiation hydrodynamic code series, developed by Institute of Applied Physics
and Computational Mathematics (IAPCM) based on a parallel application framework
named J Adaptive Structured Meshes applications INfrastructure (JASMIN) [20] on large-
scale parallel computers. LARED-S code exploits the operator splitting principle to man-
age RHE, firstly explicitly discretize Eulerian hydrodynamic equations and fully-implicit
scheme for MGD equations (2.1) at each time step. Since Eq. (2.1) is a system of coupled
nonlinear equations, LARED-S code takes advantage of the Picard iterative scheme to
linearize their nonlinear terms, and the resulting linear system with the shape of Eq. (2.2)
is required to be solved at each nonlinear iteration.

Consider a MGD model in spherical coordinates, whose computational domain Ω=
[0,2000µm]×[0,π/2], the g-th radiation source Sg is converted from the g-th radiation
temperature which is known and tested in SG-II laser facility [21], the number of groups
G = 20, radiation diffusion coefficient Dg(Eg) = cλ(Eg)/κg, electron and ion thermal-

conductivity coefficients Dα(Tα)= kαT5/2
α (α=E, I), where λ(Eg) is a nonlinear limiter, κg

is the Rosseland mean absorption coefficient, kα (α=E, I) are constants and c is the speed
of light. We impose zero-flow boundary conditions at all physical boundaries of electron
and ion temperatures, as well as the angle directions and spherical center of radiation
energy densities, but inflow boundary conditions Fg = cEg/4+F−g at the outer radius,
where F−g is the inflow which is known. Additionally, the initial velocity of the fluid is
zero, the initial radiation, electron and ion temperatures are 3.0×10−4 in the whole com-
putational domain, and the initial spectral radiation energy densities are converted from
radiation temperatures via Plank interpolation. The energy exchanges between photons
of different frequency, electron and ion will take place during the time stepping advance
process, diffuse to the spherical center and eventually run up to their diffusion equilibria
in the region. In our simulation, LARED-S code runs 0.1 nanoseconds in physical time,
and the whole simulation needs 120 time steps on a 16000×24 grid. Due to the need of 5
to 10 Picard iterations at each time step, there are altogether 1020 linear algebraic systems
solved by PGMRES method, with the maximal number of iterations 100 and a decrease
in residuals by 8 orders of magnitude. Note that ILU(0) can’t converge in 100 iterations
for certain time steps, which would seriously affect the accuracy of the simulation, thus
we only compare the performance of Bα

co with Bco and AMG.

Fig. 2 compares the number of iterations for all of the first-Picard systems, which arise
from the first Picard iteration at each time step.
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Figure 2: Number of iterations for the first-Picard systems.

Table 8 gives the total number of iterations and CPU time (in hours) for these 120 time
steps.

Table 8: Total number of iterations and CPU time (in hours) for 120 time steps.

AMG Bco Bα
co

Total number of iterations 43860 3570 3774

CPU Time
Linear Solver’s CPU Time 63.0 17.7 11.6

Total CPU Time 75.0 29.1 22.9

From Fig. 2 and Table 8, we can obtain that both Bco and Bα
co have a reduction up

to 12 compared with AMG in the number of iterations, and they are quite robust with
respect to the time step. Moreover, Bα

co runs 5.4 and 1.5 times faster than AMG and Bco in
Linear Solver’s CPU Time, 3.3 and 1.3 times in Total CPU Time. In addition, excluding
the Linear Solver’s CPU Time, it respectively costs 12.0, 11.4 and 11.3 hours for AMG, Bco

and Bα
co, which clarifies Bα

co accelerates the simulation with a bit higher precision. Hence,
it again indicates the obvious advantage of Bα

co over ILU(0), AMG and Bco.

Remark 5.1. (Resistance capability to grid-distortion) A model is further considered to
demonstrate the capability of the new preconditioner for the solutions of radiation dif-
fusion problems on distorted meshes (see Fig. 3(b) and 3(c)), which are generated by
xij=(i+mod(i,2)θ1)/nx and yij=γj+θ2γj(1−γj)cos(2πxij) on the unit square domain by
nx×ny grid and a linear mapping, where γj=(j+mod(j,2)θ1)/ny. We respectively denote
the distorted meshes in Fig. 3 as Qa, Qb and Qc for the convenience of description.

