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Reproducing kernel Hilbert spaces and kernel 
machines 

In the last two chapters we have seen kernels used in the context of density 
estimation and nonparametric regression. However, the same word is used for a 
somewhat different concept in statistics and machine learning, where the goal 
is to augment a feature space and thereby extend the scope of certain existing 
prediction techniques. The basic idea is to map our observations into a higher-
dimensional space and then apply a simple (e.g. linear) method to the transformed 
data; in the context of regression, for instance, this can yield a nonlinear regression 
surface that may fit the responses better. For a certain rather large class of 
methods, namely those whose fitted values depend on inner products between 
observations, a key point is that this general procedure can often be carried out 
implicitly and, remarkably, in ways that ensure the cost of the computations 
involved is independent of the dimension of the final feature space. In fact, the 
approach can be put on firm foundations even when this dimension is infinite, 
giving rise to a powerful family of flexible regression methods known as kernel 
machines. The underlying theory relies on a particular type of Hilbert space 
structure known as a reproducing kernel Hilbert space (RKHS). Some of the most 
well-known examples of kernel machines include support vector machines and 
kernel ridge regression, though the class of methods to which the ideas presented 
here may be applied is very broad. 

6.1 The kernel trick 

We motivate the ideas of this chapter through an example. Recall from Chapter 3 
that given a predictor matrix1

1 For simplicity, we will ignore the unpenalised intercept term (see Section 3.1) and not insist 
that X is column-centred. 

 X = (x1  x  n p 
Rn)T  ×· · · ∈ and a vector R

nY ∈  ,
the fitted values from ridge regression with regularisation parameter λ > 0 are2 

2 Here, we add the dimension as a subscript to the identity matrix I for clarity. 

Xβ̂λ 
R = X(XTX + λIp)

−1XTY . (6.1) 

An alternative expression for the fitted values is suggested by starting with the 
identity 

XT(XXT + λIn) = (XTX + λIp)X
T , 

148 
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and multiplying on the left by (XTX + λIp)−1 and on the r ight by  (XXT + 
λIn)−1. This enables us to write 

β̂λ 
R = XT(XXT + λIn)

−1Y and Xβ̂λ 
R = XXT(XXT + λIn)

−1Y . (6.2) 

There are two aspects of this alternative representation that are particularly 
interesting. First, XTX  Rp×p∈ , but  XXT ∈ Rn×n. Using the usual algorithms 
for matrix multiplication and inversion, computing fitted values via (6.1) would  
require O(np2 + p3) operations. On the other hand, proceeding via (6.2) requires  
O(n2p + n3) operations, which is substantially smaller when p ≫ n. Second, 
the fitted values of ridge regression depend on X only through the matrix K := 
XXT ∈ Rn×n of inner products between observations. In other words, the (i, j)th 
entry3

3	 In previous chapters, we have adopted a convention where we index observations by i and 
predictors by j. Since observations play a more central role in this chapter, and since we will 
often need two different indices for them, we will break with that convention and index 
observations by both i, j ∈ [n]. Where needed, predictors will be indexed by k, ℓ ∈ [p]. 

 of K is given by K  
ij = xTi xj for i, j ∈ [n]. 

To see how this second point may be of use to us, suppose that we believe the 
signal depends quadratically on the predictors, and consider the model 

T 
Σ Σ p p

Yi = xi β + θkℓxikxiℓ + εi, 
k=1 ℓ=1 

where the coefficient θkℓ ∈ R represents the strength of the interaction effect 
between the predictors Xk and Xℓ, for  k, ℓ ∈ [p]. For identifiability reasons4

4	 The point here is that if we alter θkℓ and θℓk while preserving θkℓ + θℓk, then the model is 
unchanged. An alternative approach to preserving identifiability would be to set θkℓ = 0  for  
k > ℓ. 

, we  
insist that θkℓ = θℓk for k < ℓ  . We can still use ridge regression to fit this model, 
provided we work with an enlarged predictor matrix W ∈ Rn×(p+p 2) with ith row 
given by φ(xi), where 

φ(x) := (x1, . . . , xp, x1x1, x1x2, . . . , x1xp, . . . , xpx1, . . . , xpxp)
T  Rp+p 2 ∈ . 

Our new approach to computing fitted values would therefore have complexity 
O(n2p2 + n3), which could still be rather costly if p is large. 

However, instead of first creating all the additional predictors and then com­
puting the new matrix K, we can attempt to compute K directly. To this end, 
observe that for i, j ∈ [n], ( ) (

 
2  p )

 Σ 2 
 Σp  1 Σp p

 1 1 1 Σ 
+ xTi xj − = + xikxjk − = x  

4 2 4
ikxjk + x

2
ikxiℓxjkxjℓ 

k=1 k=1 k=1 ℓ=1 

= φ(xi)
Tφ(xj ) = (WWT)ij . 

Thus if we now define ( )2 

k(x, x ′) =  
1

2
+ x T x ′ − 

1

4	
(6.3) 
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for x, x′ ∈ Rp and set K = k(xi, xj ) = WWT
i,j∈[n] 

 , then substituting this 

into the formula K(K + λIn)−1Y for the fitted values is exactly as if we had 
performed ridge regression on an enlarged predictor matrix W . Now computing K 
using (6.3) requires only O(p) operations per entry, so O(n2p) operations in total. 
We have therefore improved the computational complexity by a factor of p when 
p ≫   n using our new approach. 

Predictions at new observations may be computed via a similar approach. 
From (6.2), we see that the prediction at a new observation x ∈ Rp is 

Σn  Σn  
φ(x)TWT(WWT + λIn)

−1Y = φ(x)Tφ(xi)α̂i = α̂ik(x, xi), 
i=1 i=1 

with k given by (6.3) and  where  ∈α̂ := (K + λIn)−1Y  Rn, with i th compo­
nent α̂i. Again we see that the representation on the right-hand side avoids any 
calculations explicitly involving the matrix W with O(p2) columns. 
This computational trick for fitting interactions is appealing, but more impor­

tantly for us it serves to illustrate some general points. It turns out that a host 
of regression methods, as with ridge regression, depend only on inner products 
between observations, as far as predictions are concerned. For such methods, 
instead of fitting non-linear dependence on the observations by constructing a 
feature map φ : p  

R → Rd that transforms the original observations x ∈ Rp 
i to 

φ(xi) ∈ Rd (e.g. to introduce quadratic/interaction effects as above), we can try 
to compute directly the function k defined by the inner product 

k(x, x′ ) :=  〈φ(x), φ(x ′)〉. (6.4) 

In fact, as hinted at earlier, this approach can be shown to be meaningful even 
when φ maps into an arbitrary inner product space,5 

5 See Section A.8 for background on inner product spaces and Hilbert spaces, which will be 
needed later in the chapter. 

which may be infinite-
dimensional. It turns out that there is a remarkably simple characterisation of 
the similarity measures k(·, ·) that satisfy  (6.4), and this gives rise to the notion 
of what is known as a positive definite kernel, which we introduce in Section 6.2. 
As such, computing the right-hand side of (6.4) via the left-hand side is known 
as the kernel trick , and the regression procedure resulting from using this idea 
with ridge regression is known as kernel ridge regression. 

6.2 Kernels 

We have seen how the predictions from a model with quadratic effects can be 
computed very efficiently by replacing the inner  product matrix XXT (known 
as a Gram matrix 6

6 Formally, the Gram matrix of vectors v1, . . . , vm in an inner product space (V, 〈·, ·〉) is the  
matrix with (i, j)th entry Gij := 〈vi, vj 〉 for i, j ∈ [m]. Thus XX  T is the Gram matrix of the 
observations x1, . . . , xn, while XTX is the Gram matrix of the predictors X1, . . . ,Xp. 

) in (6.2) with the matrix K appearing just below (6.3). It 
is then natural to ask what other models can be fitted efficiently using this sort 
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of approach. We will answer this question indirectly, by trying to understand 
the sorts of similarity measures k(·	, ·) that can be represented as inner products 
between transformations of the original observations. 

In order to treat this problem in generality, we will let X denote an arbitrary 
set, known as the input space, and  let (H0, 〈·, ·〉  )H0

 denote a real inner product  
space. We will seek to determine the set of similarity measures k : X ×X  → R for 
which there exists a feature map φ : X → H0 with 

k(x, x ′) =  〈φ(x), φ(x ′)〉 .	H0 (6.5)

It is not immediately clear that replacing the usual Gram matrix in the expression 
of the ridge regression estimator should have a meaningful interpretation in the 
case where H0 is not a finite-dimensional Euclidean space. In fact, we will see that 
the corresponding fitted regression function is a regularised least squares fit over 
a class of functions, with both this class and the regulariser determined by the 
kernel. To arrive at this conclusion, which forms the essence of the representer 
theorem (Theorem 6.18) that is central to the theory of kernel machines, we will 
need several mathematical preliminaries, which are developed in the rest of this 
section and in Section 6.3. For now, we make the following simple definition, which 
remarkably turns out to characterise completely the set of maps k for which (6.5) 
holds. 

Definition 6.1. A symmetric map k :  RX×X →  is called a positive definite kernel 
or simply a kernel7

7	 Although this is a different definition from that given in Chapter 4, both satisfy the more 
general requirement of being a weight function for a sum or integral. 

 if for all n ∈ N and all x1, . . . , xn ∈ X , the matrix K R
n×n ∈

with (i, j)th entry 

Kij := k(xi, xj ) 

is positive semi-definite. 

We will refer to the matrix K as a kernel matrix of k. A kernel is a little like 
an inner product, but need not be bilinear in general. Nevertheless, a form of the 
Cauchy–Schwarz inequality does hold for kernels. 

Proposition 6.2. For any kernel k : X × X  → R and x, x′ ∈ X , we have 

 k(x, x′ )2 ≤ k(x, x)k(x ′ , x′ ). 

Proof For any x, x′ ∈ X , the  matrix  

k(x, x) k(x, x′)
K := 

k(x′, x) k(x′, x′) 

)
is positive semi-definite. In particular, 

0 ≤ det( ) =  ( ) (  ′  K k x, x k x , x′ ) − k(x, x′ )2, 

as required. 

Feature maps provide a way of constructing kernels: 
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Proposition 6.3. Let φ : X → H0 denote a feature map. Then the function k : X ×  
X → R given by k H0

(x, x′) :=  φ(x), φ(x′)〈 〉   a kernel. is

Proof Let n ∈ N, x1, . . . , xn ∈ X  and α1, . . . , αn ∈ R. Then  Σn  Σn  Σn  Σn  
αiαj k(xi, xj ) =  αiαj 〈φ(xi), φ(xj )〉H0 

i=1 j=1 i=1 j=1 /  Σn  Σn \ 
= αiφ(xi), αj φ(xj ) 

i

≥ 0, 
=1 j=1 H0 

as required. 

In Theorem 6.12, we will show that every kernel admits a representation of the 
form (6.5), but since this is more involved, we delay this result until after we have 
studied some examples. 

6.2.1 Examples of kernels 

The following proposition provides ways in which we can construct new kernels 
from old ones: 

Proposition 6.4. Let k1, k2, . . .  be kernels on X . 

(a) If α1, α2 ≥ 0 then α1k1 + α2k2 is a kernel. 
(b) If limm  km(x, x′) =:  k(x, x′)→∞  exists for all x, x′ ∈ X , then k  is a kernel. 
(c) The pointwise product k = k1k2 is a kernel. 

