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SEQUENTIAL MONTE CARLO
By J. H. HALTON

Received 5 October 1960

ABSTRACT. This paper defines the concept of sequential Monte Carlo and outlines the
principal modes of approach which may be expected to yield useful sequential processes.
Three workable sequential processes, derived from a non-sequential method of J. von Neumann
and S. M. Ulam for solving systems of linear algebraic equations, are described and analysed
in detail.

1. Monte Carlo processes. We define a Monte Carlo process of numerical solution as
one consisting of a finite number of operations, involving the use of one or more random
numbers (in the wider sense, including pseudo-random and quasi-random numbers),*
together with the parameters of the problem, and leading to an estimate of its solution.
The process is viewed as a statistical (stochastic, random) one, whose repetition,
using a random number sequence, leads to a sequence of primary estimates,
which may be combined to give (improved) secondary estimates of the required
solution.

If €&, ...,Es ... is & sequence of random points uniformly and independently
distributed in a unit hypercube % of suitable dimensionality, it can be shownt
that the primary estimates can always be written as a sequence of functions
f1(81) fal2)s - s fu(ER), ..., and the secondary estimates will be functions F, = f,
Fy(fuo fo)s oos Fulfis fos oo fn)s ... It i8 clearly particularly convenient to have
F, = F,(f,, F,_,), so that only the value of the last secondary estimate need be
retained at any stage.

We shall limit the discussion to functions belonging to L2, to ensure the existence of
their means, variances, and covariances, defined in the usual manner, in any Lebesgue
subset & of the unit hypercube #. A function f(E) will be termed an unbiased estimator
of a number @ if its mean, taken over €, equals . Two estimators f(§) and g(§) are
said to be uncorrelated if their covariance in € vanishes. Note that they need not
therefore be independent.

In order to illustrate the processes and concepts, we consider the problem of
evaluating the integral

L ,
g =f0 flzx) dz. (1)

The simplest Monte Carlo process for this is to sample f(£,;), f(&s), -.., f(£,), ... for our
primary estimates, where each £, is uniformly distributed in (0, 1). The secondary

* Number sequences which, although generated by determinate mathematical processes, yet
have, for a considerable length at least, all the properties of random sequences, are termed pseudo-
random. Sequences which are determinately generated and which do not satisfy all the statistical
tests of randomness, but which yield unbiased estimates when used in certain classes of Monte
Carlo processes, are called guasi-random. (See (6).)

1 See Lévy(14), p. 121.
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. n
estimates could then be the averages, F,, = 3, f(£,)/n. The mean of the estimator f(£)
i=1

is then precisely the integral (1), so that there is no bias; and the variance is

f [f(2)— 6 da.
0

The successive primary estimates are uncorrelated (and independent).
It is clear, however, that we may sample, for instance, a sequence of functions

fl('”l): f2(772)9 ’f'n(ﬂ'n)’ rery Where

Ful) = en(y) + 19

9.()’

and f,(7,,) will give an unbiased estimate of 6, for each =, if f(y)/g,(¥) is bounded and
integrable in (0, 1),

(2)

1 1
0u) >0, [ gan)dy =1, [Lestrraimay = o, (3)
and the numbers 7, are random variables with the distribution functions
¢
gult) = f 0al0)dy. (4)

Thus we may take 7, = @,(£,), where £, is uniform in (0, 1) and @,(x) is the upper
bound of all { such that ¢,(¢) < 2.

Tt follows that, to use the estimators f,(7,,), we must be able to evaluate the integrals
involved in (3) and (4).

2. The reduction of variance. A great deal of effort has gone into devising methods
for reducing the variances of the primary estimates in Monte Carlo processes by a
guitable choice of the estimator functions.* Consider, for instance, the use of the
functions (2) in estimating the value of the integral (1). First, put e,(y) = 0 and let
g.(y) be an approximation g(y) to a multiple of f(y), as far as is compatible with (3).

f}f:nu(slfrj (5 givo us that f@) = Og(z) {1 +h(y)}; (5)
o) >0 and [ gwray=1, (6)

f2@) =f@)gly) = 6{1 +A(y)}, (7)

mean (f/g) = [ {(f)lowhow)dy = 6 (8)

and var (flg) = [ oMo dy. 9)

The resultant process is called unbiased importance sampling, and is well known.
The basic idea behind it is simple. If g(y) is almost proportional to f(y), then f/g varies
little, and its variance is thus small (see (9)). The conditions (6) ensure that ¢,(t) is
a proper distribution function, and the process is then always unbiased (see (8)).

* See, for example, Kahn(12); Fieller and Hartley (3); Hammersley, Mauldon, and Morton
(8,9, 10); and Halton and Handscomb (7, 11).
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Note, however, that it is these conditions which limit the use of the method, for we
can only make A(y) small if f(y) is almost everywhere non-negative in (0, 1), and we
must be able to integrate g(y) explicitly.*

Suppose, next, that we relax the condition that the estimator f/g should be unbiased.
Keeping the definition of &(y) in (5), we let 7,, be sampled with a distribution function

i
o) = [ sy, (10)
0
where ¢(y) is an arbitrary, non-negative, integrable function in (0, 1), for which
®(1) = 1. Then
1 1
moan (flg) = | (flow) #w)dy = 0+ [ ohiw) plo)dy (11)
1 1 2
and vary (/1) = [ 0 sy~ ( [ om) st ) (12)

As was to be expected, it is still true that, if A(y) can be made small, both the bias,
{mean, (f/g) — 6}, and the variance, var, (f/g), of the estimator will be small.

This process will be called biased importance sampling. The reason why it has not
hitherto had any prominence is that, while simple averaging over » independent
primary estimates will reduce the variance by a factor n~!, the bias is fixed once and
for all by the choice of g(y) and ¢(y).