Table 9 displays the performance of Bα
co in comparison with AMG and Bco to classical

one-group problems S2 and S3, where nine-point spatial discretization method [2] is used.
Similar to the other problems, the convergence rates of Bα

co and Bco are approximately
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(a) Qa (b) Qb (c) Qc

Figure 3: Illustration for distorted meshes when (a) θ1 = θ2=0, (b) θ1= θ2 =
1
5 , (c) θ1=

2
5 , θ2=

1
3 .

equal, yet an apparent advantage over AMG and Bco in terms of CPU time under Qa.
Moreover, it is easy to see that AMG and Bco both break down in cases of Qb and Qc, but
Bα

co works well for them, which not only manifests the fact that Bα
co has a higher resistance

capability to grid-distortion, but also derives a further declaration that Bα
co will be feasible

and applicable in large-scale realistic Lagrangian hydrodynamic simulations.

Table 9: Number of iterations and wall time of AMG, Bco and Bα
co under distorted meshes.

8000×6 16000×12

AMG Bco Bα
co AMG Bco Bα

co

It Tc It Tc It Tc It Tc It Tc It Tc

Qa
S2 16 0.51 3 0.63 4(1) 0.23 53 7.67 4 4.07 4(1) 1.18

S3 4 0.28 2 0.65 4 0.29 4 1.34 3 3.01 4 1.38

Qb
S2 51 1.81 4 0.78 3(1) 0.28 - - - - 6(1) 1.76

S3 4 0.37 2 0.77 4 0.39 5 2.03 2 3.28 5 2.10

Qc
S2 106 3.62 3 0.73 4(1) 0.30 - - - - 4(1) 1.51

S3 4 0.35 2 0.74 4 0.35 5 1.97 3 3.58 5 2.03

6 Convergence analysis

In this section, we investigate the convergence analysis of B̃co-GMRES(m) method, that is
to say, in what follows is the effectiveness of the nonsymmetric combined preconditioner
B̃co we construct in Algorithm 1. In order to achieve the theoretical estimate, not quanti-
tative but qualitative, it is desirable to make it a transformation, which below we explain
in more detail.

Firstly, we assume that the iterative behavior of B̃co is approximately equivalent to
the one obtained by the symmetric combined preconditioner Bco, which is manipulated
to ensure that the convergence analysis of Bco-GMRES(m) method is roughly identical to
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that of B̃co-GMRES(m) method. This assumption does have certain rationality in radia-
tion diffusion problems whose numerical results are shown in Table 2, Fig. 2 and Table 9
under Qa.

In addition, using the fact that Bco is SPD and recalling the convergence theory of
GMRES(m) method [17,22], we can show that the convergence factor η of Bco-GMRES(m)
method, associated with Euclidean norm, satisfies

η=
(

1−
α

β

)
m
2

, (6.1)

provided that A1 is an arbitrary positive real matrix, where Ã1 = B
1
2
co A1B

1
2
co, M = (Ã1+

ÃT
1 )/2, α=λ2

min(M), β=λmax(ÃT
1 Ã1).

Furthermore, when A1 is essentially symmetric, the following estimate can be derived
from the above result

β≈λmax(MT M)=λ2
max(M).

Substituting this into Eq. (6.1), yields

η≈
(

1−
λ2

min(M)

λ2
max(M)

)
m
2
=
(

1−
1

κ2(M)

)
m
2
=
(

1−
1

κ2(Bco A)

)
m
2

, (6.2)

where the symmetrization A=(A1+AT
1 )/2 is SPD.

With the help of the preceding transformation, in particular by Eq. (6.2), we can con-
clude that the convergence analysis of B̃co-GMRES(m) method to the equation A1u= f
depends approximatively on the scale of κ(Bco A), if the coefficient matrix A1 satisfies
certain assumptions. And the smaller κ(Bco A) the faster convergence of B̃co-GMRES(m)
method and the fewer iterations.

For simplicity of presentation, we denote the ILU(k) factorization by B, and AMG
method by S. Utilizing the definition of Bco in [15], the following equality can be easily
derived

Bco=S+ST−ST A1S+(I−ST A1)B(I−A1S).

