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Abstract
It is shown that a quiver is left Noetherian if and only if the category of quiver representations in any locally
Noetherian abelian category is again locally Noetherian. Here, locally Noetherian means that any object is the
directed union of its Noetherian subobjects. For a quiver to be left Noetherian means that the left ideals of paths
starting at any fixed vertex satisfy the ascending chain condition. The proof generalizes to representations of any
small category that admits a Gröbner enrichment.

1. Introduction

Hilbert’s basis theorem asserts that a polynomial ring 𝐴[𝑋] in one indeterminate is left Noetherian if
the coefficient ring A is left Noetherian [7]. The category of 𝐴[𝑋]-modules identifies with the category
of A-linear representations of the Jordan quiver consisting of one vertex and a single loop. Thus, an
equivalent formulation of Hilbert’s theorem is that the category of A-linear representations of the Jordan
quiver is locally Noetherian if the category of A-modules is locally Noetherian.

We generalize Hilbert’s theorem as follows and write Rep(𝑄,A) for the category of representation
of a quiver Q in an abelian category A.
Theorem 1.1. For a quiver Q and a left Noetherian ring 𝐴, the following conditions are equivalent:
1. The quiver Q is left Noetherian.
2. The abelian category Rep(𝑄,A) is locally Noetherian for every locally Noetherian abelian

category A.
3. The abelian category Rep(𝑄,Mod 𝐴) is locally Noetherian.

For a quiver to be left Noetherian simply means that the left ideals of paths starting at any fixed vertex
satisfy the ascending chain condition, and the quiver is right Noetherian if the analogous condition for
paths terminating at any fixed vertex is satisfied (see Definition 2.2).

When the quiver Q has only finitely many vertices, the category Rep(𝑄,Mod𝐴) identifies with the
module category of the path algebra 𝐴[𝑄]. Thus, we obtain for 𝐴[𝑄] a simple characterization to be
left Noetherian (see Corollary 5.1).
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2 Henning Krause

There is an analog of the above theorem for locally finite categories of representations. This requires
both chain conditions for ideals in a quiver (see Theorem 6.3). Moreover, we provide a generalization
of the above theorem which covers representations of any small category. This involves the notion of a
Gröbner enrichment and the proof remains basically unchanged (see Theorem 7.1).

Theorem 1.1 has some predecessors, but in this form, it seems to be new, because we give a
simple definition/description of a Noetherian quiver and we consider representations in any locally
Noetherian abelian category. In fact, our definition of a locally Noetherian abelian category is more
general than the usual one [6, Section II.4]; it simply requires that any object is the directed union of
its Noetherian subobjects. For example, the category of finite-dimensional vector spaces over a field is
locally Noetherian. We consider representations in abelian categories that are not necessarily module
categories; this requires some new techniques since elements cannot be used.

Let us provide the relevant references that contain predecessors of the above theorem. The first is
[8] where it is assumed that the quiver has a finite set of vertices, while [9] considers representations
of arbitrary quivers and even more general categories. The description of Noetherian quivers in [8], [9]
is somewhat complicated. So the results from [9] are reproved in [5], using a more transparent (though
incorrect, as pointed out in [1], [10]) description of Noetherian quivers. All mentioned papers restrict
to representations in module categories. For a survey on more recent generalizations of Hilbert’s basis
theorem, including their applications, see [4].

2. Noetherian quivers

Let 𝑄 = (𝑄0, 𝑄1, 𝑠, 𝑡) be a quiver, given by a set of vertices 𝑄0 and a set of arrows 𝑄1 such that each
arrow 𝛼 starts at 𝑠(𝛼) and terminates at 𝑡 (𝛼). A path 𝜙 : 𝑥 → 𝑦 of length n in Q is a sequence 𝛼𝑛 . . . 𝛼2𝛼1
of arrows 𝛼𝑖 such that 𝑠(𝛼𝑖+1) = 𝑡 (𝛼𝑖) for all i, where 𝑠(𝜙) := 𝑥 = 𝑠(𝛼1) and 𝑡 (𝜙) := 𝑦 = 𝑡 (𝛼𝑛). For
each 𝑥 ∈ 𝑄0, there is the trivial path 𝑥 → 𝑥 of length zero. For any pair of vertices 𝑥, 𝑦 in 𝑄, let 𝑄(𝑥, 𝑦)
denote the set of paths 𝑥 → 𝑦. We write Q for the path category with set of objects 𝑄0 and set of
morphism 𝑥 → 𝑦 given by 𝑄(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑄0. The concatenation of paths yields the composition
in Q.