Returning to (2), let us finally consider the effect of putting g,(y) = 1 and choosing
e,(v) to be an approximation e(y) to a constant minus f(y). Let us write

e(y) = 0—f(y) +h(y). (13)

Then (1) to (4) give us that ., 1
[Cetway = [ may o, (14

0 0
[oy) = e(y) +fly) = 0+ h(y), (15)
mean (e-+) = [ {etw) +/(@)}dy = 0 (16)

1

and var(e+f) =fo {h(y)}2 dy. (17)

Thus, if A(y) is small, so is var (e + f), and the correlation coefficient of e and f is nearly
—1. This process is called correlated, or control variate, sampling. Note that, by (4),
since ¢,(y) = 1, 7, is uniformly distributed in (0, 1); the process is then unbiased.
We observe that, in all the processes described above, it appears to be possible to
choose the estimators so as to reduce their variances to zero; however, the formulae
obtained imply a knowledge of 6, the answer which we are seeking, so that we are
limited to using the best available approximations. Nevertheless, it is clear that, as

* The possibility of interpreting (4)_when g(y) is negative will be dealt with elsewhere.
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we take successive samples and so improve our knowledge of the situation, we should
be able to reduce the variances of subsequent estimates by adjusting our estimator
functions. We shall return to this idea in §4.

3. Sequential Monte Carlo. We shall define sequential Monte Carlo processes as
those in which the sampling is done in stages, and in which the sampling scheme or
estimator function (or both), at each stage, depend upon the results of one or more
previous stages. The most convenient arrangement is to have f, = f,,(§, F,_,).

We shall say that a sequential process is proper if var (f,) decreases monotonically
with n, and that it is convergent if (apart from round-off errors arising in the numerical

computation),
P ) var(f,) >0 as n-—c0. (18)

We see that this is equivalent to stating that f, converges in (second degree) mean
to 6, which implies that f, — 0 in measure (that is, in probability) over all random
sequences.* This means that, for any positive ¢, the probability that |f,—0| < e
tends to unity as n — oco.

It is also interesting to consider the stronger convergence with probability one.
Suppose now that the secondary estimates are obtained by a linear formula,

Fn=vnfn+(l_vn)Fn-1’ »n=1 0<v,<1; (19)
n
so that F,= T wPf,, (20)
m=1
n
where wM =v,, wP=v, I1 (1-v) (m<n), 0<w®<I. (21)

r=m+l

We then obtain

THEOREM 1. If the functions f,(E) are unbiased estimators of 6, combined according
to (19) to give secondary estimates F,, if u, = max (w\™) - 0 as n— o0, and if there is
m

a t such that both ¥ v,s~ comverges and var (f,) = O(s™"), where r > 2t+1; then F,
8=1

converges to 0, as n — oo, for almost every random sequence, that is, with probability one.
Proof. Let &, be the set of all §such that | f,— 6| > ys— > 0.Then, if var (f,) = O(s™),
there exists a finite constant B such that

ysep8) < [ (—0rap <[ (f,-0rdp = var () < Bs,

where p is the probability measure and p(%) = 1, that is, € is the unit hypercube

which is the set of all permitted §. The primary estimates of the process are f,(,),

f2(E2)s ... fol&), ..., where the random points §,,E,,...,&,, ... are independently

distributed in €. Let Z, = X (¥-6,), so that %, is the set of all sequences
s=m+1

* See Halmos(5), p. 103, Theorem A. The proof can be directly modified to apply to the
quadratic mean.

https://doi.org/10.1017/50305004100036227 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100036227

Sequential Monte Carlo 61

Ernt1s Emias Emaas --o» SUch that |f(E)—0] < ys™ for all s > m. For any arbitrary
Y’ > 0,if r > 2t + 1 and m is sufficiently large,*

PZ)= TI p&—8&)> I (1-By-sr+2)

s=m+1 s=m+1

> [I exp(—2By 2% "+%)=exp { —2By—2 % s*'”}
s=m+1 s=m+1 .
2By-2

> exp{ —2By—? mog—’“‘ds =exp{ —
P v P\7rZ2t-1

m—r+2!+1}
m

> 11—y

-
Now, the series of positive terms 3 v s~ converges; so, for any arbitrary y” > 0, we
s=1

w
can find an m’ such that ¥ v,s~ < y"/yforalln’ > n > m’. Thus, for all random
s=n+1 :

sequences in Z,,, if we put m” = max (m,m’),
n’ n’ n’
E vs(fs(gs)—e) < Z Vg Ifs_el <V Z 1)88'4 < Y” foralln' >n Z m”.
s=n+1 s=n+1 s=n+1

Since y” is arbitrarily small (and %,, does not depend on it), this is Ca,uc}iy’s condition

for the (uniform) absolute convergence of i v(f,—6) in Z,,. But 7y’ is also arbitrarily
s=1

small. This proves that E] vy(f,—6) converges for almost all random sequences
s=1

E1,Ez ..., 6, -... Let the sum be ¢ for one such sequence. Then, for any positive 4,
there is an m, such that

< 6 whenever m > m,.

S v(f,-0) -

Again, if w,, — 0 as n — oo, for any &’ > 0 and given m,, we can find an n, (> m,) such
that 0 < », < 0’ whenever n > n,. Hence

m

Z vs(fs—a)_c

§=1

< %, My sup
m

3 uip| £ oifi-0)-]

=u,myM < 8myM whenever n > n,,

n
where M is finite and independent of n. Therefore, since 3, w{® = 1,

n

2 w(r;':) % ve(fs_e)_c

m=1 8=1

< m"ﬁl;w%"{é]vs(fs—ﬁ)—c}

n
+ X w®
m=me+1

glvs(fs_e) —¢C

n
<&mgM+8 3 wi
m=nn+1

< 8'myM+6 whenever = = n,.

t See Halmos (5), p. 191.
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Thus, given any positive ¢, if we choose § = }¢, which fixes m,, and then

8" = def/(myM +8+¢),
which fixes n,, then

|17,—6] = | 5 wﬁ:’(fm—e)]
m=1

n (1)

- £ 55 0, —m—’"z'lvs(f,—e)”

m=1 U
n w(n)l w(n)) m—1

- |E -0+ 2 (EE0E) S, -0)

m—l vm

-|Eutn-0- Eof 1 a- v}z;vsm—e)\

s=1 r=m+l
~|Eott-0- 30t S o0+ S ultonlfa=0)
< i s(fs 0)—6 + Z w%‘) 2 vs(fs_a)'_c + Uy ilvm(fm—e)_c + Uy, Icl

<0+ (0'mygM +8)+6'0+08c=¢ whenever n > n,.

Thus we have shown that F,, — 6 whenever E_‘, v,(f, — 0) converges, and the Theorem
follows. n=1 '

4. Three sequential processes. Most of the previous work on sequential sampling
islimited to the analysis of sequential procedures for deciding when to stop the sampling
process.*

Since the aim of sequential Monte Carlo is the progressive reduction of variance,
we naturally turn to the methods described in § 2 in search of ideas.