Proof Given n ∈ N and x1, . . . , xn ∈ X , consider the derived kernel matrices 
(1) (2) K ,K R, . . .  ∈ n×n, where ( K(m))ij := km(xi, xj ) for i, j ∈ [n] and m  ∈ N. In  

each of the cases (a)–(c), the kernel matrix in question is symmetric, so it remains 
to check that it is positive semi-definite. 

(a) For a ∈ R
n and α1, α2 ≥ 0, we have 

a T(α1K
(1) + α2K

(2))a = α1a TK(1)a+ α2a TK(2)a ≥ 0, 

which shows that  α1K
(1) + α2K

(2) is positive semi-definite. 

(b) We have 

a T lim K(m) a = lim a TK(m)a ≥ 0, 
m→∞ m→∞ 

as required. 

(c) Let X = (X1, . . . , X )T N (1)
n n(0,K ) and Y  = (Y1, . . . , Yn)T Nn(0,K

(2)) ∼ ∼
 K(1) ⊙

K(2)
be independent. Then for i, j ∈ [n], the entrywise (or Hadamard) product 

 satisfies 

(K(1) ⊙K(2))ij = E(XiXj )E(YiYj ) =  E(XiYiXj Yj ) =  Cov(X ⊙ Y ) . 
ij 

As Cov(X ⊙Y ) is positive semi-definite (by virtue of being a covariance matrix), 
we see that K(1) ⊙K(2) is positive semi-definite. 
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The linear kernel below gives perhaps the simplest example of a kernel. 

Example 6.5 (Linear kernel) The function k : Rp ×  
R

p → R given by k(x, x′) :=
xTx′ 

 
is a kernel, as can be seen directly from the definition, since if x1, . . . , x R

p 
n ∈

and we write X = (x · · ·x )T ∈ Rn p
1 n

× , then the kernel matrix is K = XXT ,
which is positive semi-definite. ♦ 

The next example generalises the ideas set out in Section 6.1 to allow fast 
computation of inner products between feature maps involving potentially high-
order interactions between the original predictors. 

Example 6.6 (Polynomial kernel) On Rp × R
p, the  map (x, x′) → (1 + xTx′)d is 

a kernel, for every d ∈ N. To see  this, first note that (x, x′) → 1 is a kernel, so  
(x, x′) → 1 +  xTx′ is a kernel, by Proposition 6.4(a). The claim therefore follows 
by Proposition 6.4 (c) and induction. 

}
}

♦ 

The previous two examples of kernels can be seen to take the form (6.5) 
where H0 is a finite-dimensional Euclidean space with an associated feature map φ 
given explicitly. In our next three examples, it is less clear how one might find a 
simple corresponding feature map, and indeed any such map must take values in 
an infinite-dimensional space. 

Example 6.7 (Gaussian kernel) The Gaussian kernel k : Rp × R
p → R is defined 

by 
  ′ 2 

2k(x, x ′) := exp  −║x − x ║
. 

2h2 

We can think of k as a similarity measure, because it is large when x and x′ 

are close, and decays (quickly) as x and x′ become more distant. The additional 
parameter h >  0, sometimes known as the bandwidth (by analogy with Chapter 4) 
controls the speed of the decay to zero. 

To show that k is a kernel, first note that the function k1 : Rd × R
d → R given 

by ( 
2 ) ( ′ 2 ) 
2 2k1(x, x ′) := exp  −║x║ −║x ║

2h2 
exp 

2h2 

is a kernel, by Proposition 6.3. Next, define k2 : Rp × R
p → R by( ) ∞ 

k2(x, x ′) := exp  
xTx′ 

= 
Σ (xTx′/h2)r 

h2 r! 
r=0 

and observe that k2 is a kernel, by Proposition 6.4(a), (b) and (c). The claim 
therefore follows by another application of Proposition 6.4(c). ♦ 

Example 6.8 (First-order Sobolev kernel) Define a function k : [0, 1] × [0, 1] → R

by k(x, x′) := min(x, x′). To see that this is a kernel, we note from Section A.8 
that the space L2([0, 1]) is an inner product space under 

1 

〈f, g〉L2([0,1]) := f(x)g(x) dx. 
0 
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We can now observe that min(x, x′) =  〈 [0,x], [0,x′]〉L2([0,1]), so the claim follows 
by Proposition 6.3. ♦ 

Example 6.9 (Second-order Sobolev kernel) Define k : [0, 1] × [0, 1] → R by

∫ ′ x∧x 

k(x, x ′) :=  (x − z)(x ′ − z) dz. 
0 

This is a kernel; see Exercise 6.4. In fact, it is closely connected to the natural 
cubic splines of Section 5.3, as we will see. ♦ 

We can gain some understanding of the behaviour of these kernels by examining 
the fitted regression functions from kernel ridge regression in numerical examples. 
Recall from Section 6.1 that with predictor–response pairs (xi i, Y ) for i  ∈ [n], 
these fitted regression functions are given by  Σ

x → n
i=1 α̂ik(x, xi), where α̂ = 

(α̂1, . . . , α̂n)T := (K + λI)−1Y , and K ij = k(xi, xj ) for i, j ∈ [n]. Figure 6.1 plots 
the functions resulting from various choices of the tuning parameters λ and h for 
the Gaussian kernel and Figure 6.2 similarly explores the predictions arising from 
using the first- and second-order Sobolev kernels. A first point to note is that 
despite our claim that these kernels correspond to infinite-dimensional feature 
spaces, the fitted functions are not simply interpolating the data points, so some 
regularisation is clearly being employed. As expected by analogy with vanilla 
ridge regression, the strength of this regularisation increases with increasing λ. 
We also see that the choice of kernel can affect the degree of roughness of the fitted 
curves, with the first-order Sobolev kernel yielding rougher-looking curves than 
the second-order Sobolev kernel, for instance. For the Gaussian kernel examples 
in Figure 6.1, a smaller bandwidth h results in less regularisation and favours 
wigglier fitted regression functions. We will study how these properties arise in 
Section 6.4, but at a high level, these observations tally with the intuition of the 
Gaussian kernel as a similarity measure: when the bandwidth h is small, k(x1, x2) 
may be small even when x1 and x2 are relatively close, so the fitted regression 
function can take rather different values at these points. The similarity measure 
perspective can often be useful for designing kernels on more exotic input spaces 
such as sets of graphs, protein structures, text sequences, or, as in our next 
example, the set of possible rankings of a finite set. 

Example 6.10 (Kendall’s τ) Given p  ∈ N, let  X denote the set of permuta­
tions π : [p] → [p]. Given π, σ ∈ X  and independent random variables U and V
distributed uniformly on [p], the similarity measure k : X × X → R given by { ( ) ( )} 

k(π, σ) :=  E sgn π(U) − π(V ) sgn σ(U) − σ(V ) 

is known as Kendall’s τ coefficient . This is a kernel, because any corresponding 
kernel matrix is a covariance matrix, so is positive semi-definite. ♦ 

Our final example gauges the similarity of subsets of a finite set. 

Example 6.11 (Jaccard similarity) Let p ∈ N and take X to be the set of all 
subsets of [p]. For x, x′ ∈ X  with x ∪ x′ = ∅, the  Jaccard similarity kernel k : X ×  /
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Figure 6.1 Left: fitted regression functions using large (solid, black) and 
small (dashed) values of the regularisation parameter λ, alongside the true 
regression function (solid, grey), when using a Gaussian kernel with a 
relatively small choice of bandwidth. Right: the same for a larger choice of 
bandwidth. 

Figure 6.2 Left: fitted regression functions using large (solid, black) and 
small (dashed) values of the regularisation parameter λ, alongside the true 
regression function (solid, grey), when using the first-order Sobolev kernel. 
Right: the same for the second-order Sobolev kernel. 

X → R is given by 
′

k(x, x ′) :=  
|x ∩ x |

, |x ∪ x′| 

where we set k(x, x′) := 1  i ∪f  x x′ = ∅. This is a kernel  by Exercise  6.14. The  
Jaccard similarity can be useful when inputs are items bought by customers 
at a supermarket, or collections of words in emails, for example. The extent 
of the overlap of two shopping baskets indicates greater similarity, but when 
each shopping basket is very large to begin with, the inferred similarity should 
diminish; this is accounted for by the denominator in the definition. ♦ 
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6.3 Reproducing kernel Hilbert spaces


In Proposition 6.3, we saw that if we have a feature map into an inner product 
space, then the function that evaluates inner products of this map applied to 
points in our input space X is a kernel. We now show that every kernel can 
be obtained in this fashion. Along the way, we will introduce specific classes of 
functions, called reproducing kernel Hilbert spaces, that are uniquely associated to 
any given kernel. 

An initial observation is that the representation of a kernel in terms of an inner 
product between evaluations of feature maps need not be unique. Consider first 
the case where  X is finite. Then one such representation comes as a consequence 
of the eigendecomposition of positive semi-definite matrices. Indeed, taking X = 
[N ], which we may do without loss of generality, we may identify k with the 
positive semi-definite matrix K ∈ R

N×N with (i, j)th entry Kij := k(i, j). From 
the eigendecomposition K = UDUT, where U  ∈ R

N×N is orthogonal and D 
R

N

∈
×N is diagonal, we see that k(i, j) is given by the Euclidean inner product of 

the ith and jth columns of D1/2UT. An extension of this approach leads to the 
so-called Mercer decomposition of a kernel, which we discuss in Section 6.6. 
For an alternative feature map and inner product combination, let H0 ⊆ R

N 

denote the column space of K and for i ∈ [N ], write ei ∈ R
N for the ith standard 

basis vector and Ki for the ith column of K. Now define φ : [N ] → H0 by φ(i) :=
Ki

 
, and define an inner product on    H0 by u, v

0 := uTK+v〈 〉H , where  K + denotes
the Moore–Penrose pseudoinverse of K (see Section A.10.4). Then, for any α 
R

N 
∈

and i ∈ [N ], 

〈φ(i), Kα〉H0 = Ki 
TK+Kα = Ki 

Tα = (Kα)i. (6.6) 

Since Kej = Kj = φ(j) for every j ∈ [N ], we see from (6.6) that  

TKTK+ T〈φ(i), φ(j)〉H0 = ei Kej = ei Kej = k(i, j), 

so this feature map also generates the kernel k. Moreover, from (6.6), this second 
approach also has the interesting property that taking an inner product of a vector 
in the column space of K with φ(i) extracts its  ith component. This property 
will turn out to be crucial for the study of kernel machines, so we use this second 
approach as the basis for generalising to the case where X may be infinite. 
In the second representation above we can identify K R

N 
i ∈ with the function 

j → k(i, j) on [N ], so we in fact have an expression for k in terms of inner 
products between functions of the form k(i, ·) for  i ∈ X . Taking this idea further 
and considering now the case where X may be infinite, let H0 denote the linear 
span of the functions { }k(·, x) : x  ∈ X ; that is, the vector space of functions of 
the form 

Σ n 

f( ) =  αik( , xi), · ·
i=1 

(6.7)
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for some n ∈  N, α1, . . . , αn ∈ R and x1, . . . , xn ∈ X .  Given another function 

Σ m 

g(·) =  βj k(·, x  ′ ) ∈ H0, j 
j=1 

(6.8)

we can define a mapping 〈·, ·〉H0 : H0 ×H0 → R by 

Σ Σ n m 

〈f, g〉H0 := αiβj k(xi, x  ′ ).j 
i=1 j=1 

We first need to check that 〈·, ·〉H0 is well-defined, as the representations of f 
and g in (6.7) and ( 6.8) respectively need not be unique. To this end, note that 

 Σ Σ Σ n m n m 

αiβj k(xi, x  ′ j ) =  αig(xi) =  βj f(x ′ j ). 
i=1 j=1 i=1 j=1 

(6.9) 

The first equality shows that the inner product does not depend on the particular 
representation of g, while the second equality shows that it also does not change 
if we have an alternative way of representing f . Thus 〈· , ·〉H0 is well-defined. 
Moreover, generalising our ideas from the finite-dimensional case, we can define 
our feature map φ : X → H0 by 

φ(x) :=  k(·, x). (6.10)

The following result shows that this construction allows us to represent our kernel 
in terms of inner products between evaluations of feature maps. 