For a vertex x in 𝑄, let 𝑄(𝑥) denote the set of paths starting at x. This set is partially ordered via

𝜙 ≤ 𝜓 : ⇐⇒ 𝜙 = 𝜒𝜓 for some path 𝜒 : 𝑡 (𝜓) → 𝑡 (𝜙).

Let 𝑃 = (𝑃, ≤) be a poset. An ideal of P is a non-empty subset 𝐼 ⊆ 𝑃 such that 𝑥 ≤ 𝑦 and 𝑦 ∈ 𝐼
implies 𝑥 ∈ 𝐼. The poset P is Noetherian if the ascending chain condition holds for the ideals in P. We
refer to [2, Section VIII.1] for basic facts about Noetherian posets.1 For instance, it is easily checked
that a poset is Noetherian if and only if every ideal is generated by finitely many elements. For later
use, we record another well-known characterization.

Lemma 2.1. A poset is Noetherian if and only if for every infinite sequence (𝑥𝑖)𝑖∈N of elements, there
is a map ν : N→ N such that 𝑖 < 𝑗 implies ν (𝑖) < ν ( 𝑗) and 𝑥ν ( 𝑗) ≤ 𝑥ν (𝑖) .

Proof. We prove the direction which is used later on and leave the other one to the interested reader. So
assume the poset is Noetherian. First observe that for every infinite sequence (𝑥𝑖)𝑖∈N of elements, there
exists 𝑖 ∈ N such that 𝑥 𝑗 ≤ 𝑥𝑖 for infinitely many 𝑗 ∈ N. This follows by looking at the ascending chain
of ideals generated by the elements 𝑥0, . . . , 𝑥𝑛, which must stabilize. Now define ν : N→ N recursively
by taking for ν (0) the smallest 𝑖 ∈ N such that 𝑥 𝑗 ≤ 𝑥𝑖 for infinitely many 𝑗 ∈ N. For 𝑛 > 0, set

ν (𝑛) = min{𝑖 > ν (𝑛 − 1) | 𝑥 𝑗 ≤ 𝑥𝑖 ≤ 𝑥ν (𝑛−1) for infinitely many 𝑗 ∈ N}. �

1Sometimes a poset is defined to be Noetherian if the ascending chain condition holds for chains of elements. Clearly, one
condition implies the other (by passing from an element to the ideal generated by that element), but the conditions are not
equivalent.
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The multiplication of paths in Q yields the following notion of an ideal. A non-empty set of paths I
in Q is a left ideal if for any pair 𝜙, 𝜓 of paths with 𝑠(𝜓) = 𝑡 (𝜙), the condition 𝜙 ∈ 𝐼 implies 𝜓𝜙 ∈ 𝐼.
A right ideal of paths is defined analogously. Clearly, a subset 𝐼 ⊆ 𝑄(𝑥) is a poset ideal if and only if
it is a left ideal of paths.

Definition 2.2. A quiver Q is called left Noetherian if for each vertex 𝑥, the poset 𝑄(𝑥) is Noetherian.
This means the left ideals of paths starting at any fixed vertex satisfy the ascending chain condition.
The quiver is right Noetherian if the right ideals of paths terminating at any fixed vertex satisfy the
ascending chain condition.

This local condition can be checked by counting the number of maximal paths starting at a fixed
vertex. By definition, this is either a path 𝛼𝑛 . . . 𝛼2𝛼1 such that there is no arrow starting at 𝑡 (𝛼𝑛), or it
is a path . . . 𝛼2𝛼1 of infinite length.

Proposition 2.3. Let Q be a quiver. For a vertex 𝑥, the following conditions are equivalent:

1. The poset 𝑄(𝑥) is Noetherian.
2. For all 𝜙 ∈ 𝑄(𝑥), there are only finitely many arrows starting at 𝑡 (𝜙), and except for finitely many

𝜙, this finite number of arrows is at most one.
3. There are only finitely many maximal paths starting at x.

Proof. (1) ⇒ (2): Let 𝜙 ∈ 𝑄(𝑥). The ideal of 𝑄(𝑥) that is generated by all paths 𝛼𝜙 with 𝛼 an arrow
starting at 𝑡 (𝜙) is finitely generated. It follows that there are only finitely many arrows starting at 𝑡 (𝜙).
Suppose 𝜙1, 𝜙2, . . . is an infinite sequence of paths such that there is more than one arrow starting at
each 𝑡 (𝜙𝑖). Because 𝑄(𝑥) is Noetherian, we may assume 𝜙𝑖+1 ≤ 𝜙𝑖 for all i. For each 𝑖, we may choose
an arrow 𝛼𝑖 such that 𝜙𝑖+1 �≤ 𝛼𝑖𝜙𝑖 . Then the ideal of 𝑄(𝑥) generated by {𝛼𝑖𝜙𝑖 | 𝑖 ∈ N} cannot be
generated by finitely many elements. This is a contradiction.