Consider first unbiased importance sampling, as applied to the evaluation of the
integral (1). We may construct a sequential scheme as follows. At stage n of the process
the values of f(7,) at (n — 1) points 5,, s, .- -, %, Will have been obtained. We construct
a function G, (y), such that @, (n,) approximates to f(y;) for ¢ = 1,2,...,(n—1), and

¢
such thatf G,.(y) dy is known. We define
0

1
9n(¥) = Gu(¥) /fo Guly') dy', (22)
so that g,(y) satisfies the conditions (6). Thus, if we use the estimator function
Falla) = F ) lgn () = {1+ By (1)} (23)

where 7,, has the distribution ¢, (¢) in (4), then, as in (8) and (9), mean (f,,) = 6 and

var (f) = 02 (o)} 0.(0)dy. (24)

* See, for instance, the work of Wald (18,19, 20) and others (2, 13,23, 24). The only work on
a sequential Monte Carlo method, in the sense defined here, which I have been able to find, is in
a paper by Marshall (15). He considers only a two-stage process.
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The scheme described will be a proper sequential process if var (f,) decreases mono-
tonically with n; and a sufficient condition for convergence is, by (18) and (24), that

sup |k, (y)| >0 as n—oco. (25)

0<y<1

As our secondary estimates, we may take an unbiased average of the form (19), or
1

we may take F,, =f G,.(y) dy, but this will generally be biased (although the bias will
0

tend to zero as n — o0).

Consider next biased importance sampling. The construction of @, (y) and the form
of the estimator function defined in (22) and (23) remain unchanged. The function
¢,(t) is replaced by a distribution function

t
(1) = j $)dy, (26)

as in (10). The equivalents of (11) and (12) now hold;
1
biasy, (fa) =0 f fin®) Paly) 4y, (27)

vary, () = ] [ GutP sty ([ Bt pat1 80 | (28)

Again, if (25) holds, both the bias and the variance of f,, will tend to zero as n — co.*
Thus we see that, in a sequential process, the fact that the estimator functions are
biased is not very important, since the total error converges in probability to zero.

Turning finally to correlated sampling, we define @, (y) as before, and use an
estimator function

FulEn) = FED +enlle) = FEn) + f G,y —GuE) =0+ mE).  (29)

Then, as in (16) and (17), mean (f,) = & and

1 1
var (£,) = [ atpdy <[ (f0)- Cutop . (30)
Thus, if sup |f(y)—G,(y)| >0 as n—>oo, (31)
<y<l

the process is convergent by (18) and (30).

5. The Neumann-~Ulam process. Consider a system of N linear algebraic equations,
represented by the matrix equation  , b (32)
We take A to be symmetric, without loss of generality. Let

H=1-cA? and a =cAb. (33)
Then (32) becomes
x = a+Hx, (34)

* This contrasts with the fixed bias which is encountered in the non-sequential biased import-
ance sampling process described in § 2.
1 If A is not symmetric, premultiply (32) by the transposed matrix A’.
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and a suitable choice of ¢ ensures that all the eigenvalues of H are of modulus less than
one.* The solution of (34) is then given by the convergent Neumann vector series

x=(I-Hy'a=I+H+H2+...+H*+...)a. (35)
We note that, if we write
y=x—X and d=a+HX-X (36)
then (33) transforms into an equation of the same form,
y = d+Hy. (37)

The elements z;, a,, and H;; in (34) are defined over the index set {1,2, ..., N}. Itis
clear that we may add an index value 0, producing ‘augmented’ vectors X, 4, and
matrix H, with the definitions

£,=0, 8 =0, ﬁw:ﬁio:O, goo= L (38)
and then we have an augmented equation X = & + HX, just like (34), whose solution
is (35), together with 2, = 0.

Forsythe and Leibler (4) have described an (apparently unpublished) Monte Carlo
method, devised by J. von Neumann and S. M. Ulam, for estimating the value of the
vector series (35).T '

We consider the augmented index set {0,1,2,..., N} and the sequences of index
values I',; = {{ = 74,7y, ...,%,}. We look upon T, as the beginning of an infinite
random walk I'; on the index set, with the probability for the nth step p, ,; depending

on its end-points (this is a Markov chain). With each random walk, we associate two
numerical sequences; first,

Xp=1 X,;= X o, i{Him_lim/pim_lim}’ (39)

n
SO tha:t Xni Sl Hl{Him—lim/pim—lim}; (40)
m=
and then the derived sequence, n
Yni = ZOXmia’im' (41)
m=

Note that, by (38), once the walk T'; visits the index valua 0, the subsequent X_; all
vanish, and the Y,; are therefore unchanged thereafter. Thus the walk effectively
terminates on reaching index value 0.

LemMMA 1. Over all random walks T'; whose initial point is index value 1, Y, ; converges
in probability to a number Y;, and mean (,) = z,. (42)

* If the eigenvalues of A are a;, and if @ > max |a,|, then take ¢ = @~2. In the absence of more
i
N
precise information, we can always put & = max ( z |A,,|) (or slightly more, if all the 4,; in each
) i \j=1
N
column are of the same sign and all the sums X |4, are equal).

j=

+ The method has been applied to matrix problems (see, for example, Opler (16) and Wasow (22)),
integral equations (see, for example, Cutkosky (1) and Page(17)), and elliptic differential and
difference equations (see, for example, Wasow (21)).
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Proof. The probability of the sequence T'; is #(I",,;) = H Pz,,. Li,- Thus, by (40)
and (41),

mean (Y,,) = §: mean (X,,;@; ) = Z X2, X,

m=0 m=0 ]",,‘
n N n n
=3 (H )“i,,.( II Z’a}_lu) = Z (Hma)i’
m=0 Each {,=0 r=m-+1
and hence, by (35), lim {mean (¥,,;)} = #,. Now, given ¢, consider the Y, ; as a sequence
n—>0

of functions defined on the space % of all random walks I',,;, the infinite-dimensional
product-space of identical sets (0, 1,2, ..., N). Clearly the Y, are all integrable simple
functions over %, with respect to probablllty, their mtegra]s being given by the mean
values calculated above.* Also, since the series (35) converges, mean (|¥,,;—Y,;|) > 0
as m and n - co. Thus the sequence of Y, ; is mean-convergent (or mean- fundamenta.l)

Hence there exists an integrable functlon Y, on #, to which the Y, ; converge in mean
as n — 00, 80 that mean (¥;) = lim {mean (Y,,;)}.1 Also, if the ¥, ; converge in mean to

n—>

Y;, they converge to Y; in measure, that is, in probability.{ This completes the Lemma.