Theorem 6.12. For any kernel k : X×X  →  R, the corresponding space H0, 〈·, ·〉H0 

( ) 

constructed above is an inner product space, and the feature map φ : X → H0 

from (6.10) satisfies 

〈φ(x), φ(x ′)〉H0 = k(x, x′ ) (6.11) 

for all x, x′ ∈ X .  

Proof We prove the second claim first. Since for f given by (6.7), we have 

Σ n 

〈k( , x), f〉H0 = αik(xi, x) =  f(x), ·
i=1 

(6.12)

it follows in particular that 

〈φ(x), φ(x ′)〉
0 = 〈k(·, x), k(·, x′ )〉

0 = k(x, x′ ) H H (6.13) 

for all x, x′ ∈ X  . Thus (6.11) is satisfied. To verify that 〈·, ·〉
0H  is an inner product, 

observe that it is symmetric, and (6.9) shows bilinearity, so it remains to show 
positive definiteness. To this end, first note that for f ∈ H0 given by (6.7), we 
have Σ Σ n n 

〈f, f〉H0 = αiαj k(xi, xj ) ≥ 0. 
i=1 j=1 

(6.14) 

Σ
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Now suppose that f, f
0 = 0H〈 〉 . We aim to show that f ≡ 0, but proceed a little 

indirectly: given f1, . . . , fm ∈ H0 and Rγ1, . . . , γm ∈ , we have  

Σm  Σm  Σm  Σm  
γiγj 〈fi, fj 〉 0 = γH ifi, γj fj ≥ 0 

i=1 j=1 i=1 j=1 H0 

〈 〉 

where we have used bilinearity and (6.14). This shows that ·,
0

·〉〈 H  is a kernel 
on H0, and it therefore follows by (6.12), Proposition 6.2 and (6.13) that  

||f(x)| = 〈k(·, x), f |〉  2
0 ≤ 1/  

k(x, x)1/2〈f, fH 〉
0 
= 0 H (6.15) 

for every x ∈ X , as required. 

In showing the positive definiteness of 〈·, ·〉H0 in the proof of Theorem 6.12,
starting from f

0 = 0H  f,〈 〉  it is tempting to try to apply the Cauchy–Schwarz 
inequality immediately to obtain (6.15). However, in order to apply this inequality 
we would first need to know that 〈·, ·〉H0 is an inner product, which was precisely 
what we were trying to show! This explains why we employed our alternative 
argument, which may appear circuitous at first sight. 
It turns out that an appropriately enlarged version of the space H0 introduced 

above has further structure that we now elucidate: 

Definition 6.13. A Hilbert space (H, 〈·, ·〉 )H  of functions f : X → R  is a repro­
ducing kernel Hilbert space (RKHS) if for every x ∈ X , there e xists  kx ∈ H  such 
that 

f(x) =  〈kx, f〉H (6.16) 

for all f ∈ H. The function k : →X × X  R given by k(x, x′) :=  〈kx, kx′ 〉 = kH x′ (x) 
is known as the reproducing kernel of H. 

An equivalent way of expressing (6.16) is that the reproducing kernel k satisfies 

〈f, k(·, x)〉H = 〈f, kx〉H = f(x) (6.17) 

for all f ∈ H and x ∈ X . 
The reproducing kernel k is well-defined: if , Hhx ∈kx  both satisfy the repro­

ducing property (6.16), then 

║kx − hx║2 
H = 〈kx, kx − hx〉H − 〈hx, kx − hx〉H = (kx − hx)(x) − (kx − hx)(x) = 0, 

so kx = hx. Moreover, i t  is a k ernel by Proposition  6.3, taking the feature map 
φ : X → H to be given by φ(x)(·) :=  kx(·) =  k(·, x).

The key difference between the inner product space H0, which does have the 
reproducing property (6.16), and the RKHS H is that, as a Hilbert space, H is 
complete: that is, every Cauchy sequence converges to a point in H. In particular,  
this means that the projection of a point f ∈ H onto any closed subspace U ⊆ H, 
is well-defined (Theorem A.8.2), a fact that underlies the representer theorem 
(Theorem 6.18) to follow. First, we extend Theorem 6.12 to provide a fundamental 
connection between a kernel and an RKHS. 
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Theorem 6.14. Given any kernel k : X × X  →  R, there exists a unique RKHS 
(H, 〈·, ·〉 )H  with k as its reproducing kernel. 

Proof We define H by extending the inner product space H0. To do this, first 
suppose that (fm) is a Cauchy sequence in H0. Then similarly to (6.15), we have 
for every x ∈ X  and m,n ∈ N that 

|fm(x) − fn(x)| ≤ k(x, x)1/2〈 1/2 
fm − fn, fm − fn〉H0 

→ 0 

as m,n → ∞. Thus  fm(x) m∈N 
is a Cauchy sequence in R, so by completeness of 

the real line under the Euclidean metric, we can define a function f : X → R by 
f(x) := limm  fm(x)→∞ . We define H to be the vector space of functions f : X → R 
that can be realised in this way. 
Our next goal is to extend the definition of the inner product 〈·, ·〉H0 from H0 

to H. To this end, we first extend the norm ║ · ║H0 corresponding to 〈·, ·〉H0
by 

defining 

║f║H := lim m║H0 
m→∞ 

║f

whenever (fm) is a Cauchy sequence in H0 that converges pointwise to f . In  
order for this definition to make sense, we need to know that if two different 
Cauchy sequences in H0 converge pointwise to the same limiting function, then 
their norms in H0 converge to the same limit. Equivalently, by considering the 
difference of two such sequences, it suffices to show that if (fm) is a Cauchy  
sequence in H0 that converges pointwise to the zero function, then ║fm║

0 → 0H .
To this end, given ϵ > 0, we can find n0 ∈ N such that for all m,n ≥ n0, we have  

 ϵ > ║fm − fn║H0 
≥ ║fm║

0 
2 fm, fn H0 . H − 〈 〉2 2 (6.18) 

Since fm ∈ H0, we may write  Σnm  
fm(·) =  αik(xi, ·)

i=1 

for some n ∈ N, α , . . . , α ∈ Rm 1 nm  and x1, . . . , xnm
∈ X . But  then  

nm

〈fm, fn〉H0 = αifn(xi) → 0
i=1 

as n → ∞. We deduce from (6.18) that for every m ≥ n0, 

║fm║2 
0 
≤ ϵ+ 2 lim sup

n
〈 fH m, fn〉H0 = ϵ, 

→∞ 

as required. Hence ║ ·║H is well-defined, and it inherits the absolute homogeneity, 
triangle inequality and positive definiteness properties from H0. For the last of 
these, it is helpful to note that if ║f║  = 0  and  (f )H m  is a Cauchy sequence in H0 

that converges pointwise to f , then by  (6.15), 

| ( )| = lim | ( )| ≤ ( )1/2 f x fm x k x, x lim = 0
m→∞ m→∞ 

║fm║H0 

for every x ∈ X . It follows that ║ · ║H defines a norm on H. 
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We now check that we can define an inner product on H by verifying that 
the parallelogram law holds for ║ · ║H. To this end, suppose that (fm) and ( gm) 
are Cauchy sequences in H0 converging pointwise to f and g respectively. Then, 
since H
0 is an inner product space, and therefore satisfies the parallelogram law,

we have
 ( )


║f + g║2  + ║  −  f g║2 2
 = lim
 ║f
m + gm║

0 
+ ║f
H m  H H

m→∞ 
− gm ║2H0 

=
 lim 2(║  f
 2 + g
 2 ) = 2( f 2 + g 2
m║ ), 

m  H→∞ 0 
║ m║H0 

║ ║H ║ ║H

as required. We can therefore define an inner product 〈·, ·〉H on H via the polari­
sation identity 

 

)
1〈f, g〉 gH := 
2 

║f + ║2 − ║ 2
H f║H − ║g║2 

H . 
(


By construction, H is complete when equipped with the inner product 〈·, ·〉H, 
so is a Hilbert space. Moreover, given any x ∈ X , we can define kx : X → R by 
kx( ) := k ( , x)· · , and then for any f ∈ H  and any Cauchy sequence (fm) in H 0 

converging pointwise to f , we have by  (6.12) that  

〈f, kx〉  = 〈f, k(·, x)〉  = lim 〈fm, k(·, x)〉
0
= lim f x) =  f(x).H H

m
H m(→∞ m→∞ 

We conclude that (H, 〈·, ·〉 )H is an RKHS with  k as its reproducing kernel. 
It remains to verify the uniqueness of H. To this end, suppose that G were 

another RKHS of real-valued functions on X with reproducing kernel k, so that  
k(·, x) ∈ G  for every x ∈ X . Then since G  is a vector space, it must contain H0,
and since it is complete, we must have H ⊆ G. But  then  H is a closed subspace 
of G, so let  g ∈ H⊥. For any x ∈ X , we have  k(·, x) ∈ H, so 0 = 〈 g, k( , x)〉H = g(x)· ,
so H⊥ = {0}. The fact that G = H therefore follows from Corollary A.8.3. 

To summarise what we have learnt so far: by Proposition 6.3, the reproducing 
kernel of any RKHS is a (positive definite) kernel, and Theorem 6.14 shows that 
any kernel k is associated to a unique RKHS having reproducing kernel k. We  
can build this RKHS in two stages: first we consider the inner product space H0 

formed of the linear span of {k(·
, x) :  x ∈ X}, with an inner product designed to 
ensure that the reproducing property holds. At the second stage, we enlarge H0 by 
including pointwise limits of Cauchy sequences in H0, and extend the definition 
of the inner product accordingly, thereby making the resulting space H complete. 
We illustrate these concepts by returning to some of our earlier examples from 
the previous section. 