Consequently, when A1 is an essentially symmetric matrix, Bco does approximatively
satisfy the expression

Bco ≈ S̃+(I−ST A)B(I−AS),

where S̃=S+ST−ST AS.
We are now turning to the estimation of κ(Bco A) in the case when the operator B

is SPD. The particular case of our most interest is that Bco has a better preconditioning
behavior than both B and S̃, an alternative way to depict the case is

κ(Bco A)<κ(BA) (6.3)
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and

κ(Bco A)<κ(S̃A), (6.4)

where the quantity κ(C) stands for the condition number of an SPD matrix C. Next we
seek the conditions under which the above two equalities hold. To do this, an assumption
must be made regarding the SPD property of B and the contractionary effect of I-SA in
the so-called energy norm.

Assumption 1. Assume without loss of generality that the following min-max eigenval-
ues of B (with proper scaling) hold

0<m0=λmin(BA)≤1<m1=λmax(BA) (6.5)

and S satisfies the relation

ρ= max
v∈Rn ,v 6=0

‖(I−SA)v‖2
A

‖v‖2
A

∈ (0,1). (6.6)

By Assumption 1, the following essential inequality has been proven by Hu et al. [15]

κ(Bco A)≤
(1−m1)(1−ρ)+m1

(1−m0)(1−ρ)+m0
, (6.7)

in succession to utilize the assumption stated in Eq. (6.5), yielding the desired expression
(6.3).

Under the same assumption, Hu and his co-authors also give a sufficient condition to
ensure Eq. (6.4) stated as Theorem 2.2 in [15]

ρ>1−
m0

m1−1
. (6.8)

However, we would like to emphasize that the above is derived from exploiting the rela-
tion

κ(S̃A)=
1

1−ρ
, (6.9)

whose invalidity can be demonstrated by Example 2.

Example 2. Consider A=diag(1.0,1.0,1.0) and S=diag(0.2,0.5,0.8). Note that S satisfies
the assumption stated in Eq. (6.6), yet without the validity of Eq. (6.9).

Proof. Indeed, it is evident via straightforward manipulation to see that

ρ= max
v∈R3,v 6=0

‖(I−SA)v‖2
A

‖v‖2
A

= max
v∈R3,v 6=0

((I−SA)v,(I−SA)v)A

(v,v)A

= max
v=(v1,v2,v3)T 6=0

(0.8v1)
2+(0.5v2)2+(0.2v3)2

v2
1+v2

2+v2
3

=0.64<1,
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which establishes that S satisfies Eq. (6.6).
It remains to prove a contradiction to Eq. (6.9). From the definition of S and S̃, we

have

S̃=S+ST−ST AS=diag(0.36,0.75,0.96).

Clearly yields

κ(S̃A)=
0.96

0.36
6=

1

0.36
=

1

1−ρ
,

which completes the proof.

Apparently, only under Assumption 1, the above analysis shows that the sufficient
condition (6.8), given by Hu et al. in [15], isn’t adequate to guarantee Eq. (6.4). Therefore,
it is necessary to propose a new sufficient condition. We begin with the following two
lemmas.

Lemma 6.1. (Theorem 2.2 in [15]) Suppose that S satisfies the assumption stated in Eq. (6.6),
then S̃ is such that

(1−ρ)(w,w)A ≤ (S̃Aw,w)A≤ (w,w)A, ∀w∈Rn. (6.10)

Proof. See reference [15] for a proof.

Lemma 6.2. Suppose that S satisfies the assumption stated in Eq. (6.6), then there exists a scalar
α∈ [0,ρ] such that

κ(S̃A)=
1

1−α
. (6.11)

Proof. It follows from Eq. (6.10) that

λmax(S̃A)≤1 (6.12)

and

λmin(S̃A)≥1−ρ.