Lemma 2. Over all random walks T'; whose initial point is index value ¢, var(Y;)
exists and 18 finite, and satisﬁes the equation

2
var (¥;) = Z (H3;/pis) {var (¥;) +af} — ( Hiixj) . (43)
Proof. With T'; = {i =1, j=1,,%,,13,...} write ['; = {j=1,,45,%, ...} for the random
walk starting with the second step of I';. Then #(T',,;) = p;; (L', _, ;), and

Ym. - CL + Hij/pw) n—1,j° (44)
Now, justlike the Y, ;, the Y2 are integrable simple functions over #, and by the mean-

nir
value theorem,§ we see that

mean (| Y7, — ¥7|) < mean (|¥,,;—¥,|) max (| Yong + Y| ) > ©
i
as m and n — c0. Thus, arguing as in the proof of Lemma 1, we see that the Y7, con-

vergein mean and in measure to an integrable function in #, which must thereforeequal
Y%, for almost every sequence in #;. It follows that var (Y;) exists and is finite. Also,

var (Y;) = mean (Y?3) —x?

—hm{mean(Y )} — 23

= lim {a? + 2a, mean [(H,,/p;) Y, _, ;1+mean [(H/p,)? Y3 _, ;I}— z2

n—>w

= lim {a + 2% ZH{, mean (Y, _; ;) + Z (H%[py) mean (Y2 _, j)}

n—>wo

—a2+2at2 ,x,—}- E(H 1pgy) mean (Y3) — 2.

‘The Lemma now follows, by (34).

* See Halmos(5), p. 95. t See Halmos(5), p. 103, Theorem A.
+ See Halmos(5), p. 107, Theorem B. § See Halmos(5), p. 114.
5 Camb. Philos. 58, 1
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Now, we see that, if
Py = Hy 7/ E Hyx, = Hyxif(x;—ay),

(45)

then equation (43) becomes homogeneous in the var(Y;). If we define a matrix K

with elements N
Ky = (’El Hikxk) Hylx; = (2, — ;) Hylz,,

we obtain

(46)

TrEOREM 2. If we adopt the probability distribution (45) and if no eigenvalue of the
matriz K equals one, then all the var (Y;) vanish; that is, ¥, = x; for almost all random

walks T';. If, further, for every , 11— (a;fe)| < 1
1 b

(47)

then all the Y, are identically equal to x;, for every walk I';. This will always be true if all

the elements a; and H; are non-negative.

Proof. If (45) holds, then (43) takes the form z = Kz, so that z = 0, or var (¥;) = 0
(2 =1,2,...,N) unless unity is an eigenvalue of K. Thus (Y; — z,)? vanishes for almost

every random walk.*
Now define {; = 1— (a;/z;). Then, by (40), (41), and (45),

Y= Z { Iz, _, a’t,_l)/xi,.} a;, = .xingo (rijl gqa,_l) 1-&,)

m=0
= “’i(l _ml?ilogi"‘) .

If (47) holds, that is, |{;| < 1, then, in the limit, ¥; = x;, whatever walk I'; is chosen.
If the a; and H,; are all non-negative, so are all the z;, by (35); hence the {; are also

non-negative, by (34), giving 0 < {; < 1, and completing the Theorem.

6. The first sequential method. It is shown in Theorem 2 that the probability
distribution (45) leads to a zero variance. It will be seen that this is equivalent to
unbiased importance sampling for each of the terms in the series (35). Let the secon-
dary estimate for z; in stage s be Z{®. Then we choose a probability distribution,f

_ N
P = w0, 9 = (1— o) Hy 2 | 5 B2,

where the @@ is inserted to ensure that the walk terminates.

(48)

Lemma 3. For any probability distribution in which all p,y = w, if a random walk T

terminates at the L-th step, then mean ( L) = l/w.

Proof. Mean (L) = L%;.@(L) L =L§;]l(1 —w)lwl = — m;& {L%:];(l —m)L}

0
_ -_ —1
w o (@)
and the Lemma, follows.

* See Halmos(5), p- 104, Theorem B.

t Note that this presumes that all the H‘,Zj'—lJ are of the same sign, for each <.
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We shall suppose that the secondary estimates Z{® are obtained by the averaging
process defined in (19), (20), and (21). Each stage uses independent walks, so that the
Y{® are certainly uncorrelated. Thus

8

var (Z{9) = vivar (YY) + (1 —v,)2var (ZED) = T wi® var (Y{). (50)
r=1
Hence, writing ~ U® = max {var (Y{)}, V® = max{var(Z2{”)}, (51)
we obtain '
THEOREM 3. If the errorsin Z{~Y are small quantities, so that their higher powers may
be neglected, and if N
m(s)+max( > Kij) <1, (52)
i =1
tken U(s) < ‘E:(I.S) V(s—l) + EéS)) (53)
N N
where E{P = 2max ( = Kﬁ)/{l —w® —max ( » Kij)} (54)
1 i=1 t i=1
N
and EY) = o max {(x;— ai)z}/ll — @ —max ( by Kii)} . (55)
i i \j=1

Proof. Substituting (48) in the equation (43), and writing Z{#~? = x;+¢f*", we get

var (F) = (1= o)+ $ Hlay-+ )| 3 Hylo+r70) 4 var ()

N N N 2
(1 —a®)-1 (k_z‘_,l fz:-,c(xk+e£""’)} (J zl%(%wy(‘_”)"xf}— (, ) }4‘.1"7"1') :

Now mean (¢f~D) = 0,
moan (e¢-1) = var (Z-D),

and mean (ef* Ve V) = cov (Z{~D, ZED).