Example 6.15 (Linear kernel) Here H denotes the set of functions f : Rp → R of 
the form f(x) =  βTx for some β ∈ R

p. If f  ∈ H is of this form, and g ∈ H is given 
by g(x) :=  γTx, then 〈 f, g〉  := βTγH . The kernel corresponding to this RKHS is 
the Euclidean inner product on Rp. ♦ 

Example 6.16 (First-order Sobolev kernel) Take H to be the set of absolutely 
continuous functions f : [0, 1] → R   with f(0) = 0 and having weak derivative f ′ 
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satisfying 
∫ 1 
0 f

′(x)2 dx < ∞. For  f, g ∈ H, we define 

1 

〈f, g〉H := f ′(x)g ′(x) dx. 
0 

This is an RKHS with reproducing kernel ×k : [0, 1] [0, 1] → R given by k(x, y) :=  
min(x, y). Indeed, kx(·) :=  k(·, x) ∈ H and for any f ∈ H and x ∈ [0, 1], we have ∫ 1 ∫ x 

〈f, kx〉  = 〈f, min(·, x)〉  = f ′(y) (y) dy = f ′(y) dy = f (x),H H [0,x]
0 0 

so the reproducing property is satisfied. ♦ 

Example 6.17 (Second-order Sobolev kernel) Take H to be the set of functions 
f : [0, 1] → R with f (0) = 0, f ′(0) = 0, and where f ′ is absolutely continuous 
with weak derivative f ′′ satisfying 

∫ 1
f ′′(x)2 dx < 

0 ∞. For f, g ∈ H, we define 

 1 

〈f, g〉H := f ′′(x)g ′′(x) dx. 
0 

We claim that H is an RKHS with reproducing kernel given by the second- 
order Sobolev kernel x

(
∫

x, y) :=  ∧y
k  (x z)(y z) 

0
− − dz for x, y  [0, ∈ 1]. Indeed 

k · ·x( ) := k ( , x) ∈ H  with kx
′′

 (y) = (x − y)+ when y = x (see Exercise 6.4). Thus 
for f ∈ H, we find on integrating by parts that 

  1 x
x 〈f, k(·, x)〉  = f ′′(y)(x − y)+ dy = f ′(y)(x − y)H + + f ′(y) dy = f(x) 
0 

0 0 

  [ ]
/

for each x ∈ [0, 1], which verifies the reproducing property. ♦ 

6.3.1 *The Riesz representation theorem viewpoint* 

An alternative, more abstract, perspective on reproducing kernel Hilbert spaces 
can be obtained from the Riesz representation theorem (Theorem A.8.4). If H is a 
Hilbert space of functions from X to R and x ∈ X , then the pointwise evaluation 
mapping Lx : H → R given by Lx(f) :=  f(x) is a linear functional. We can there­
fore interpret Definition 6.13 as stating that H is an RKHS when these pointwise 
evaluation mappings have representers in H, with  Lx represented by kx. The Riesz 
representation theorem then yields that when H is an RKHS, the pointwise eval­
uation mappings are bounded linear functionals. Thus, an equivalent definition 
of an RKHS is as a Hilbert space in which the pointwise evaluation mappings are 
bounded linear functionals. Incidentally, this perspective underlies the difficulty 
of exhibiting an example of a Hilbert space that is not an RKHS: there would 
then be a pointwise evaluation mapping that would be an unbounded linear func­
tional. Only using the axiom of choice can such functionals be proved to exist, 
and this proof is non-constructive. 
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6.4 The representer theorem


In Section 6.1 we saw that in ridge regression, the fitted values are determined en­
tirely by XXT , once Y  and λ are given. Kernel ridge regression involves replacing 
XXT with a kernel matrix K derived from a kernel k, and this is equivalent to re­
placing xT 

i xj with 〈φ(xi), φ(xj )〉  H for i, j ∈ [n], where H is the RKHS correspond­
ing to k, and w here φ  denotes the map x → ·k( , x)ا . When H is finite-dimensional, 
kernel ridge regression amounts to performing regular ridge regression on data 
mapped into a higher (finite-)dimensional space, but the question remains of how 
to interpret this when the dimension of H is infinite. 

If H denotes the RKHS corresponding to the linear kernel, then { } Σn ( )2 
f̂ := argmin Yi − f( )  xi  + λ║f║2H 

f ∈H i=1 

(6.19) 

defines the usual ridge regression prediction function estimate, in that f̂(x) =  
xTβ̂R

λ 
 . Theorem 6.18, known as the representer theorem, shows more generally 

that kernel ridge regression with kernel k solves (6.19) with  H now being the 
RKHS corresponding to k. It also reveals that the ridge regression property of 
predictions being determined through inner products is preserved when the least 
squares loss is replaced by an arbitrary loss function. This allows a whole host 
of algorithms to be ‘kernelised’ analogously to kernel ridge regression; we discuss 
another key example of this general scheme in the next section. 

Theorem 6.18 (Representer theorem). Let c :  
R

n ×X n ×R
n → R be an arbitrary 

loss function, and let J : [0,∞) → R be strictly increasing. Let x1, . . . , xn ∈ X , let  
Y ∈ R

n and let H be an RKHS of functions on X with reproducing kernel k. Finally, 
define K = (K Rij ) ∈ n×n by Kij := k(xi, xj ) for i, j ∈ [n]. Then f minimises ˆ( ) 

Q1(f) :=   c Y , x1, . . . , xn, f(x
2

1), . . . , f(xn) + J(║f║ ) H (6.20) 

over f ∈ H if and only if 
Σˆ n 

f(·) =  i=1 α̂ik(·, xi), where α ̂ = (α̂1, . . . , α̂n)T minimises

Q2(α) :=  c(Y , x1, . . . , xn,Kα) + J (αTKα) 

over α ∈ R
n . 

Proof Define a subspace of H by 

Σn  
U := span{k(·, x1), . . . , k(·, xn)} = α k Ri (·, xi) :  α1, . . . , αn ∈  ;

i=1 

{ } 

since U is finite-dimensional, it is closed by Exercise A.8.16. We can therefore 
write any f ∈ H as f = u+ v where u ∈ U and v ∈ U⊥, by  Corollary A.8.3. Then 
by the reproducing property (6.17), we have for each i ∈ [n] that  

f(xi) =  〈k(·, xi), u+ v〉  = H 〈k(·, xi), u〉H = u(xi).

Meanwhile, J H H H H║ ║≥║ ║ ║ ║ ║ ║( f 2 ) =  J( u 2 + v 2 
 )  J( u 2 ) with equality if and only if 

v = 0. It follows that in seeking to minimise Q1 over H, we may restrict attention 
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to f ∈ U , so that  f(·) =  n 
i=1 αik(·, xi) for s ome α  = (α T ∈ R

n
1, . . . , αn) . But for 

such f , we have  

Σn  Σn  Σn  Σn  
║f║2 

 = αik(·, xi), αj k(·, xj ) = αiα .H j k(xi, xj ) =  αTKα
i=1 j=1 H i=1 j=1 

〈 〉 

Moreover, writing n
i
T K ∈ R 

 for the ith row of K, we have for e ach  i ∈ [n] that  〈 n 〉 Σ Σn  
f(xi) =  ·  k( , xi), αj k(·, xj ) = αj k(xi, xj ) =  KT

i α.
j=1 H j=1 

Equivalently, 
( )

x
T 

f( 1), . . . , f(xn) = Kα, so Q 1(f) =  Q2(α). The conclusion fol­
lows. 

Specialising Theorem 6.18 to ridge regression, for which c ║ ║(y, x, w) =  y − w 2 
2 

and J(u) = λu  for some λ > 0,  it can be shown that any minimiser α̂ of Q2 

over Rn satisfies Kα̂ = K(K + λIn)−1Y ; see Exercise 6.6. Thus (6.19) is in­
deed an alternative way of expressing kernel ridge regression. However, the main 
point about Theorem 6.18 is that it reduces a seemingly hopeless, potentially 
infinite-dimensional minimisation problem down to a much more tractable, finite-
dimensional one. For instance, taking k to be the first-order Sobolev kernel from 
Example 6.16 and H to be its RKHS, we have that the minimiser over f ∈ H of ∫Σn   1 

{Yi − f(xi)
i=1 

}2 + f ′(x)2 dx 
0 

(6.21) 

has a closed-form expression in terms of simple matrix computations. In this 
sense, it has much in common with Theorem 5.9 on natural cubic splines, as 
well as the form of the log-concave maximum likelihood estimator studied in 
Section 9.2.3. 
As discussed in Section 3.1, we would typically want to include an unpenalised 

intercept in an objective function of the form (6.21) (recall that the first-order 
Sobolev space H from Examples 6.16 and 6.22 carries the restriction that f(0) = 0 
for all f ∈ H) or more generally Q1 in (6.20). A slight variant of Theorem 6.18 
shows that any finite number of unpenalised terms can be accommodated while 
maintaining the same general conclusion; see Exercise 6.7. Using a second-order 
Sobolev kernel, and including unpenalised linear and intercept terms, we may 
recover Theorem 5.9 and thus view nonparametric regression via natural cubic 
splines as a special form of kernel ridge regression. 

6.5 Support vector machines 

The representer theorem (Theorem 6.18) is not limited to kernel ridge regression, 
and may be applied to a regression or classification method involving any loss 
function, such as a negative log-likelihood, or a loss that promotes robustness (see 
Section 3.7). A popular loss to use with binary response data in this context is 
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Figure 6.3 Left: linearly separable classes. Right: non-linearly separable 
classes. 

the so-called hinge loss underlying the support vector classifier, on which support 
vector machines are based. 
To motivate this classifier, suppose that we have predictor–response pairs 

(x  
Ri, Yi) ∈ p × {−1, 1} for i ∈ [n]. Consider first a simple case where the data 

in the two classes (xi)i:Yi=1 and (xi)i:Yi =−1 are separable by a hyperplane through 
the origin, so there exists β ∈ Rp with ║β║2 = 1  such  that  > 0Yiβ

Txi  for all 
i ∈ [n]. The vector β would then be a unit normal vector to a hyperplane that 
separates the two classes; see the left panel of Figure 6.3. 
There may be an infinite number of hyperplanes that separate the classes, in 

which case it seems sensible to use one that maximises the margin M (i.e. the ex­
tent of the separation) between the two classes. This leads us to the optimisation 
problem 

max M 
β∈Rp\{0},M≥0 

Y T 
ixi β 

subject to ≥ M, i ∈ [n]. ║β║2

Since the constraint is invariant to positive scaling of β, we need not impose the 
constraint that ║β║2 = 1.  
If instead the classes are not linearly separable, as in the right panel of Fig­

ure 6.3, then we can replace the constraint Yix
T 
i β ≥ M║β║2 by instead controlling 

the extent to which observations can be on the ‘wrong’ side of the margin bound­
ary, which occurs when Y ║ ║ixi

T
 β < M β 2. This can be achieved via a constraint on Σ ( 

 
T n 1 − Yixi β )

i=1 ∥β∥2M +

 
, which measures the sum of the distances over the boundary 

in units of M . Since this constraint is invariant to positive scaling of β, we may  
set ║β║2 = 1/M , which eliminates M from the optimisation problem. Switching 
from maximising 1/║β║2 to minimising ║β║22 and replacing the constraint with an  
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additive penalty, we arrive at the problem of finding { Σn }  
argmin ║β
β Rp 

║2 
2 + λ (1 − Yix Ti β)+ , 

∈ i=1 

for some λ >  0. Now replacing λ with 1/λ, we can write the optimisation problem 
in the more familiar-looking form { } Σn  

argmin (1 − Yix T 
i β)

2
+ + λ║β║2 . 