Taking the SPD property of S̃ and A into consideration, we have

(S̃Aw,w)A≥ (1−ρ)(w,w)A, ∀w∈Rn. (6.13)

According to Eq. (6.6), there exists w0 6=0 such that

ρ=
‖(I−SA)w0‖2

A

‖w0‖2
A

.
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Note that ((I−S̃A)w,w)A=‖(I−SA)w‖2
A, the above equality immediately becomes

(S̃Aw0,w0)A =(1−ρ)(w0,w0)A. (6.14)

Combining Eq. (6.13) with Eq. (6.14), yields

λmin(S̃A)=1−ρ.

By recalling the definition of the condition number, we have

1≤κ(S̃A)≤
1

1−ρ
.

Hence, a scalar α̃∈ [1−ρ,1] exists such that

κ(S̃A)=
1

α̃
,

then select the scalar α=1− α̃∈ [0,ρ] and complete the proof.

A consequence of Lemma 6.1 and Lemma 6.2 is the following theorem regarding the
new sufficient condition ensuring Eq. (6.4).

Theorem 6.1. Suppose that B and S satisfy Assumption 1, then Eq. (6.4) holds if

m1ρ(1−α)−m0ρ<α(1−ρ), (6.15)

where α=1−1/κ(S̃A).

Proof. The proof of this result is straightforward by eliminating the relation

(1−m1)(1−ρ)+m1

(1−m0)(1−ρ)+m0
<

1

1−α
,

where the last item comes from Eq. (6.7) and Eq. (6.11). This completes the proof.

It is worth noting that, the sufficient condition (6.15) would simplify into Eq. (6.8)
when α = ρ, yielding the conclusion stated in [15]. Unfortunately, the item α does not
always achieve its supremum value ρ only under Assumption 1, such as α=0.625 6= ρ=
0.64 in Example 2, since λmax(S̃A)= 0.96 and λmin(S̃A)= 0.36. Therefore, the condition
(6.15) assuredly differ from Eq. (6.8) with more accuracy.

Moreover, we expect to shrink the result of Theorem 6.1 by appending a certain con-
dition, which is stated in the following theorem with the purpose to ensure Eq. (6.8) as a
sufficient condition of Eq. (6.4) when Assumption 1 holds.

Theorem 6.2. Suppose that B and S satisfy Assumption 1, and SA admits 1 as an eigenvalue.
Then Eq. (6.4) holds when S satisfies Eq. (6.8).
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Proof. It is obvious from the above qualitative analysis that the theorem will be proved if
we can show α=ρ under its conditions. Here is the detailed proof.

If 1 is an eigenvalue of SA, then there exists a nonzero vector w0 6=0 such that

(I−SA)w0=0.

Noting that ((I−S̃A)w,w)A =‖(I−SA)w‖2
A, we have

(S̃Aw0,w0)A =(w0,w0)A,

and derive that

λmax(S̃A)≥1,

which, by a combination with the relation (6.12), yields

λmax(S̃A)=1.

By exploiting the above equality to undergo suitable modifications to the proof of Lemma
6.2, we obtain the desired result α=ρ, and thus prove the theorem.

Thus we can summarize what we have approximated and proved in this section that
the condition number of B̃co preconditioned system is better than that of both B and
S̃ preconditioned system when the coefficient matrix A1, its ILU(0) factorization serves
as B and AMG as S all satisfy certain conditions. This guarantees that B̃co-GMRES(m)
gains a faster convergence than B-GMRES(m) and S̃-GMRES(m), which, in the theoret-
ical viewpoint, offers great help for validating the numerical results of our proposed
preconditioners in previous sections.

7 Conclusion

In this paper, we proposed an adaptive combined preconditioner Bα
co, employed to solve

discrete problems arising from MGD equations and a simulation of hydrodynamic in-
stability during the processes of radiation driven ICF capsule implosion. The approach
was motivated by the recent work from Hu et al. It relied on three adaptability condi-
tions suitable to solve by AMG-GMRES, the crucial reduction of ILU(k)-like on multiscale
nature of original matrices, heuristic remedy on the reduction in the residual norm of
IL̂Û(0)-GMRES, and the underlying complementarity of ILU(k) and AMG. Our numer-
ical results verified the considerable advantage of Bα

co. In addition, we analyzed quali-
tatively the convergence estimation of a nonsymmetric combined preconditioner, with a
careful correction on the existing estimation theory of Bco established by Hu et al. and an
immediate deduction into the existing by an extra condition.
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