Thus, averaging over the variation of Z{*» and ignoring higher powers of the e{*~,

we got that

N N N
(- o) var (V) = ( 3, Hum) | 5 Hyarvar (7)) + 00 5 Hya)
k=1 i=1 j=1
N N
+ X X HyHy{arz, var (Z{#~D) —cov (Z§~V, Z{E-V)}.
i=1k=1

If we are to use the p,; of (48) as probabilities, we must suppose that, for any i, all the
Hy;z; are of the same sign. Also

0 < mean {(z; 1Z{#~V — 2 1 ZF~V)2}
< 2mean {(z7 12"~V — 1)+ (a5 1 Z#~V - 1)2)
= 2var (z7 1 Z{*~) + 2 var (2 1 ZiF V),
so that the last sum above is positive, being, by (46),

N N
1 Y X Hyx,H;, 2, mean {(x; 1Z§s_l)—xl? 1Z§g-1)z

2 j<1k=1
N N N
< 2( % Hikxk) { Y, Hyxyvar (Zf‘”)} =23 K,;var (Z{V).
k=1 i=1 i=1
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Thus (1-o@¥W)var(Y{¥) < % K {var (Y{®) + 2 var (Z{*-)} + w9(z; — a,)?
i=1

N

< max ( Y K ij) (U®+2V6-D) 4 w®max {(x; —a,)%},

i \j=1 i

and, since the right-hand side is independent of ¢, if (52) holds, the Theorem follows.
It also follows from (50) and (53) that

VO < U0+ (- 0,2 VoD < QEEP+ (-0 VoDLo2EP,  (56)
g—1
and that U < E® 3 w1200+ B, (57)
r=1
Lemma 4. If R R
w® = rp/ P, v, =wd = 37’/ 3 P, (58)
=1 r=1

and p 18 a non-negative integer, then
v = (p+1)s I —Hp+1)Ps P+ 7(p+1)2(2p+3)s7°—..., (59)
whenever the series converges absolutely ; and this will certainly be the case if s > p + 1.
Proof. Since we can write, with suitable coefficients c,,,
P = P — (r = 1P} e {rP — (r— 1)P} + ...+ oyfr — (r = 1)},
it is easily verified that
s pt1
rglrp =m‘élc,,,s’" = (p+1)1ePtl 4 LsP 4 LpsP~l4 . = (p+1)1sP+1+ R (s) (60)
is a polynomial of degree (p + 1) in 8. Also, since p > 0, zP is monotonically increasing
with z, so that

38 8 8
(p+1)-1lspH! =f 2Pdr < 3 1P sf aPdx+8? = (p+1)1ePH1+87 —(p+ 1)1,
0 r=1 1

Thus* 0< Ry(s) <sP—(p+1) < 87 (61)
and, if (p+1)"1s741 > R, (s), (62)
we may write, by (58) and (60),

v, = &7 Tzi;lrp = (p+1) s 1+ (p+1)s1 R ()}

= (p+1)st—(p+ 1P 2R (s) + (p+ 137 P3[R (s)]* - ...
and this geometric series is absolutely convergent. We may therefore substitute the
Y
polynomial ¥ ¢, s™ for B (s) in each term of the series, yielding the absolutely con-
m=1

vergent series (569).1 Finally, by (61), the condition (62) shows that (59) will certainly
converge absolutely if (p + 1)~1sP+! > ¢P, completing the Lemma.

* If p =0, By(s) = O.

1 Conversely, whenever the series (59) is absolutely convergent, it can be rearranged into

the geometric series in R (), which must also be absolutely convergent (to the same limit).
Thus (62) is a necessary and sufficient condition for the absolute convergence of (59).
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THEOREM 4. For the weights (58), if w® = 0(s™9), and if E, = max(E{) and

E, = max (E$s%); then there is a constant A such that
8
U® < AE,s7 %00 {1 +0(1)} [+ E,s%{1+0(1)} if ¢ < 2(p+1)]
and Vo < As-20+0{1 4 o(1)}+T,

0 o g>2(p+l),
where T = {E,(p+1)?s2tlogs{l+o(1)} if ¢g=2p+]1,

Exp+1022p+1-q) s 1+ 0(s1)} if 2(p+1)>q+2p+1.

Proof. Consider the equation
s—1
P(s) = By T wiE@(r) + Eys7Y,
r=1

(83)
(64)

(65)

where E; = E,¢(1)/UW; then comparison with (57) shows, inductively, that, for all

sz L, U® < {UD[¢(1)} () = (B,/E,) $(s).
By (58) and (65),

P(s+1)— (1 —v,)* b(s) = Byjv5(s) + si [l — (1 — v P w17 ¢(r):

+ {1+ 57— (1-v,3 5%,

or, since w® (w1 = 1 -y,
Ps+1) = §(s) {1 —v,[2— (B + 1) v, ]} + E5{(1+571) 77— (1 —v,)% 872

(66)

(67)

The solution of the corresponding homogeneous equation is clearly proportional to

$o) = T —v(2— (B, + D] (s> ).
Let us suppose that o P(s) = Po(8) Y¥(s);
then, by (67) and (68), we get the equation
Pls+1) = 9P(s) = Bg{(1+57)9— (1 —v,)*} 879 (s + 1),
whose solution is

V() = Yoo+ By T (L4729 1= (=01 5)glr + 1)} (s > o).

Now, by (58) and (61), v, < (p+ 1)s71; so that, if
8o > Hp+1){1+max(E,,1)}, 0<v[2-(E+1)v] <],
whenever r > s,. Also, by Lemma 4,
2,[2—(Ey+1)v,] = 2(p+ 1) r— (B, +2) (p+1)2r2+0(r%);
so that, by (68),

log $ifs) = % log {1 —v,(2— (B +1),}

=—- sil § {vr[z - (El + 1) vr]}m/m

r=g, m=1
8—1 ®

=— 3 IS {2p+)r 1= (B, +2)(p+12r 2+ 0(r %) m

r=g, m=1

= =3 @+ ) - By(p+ 1754 0}

=28,
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But, as is easily verified,

T et = flogr— 41 +0G ), Tt = [~ + 00N,

=8, r=38

so that  log @g(s) = [—2(p+1)logr—{E\(p+1)—1}(p+1)r+O0(r3)];,

. _(8\e (1—[Ey(p+1)— 1] (p+1) s +0(s)
giving  gols) = (_) ll CWB(p+)—=11(p+ 1)sal+0(saz>}'

So,
Returning now to (70), and using (59), (71), and (72), we obtain

B(8) — Y (8o) Po(8) = {¥r(8) — ¥(p)} Pol$)
= Eys7%0i0{1 — [E\(p+1)—-1](p+1)s7+O0(s2)}