(2) ⇒ (3): Let n be the number of paths 𝜙 ∈ 𝑄(𝑥) such that there is more than one arrow starting at
𝑡 (𝜙), and let d be the maximal number of such arrows. Then there are at most 𝑑𝑛 maximal paths starting
at x.

(3) ⇒ (1): Let 𝐼 ⊆ 𝑄(𝑥) be an ideal, so a left ideal with respect to the composition of paths in Q.
For each maximal path starting at x and given by a (finite or infinite) sequence of arrows . . . 𝛼2𝛼1, we
check if there exists 𝑛 ∈ N such that 𝛼𝑛 . . . 𝛼2𝛼1 belongs to I. In that case, we choose n minimal, and it
is easily checked that I is generated by all paths of this form. �

Let us add another criterion for 𝑄(𝑥) to be Noetherian, following [8], [9]. We consider the path
component 𝑄𝑥 , so the full subquiver of Q with set of vertices 𝑦 ∈ 𝑄0 that admit a path 𝑥 → 𝑦. An
oriented cycle is a path 𝑦 → 𝑦 of length at least one.

Proposition 2.4. Let Q be a quiver and x a vertex. Then the poset 𝑄(𝑥) is Noetherian if and only if
there are arrows 𝛼1, . . . , 𝛼𝑛 such that there is a decomposition

𝑄𝑥 \ {𝛼1, . . . , 𝛼𝑛} = 𝑄0 	 𝑄1 	 · · · 	 𝑄𝑛 (2.1)

into full and pairwise disjoint subquivers satisfying the following:

1. The quiver 𝑄0 has only finitely many vertices and arrows, and there is precisely one arrow starting
at each vertex lying on an oriented cycle.

2. For 𝑖 ≠ 0, each quiver 𝑄𝑖 is isomorphic to the infinite quiver

𝐴∞ : ◦ −→ ◦ −→ ◦ −→ · · · .

3. Each arrow 𝛼𝑖 starts at a vertex of 𝑄0 not lying on an oriented cycle and terminates at the source
of 𝑄𝑖 .
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Proof. Suppose the poset 𝑄(𝑥) is Noetherian. Then Proposition 2.3 implies that there are only finitely
many maximal paths starting at x. From this finite set of paths, the decomposition (2.1) is constructed
as follows. Set 𝑄0 = 𝑄𝑥 when 𝑄𝑥 is finite. Otherwise, there exists a maximal path . . . 𝛽2𝛽1 in 𝑄(𝑥)
and 𝑟 ≥ 1 such that 𝑄𝑥 \ {𝛽𝑟 } = 𝑄 ′ 	 𝑄1 with 𝑄1 of type 𝐴∞ and set of arrows {𝛽𝑖 | 𝑖 > 𝑟}. Set
𝑄0 = 𝑄 ′ if this quiver is finite. Otherwise, there exists another maximal path in 𝑄 ′ and we continue as
before by removing finitely many arrows. It is straightforward to check that such a decomposition of
𝑄𝑥 is equivalent to the condition on 𝑄(𝑥) to have only finitely many maximal paths starting at x. So
the assertion follows from Proposition 2.3. �

An immediate consequence is the following simple criterion for quivers with finitely many vertices.

Corollary 2.5. Let Q be quiver having only a finite number of vertices. Then Q is left Noetherian if and
only if there are only finitely many arrows and there is precisely one arrow starting at each vertex lying
on an oriented cycle.
Proof. We apply Proposition 2.4 and note that, in the decomposition (2.1), we have 𝑄𝑥 = 𝑄0, since for
𝑖 ≠ 0, the quiver 𝑄𝑖 has infinitely many vertices. �

3. Locally Noetherian categories

Let A be an abelian category. We assume that the subobjects of any object form a complete lattice and
that for every directed set of subobjects (𝑋𝑖)𝑖∈𝐼 of an object X and 𝑌 ⊆ 𝑋, one has(∑

𝑖∈𝐼

𝑋𝑖

)
∩ 𝑌 =

∑
𝑖∈𝐼

(𝑋𝑖 ∩ 𝑌 ). (AB5)

A collection of objects (𝐺𝑖)𝑖∈𝐼 generates A if for each non-zero morphism 𝜙 : 𝑋 → 𝑌 in A, we have
𝜙𝜋 ≠ 0 for some morphism 𝜋 : 𝐺𝑖 → 𝑋 . An object of an abelian category is called Noetherian if
the ascending chain condition holds for its subobjects. We write NoethA for the full subcategory of
Noetherian objects in A. An abelian category is cocomplete if for any set of objects its coproduct exist.