β∈Rp 
i=1 

It is the non-differentiability of the first term in this expression, caused by the 
presence of the positive-part function (·)+, that leads to the hinge loss termi­
nology. By allowing ourselves any hyperplane, rather than just one that passes 
through the origin, we then seek { Σn }  ( ) 

(μ̂, β̂) ∈ argmin 1 − Yi(x T 
i β + μ) + λ

 
║β║22 , 

+
(μ,β)∈R×Rp 

i=1 

(6.22) 

the objective of which defines what is sometimes known as the support vector 
classifier . Our predicted class of a new observation x ∈ R

p is sgn(μ̂ + xTβ̂). 
The optimisation problem (6.22) may be rewritten as ( n ) Σ{ ( )} 

(μ̂, f̂) ∈ argmin 1 − Yi f ( i) +  μ  x + λ 2 , 
+ 

║f ║H 
(μ,f)∈R×H i=1 

(6.23)

where H is the RKHS corresponding to the linear kernel, and this new, more 
general form indicates that other RKHSs may also be employed to yield a non­
linear decision boundary. Indeed, the representer theorem (Theorem 6.18) shows  
that for an arbitrary RKHS with kernel k : X × X  → R, (6.23) is equivalent to 
the support vector machine 

 

{ } Σn  ( ) 
(μ̂, α̂) ∈ argmin 1 − Yi(K

T
i α + μ) + λαTKα ,

+ 
(μ,α)∈R×Rn 

i=1 

(6.24)

where, as usual, K is the kernel matrix with ith row KT 
i for i ∈ [n]. The fact 

that K need only be positive semi-definite means that α̂ = (α̂ , . . . , α̂ )T 
R

n
1 n ∈  

need not be unique, but nevertheless, (6.23) is strictly Σconvex in f for each μ ∈ R, 
so the contribution of α̂ to the predictions  n

x → μ̂ + i=1 α̂ik(x, xi) = μ̂ + f̂(x)
is unique. Similarly to the (Lasso estimator ) of Section 3.5, typically α̂i = 0  for  
some i ∈ [n]; indeed, if Y

  
i f̂(xi) + μ̂ > 1, then there exists a solution α̂ with 

α̂i = 0; see Exercise 6.8. Such an observation xi  therefore does not feature in 
the fitted regression function, and its removal from the dataset would leave our 
predictions unchanged. The observations xi where α̂i = 0  determine  f̂  and are 
known as the support vectors. A benefit of having a small    (numbΣer of support vec­) 
tors is that computation of the predicted class label sgn μ̂ + i:α̂ =0 α̂ik(x, xi

i
) 

at a new data point x is less costly. We will discuss another approach for han­
dling the computational burden of computing predictions from kernel machines 
in Section 6.9. 

ا

/
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6.6 Mercer’s theorem


We have seen how the representer theorem effectively allows us to perform regres­
sion and classification in potentially infinite-dimensional feature spaces. While 
this is impressive as a computational tool, we should consider the statistical 
properties, such as the predictive performance, of the resulting methods. The 
key to developing theoretical guarantees for kernel machines is Mercer’s theorem. 
Similarly to the way in which symmetric matrices have a basis of orthonormal 
eigenvectors, this result provides a type of eigendecomposition of the kernel k as 
a sum of products of functions from X to R. Mercer’s theorem is studied in detail 
in Section A.8 (see Theorem A.8.8 in particular) but here we give a more basic 
discussion, aimed at providing intuition. 

In applications, the input space is typically a measure space (X , A, μ), where μ 
is a probability measure corresponding to the distribution of our observations 
x1, . . . , xn. Moreover, the kernel k : X × X  → R is chosen to be continuous and 
integrable in the sense that 

 
 

∫
 k(x, x) dμ(x) <X ∞. This ensures that if H denotes

the RKHS with reproducing kernel k, then every  f ∈ H is square-integrable, 
because ∫ ∫ ∫ 

=  f 2 dμ  〈 2 k(·, x), f〉  dμ(x) ≤ ║f║2 (x, x  H H k ) dμ(x) < ∞,
X X X 

by Proposition 6.2. 
The kernel integral operator Tk acts on square-integrable functions f : X → R 

and returns another square-integrable function Tk(f), given by 

Tk(f)(x) :=  k(x, y)f(y) dμ(y). 
X 

The way that Tk acts on f reduces to the familiar multiplication of a vector by 
a symmetric matrix when μ is supported on a finite set. We call a non-zero f an 
eigenfunction of Tk with eigenvalue ν ∈ R if 

Tk(f) =  νf ; (6.25) 

in fact, it turns out that, owing to the positive definiteness of k, all of the eigen­
values of Tk are non-negative. The set of eigenfunctions with a given eigenvalue 
ν ∈ [0, ∞) forms a subspace (its eigenspace) that is finite-dimensional when ν > 0.  
Moreover, if f and g are eigenfunctions with distinct eigenvalues ν and ∫ ν̃ respec­
tively, then f and g are orthogonal in the sense that 

 
〈f, g〉L2 (μ) =  fg  dμ  =X 0,  

because by Fubini’s theorem, 
    

ν fg  dμ  = Tk(f) · g dμ  = k(x, y)f(y)g(x) dμ(y) dμ(x) 
X ∫ X ∫ X X ∫ ∫ 

= k(x, y)f (y)g(x) dμ(x) dμ(y) =  f · Tk(g) dμ = ν̃ fg  dμ.  
X X X X 

A family of orthogonal eigenfunctions (fl)l∈I is orthonormal if they also have 
the property that 

 ∫
X f

2 
l dμ = 1  for  all  l ∈ I. The multiplicity  of an eigenvalue is 

the dimension of its eigenspace. Unless specified otherwise, whenever we refer to 
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a sequence (νl)l∈I of eigenvalues, we mean that each distinct eigenvalue in the 
sequence is repeated, with the number of occurrences given by its multiplicity. It 
turns out that we can expand our kernel in terms of orthonormal eigenfunctions 
of Tk: 

Theorem 6.19 (Mercer’s theorem, simple version). Let μ be a probability measure 
on a Borel measurable subset X of Rd, and suppose that either μ has a density with 
respect to Lebesgue measure that is everywhere positive on X , or that X is countable 
and  ∫μ({x}) > 0 for all x ∈ X .  Assume that the kernel k : X × X  → R  continuousis  
and   k(x, x) dμ(x) <X ∞. Then  

(a)	 the sequence (νl)l∈I0 of positive eigenvalues of Tk is countable, so that I0 = [n] 
for some n ∈ N or I0 = N; 

(b)	 there exist corresponding orthonormal eigenfunctions (el)l∈I0 , and a ny such  
eigenfunction is continuous and lies in the RKHS H corresponding to k; 

(c)	 we have Σ 
k(x, y) =  νlel(x)el(y) 

l∈I0 

(6.26) 

for x, y ∈ X .  

The sum in (6.26) converges absolutely, so the order of the terms does not 
matter, but nevertheless it is standard to arrange the eigenvalues in decreasing 
order, and henceforth we assume this is the case. 

An important consequence of Mercer’s theorem is a relatively explicit charac­
terisation of the RKHS associated with a given kernel. 

Corollary 6.20. In the setting of Theorem 6.19, the RKHS associated with the 
kernel k is 	  Σ Σ α2 

H := f (·) =  α l 
lel( ) :  <  , 

νl
l∈I0 

·
l

∞
∈I0 

equipped with the inner product Σ 〈f, e 〉 〈g, e 〉〈 l
f, g〉H := L2(μ) l L2 (μ) 

. 
νl

l I0 ∈

Thus, in the same way that we can study finite-dimensional vector spaces 
via their coefficients (which live in a Euclidean space), here we can study the 

         potentially infinite-dimensional RKHS H via the set of sequences (αl)l∈I0 with  
0∈

Σ
l α2

I  /νl < l ∞. The explicit construction here is complementary to that of The­
 

orem 6.14 because it relies on the Hilbert space structure of L2(μ), rather than 
proceeding in an abstract, bare-hands fashion. We see from Corollary 6.20 that 
eigenfunctions of Tk that lie in H and correspond to distinct eigenvalues are or­
thogonal in ( HH, 〈·, ·〉 ), and not just (as we previously observed) in ( 〈·H, , ·〉L2(μ)). 
A further observation from this corollary is that the dimension of H, whose defi­
nition depends only on the input space X and kernel k, is the c ardinality of I 0. It  
follows that the cardinality of the set of positive eigenvalues of the kernel integral 
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operator Tk does not depend on the base measure μ, provided that the conditions 
of Mercer’s theorem are satisfied. 
In general, it can be challenging to solve the integral equation (6.25) to de­

termine the eigenvalues and eigenvectors to arrive at the Mercer decomposition, 
partly because the probability measure is relatively unconstrained. Fortunately, 
as we shall see in Section 6.7, when it comes to studying the prediction error of 
kernel ridge regression, or indeed other kernel machines, upper bounds on these 
eigenvalues often suffice. The following lemma bounds these eigenvalues in terms 
of those of a modified version of Tk where the integral is with respect to a dif­
ferent, and potentially simpler, probability measure. We present the result using 
the language of absolute continuity of measures and Radon–Nikodym derivatives; 
see Section A.2.5 for background on this topic. 

Proposition 6.21. Suppose that an input space X , kernel k : X × X  →  R and 
probability measures μ1, μ2 on X satisfy the assumptions of Theorem 6.19. Then μ 2 

is absolutely continuous with respect to μ1. Now suppose further that 

dμ2 ≤ C,
dμ1 

μ1-almost surely, for some C > 0 . For  j ∈ {1, 2}, define integral operators T (j)
k 

 
on

the set of μj -square integrable functions on X by { 
T (j)(f)(x) :=  

X 
k(x, y)f(y) dμj (y),k 

and let ( (1)
νl )l∈I0 denote the collection of positive eigenvalues of T (1)

k . Then the pos­
itive eigenvalues ( (2)

νl )l∈I0 of T (2)
k 

 
satisfy

l l ν
(2) ≤ Cν

(1) 

for l ∈ I0. 

Proof By Exercise A.2.8(c), under the assumptions of Theorem 6.19, μ2 is ab­
solutely continuous with respect to μ1 and p := dμ2/dμ1 is everywhere positive. 
Let H denote the RKHS with reproducing kernel k. 

For j ∈ {1, 2}, write  ( (j)
el )l∈I0 for the collection of eigenfunctions of T (j)

k 
 with

positive eigenvalues and for f ∈ H, define { { 
Qj (f) :=  f(x)k(x, y)f(y) dμj (x) dμj (y). 

X X 

Fix l0 ∈ I0, let S  be the linear span of (1) (1) 
e1 , . . . , el0−1 and let W denote the  

linear span of (1) (1) 
pe1 , . . . , pel0−1, so that  S and W are closed subspaces of H, by  

Exercise A.8.16. Setting 
{

U := f ∈ H : μ1(fw) = 0 for all w ∈ W 
} 
, we recognise 

that U is the orthogonal complement of W in the Hilbert space (H, 〈·, ·〉L2(μ1)). 
Hence, by Corollary A.8.3 and Exercise A.8.22, we have that  

ν
(2) sup Q2(f)l0 

≤
f ∈U :μ2 (f2)=1 

 and  ν(1) =  sup  Q1(f),l0
f∈S⊥:μ1 (f2)=1 
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169 6.7 Prediction error of kernel ridge regression 

where S⊥ is the orthogonal complement of S in (H, 〈·, ·〉 )H . Now observe that 
if 1p− g ∈ U , then (1) (1)0 = 〈 p−1g, pej 〉L2 (μ1) = 〈g, ej 〉L2(μ1) for all j ∈ [l0 − 1], so 

〈 (1)
g, ej 〉  = 0H  for  all  j ∈ [l0 − 1] by Corollary 6.20. It follows that g ∈ S⊥, so  

(2) Q1(g)
νl0 

≤ sup Q2(f) =  sup  Q1(pf) ≤ sup 
μ1(p−1g2)f∈U :μ2(f 2)=1 f ∈U :μ1(pf 2)=1 g∈S⊥\{0} 

sup Q1(f) =  Cν
(1) 

,≤ C l0 
f∈S⊥:μ1(f 2)=1 

as required. 