(72)

< 5% PrH-a(2p + 2 g)+ 3P — (2Ey(p+ 1124+ (2p+ 1)) g
r==8y

+4E,(p+10°]r1+0( )} (73)
We note that, unless a = —1,

8-—~1
S 7 = [ 1)1 red = §ro - O(r,
=38
Therefore the sum in (73) is

[ +2a—Y(2p+2—q)r¥+1-4)
+30° - CEy(p+ 12+ (2p+ 1)) g+ 4E,(p+ 1P]{(2p + 1 — @) 1?71~ + O(r*P ) |5 ;
except that, if ¢ = 2p + 2, the first expression in curly brackets is omitted; ifg = 2p +1,
the second expression in curly brackets becomes log r; and if ¢ = 2p, O(r??—2) becomes

O(logr). By (72), ¥(sy) Po(s) is a multiple of s—2@+1f1 + O(s1)}. Thus, if ¢ > 2(p+1),
we see that there is an 4 such that

@(s) = (AE, B,/ E,) s72@+D{1 4 0(1)}, (74)

and the o(1) strengthens to O(s~!) when ¢ = 2(p+1) or ¢ > 2p+3. If ¢ < 2(p+1),
however, there will be an A4 such that

P(8) = (AE, B3| Ey) s72D{1 + O(s7)} + E3s79{1 +g(s)}, (75)
{E'l(P‘i- 12stlogs+0(s7) if ¢=2p+1, 1

where g(s) = ) . (76)
Ey(p+172@p+1-g) s +0() if g+2p+1]

Hence, by (66), we obtain (63).* Now, finally, by (50), (51), (65), and (66),
VO < 5wl U0 < (ByfBy) 3w $(r) = (Bo/ By By) {le + 1)-Egs~2.  (77)
r=1 r=1

Thus, by (74), (75), and (76), we obtain (64),* completing the theorem.

* (74), (76), and (76) hold for all s > 3,. Any discrepancy for s < 8, is bounded, and so can be
included in the o(1) term.

https://doi.org/10.1017/50305004100036227 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100036227

Sequential Monte Carlo 71

We can now derive

THEOREM 5. For the weights (58), if @ = O(s~2) and q > 0, then the process is con-
vergent, and if ¢ > 1, the scores Z{® converge to x; with probability one.

Proof. By Theorem 4, if ¢ > 0, (63) shows that var (Y{®) - 0 as s - 0, so that the
process is convergent, by the definition (18), since the Y'{® are the primary estimates.
Further, by (58) and (61), v, < (p+1)s71, so that », = max (wl¥) = v,—> 0 a8 s> 0

and 3 v,s~* converges for any ¢ > 0; while, by (63), if
8=1
r = min (g, 2p+2), var(Y{) = O(s™).
Thus, if ¢ > 1,7 > 1, and we may take any ¢ satisfying 0 < ¢ < 3(r — 1), so that all the
conditions of Theorem 1 are satisfied, and it follows that the secondary estimates
Z® converge to z; with probability one, completing the Theorem.
Suppose that we chose to work with relative errors, writing

U = max{z;2var (Y{)}, V) = max{z;2var(Z®)}, (78)
i i
instead of (51). Then Theorem 3 would become, by a parallel proof,*

THEOREM 34. If the errors in Z{#~1 are small quaniities, so that their higher powers
may be neglected, and if

p? = max {[1—(a,/z)]} < 1-a®, (79)

then UR < FPVGV+FP, (80)
where F® = 2p2[/(1 -9 —p?), FP = a9p?/(1—w®—p?). (81)
(50) and (80) then yield results (56) and (57) with E replaced by F, and we may

derive

THEOREM 44. The statement of Theorem 4 holds with E replaced by F throughout.

7. The second sequential method. Just as the first sequential method is an applica-
tion of unbiased importance sampling, the second uses biased importance sampling.
The probability distributions p{} for the random walks are now arbitrary, and may be
chosen for simplicity and convenience. The scores, however, are obtained, in the sth
stage, by putting

N
Pi; = Hy Z§P~D / > H, zZ{g—» (82)
k=1
in (39) and (40); so that, by (41),
n m N
Y@ =13 { I1 ( p) Hi,_,szcs_l)/zg—l))}“im’ (83)
m=0 \r=1\k=1

where, if Z{*= = 0, we must ensure that p{J (the probability, that is) vanishes for all <.
Note that, since the p,; used for the scores do not terminate the random walks, no
@' need be used, and a nearer approach to the ideal form (45) may be achieved.

* Note that K is replaced by the matrix Kz = A~'KA, where A is the diagonal matrix with
elements Ay = 228, so that the eigenvalues of Kg are the same as those of K.
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The scores (83) are equivalent to the unbiased Neumann-Ulam scores for solving

an equation x® = a + HOX®, (84)
N
of the form (34), where HY) = p) ¥ Hy ZE-V| 23D, (85)
k=1
Thus, by (34) and (84),
bias (Y{) = z{® —z, = Z HY bias (Y{) + 2 (HY — H;) z;, (86)
and, by (43),
N N 2
var (YP) = ¥ (HE*pY) {var(Y§8>)+x§.8>”}—( > Hg;>x;8>) . (87)
i=1 i=1

Lemma 5. If Z¢Y =x and no eigenvalue of H® equals one, then x® = x, or
bias (Y{) = 0 for all i, and var (Y{) = O for all ©. If, further, (47) holds for every 4,
then Y = x, for all 1 and every random walk.