Definition 3.1. The abelian category A is Noetherian if every object is Noetherian, and A is locally
Noetherian if every object is the directed union of its Noetherian subobjects.

The following shows that our definition agrees with the usual one for Grothendieck categories
[6, Section II.4].

Lemma 3.2. The category A is locally Noetherian if and only if there is a collection of Noetherian
generators.
Proof. Suppose that A is locally Noetherian. Then we may take the Noetherian objects as the collection
of generators, because for a morphism 𝜙 : 𝑋 → 𝑌 with 𝑋 =

∑
𝑖 𝑋𝑖 written as the directed union of its

Noetherian subobjects, we have

Hom(𝑋,𝑌 ) � lim
𝑖

Hom(𝑋𝑖 , 𝑌 ).

If 𝜙 ≠ 0, then one of the composites 𝑋𝑖 ↩→ 𝑋 → 𝑌 needs to be non-zero.
Now suppose there is a collection of Noetherian generators (𝐺𝑖)𝑖∈𝐼 . Let X be an object and 𝑋 ′ ⊆ 𝑋

the directed union of its Noetherian subobjects. It is clear that every composite 𝐺𝑖 → 𝑋 � 𝑋/𝑋 ′ is
zero. Thus, 𝑋 ′ = 𝑋 . �

Let 𝑌 ∈ A be an object, written as the directed union 𝑌 =
∑

𝑗 𝑌 𝑗 of a set of subobjects. Then it is
easily checked that, for each Noetherian object 𝑋 ∈ A, the canonical map

colim
𝑗

Hom(𝑋,𝑌 𝑗 ) −→ Hom(𝑋,
∑
𝑗

𝑌 𝑗 ) (3.1)
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is a bijection. Clearly, the map is injective, and because X is Noetherian any morphism 𝑋 → 𝑌 factors
through the inclusion 𝑌 𝑗0 → 𝑌 for some index 𝑗0. Here, one uses the condition (AB5). Thus, the map is
also surjective.

Lemma 3.3. Let 𝑋 =
∑

𝑖 𝑋𝑖 and 𝑌 =
∑

𝑗 𝑌 𝑗 be objects in a locally Noetherian category, written as
directed union of their Noetherian subobjects. Then there is a natural isomorphism of abelian groups

lim
𝑖

colim
𝑗

Hom(𝑋𝑖 , 𝑌 𝑗 )
∼
−−→ Hom(𝑋,𝑌 ). (3.2)

Proof. Combine (3.1) with the fact that Hom(−,−) preserves colimits in the first argument. �

Now assume that NoethA is essentially small. We write Lex((NoethA)op,Ab) for the category of
additive contravariant functors NoethA → Ab into the category of abelian groups that are left exact
and consider the restricted Yoneda functor

A −→ Ā := Lex((NoethA)op,Ab), 𝑋 ↦→ ℎ𝑋 := Hom(−, 𝑋) |NoethA .

Then the following is a slight generalization of a theorem of Gabriel [6].

Proposition 3.4. Let A be a locally Noetherian abelian category. Then the category Lex((NoethA)op,
Ab) is a locally Noetherian and cocomplete abelian category. The restricted Yoneda functor A → Ā

is fully faithful and exact. It restricts to an equivalence NoethA ∼
−→ NoethĀ, and its essential image is

closed under subobjects.

Proof. Let 𝑋 =
∑

𝑖 𝑋𝑖 and 𝑌 =
∑

𝑗 𝑌 𝑗 be objects in A, written as directed union of their Noetherian
subobjects. Using (3.1), we have

ℎ𝑋 � colim
𝑖

Hom(−, 𝑋𝑖)

and compute

Hom(ℎ𝑋 , ℎ𝑌 ) � Hom(colim
𝑖

Hom(−, 𝑋𝑖), colim
𝑗

Hom(−, 𝑌 𝑗 ))

� lim
𝑖

Hom(Hom(−, 𝑋𝑖), colim
𝑗

Hom(−, 𝑌 𝑗 ))

� lim
𝑖

colim
𝑗

Hom(𝑋𝑖 , 𝑌 𝑗 )

� Hom(𝑋,𝑌 ).

The second isomorphism uses that Hom(−,−) preserves colimits in the first argument, the third follows
from Yoneda’s lemma, and the last is (3.2). Thus, A → Ā is fully faithful. For the rest of the assertion,
see [6, Section II.4]. �

Example 3.5. Let A be a ring. Then the regular module A is a finitely generated generator for the
category Mod𝐴 of left A-modules. Thus, Mod𝐴 is locally Noetherian if and only if A is left Noetherian
[12, V.4].