Example 6.22 (First-order Sobolev kernel) Recalling Example 6.16, we take 
X = [0, 1], equipped with Lebesgue measure. The operator Tk is defined by { { { 1 x 1 

Tk(f)(x) :=  min(x, y)f(y) dy = yf(y) dy + x f(y) dy. 
0 0 x 

By Theorem 6.19(b), any eigenfunction f with eigenvalue ν > 0  belongs to H and 
satisfies for every x ∈ [0, 1] that { 1 

νf ′(x) =  f(y) dy, 
x 

(6.27) 

so that νf ′′(x) + f (x) = 0 for all x ∈ [0, 1] (in particular, f is necessarily twice 
differentiable). Since any f ∈ H  satisfies f(0) = 0, we deduce that f is a unit-
norm eigenfunction with eigenvalue ν > 0  if and only if f(x) =  cν sin(x/

√
ν) for  

all x ∈ [0, 1], where 1
√   

 
( )

 := 12  − ν sin √2
cν 2 4 ν . But  then, from (6.27), we have for any 

such eigenfunction f that 

0 =  νf ′(1) = √cν 

ν 
cos 

( 
√1 
ν 

) 
. 

We deduce that the eigenvalue–eigenfunction pairs are ( )2 ( ) 

νl =
2 

, el(x) =  
√
2 sin  

(2l − 1)πx 
(2l − 1)π 2 

for l ∈ N. Mercer’s theorem then yields that 
∞ ( ) ( ) 

min(x, y) =  
8 Σ 1 

sin 
(2l − 1)πx 

sin 
(2l − 1)πy 

π2 (2l − 1)2 2 2 
l=1 

for x, y ∈ [0, 1]. ♦ 

6.7 Prediction error of kernel ridge regression 

In this section, we apply Mercer’s theorem to study the predictive performance 
of kernel ridge regression. We consider a setting where 

Yi = f0(xi) +  εi, (6.28) 
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for some f0 lying in an RKHS H with reproducing kernel k. For n ow,  we  
treat x1, . . . , xn ∈ X  as deterministic and assume that the vector of errors 
ε := (ε1, . . . , εn)T satisfies E  (ε) = 0, as well as Var(εi) ≤ σ2 for all i ∈ [n] 
and Cov(εi, εj ) = 0 for all i = j. (We will later consider a random design set­
ting where we ask for these conditions on the errors to hold conditionally on the 
predictors.) Let K = (Kij ) ∈ R

n×n denote the kernel matrix with (i, j)th entry 
Kij := k(xi, xj ), and denote its eigenvalues by d1 ≥ · · · ≥ dn ≥ 0. For λ >  0, 
let f̂λ denote the estimated regression function from kernel ridge regression with 
kernel k, so that  { n } 

f̂λ := argmin 
Σ( 

Yi − f(xi) 
)2 

+ λ||f||2 
H . 

f ∈H i=1 

Theorem 6.23. The mean squared prediction error of f̂λ satisfies { n } n
1 Σ( )2 σ2 Σ d2 f0 2 

n 
E f̂λ(xi) − f0(xi) ≤ 

n 
i + 

λ||
4n 

||H 

(di + λ)2 
i=1 i=1 

σ2 n { f0

≤
nλ 

Σ 
min 

d

4 
i 
, λ  

} 
+ 

λ||
4n 

||H 
2 

. 
i=1 

(6.29) 

Proof From the representer theorem (Theorem 6.18) and ensuing discussion, ( )T 
f̂λ(x1), . . . , f̂λ(xn) = K(K + λI)−1Y . 

By the same argument as in the proof of that result, we are also able to write (  
f0(x1), . . . , f0(x

T
n) = Kα

)
 for some α ∈ R

n, and  moreover  ||f0||2 ≥ αTKαH .

Let the eigendecomposition of K be given by K = UDUT, where U  ∈ R
n×n is 

orthogonal and D = (D ) ∈ R
n

ij
×n

 
 is diagonal with Dii = di for i ∈ [n]. Define 

θ = (θ1, . . . , θn)T := UTKα ∈ R
n. Then  

|| 

{ n } 

E 
Σ( 

f̂λ(xi)−f0(xi) 
)2 

= E 
(|||| 

K(K + λI)−1(Uθ  + ε) −Uθ||||2) 
2


i=1


= E 
(|||| 

DUT(UDUT + λI)−1(Uθ  + ε) − θ||||2) 
2 

= E 
(|||| 

D(D + λI)−1(θ + UTε) − θ 
||2) 
2 

= ||||( 
D(D+λI)−1 − I 

) 
θ||||2 

+ E 
(|||| 

D(D+λI)−1UTε|||| 
2

2) 
. 

2 

Now using the facts that a scalar is equal to its trace, and that the trace is 
invariant to cyclic permutations, 

|| { ( )} ( ) 

E 
(||||D(D + λI)−1UTε 

||2) 
= E 

{( 
D(D + λI)−1UTε 

)T 
D(D + λI)−1UTε 

} 
2 

= E tr D(D + λI)−1UTεεTUD(D + λI)−1 

≤ σ2tr D(D + λI)−1D(D + λI)−1 

n Σ d2


= σ2 i .

(di + λ)2 

i=1 
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On the other hand, 
n ||( ) ||2 Σ λ2θ2 || D(D + λI)−1 − I θ|| 

2 
=

(di + 
i 

λ)2 
. 

i=1 

Now since θ = DUTα, we have θ i = 0 whenever di = 0.  Writing  D+ for the 
Moore–Penrose pseudoinverse of D, Σ θ2 

= θTD+θ = αTUDD+DUT
H. d

i

i 
α = αTKα ≤ ||f0||2 

i:di>0 

Hence, by Hölder’s inequality, 
n 2Σ λ2θ2 Σ θ2 diλ

2 diλ
2 

= H max 
||

,
(di + 

i 

λ)2 d
i

i (di + λ)2 
≤ ||f0||2 

i∈[n] (di + λ)2 
≤ 

λ||f
4 

0
H 

i=1 i:di >0 

where we applied the inequality (a+ b)2 ≥ 4ab for a, b ∈ R in the final step. This 
establishes the first bound, and the second follows from the fact that 

d2 
i 

{ d2 
i 

} 1 { di 
} 

(di + λ)2 
≤ min 

4diλ
, 1 = 

λ 
min 

4 
, λ  , 

as required. 

To interpret this result further, we now turn to a random design setting for our 
inputs. Lemma 6.24 shows that when x1, . . . , xn have a common distribution μ 
such that k has an expansion in terms of orthonormal eigenfunctions of its corre­
sponding integral operator (see Section 6.6), then the expectation of the function 
of the eigenvalues of the kernel matrix featuring in (6.29) may be bounded by 
a corresponding term involving the population level eigenvalues (νl)l∈I0 . Recall 
that these eigenvalues are determined via an integral equation (6.25), and more­
over that if μ1 is any distribution on X that is absolutely continuous with respect 
to μ and for which the Radon–Nikodym derivative dμ1/dμ is bounded, then the 
eigenvalues corresponding to μ1 may be used to bound those relating to the true 
distribution μ (Proposition 6.21). 

Lemma 6.24. In the setting of Theorem 6.19, suppose that x1, . . . , xn are identically 
distributed copies of a random variable X taking values in X . Write ν̂1, . . . , ν̂n)  for the 
eigenvalues of the normalised kernel matrix K/n, where

 (
K  := k(xi, xj )  

i [n],j [n] 

R
n×n

∈ ∈ ∈
 

. Then for all r ∈ (0,∞], 

Σ Σ ( n ) 

E min(ν̂i, r) min(νl, r).≤ 
i=1 l∈I0 

We remark that Lemma 6.24 also holds in the more general setting of Theo­
rem A.8.8. The integrability conditions ensure that Tk is trace-class, meaning that Σ 

l I νl  
< ∈ 0

∞; see (A.26). At first sight, the relationship to be shown involving 
a sum  over  n terms on the left-hand side, and a sum over an infinite number 
of eigenvalues on the right-hand side, may seem a bit surprising. That such a 
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relationship may be plausible can be seen from examining the special case where 
r = ∞, which is more straightforward. Indeed, ( n ) ( ) Σ 1 ( ) Σ Σ


E ν̂i = E tr(K) = E νlel(X)2 = νl,

n 

i=1 l∈I0 l∈I0 

where the final equality follows by Fubini’s theorem. The proof, which handles 
the case where r ∈ (0, ∞), may be omitted on a first reading. 

Proof of Lemma 6.24 For m ∈ I0, let  Sm
+

 
 denote the convex cone of symmetric, 

positive semi-definite m × m matrices, and for A ∈ Sm
+

 
 and l ∈ [m], let λl(A)

denote the lth largest eigenvalue of A. We first claim that 

m m Σ{ ( ) } Σ{ ( ) ( ) } 
λl tA +(1  − t)B − r 

+ 
≤ t λl(A) − r 

+ 
+(1  − t) λl(B) − r 

+ 
(6.30) 

l=1 l=1 

for every A, B ∈ Sm
+

 
 and t ∈ [0, 1]. This claim certainly holds when ≥

 
 r  λ1 tA +

(1 − t)B 
) (
, because then the left-hand side of (6.30) is zero, while the right-hand  

side is non-negative. Now, for convenience, let us set λm

( )
+1 tA + (1  − t)B := 0. 

If j ∈ [m] is such that 
( ) ( )

λj+1 tA + (1 −  t)B ≤ r < λj tA + (1 −  t)B 
 
, then by  

Lidskii’s inequality (Theorem A.10.18), 

m jΣ{ ( ) } Σ{ ( ) } 
λl tA + (1  − t)B − r 

+ 
= λl tA + (1  − t)B − r 

l=1 l=1 

jΣ{ ( ) ( )} 
≤ t λl(A) − r + (1  − t) λl(B) − r 

l=1 
m Σ{ ( ) ( ) } 

≤ t λl(A) − r + (1  − t) λl(B) − r . 
+ + 

l=1 

This establishes (6.30). 
Now let fm : Sm 

+ → [0, ∞) be defined by 

Σ ( ) m 

fm(A) :=  min λl(A), r  . 
l=1 

As above, let t ∈ [0, 1] and A B ∈ Sm
+,  . Then, by (6.30),

m m ( ) Σ ( ) Σ{ ( ) } 
fm tA + (1  − t)B = λl tA + (1  − t)B − λl tA + (1  − t)B − r 

+ 
l=1 l=1 

m ( ) Σ{ ( ) ( ) } 
≥ tr tA + (1  − t)B − t λl(A) − r + (1  − t) λl(B) − r 

+ + 
l=1 

= tfm(A) + (1  − t)fm(B), 

so fm is concave. Given ϵ >  0, we can find d ∈ I0 such that 
Σ 

l∈I ν∩[d]c l 
0

≤ ϵ/n. 