Proof. If Z{f~V =z, for all 4, then, by (85), HY = pP(z;—a,)/z;, and, by (86),*
‘N

3 (HY) — Hy)) z; = 0, so that, if no eigenvalue of H® equals one, x®— x = 0 is the only
i=1

solution, or bias (Y{) = 0 for all 4. Again, by (87),* since x©® = x,

. N 2
= B = @—a)t = ( T HYs)

=1 i=1
so that var (Y$¥) = 0 is the only solution of (89) under the conditions of the Lemma.
Finally, by (83), Y takes the same form as in Theorem 2, so that, as in the proof of
that theorem, if (47) holds, Y{¥) — z, as n — oo for any random walk. This completes
the Lemma.
Let us write
B = max |27 bias (YP)|, DY = max |ar1bias (Z)]; (88)

then we may derive the equivalent of Theorem 3,

THEOREM 6. If the errors in Z¥~Y are small quantities, so that their higher powers
may be neglected, and if (47) holds, then

BY < CWD6E-Y, (89)
N |
where C® = max { > (e Hyx— (1 —%) Py }/(1 —p), (90)
‘ ¢ li=1 i
and U < FiVY + F@Dg-, (91)
where F = 2p%/(1-p?), F,® = (C®+1)2p2/(1—p?). (92)

Proof. Proceeding as the proof of Theorem 3, we write Z{* = = z; + ¢{*~), so that now
mean ({2~1) = bias (Z{*~"). Thus (85) and (86) yield, on averaging over the variation
of Z{*~1 and ignoring higher powers of ¢{*~1), that

N
bias (Y{®) = (x;—a,) Z p‘l’;)x, ! bias (Y{®) + g} {H;; — (x;— ;) p'§ x; 1} bias (Z{*—V).

* Noting (34) and that E p = 1, for all 4.
=0
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Thus, by (79) and (88), if (47) holds, we obtain (89) and (90). Applying the same
procedure to (87), we obtain that

N N
var (Y9) = (z;—a,)* 3 p§ 2y ® var (Y§) + (xi_a'i)z( XY pifzj *{var (Z~Y)
i=1 i=1

N N
+[blas (¥{9) ~bias (ZP )} - 3 3 plpy o {oov (200, 2 0)
j=1k=1

+ [bias (Y{®) — bias (Z{*~1)] [bias (¥ {®)) — bias (Z§ Y )]}) .

As in the proof of Theorem 3, we can show that the expression in large parentheses
above is non-negative and not greater than twice the first of its two sums. Hence, by
(78), using (89), we get (91) and (92), completing the Theorem.

We have used the relative form here, as it seems more convenient. An absolute
form of Theorem 6, in U® and V®, could easily be obtained. Note that F; is not
dependent on s.

By (19), (20), (21), (50), (89), and (91), we obtain that

s—1
DY < (v,09+1 —v,) Dg-Y, BY < 0@ 21 ws—V B (93)
re
and that VY < (02 F1+ (1 —v,)3 VS~V + 02 F© D~ 1" (94)
8—1
and Uy < F; 21 WV UG 4 Fyo D17, (95)
re

corresponding to (56) and (57).
We may now proceed to the equivalent of Theorem 4,

THEOREM 7,4. For the weights (58), if

C = max (C9) and F,= max(F,®) = (C+1)2p%/(1-—p?),
8 8

then there are constants A, and A,, such that

BY < A, CsC-D@+D {1 4 O(s71)}, D‘;} < A,sC-D@+ (] 4 O(s™)}, (96)
U < Ay Fs~20+0{1 4 o(1)} + Fy A3s2C-D@+D {1 4 o(1)}, (97)
and V& < Ays720t0 {1 4 0o(1)} + T, (98)

FiAYp+1)2s4C-D@+D-1logs{l+0(1)} if C=Hp+1)7,

where Tg=
* {FéAﬁ(p +1)2[20(p + 1) — 1] 1sXC-D@+D-1{] + O(s71)}  otherwise.

Proof. Consider the equation (compare (65))

X(6) = C'Z ule=x(r), (99)

https://doi.org/10.1017/50305004100036227 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100036227

74 J. H. HavtoNn

which, by comparison with (93), shows, inductively, that for all s > 1, if x(1) =
Bg) < x(s). By (99) (compare (67)) x(s+ 1) — (1 —wv,) x(s) = Cv,x(s). The solution is thus

B‘l’ H {1—9,(1-0)}= exp( Z Z [v,(l—C’)]"'/m)

= Boxp (T {(p+1) (€ D~ Y(p+ 1P OO - 1)r++0(-2)

= BRexp ([(p+1) (C—1)logr+i(p+1)(C-1){C(p+1)— 1} +0()];)
by Lemma 4, whence the first inequality of (96) follows. Now, by (20) and (99),

8—1 s-1
D < T wrPBR < T wit~Ox(r) = x(6)/C,
r= r=

whence we get the second inequality of (96). Again, if we compare (94) and (95) with
(56) and (57), we see that the results (97) and (98) should be the same as (63) and (64),
with F; for E,, F, A% for E,, and 2(1-C)(p+ 1) for q. Since, by (47) and (90), C > 0,
q < 2(p+1), so that the additional terms in (63) and (64) must always be included.
This completes the Theorem.

The equivalent of Theorem 5, and its consequence, is

THEOREM 8. For the weights (58), if C < 1, the process is convergent, and if
C<1-¥p+1)7,
the scores Z'P converge to x, with probability one.

8. The third sequential method. Unlike the first and second sequential methods, the
third does not depend on Theorem 2 (or its equivalent, Lemma 5). It uses instead the
result embodied in (36) and (37), to give the following procedure, which may be looked
upon as a form of sequential correlated sampling. The probability distribution p{ is
arbitrary, and the score used is

Y%= 3 {1 (o l0)| (100)
z |
where d® = a+ HZE-V —Z6-D, (101)
and 7O = ZeDL YO = 3 YO, (102)
=1
By (36), (37), and (42), ’
mean (YY) = z,—Z§¢~Y, mean (Z{) = z,. (103)

Thus the Y are, at each stage, unbiased estimators of the correction (z;—Z¢~),
and Z{ is an unbiased estimator of ;.

THEOREM 9. If

o = max{ > (H/pE)} < } 1, (104)
then V@ g QUyE-D, (105)
where G® = g9(1—g'). (106)
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Proof. By Lemma, 2,
N v .
var (YP) = 3 (H%/pY) {VaI(Yg.s))+(xj—Z§.3—l))2}_{ S Hy(x;— Z‘,s—l)), )
i=1 2
Put var (Y{)) = mean {(Y¥ —x, + Z¢~V)% = var (Z)
and mean {(z; — Z§~2)%) = var (2§~7).

Thus, averaging, we get that
N N
var (Y9) < 3 (Hy/p$) var (YP)+ 3 (H/p4) var (28V),
Cod=1 j=1

whence the Theorem follows.

Levwma 6. If (104) holds and G = max (G9),
8

Vo < @s-17W, (107)
and the process will converge (geometrically) if

G <1 or o=max(c¥) < }. (108)
8

Proof. This Lemma is an immediate consequence of Theorem 9.