4. Representations of Noetherian quivers

Let Q be a quiver and Q its path category. A representation of Q in a category A is by definition a
functor Q → A. Morphisms between representations are the natural transformations, and we write
Rep(𝑄,A) for the category of representations.

Let A be a cocomplete abelian category. We assume that the subobjects of any object form
a complete lattice and that the condition (AB5) holds. Given an object 𝑀 ∈ A, the functor
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Hom(𝑀,−) : A → Set admits a left adjoint, which takes a set X to the coproduct 𝑀 [𝑋] of copies
of M indexed by the elements of X. Thus, for each object 𝑁 ∈ A, there is a natural isomorphism

Hom(𝑀 [𝑋], 𝑁) � Hom(𝑋,Hom(𝑀, 𝑁)).

Given a vertex 𝑥 ∈ 𝑄0, we write 1𝑥 for the subquiver of Q consisting of the single vertex x and no
arrows. Restriction along the inclusion 1𝑥 ↩→ 𝑄 yields the evaluation functor

Rep(𝑄,A) −→ Rep(1𝑥 ,A) = A, 𝑀 ↦→ 𝑀 (𝑥).

The left Kan extension provides a left adjoint, which is given by

A −→ Rep(𝑄,A), 𝑁 ↦→ 𝑁 [𝑄(𝑥,−)] .

Thus, we have for objects 𝑁 ∈ A and 𝑀 ∈ Rep(𝑄,A) a natural isomorphism

Hom(𝑁 [𝑄(𝑥,−)], 𝑀) � Hom(𝑁, 𝑀 (𝑥)). (4.1)

Lemma 4.1. Let (𝑀𝑖)𝑖∈𝐼 be a collection of generators of A. Then the representations 𝑀𝑖 [𝑄(𝑥,−)]
with 𝑖 ∈ 𝐼 and 𝑥 ∈ 𝑄0 generate Rep(𝑄,A).
Proof. This follows from the adjunction isomorphism (4.1). �

An object X is finitely generated if, for any directed set of subobjects (𝑋𝑖)𝑖∈𝐼 with 𝑋 =
∑

𝑖∈𝐼 𝑋𝑖 ,
there is 𝑖0 ∈ 𝐼 such that 𝑋 = 𝑋𝑖0 .
Lemma 4.2. If 𝑀 ∈ A is finitely generated, then 𝑀 [𝑄(𝑥,−)] is finitely generated in Rep(𝑄,A) for
each 𝑥 ∈ 𝑄0.
Proof. Let 𝑀 [𝑄(𝑥,−)] =

∑
𝑖∈𝐼 𝑁𝑖 be a directed union of subobjects 𝑁𝑖 . Then the adjunction

isomorphism (4.1) yields a morphism 𝑀 →
∑

𝑖∈𝐼 𝑁𝑖 (𝑥), which factors through 𝑁𝑖0 (𝑥) →
∑

𝑖∈𝐼 𝑁𝑖 (𝑥)
for some 𝑖0 ∈ 𝐼 since M is finitely generated. Thus, the identity 𝑀 [𝑄(𝑥,−)] →

∑
𝑖∈𝐼 𝑁𝑖 factors through

𝑁𝑖0 →
∑

𝑖∈𝐼 𝑁𝑖 , so 𝑀 [𝑄(𝑥,−)] = 𝑁𝑖0 . �

Let Q be a left Noetherian quiver and fix 𝑥 ∈ 𝑄0. We choose a total order � on the countable set of
arrows in Q that lie on a path in 𝑄(𝑥). This order extends lexicographically to a total order � on 𝑄(𝑥)
such that 𝜙 < 𝜓 implies 𝜙 ≺ 𝜓. Note that (𝑄(𝑥), �) is Noetherian, because any ideal with respect to �

is also one with respect to ≤.
Lemma 4.3. Let Q be a left Noetherian quiver and x a vertex. If 𝑀 ∈ A is a Noetherian object, then
the representation 𝑀 [𝑄(𝑥,−)] is Noetherian.
Proof. Let 𝑈 ⊆ 𝑀 [𝑄(𝑥,−)] be a subrepresentation and 𝜙 ∈ 𝑄(𝑥, 𝑦) a path. We set

𝑄(𝑥, 𝑦)𝜙 := {𝜓 ∈ 𝑄(𝑥, 𝑦) | 𝜙 � 𝜓}

and write 𝑈𝜙 for the image of the composite

𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜙] ↩→ 𝑀 [𝑄(𝑥, 𝑦)𝜙] � 𝑀,

where the second map denotes the projection corresponding to 𝜙. For 𝜓 ∈ 𝑄(𝑥, 𝑦), we have

