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106.47 Halving a triangle in a given direction

Suppose that a triangle is specified by the coordinates of its vertices. A
slope is given, and it is required to write down the equation of the line
having this slope and bisecting the area of the triangle. Bisecting areas of
polygons was of interest in hydrostatics well over a century ago [1]; for
triangles the bisectors form a deltoid-shaped envelope. This has been
described very elegantly by Dunn and Pretty [2] in an article that has
inspired some attractive developments, notably in work of Berele and
Catoiu: see [3], for example, where much more is recorded about the
bisection deltoid. And it solves our problem: the line we require will be the
unique tangent to the deltoid having the given slope. However, we feel it is
not the most direct solution, particularly because Dunn and Pretty reduce the
area bisection question ‘affinely’ to bisecting a right triangle placed at the
origin.
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FIGURE 1

We take a different approach, starting with the bisecting line which lies
parallel to a chosen triangle edge and tilting it to the required angle. This can
be specified quite neatly in terms of vector equations which solve to give
that point on the bisecting line through which our desired line must pass.
The equation of this line is still not written down in an entirely direct
manner because we must choose which triangle edge to start from —
effectively, which Dunn and Pretty deltoid edge we are tangent to — but
this choice turns out to be expressed succinctly in terms of solutions to pairs
of simultaneous equations.

Figure 1 shows the vectors which represent our approach algebraically.
The bisecting line parallel to a triangle edge divides the altitude from the
opposite vertex in the ratio 1/v/2 : 1 — 1/+/2. In the figure this is depicted
for edge (vector) b and we will refer to it as the b-bisect. Writing m for
1/+/2, the b-bisect is mb as a free vector.

Now the b-bisect divides our triangle into a trapezium-shaped bottom
half and a sub-triangle top half. The vector through X in the direction of u
will correspond to a new bisector of ABC if scalars ¢ and s are such that the
small triangle with sides tmb and su removes from the trapezium the same
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area as is added to it by the small triangle with sides (1 — #)mb and s"u.
Both triangles have the same included angle o and their areas are therefore
equal if
Isu| x |tmb| sina = L|s'u| x |[(1 = £ymb| sin a,
so that
t

s. 1
1T ey
Our aim is to find ¢ since this will specify point X in Figure 1, as a position
vector, and hence determine the equation of our bisecting line.

For the moment we are assuming b is the right choice of edge direction
from which to tilt to give the required direction u. In fact, our approach will
be to specify the collection of all vectors for which b is indeed the right
choice. Since for our problem the orientation of these vectors is immaterial
we will specify that they follow the orientation of b (so, right to left in
Figure 1, even though the depicted vector u is orientated left to right).

Now we cannot tilt away from the b-bisect clockwise beyond the
median line from vertex C to the midpoint of ¢, which trivially bisects the
triangle area. As a vector this has direction b — a. Nor can we tilt
anticlockwise beyond the median line from the midpoint of a to A; as a
vector this has direction b — ¢. Then the collection of all free vectors
between one median direction or the other, following the orientation of b, is
given as

’

uy,=b-a+w(@-c¢,we [0 1].
We remark that w = 1 gives the vector b — 1 (¢ + a) = 3b, precisely the
direction of the b-bisect.
Similarly the collection of vector directions which are valid bisecting
tilts from the a-bisect and c-bisect are, respectively,

u =a-c¢+ w( —->b),
u =c—b+ w(( - a),
again with w e [0, 1]. Together the three collections of vectors give

directions which cover a half circle. So for our given vector u, exactly one
of the equations in w and x,

ux = U, ux = U, ux = uc (2)

will solve for w in [0, 1], unless u is in the direction of one of the triangle
medians, in which case there will be two solutions, corresponding tow = 0
and w = 1. The sign of x will indicate whether the orientation of u is
consistent with our ‘right-to-left’ definitions of u,, u, and u..

We return to these equations subsequently. But now we derive two
vector equations from Figure 1 which will allow us to solve for ¢,
eliminating s. Without loss of generality we will again assume that u, is the
appropriate range of directions within which (up to orientation) lies vector
u. From Figure 1 we see that, for the tilted line to form triangles with the
edges ¢ and a of ABC, the values of s and ¢ must create resultant vectors in
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the direction of these edges. We express this as two orthogonality
conditions:
(~tmb — su,) <t =0,
(1 = ymb + s'u,)-a" = 0,
where x*, for a vector x, denotes the perpendicular vector, whose dot
product with x is zero.
Substituting for u, and expanding gives

09

(1 - tymb-a* + s’b-a* — swea' = 0,
each of which may be factorised using a single dot product by virtue of the
factthata + b + ¢ = O:

(tm + s — s(w — 1))b-cl 0,
(1 = tym + s + sw)ba® = 0.
Since no triangle edge can be orthogonal to the perpendicular of another,

tmb-¢* + sb-¢ + s(w — Da-ct

this gives
tm+ 52 —w) =0, 1-Hm+ s +w =0.
t
We combine these two equations, using the substitution s* = S from
£ 2- 1+ w|
(1), to arrive at 2T Solving for ¢ gives t = (1 + ia
1-* 1+w 2 —w

from which we discard the negative square root since this gives a negative
valueof ratw = 1:
-1

t =

(1+ 1+w 3)

2 —w

We observe the values of ¢ vary from 2 — \/2 down to V2 — 1, as w goes
from O to 1. These extreme points mark precisely the intersections of the a-,
b- and c-bisects.

It remains to determine whether the value of ¢ identifies a point on the
b-bisect, as in Figure 1, or on one of the other two edge-bisects. To do this
we must return to equations (2). Solving these equations will identify an
edge-bisect by giving a value of w in [0, 1] which can thereafter be
substituted into equation (3). Now equations (2) are simultaneous equations
in two variables, x and w, which can be written down and solved explicitly
by coordinatising a, b and c¢. The solutions may be expressed tidily by

defining a function of three vector variables:
zyt
x|

1
Px,y,z) = X—yl(

unless x-y* = 0, in which case the function is undefined.

The value of this function, if it is defined, is a column vector whose
entries are x and w. If it is not defined it is because x-y= (which is the
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determinant of the matrix of our simultaneous equations) is zero, i.e. X is
parallel to y.

We proceed thus:
forux=u,=a-c+w(c—b)compute P(u,c — b,a — ¢),
forux=u,=b-a+w(a—-c)compute P(u,a — ¢, b — a), “4)

forux=u,=c—-b+w(b—-a)compute P(u, b — a, c — b).
Suppose that all three computations are defined, giving column vectors
(Xa Wa), (x5, wp) and (x., we), say. Then there will be a unique value of
{wa, Wp, wc} lying in [0, 1]. Let ¢ be the value of (3) when w takes this
value. Then our required equation, specifying an arbitrary point on the
bisecting line as a position vector r, is

C+(1-mb-tma ifw, € [0, 1]
r =ul+< A+(1-mec—tmb ifw, € [0, 1], A€ (—o0,00). (5)
B+(1-ma-tmec ifw. € [0, 1]

Suppose, on the other hand, that, say, P(u, a — ¢, b — a) is undefined.
Then u is parallel toa — c¢. But a — ¢ is the median from B to the midpoint
of b. Then we may place ¢ on the a-bisect, setting w, = 0, or on the c-bisect
setting w. = 1, and again specify the line equation from (5).

We conclude with an example. Our triangle will be A = (4, 2),
B = (1, 9), C(10, 1). The edge vectors are a = -B + C = (9, -8),
b=-C+A-=(-6,1)and c=-A+B=(-3,7), and the median (free)
vectorsareb — a = (-15, 9),¢c — b = (3, 6)anda — ¢ = (12, —-15).

In Figure 2, six bisecting lines are shown. The three dotted lines are the

edge-bisects, the bisecting lines parallel to the triangle edges. The three
dashed lines are calculated to achieve bisection for three different slope
vectors u, as follows.

u = (=3, 2): The three solution vectors (x, w) computed at (4) are, to
two decimal places, (—4.88, 0.88), (5.57, —0.14) and (39.00, 8.00),
respectively. The first, u,, value of w lies in [0, 1]. Therefore the
bisecting line passes through the point on the a-bisect specified by
t,in (3), at w = 0.88, which is ¢ = 0.44. Specifically, with this value
of t and with m = 1/+/2, the equation of the line, using (5) and
expressed in terms of the original parameters of our problem, is

r=(-32A+C+{0-m(-C+A)—mt(-B+C)

=(-3, 2)A+(1 -mA+tmB+ (1 —t)mC,A € (—o0,00).
This is plotted in Figure 2 as the dashed line meeting the vertical
axis at approximately 7.4.

u = (3, 2): This gives solution vectors (9.75, 5.75), (-1.70, 0.83) and
(2.05, -0.21), respectively. This time u, is selected. Again, to two
decimal places, a ¢ value of 0.44 is obtained and we may plot the
dashed bisecting line meeting the vertical axis at approximately 0.4.
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u = (-4, 5): This gives solution vectors (=3, 0), undefined, and (3, 1),
respectively. Since the u, computation is undefined, u = (-4, 5)
is parallel to the median from B to the midpoint of b. The other two
computations give w = 0 and w = 1, as expected. Our final
dashed line accordingly passes through point B = (1, 9) and the
intersection of the a- and c-bisects.

FIGURE 2
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