THEOREM 10. If (108) holds, the secondary estimator
1 8
8® = - s Z0 (109)
r=1

for z, s unbiased, and converges to x; with probability one as s — co.
Proof. By (103), ] s

mean (8) = . ¥ mean (20)) = z;
r=1 .

thatis, 3! is an unbiased estimator of ;. We proceed as in the proof of Theorem 1, with
v, replaced by s, f, by Z¥, and 0 by z,. Then, by (107), y2s~%p(8,) < VG52, go that

s=m+1 s=m+1

»(F,) > ﬁ (1 — VWy—2s2Gs-1) > exp{— 2V My-2 OZO] 82‘G3—1}

> exp { — 2V Wy-2G-2 f sz‘G’“ds} > 1-9,
m+1
for any arbitrary v’ > 0, if m is sufficiently large. (This follows from (108), for any ¢.)

We may now choose ¢ > 0, ensuring that ¥ s—-! converges, and complete the proof
8=1

® 1
that 35 7 (Z¥ — x,) converges for almost all random sequences. Hence*
8=1

l 8
3%(Z%"—x¢)=(828’—x1-)—>0 as §->00
r=

for almost all random sequences, proving the Theorem.

* By Halmos(5), p. 203, Theorem C.
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Finally, we have

LemMma 7. If (108) holds,
var (8%)) < {VO/(1-@)}s2. (110)
Proof. By (107) and (109),

var (3") = 52 i var (Z{) < s72 é Gr-1VW = g2V O (1 - @%)/(1-G) < s72VDV|(1-G),
r=1 r=1
proving the Lemma.

9. Experimental verification. During 1958-60, the author Wrdte, tested, and ran

a number of programmes for the Illiac and Mercury digital computers, to illustrate

and test the sequential methods described above. The empirical quantity max |Z{ — x|
i

was plotted against s and compared with the behaviour of the theoretical upper bounds
for ,/V® embodied in Theorems 4 and 7, and Lemma 6. The agreement between theory
and experiment was excellent throughout, in the sense that the asymptotic curves
gave a good representation of the behaviour of the errors even for early stages of the
processes, and that the theoretical upper bounds for errors were always well within
a factor of two above the observed errors, for several examples tried. Deductions
from the experimental results are listed below.

(i) A number of comparative runs with different types of pseudo- and quasi-random
number sequences, including runs with an improper sequence having regular ordering, *
showed that the third sequential method was relatively insensitive to non-uniformity
of the sequence used, and that the only effect was a slight slowing down of the con-
vergence, without the introduction of any bias.

(ii) Comparative runs with the non-sequential Neumann-Ulam method and the
first, second, and third sequential methods indicated that the third method was the
most rapidly convergent, not only asymptotically, but even for short runs of only a
few stages. (In fact, the graphs of the first and second methods did not cross those of
the third.) Since all three sequential methods require just about as much labour per
stage, under the same conditions, it follows that the third sequential method will
generally be best.

(iii) As had been anticipated, it was found that, for any accuracy text based on an
internal estimate} of the variance, the ratio of actual to estimated errors decreased
as the rapidity of convergence increased. ]

(iv) The principal advantage of the Neumann-Ulam method is that, unlike
classical methods for the solution of sets of simultaneous linear equations, it enables

* The sequence used was ¢,(n) forn = 1, 2,3, ..., as defined in (6). The ordering is very marked;
e.g. if §o(n) < & Po(n+1) > &

1 By thisis meant an estimate independent of any analysis of the problem treated, but obtained
from the empirical results.

1 Since a random difference much smaller than the standard deviation, and so prematurely
satisfying the test, becornes increasingly likely as the number of trials increases.
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us to estimate one component of the solution without having to do the same work as
if we required the complete solution. When N is of the order of thousands or more, this
is of great importance. The sequential methods described above relinquish this
advantage, to gain a much faster rate of convergence. On balance, it turns out that the
efficiency of the third sequential method is of the same order as that of a classical
iterative method of solution.* However, we can retain the geometric convergence of
the sequential method while reducing the work required if we know something of the
shape of the full solution. This is often the case, for example, when the problem treated
is the finite-difference form of a differential equation.

Test runs were made on a programme for solving the biharmonic equation for a
square plate clamped at its edge and loaded at one eccentric point. The process used
was the third sequential method, but scores were calculated only for the centre of the
plate; the values of the displacements at all the other 1680 grid-points were estimated
to be simply half the current estimate Z§’ of the central displacement. The initial
estimate Z{” was deliberately chosen to be very far from correct, and a clearly geo-
metric convergence was obtained. In 112 walks, the error was reduced by a factor of
108, even using such a crude estimator. The whole process, carried out on the Ferranti
Mercury machine, took some 15min. (By comparison, applying the non-sequential
Neumann-Ulam method on the same machine for nearly an hour simply gave the
answer zero, as no walk happened to pass through the point of loading!)

The process described above would clearly cease to converge geometrically when the
residual error was of the same order as that involved in taking a simple step-function
for the displacement. At this stage, a closer approximation could be adopted (e.g. a
parabolic form-function, or a multiple step-function, involving the calculation of
Monte Carlo scores at several-—but still far less than N—points.) Alternatively, one
could simply revert to the non-sequential method and rely on arithmetic convergence
(V® = O(s71)) to give a final estimate of sufficient accuracy. The saving of labour, as
against a straight application of the third sequential method, is manifest.

It is evident that considerable subtlety may advantageously be used in wringing
the greatest accuracy from the least work, along the lines suggested above. We have
not attempted to go into this in the present paper, since its aim is to present and
establish the sequential Monte Carlo methods, rather than to investigate their practical
development.

I wish to thank Dr J. M. Hammersley (Trinity College, Oxford) for helpful discussion
of this work, and the U.K. Atomic Enargy Authority for a Research Studentship at
Oxford University. I am also grateful to the Directors and staffs of the computer
departments of the A.E.R.E., Harwell, the University Computing Laboratory,
Oxford, and the Digital Computer Laboratory, Graduate College, University of
Illinois, Urbana, for their courtesy and assistance.

* In both cases, the convergence is geometric, and the work done per stage consists largely in
multiplying a vector of order N by an N x N matrix.
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