𝜙 ≤ 𝜓 =⇒ 𝑈𝜓 ⊆ 𝑈𝜙 . (4.2)

More precisely, if there is a path 𝜒 such that 𝜙 = 𝜒𝜓, then composition with 𝜒 induces a map

𝑄(𝑥, 𝑦)𝜙 −→ 𝑄(𝑥, 𝑦)𝜓

such that 𝜙 is the only element that is mapped to 𝜓. Thus, 𝑈 (𝜒) maps 𝑈𝜓 into 𝑈𝜙 .
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Given subrepresentations 𝑈 ⊆ 𝑉 ⊆ 𝑀 [𝑄(𝑥,−)], we have 𝑈𝜙 ⊆ 𝑉𝜙 for all 𝜙 ∈ 𝑄(𝑥). If 𝑈 ≠ 𝑉 , we
claim that there exists 𝜙 ∈ 𝑄(𝑥) such that 𝑈𝜙 ≠ 𝑉𝜙. To see this, choose 𝑦 ∈ 𝑄0 such that 𝑈 (𝑦) ≠ 𝑉 (𝑦).
Observe that the union

𝑄(𝑥, 𝑦) =
⋃

𝜙∈𝑄 (𝑥,𝑦)

𝑄(𝑥, 𝑦)𝜙 (4.3)

is directed, and therefore condition (AB5) implies

𝑈 (𝑦) =
∑

𝜙∈𝑄 (𝑥,𝑦)

𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜙] .

Thus, there exists 𝜙 ∈ 𝑄(𝑥, 𝑦) with

𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜙] ≠ 𝑉 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜙] .

Using that 𝑄(𝑥) is Noetherian, we may choose 𝜙 maximal with respect to �. Next observe that

𝑄(𝑥, 𝑦)𝜙 \ {𝜙} =
⋃
𝜙≺𝜓

𝑄(𝑥, 𝑦)𝜓 (4.4)

is a directed union. This yields the following commutative diagram with exact rows, using again the
condition (AB5):

0
∑

𝜙≺𝜓𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜓] 𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜙] 𝑈𝜙 0

0
∑

𝜙≺𝜓 𝑀 [𝑄(𝑥, 𝑦)𝜓] 𝑀 [𝑄(𝑥, 𝑦)𝜙] 𝑀 0.

For 𝜙 ≺ 𝜓, the maximality of 𝜙 implies

𝑈 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜓] = 𝑉 (𝑦) ∩ 𝑀 [𝑄(𝑥, 𝑦)𝜓]

and therefore 𝑈𝜙 ≠ 𝑉𝜙 .
Now suppose there is a proper ascending chain

𝑈1 ⊆ 𝑈2 ⊆ 𝑈3 ⊆ · · ·

of subrepresentations of 𝑀 [𝑄(𝑥,−)]. Pick for each 𝑖 ∈ N a path 𝜙𝑖 such that 𝑈𝑖
𝜙𝑖
� 𝑈𝑖+1

𝜙𝑖
. The set

{𝜙𝑖 | 𝑖 ∈ N} is infinite since M is Noetherian. So we may assume 𝜙𝑖 ≠ 𝜙 𝑗 for all 𝑖 ≠ 𝑗 in N. Because
𝑄(𝑥) is Noetherian, there exists a map ν : N→ N such that 𝑖 < 𝑗 implies ν (𝑖) < ν ( 𝑗) and 𝜙ν ( 𝑗) ≤ 𝜙ν (𝑖)

(see Lemma 2.1). Thus, for all 𝑖 ∈ N, we have

𝑈ν (𝑖)
𝜙ν (𝑖)
� 𝑈ν (𝑖)+1

𝜙ν (𝑖)
⊆ 𝑈ν (𝑖+1)

𝜙ν (𝑖)
⊆ 𝑈ν (𝑖+1)

𝜙ν (𝑖+1)
,

where the last inclusion follows from (4.2). This infinite chain is impossible since M is Noetherian, and
therefore the representation 𝑀 [𝑄(𝑥,−)] is Noetherian. �

Let Q be a quiver and A a ring. By default, we assume 𝐴 ≠ 0 and fix 𝑥 ∈ 𝑄0. For any ideal 𝐼 ⊆ 𝑄(𝑥)
and 𝑦 ∈ 𝑄0, set 𝐼 (𝑥, 𝑦) = 𝐼 ∩ 𝑄(𝑥, 𝑦). Then 𝐴[𝐼 (𝑥,−)] yields a subrepresentation of 𝐴[𝑄(𝑥,−)] in
Rep(𝑄,Mod𝐴).
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Lemma 4.4. For 𝑥 ∈ 𝑄0 and a ring 𝐴, the following holds:

1. The assignment 𝐼 ↦→ 𝐴[𝐼 (𝑥,−)] induces an embedding of posets from the ideals of 𝑄(𝑥) into the
subrepresentations of 𝐴[𝑄(𝑥,−)].