172 RKHSs and kernel machines 
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Let ⎛ ⎞√
ν1e1(x1) 

√
νded(x1)· · ·  ⎜ . . . ⎟

Ψ := . . . ⎠ ∈ Rn×d .⎝ . . . √
ν1e1(xn) 

√
νded(xn)· · ·  

By the Cauchy–Schwarz inequality, for every x, x′ ∈ X , Σ 
νl|el(x)el(x ′)| ≤ k(x, x)1/2k(x ′ , x  ′)1/2 < ∞. 

l∈I0 

Thus by Mercer’s theorem (Theorem 6.19) and Fubini’s theorem, we have for 
t = (t1, . . . , tn)T ∈ R

n that 

Σ Σ Σ 

Σ Σ Σ Σ Σ 

n n { d } 

tT(K −ΨΨT)t = titj k(xi, xj ) − νlel(xi)el(xj ) 
i=1 j=1 l=1 

n n ( n )2 

= titj νlel(xi)el(xj ) =  νl tiel(xi) ≥ 0, 
i=1 j=1 l∈I0∩[d]c l∈I0∩[d]c i=1 

so K −ΨΨT is positive semi-definite. 
Since the non-zero eigenvalues of ΨΨT and ΨTΨ coincide, we have by (A.37) 

in the proof of Weyl’s inequality (Theorem A.10.17), Jensen’s inequality and 
Fubini’s theorem that ( )  

( ) 

Σ Σ Σ 

Σ ΨT
E 

n 

min(ν̂i, r) = Efn 

( K ) 
≤ Efd 

( Ψ ) 
+ E λ1 

( 
K −ΨΨT) 

n n 
i=1 

≤ fd 
E(Ψ

n 

TΨ)
+ E tr 

( 
K −ΨΨT) 

n ( ) Σ Σ ( ) 
= fd diag(ν1, . . . , νd) + νlE el(xi)

2 

i=1 l∈I0 ∩[d]c 

d 

= min(νl, r) +  n νl ≤ min(νl, r) +  ϵ. 
l=1 l∈I0∩[d]c l∈I0 

But ϵ > 0 was arbitrary, so the result follows. 

Now define φ : [0,∞] → [0,∞) by  Σ 
φ(r) :=  min(νl, 4r). 

l∈I0 

Combining Theorem 6.23 and Lemma 6.24 gives the following result on the pre­
diction error of kernel ridge regression in a random design setting. An interesting 
aspect of this result is that neither the predictors x1, . . . , xn nor the errors are 
required to be independent. 

173 6.7 Prediction error of kernel ridge regression 

Theorem 6.25. Assume the model (6.28), where x 1, . . . , xn have common distribu­
tion μ such that the conditions of Theorem 6.19 (or more generally Theorem A.8.8) 
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are satisfied. Suppose that E(εi |x1, . . . , xn) = 0, Var(εi |x1, . . . , xn) ≤ σ2 almost 
surely for all i ∈ [n], and Co v(εi, εj |x1, . . . , xn) = 0  almost surely for all i = j. 
Then writing γ := λ/n, 

Σ 1 
{ n ( )2 

} 
1 
( 
σ2φ(γ) 

) 

n 
E f̂λ(xi) − f0(xi) ≤

4 nγ 
+ γ||f0||H 

2 . 
i=1 

(6.31) 

The function φ is increasing and, by the dominated convergence theorem, 
φ(r) → 0 as  r → 0, so the following result shows that kernel ridge regression 
can achieve mean squared prediction errors that are o(n−1/2). 

Corollary 6.26. In the setting of Theorem 6.25, we have { n } { √ } 

inf 
1 
E 

Σ( 
f̂λ(xi) − f0(xi) 

)2 ≤ 
σ||f0||H √ 

φ

φ

(

(

n

γn
∗)

+ φ(n−1/2) , 
λ>0 n 4n1/2 −1/2)i=1 

(6.32)

where γ  σ
√

n
∗ φ(n−1/2)
:=

n1/2||f 0||H 

 
and where we interpret the right-hand side of the bound as 

zero when ||f0|| = 0H . In particular, there exists n ∈ N0 , depending only on σ, ||f0||H 

and k, such that Σ )2 H
inf 

1 
E 

{ n ( 
f̂λ(xi) − f0(xi) 

} 
σ||f0||

√ 
φ(n−1/2) 

λ>0 n 
≤ 

2n1/2 
i=1 

(6.33)

for n n0≥ . 

Proof From (6.31), 

1 Σ( )2 σ2φ(γ) f0

inf E 

{ n 

f̂λ(xi) − f0(xi) 
} 

≤ inf 
{ 

+ 
γ|| ||2 

H 

} 

. 
λ>0 n γ>0 4nγ 4 

i=1 

When ||f0||  = 0H , this bound is zero because φ(γ)/γ 0→ as γ  → ∞, by the  
dominated convergence theorem. On the other hand, when ||f0|| >H 0, we can set 
γ = γn

∗ 
 to obtain (6.32).

Now let n N0 ∈  be large enough that φ(n−1/2) ≤ ||f0||2 /σ2
H

 for n ≥ n0  , so that
φ(γn

∗) ≤ φ(n−1/2) for n  ≥ n0. The b ound (6.33) then follows from (6.32) when  
n ≥ n0. 

While Corollary 6.26 is useful, we can often obtain sharper bounds by sub­
stituting (bounds on) the eigenvalues (νl)l∈I0 in Theorem 6.25, as we see  in t he  
following example. 

Example 6.27 (First-order Sobolev kernel) In Example 6.22, recalling that νl = 
4/{(2l− 1)π}2 for l ∈ N, we have for any γ > 0 that  

∞ ( ) { 
φ(γ) Σ ( νl 

) γ 1 1 ∞ 1 
= min , γ  + 1  + dx 

4 4 
≤

2 πγ1/2 π2 {(π2γ)−1/2+1}/2 (2x− 1)2 
l=1 

γ1/2 γ 
= + ,

π 2 

where the first inequality follows from the fact that νl/4 ≥ γ if and only if 
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6.7 Prediction error of kernel ridge regression 175

Figure 6.4 Schematic of the bound in Example 6.27; the light grey area 
represents φ(γ)/4, while the dark grey area depicts the difference between 
this and an upper bound that will typically be simpler to calculate.

[
l 1

(
1

)]
≤ 

2 1/2 + 1  
πγ 
2/3 

; see Figure 6.4. Assuming that f0 = 0, we may take γ =
(

2
)

σ2

f0 2 γ̃nnπ 
=: || ||H

, and then from Theorem 6.25 it follows that

/

{ n }
1 Σ( ) σ2 σ2 γ̃  f0 2 

E f̂nγ~n 
(xi) −

2 

f0 (xi) ≤ 
1 2 

+ + 
n 

n /

|| ||H 

=1
nπγ̃n 2n 4

i (
σ2

)
= 3

|| 2 30|| / 
f σ2H

+ ,
4nπ 2n 

(6.34) 

which improves on the bound obtained by a direct application of (6.33). ♦
It is instructive to compare the conclusion of this example with that of The-

orem 5.5 (see also Exercise 4.3), which concerns the pointwise mean squared 
error of local polynomial estimators over Hölder classes H(β, L) on [0, 1]. The 
case β = 1, for which H(1, L) is the class of L-Lipschitz functions, is most 
relevant here because H(1, L) ⊆ H, but any function in H is already differ-
entiable (Lebesgue) almost everywhere. Moreover, for f0 ∈ H  (1, L), we have

0 
{∫ }

|| || 1 ′ 1 

= 2
/2 

f
0 
f (x) dx ≤ LH . The bound in (6.34) therefore recovers the second

and third terms of the bound in Theorem 5.5 in the case β = 1. That the first 
term does not appear is due to the difference in the performance metric: in Exam-
ple 6.27 we study only the in-sample mean-squared prediction error, whereas The-
orem 5.5 considers the worst-case pointwise loss, which includes points halfway 
between design points, for instance. With an average spacing of order 1/n and 
a Lipschitz constant of L, such points contribute a term of order L2 /n2 to the 
squared error.
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6.8 Additive models


Often in applications, it is natural to postulate that the regression function f0 

decomposes as a sum of functions each acting on different parts of an input x ∈ X . 
For example, when X = Rp, we may  have t hat  

Σ p

f0(x) =  fj 
0(x) 

j=1 

where f0
j (x) =  f̃0

j (xj ) for a function f̃j : R → R, so f 0
j 

 determines the contribution 
of the jth component xj to the regression function f0. Such models are k nown as  
additive models, though our discussion here will accommodate the more general 
setting where x ∈ X  for an arbitrary input space X , and where the ‘components’ 
of x acted on by the f0

j 
 may overlap. 

To study such settings, suppose that for each j ∈ [p], we have an RKHS Hj 

of functions f  : X → R with corresponding reproducing kernel kj , expected to 
contain the jth contributor f0

j 
 to the regression function. Our previous exposition 

of kernel ridge regression suggests estimating f0 via ˆ
Σ

fλ := j=1 f̂j,λ
p , where  

Σ Σ Σ n ( p )2 p

(f̂1,λ, . . . , f̂p,λ) :=  argmin  fj (xi) + λ 2 . Yi − ||fj ||Hj 
(f1,...,fp)∈H1×···×Hp i=1 j=1 j=1 

(6.35)

In practice, one may wish to use a different tuning parameter λj for each fj ; this  
can be accommodated by scaling the corresponding kernel kj . Proposition 6.28 
and Theorem 6.29 show that the solution to (6.35) can be found by applying 
kernel ridge regression with kernel given by the sum of the individual kj . 

Proposition 6.28. The space 

Σ { p } 

H := fj : fj ∈ Hj for all j ∈ [p] 
j=1 

is an RKHS with reproducing kernel 
Σ

k := p 
j=1 kj and its RKHS norm ||·||H satisfies

Σ Σ { p p } 

||f||2 ||fj ||2 
H = inf  Hj 

: f = fj , fj ∈ Hj for all j ∈ [p] . 
j=1 j=1 

(6.36) 

Moreover, the infimum above is achieved uniquely: given f ∈ H, there exists a unique 
(f1, . . . , fp) ∈ H1 × · · · × Hp    such that

Σp 
j=1 fj = f and 2

Σ|| p
f||  
H =  

j=1 ||fj ||2 
Hj 

. 