2. The assignment 𝐽 ↦→ 𝐽 [𝑄(𝑥,−)] induces an embedding of posets from the left ideals of A into the
subrepresentations of 𝐴[𝑄(𝑥,−)].

Proof. (1) Any inclusion of sets 𝑋 ⊆ 𝑌 induces an inclusion 𝐴[𝑋] ⊆ 𝐴[𝑌 ] of A-modules, with equality
𝐴[𝑋] = 𝐴[𝑌 ] only if 𝑋 = 𝑌 .

(2) Any inclusion of A-modules 𝑀 ⊆ 𝑁 induces an inclusion 𝑀 [𝑄(𝑥,−)] ⊆ 𝑁 [𝑄(𝑥,−)], with
equality only if 𝑀 = 𝑁 . �

We are ready to prove our main result.

Proof of Theorem 1.1. (1) ⇒ (2): Let 𝑀 ∈ Rep(𝑄,A). We need to show that M is the directed union
of its Noetherian subobjects. We may assume that A is essentially small, because it suffices to consider
the full subcategory of A that is obtained by closing the set of objects 𝑀 (𝑥) with 𝑥 ∈ 𝑄0 under finite
coproducts, subobjects, and quotients. Let Ā denote the completion of A, as in Proposition 3.4. The
representations 𝑁 [𝑄(𝑥,−)] with 𝑁 ∈ NoethĀ and 𝑥 ∈ 𝑄0 are Noetherian and generate Rep(𝑄, Ā)

by Lemmas 4.1 and 4.3. Thus, Rep(𝑄, Ā) is locally Noetherian (see Lemma 3.2). It follows that M is
the directed union of its Noetherian subobjects, because we can view Rep(𝑄,A) as a full subcategory
which is closed under subobjects.

(2) ⇒ (3): This is clear since Mod𝐴 is locally Noetherian for every left Noetherian ring A (see
Example 3.5).

(3) ⇒ (1): Fix 𝑥 ∈ 𝑄0. The regular module A is a finitely generated object in Mod𝐴, and therefore
the representation 𝐴[𝑄(𝑥,−)] is finitely generated in Rep(𝑄,Mod𝐴) by Lemma 4.2. It follows that
𝐴[𝑄(𝑥,−)] is Noetherian since Rep(𝑄,Mod𝐴) is locally Noetherian, and we conclude from Lemma
4.4 that the poset 𝑄(𝑥) is Noetherian. �

Xiao-Wu Chen kindly pointed out the following consequence of Theorem 1.1 and its proof.

Corollary 4.5. Let 𝑄 be a quiver having at least one vertex and A any ring. Then Rep(𝑄,Mod𝐴) is
locally Noetherian if and only if the quiver Q and the ring A are both left Noetherian.

Proof. We give the argument for the implication that is not covered by Theorem 1.1. So suppose that
Rep(𝑄,Mod𝐴) is locally Noetherian. As in the above proof of (3) ⇒ (1), we deduce from the first part
of Lemma 4.4 that Q is left Noetherian. Using the second part of that lemma, it follows that the ring A
is left Noetherian. �

5. Modules over path algebras

Let Q be a quiver with a finite set of vertices and A a ring. The path algebra is by definition the A-
module

𝐴[𝑄] :=
∐

𝑥,𝑦∈𝑄0

𝐴[𝑄(𝑥, 𝑦)]

with multiplication induced by the composition of paths in Q. From the isomorphism (4.1), it follows
that 𝐴[𝑄] identifies with the endomorphism ring of the representation

∐
𝑥∈𝑄0 𝐴[𝑄(𝑥,−)], and that the

assignment 𝑀 ↦→
∐

𝑥∈𝑄0 𝑀 (𝑥) induces an equivalence

Rep(𝑄,Mod𝐴) ∼
−−→ Mod𝐴[𝑄] . (5.1)

The following is well known, at least for path algebras over a field [3, §1].
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Corollary 5.1. Let Q be a quiver with a finite set of vertices and A a left Noetherian ring. Then the path
algebra 𝐴[𝑄] is left Noetherian if and only if Q has only finitely many arrows and there is precisely
one arrow starting at each vertex lying on an oriented cycle.

Proof. The assertion follows from Theorem 1.1 and Corollary 2.5, because of the equivalence (5.1). �

6. Locally finite representations

Let A be an abelian category. We assume that the subobjects of any object form a complete lattice and
that the condition (AB5) holds. Recall that an object is of finite length if it admits a finite composition
series. An equivalent condition is that both chain conditions hold for subobjects.

Definition 6.1. The abelian category A is a length category if every object is of finite length, and A is
locally finite if every object is the directed union of its finite length subobjects.

Definition 6.2. A quiver is called left finite if, for each vertex 𝑥, the set of paths starting at x is finite. A
quiver is right finite if, for each vertex 𝑥, the set of paths terminating at x is finite.

Using Proposition 2.3, it is easily checked that 𝑄(𝑥) is left finite if and only if both chain conditions
hold for ideals of 𝑄(𝑥). This observation suggests the following analog of Theorem 1.1.

Theorem 6.3. For a quiver Q and a left artinian ring 𝐴, the following conditions are equivalent:

1. The quiver Q is left finite.
2. The abelian category Rep(𝑄,A) is locally finite for every locally finite abelian category A.
3. The abelian category Rep(𝑄,Mod𝐴) is locally finite.

Proof. Recall that a ring is left artinian if and only if its category of left modules is locally finite [12,
Section VIII.1]. On the other hand, the quiver Q is left finite if and only if both chain conditions hold
for the ideals of 𝑄(𝑥) for all vertices x. Thus, we can adapt the proof of Theorem 1.1. �

7. Gröbner enrichments

Let C be a small category. Thus, the objects in C form a set. For a pair of objects 𝑥, 𝑦, let C(𝑥, 𝑦) denote
the set of morphisms 𝑥 → 𝑦 and let C(𝑥) denote the set of all morphisms with domain x. A partial order
� on C(𝑥) is called a Gröbner enrichment if the following holds for each 𝑦 ∈ C:

(G1) 𝜙 ≺ 𝜓 implies 𝜔𝜙 ≺ 𝜔𝜓 for all 𝜙, 𝜓 ∈ C(𝑥, 𝑦) and 𝜔 ∈ C(𝑦).
(G2) The poset C(𝑥, 𝑦) is totally ordered and every non-empty subset has a maximal element.

For any abelian category A, let Rep(C,A) denote the category of functors C → A. The following
result generalizes Theorem 1.1.

Theorem 7.1. Let C be a small category and A a left Noetherian ring. Suppose there exists a Gröbner
enrichment for each object in C. Then the following conditions are equivalent:

1. The left ideals of morphisms in C starting at any fixed object satisfy the ascending chain condition.
2. The abelian category Rep(C,A) is locally Noetherian for every locally Noetherian abelian

category A.
3. The abelian category Rep(C,Mod𝐴) is locally Noetherian.

Proof. The special case that C is the path category of a quiver is Theorem 1.1. In fact, the Gröbner
enrichment for a path category is specified right before Lemma 4.3. The proof of the general case is
essentially the same. The crucial ingredient is Lemma 4.3 where the Gröbner enrichment is used; its
definition is extracted from the proof of that lemma. For instance, condition (G1) is needed for (4.2),
and condition (G2) ensures that in (4.3) and (4.4) the union is directed. �
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Remark 7.2. The above theorem is a variation of the main result of [9]. This was rediscovered by Sam
and Snowden in [11] and they provide many interesting examples. Their notion of a Gröbner category
and our notion of a Gröbner enrichment basically agree, except that they require each poset C(𝑥, 𝑦)
to be well-ordered. Passing from � to its opposite shows that both concepts are equivalent. The work
in [9], [11] restricts to representations in module categories; so these proofs are different from the one
given here.

Remark 7.3. The above definition of a Gröbner enrichment for every object in C means that the
category C is enriched in the category of posets satisfying condition (G2), with morphisms the strictly
increasing maps.

Remark 7.4. We write 𝜙 ≤ 𝜓 for 𝜙, 𝜓 ∈ C(𝑥) if 𝜙 = 𝜒𝜓 for some morphism 𝜒. In many examples, the
partial order � is a refinement of ≤, which means

𝜙 ≤ 𝜓 =⇒ 𝜙 � 𝜓.

In that case, the condition in (G2) that every non-empty subset has a maximal element is automatic
when (1) in Theorem 7.1 holds. So it seems natural to impose this condition in (G2).

Remark 7.5. The above condition (G2) can be relaxed. We need that, for every collection X of subsets
of C(𝑥, 𝑦) that is closed under taking subsets and directed unions, the following holds: if C(𝑥, 𝑦) ∉ X,
there exists 𝜙 ∈ C(𝑥, 𝑦) such that

{𝜓 ∈ C(𝑥, 𝑦) | 𝜙 ≺ 𝜓} ∈ X and {𝜓 ∈ C(𝑥, 𝑦) | 𝜙 � 𝜓} ∉ X.
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