176 RKHSs and kernel machines 

Proof We prove the result with p = 2, as the general result then follows by 
induction. By Exercise A.8.7, the direct product H ∗ := H1 ×H2 is a Hilbert space 
with inner product given by 〈 〉 

(f1, f2), (g1, g2) = 〈f1, g1〉 + 〈f2, g2〉 . H∗ H1 H2 

Now consider the linear map s  
 : H ∗∗ → H  given by s  (f , f ) := f + f∗ 1 2 1 2

( ) 
. The  

set U := s−1
∗ ({0}) = { (f,−f) : f  ∈ H1 ∩ H2} is a closed subspace of H ∗, so by  

Corollary A.8.3, we have the orthogonal direct sum decomposition H ∗ = U ⊕U⊥ . 
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We claim that the restriction s : U⊥ → H of s∗ to  U⊥ is a bijection, so the inverse 
function s−1 : H → U⊥ is well-defined. To show that s is injective, note that given 
u, v ∈ U⊥, we have u −v ∈ U⊥, and i f s (u) =  s(v), then s(u−v) =  s(u) −s(v) = 0,  
so u− v ∈ U as well; hence u = v. Next, given 

( )
f = f1 + f2 = s∗ (f1, f2) ∈ H

  
, we  

have (f1, f2) =  u+ v with u ∈ U and v ∈ U⊥, so  

f = s∗(u+ v) =  s∗(u) +  s∗(v) =  s∗(v) =  s(v), 

showing that s is surjective. 
We may therefore endow H with the inner product inherited from H ∗ via 

  
〈f, g〉H := s −1(f), s  −1(g) ;H∗ 

the fact that s is a linear bijection ensures that 〈·, ·〉H is a bona fide inner product 
that makes H complete. We now verify that the inner product above induces 
the norm given in the statement of the proposition. Any (f1, f2) ∈ H∗  may be 
written as (f1, f2) = (u1, u2) + (v1, v2) with (u1, u2) ∈ U and (v1, v2) ∈ U⊥, so  
v1 + v2 = f1 + f2 and  (v 1

1, v2) =  s− (f1 + f2). Thus 

||f1||H2 
1 
+ ||f2||H2 

2 
= ||(f1, f2)||H2 

∗ = ||(u1, u2)||H2 
∗ + ||s −1(f1 + f2)||H2 

∗ 

≥ ||s −1(f1 + f2)||2 
H∗ = ||(v1, v2)||2 

H∗ = ||v1||2 + ||v2||2 
H2 

,H1 

with equality if and only if (f1, f2) = (v1, v2) =  s−1(f1 +f2). This shows that (6.36) 
holds, and moreover that the infimum in (6.36) is attained uniquely by (f1, f2) =  
s−1(f1 + f2). 

It remains to check that k has the required reproducing property. To this end, 
we first claim that w := s−1 k(·, x) ∈ U⊥

( ) 
 satisfies w = k1(·, x), k2(·, x) 

( ) 
. Indeed, 

for any x ∈ X  and any (u,−u) ∈ U , we have  〈( ) 〉 
k1( , x), k2( , x) , (u,−u) H∗ = 〈k1( , x), u〉H1 +〈k2( , x),−u〉H2 = u(x)−u(x) = 0,· · · ·

so 
( ) 
k1(·, x), k2(·, x) ∈ U⊥. Moreover,

( ) 
w − k1(·, x), k2(·, x) ∈ U , since  

  ( )( ) ( ) 
s  w − k1(·, x), k2(·, x) = s (w) − s∗ k1( , x), k2(·, x) = 0.∗ ∗ ·  

Thus 
( ) 

w− k1(·, x), k2(·, x) ∈ U∩U⊥ = {0}, which establishes our claim. We deduce 
that for any (f1, f2) ∈ H∗  with (f1, f2) = (u1, u2)+(v1, v2), where (u1, u2) ∈ U and 
(v1, v2) ∈ U⊥, we have  〈 ( ) 〉 

〈k( , x), f1 + f2〉H = s −1 k( , x) , s  −1(f1 + f2)· 〈( 
· ) 〉 H

∗ 

= k1( , x), k2( , x) , (v1, v2) H∗· ·
= 〈k1( , x), v1〉H1 + 〈k2( , x), v2〉H2

· ·
= v1(x) +  v2(x) =  f1(x) +  f2(x), 

as required. 

The following generalisation of the representer theorem (Theorem 6.18), whose 
proof is deferred to Exercise  6.12, shows how the optimisation problem (6.35) 
may be solved to fit additive regression models. 
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Theorem 6.29. Let the functions c and J be defined as in Theorem 6.18, let  
k1, . . . , kp be kernels on X with associated RKHSs H1, . . . ,Hp and let K  Rn×n 

denote the kernel matrix associated with x1, . . . , xn ∈ X  for the kernel 
Σ∈p

k :=  
j=1 kj . 

Then, (f̂1, . . . , f̂p) minimises 

Σ Σ Σ ( p p ) ( p ) 

Q1(f1, . . . , fp) :=  c Y , x1, . . . , xn, fj (x1), . . . ,  fj (xn) + J ∥fj ∥H2 
j 

j=1 j=1 j=1 

over (f1, . . . , fp) ∈ H1 × · · · × Hp if and only if f̂ n 
j (·) =  i=1 α̂ikj (·, xi)

Σ
 for j ∈ [p], 

where α̂ = (α̂1, . . . , α̂n)T minimises 

Q2(α) :=  c(Y , x1, . . . , xn,Kα) +  J(αTKα) 

over α ∈ R
n . 

6.9 Large-scale kernel machines 

We introduced the kernel trick as a computational device to avoid performing 
calculations in a high- or infinite-dimensional feature space. In the case of kernel 
ridge regression, this reduced computation down to forming the n× n matrix K 
and then inverting K  + λI. This can be a huge saving, but when n is very large, 
there can nevertheless be serious computational difficulties because even if p is 
small, the O(n3) cost of invertinΣg K  + λI may cause problems. Moreover, the 
fitted regression function ˆ n

f(·) =  i=1 α̂ik(xi, ·) is a sum of n  terms, so evaluating 
a prediction at a single new observation requires O(n) computations unless α̂ =
(α̂1, . . . , α̂n)T 

 
is sparse. 

One approach to speeding up computations for kernel machines is based on 
random feature expansions. Given a kernel k, the key idea is to find, for a suitably 
small b ∈ N, a r andom feature map φ̂ : X → R

b such that 
}

E φ̂(x)Tφ̂(x′) = k(x, x′) 
 {

 
 

for all x, x′ ∈ X . To increase the quality of the approximation of the kernel, we 
can consider the map 

x √1 

L 

( 
φ̂1(x), . . . , φ̂L(x) 

)T 
,→ ∈ R

Lb 

where φ̂ ˆ
1(x), . . . , φL(x) are independent and identically distributed for each x ∈ X .

Let 
 

Φ ∈  
R

n×Lb be the matrix with ith row given by 
( 
φ̂ ˆ
1(xi), . . . , φL(xi) /

√
L

) 
. We  

may then run our learning algorithm after replacing the initial matrix X ∈ R
n×d 

of predictors with Φ. This idea, which acts as a sort of inverse to the kernel 
trick, is sometimes referred to as the hashing trick . For example, when performing 
ridge regression, computing (ΦTΦ + λI)−1ΦTY would require O(nL2b2 + L3b3) 
operations, a linear cost in n. Predicting a new observation would cost O(Lb) 
operations. 
One construction of a random mapping φ̂ applies when our kernel k is con­

tinuous at the origin and shift-invariant , meaning t hat X  = Rp and there exists 
a function h : Rp → R with k(x, x′) = h (x − x′) for all x, x′ ∈ R

p. By Bochner’s 
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theorem (Theorem A.4.4), such a function is a kernel if and only if 

k(x, x ′) =  c E(ei(x−x ′)T W ) (6.37) 

 for some c ≥ 0 and a random p-dimensional vector W with  
d

W = −W . This last 
condition ensures that k takes real values, despite the presence of the complex 
unit i := 

√
−1 on the right-hand side of (6.37). 

To m ake  use of this theorem, let  k be a shift-invariant kernel of the form (6.37), 
and let u ∼ U [−π, π] be independent of W . Then for any a, b ∈ R, 

2 E{cos(a + u) cos(b + u)} = 2  E (cos a cos u − sin a sin u)(cos b cos u − sin b sin u) 

= cos  a cos b + sin  a sin b = cos(a − b). 

{ } 

It follows that we can define φ̂ : Rp → R by
√

φ̂(x) :=  2c cos(WT x + u). (6.38) 

Indeed, we then have 

( ) 

{ } [ { }] 
E φ̂(x)φ̂(x ′) = 2cE E cos(WT x + u) cos(WT x ′ + u) | W 

= c E cos (x − x ′)TW = k(x, x ′) 

|

for all x, x′ ∈ Rp, so φ ̂ satisfies our random feature map requirement. For example, 
consider the Gaussian kernel k(x, x′) = exp −∥x − x′∥2/(2h2

2 )}{  for x, x′ ∈ Rp. If  
W ∼ N (0, h−2

p I), then  
E cos( T ) =  ( itTW ) =  −∥t∥

2 2

t W E e e 2/(2h ) for t ∈ Rp, so we  
may take c = 1  in  (6.38). 

6.10 Exercises 

Exercise 6.1 Explain how we can recover the (unnormalised) principal compo­
nents of a (not necessarily centred) matrix Φ ∈ Rn×d given only   K := ΦΦT ∈
R

n×n. [You may assume that the singular values of the column-centred version 
of Φ are distinct.] 

Exercise 6.2 Let X = (Xik) ∈ Rn×p be a predictor matrix with p ≫ n, let  
Y = (Y  

R
n 

1, . . . , Yn)T ∈ be a response vector and let λ1, λ2, λ3 > 0. Explain how 
to obtain the fitted values of the ridge regression 

Σ Σ Σ Σ Σ 

Σ Σ Σ Σ 

n ( p p p k−1 )2 

(β,ˆ γ,ˆ θ̂) :=  argmin  X2Yi − Xikβk − ikγk − XikXilθkl 
(βk )k∈[p],(γk )k∈[p], i=1 k=1 k=1 k=1 l=1 
(θkl )k∈[p],l∈[k−1] 

p p p k−1 

+ λ1 βk 
2 + λ2 γk 

2 + λ3 θ2 
kl 

k=1 k=1 k=1 l=1 

in O(n2p) computational operations. 

Exercise 6.3 Let X := {x ∈ Rd : x 2 < 1}∥ ∥ , and for α > 0 , define k : X × X  → R  
by k(x, x′) := (1−  xTx′)−α. Show that k is a kernel. 
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Exercise 6.4 (a) Let A be a Borel measurable subset of R. Suppose that kτ : Rd × 
 

R
d →
R is a kernel for each τ A∈  and that ∫ 

k(x, y) :=  kτ (x, y) dτ 
A 

is finite whenever x = y. Show that ∫


A 
|kτ (x, y)| dτ < ∞, 

for all x, y ∈ R
d, and  that k  is a kernel. 

(b)	 Show that the second-order Sobolev kernel is a kernel. Verify further that for 
x [0, 1], the function ∈ k Rx : [0, 1] →  given by 

x∧y 

kx(y) :=  (x− z)(y − z) dz 
0 

∫


satisfies kx
′′

 (y) = (x− y)+ for y  x.
(c)	 Show that the function k : Rd ×  

R
d → R given by k(x, y) := (α+ ∥x− y∥2 1/2 

2)
−

is a kernel for each α > 0 . 

Exercise 6.5 (a) Let k : X × X  → R  be a kernel with associated RKHS H such 
that the set of functions K := {k(·, x) : x  ∈ X}  is linearly independent. Show 
that for any n ∈ N, any distinct x1, . . . , xn ∈ X  and any y1, . . . , yn ∈ R, there  
exists f ∈ H  such that f(xi) =  yi for all i [n]. ∈
Hint: First show that the kernel matrix must be invertible. 

(b)	 Show that when k is a Gaussian kernel on Rp, the corresponding set K above 
is linearly independent. 
Hint: Recall from Section 5.2 that any matrix of the form ⎛
 


1 a1 a1
2 a1 

n−1 

2 
· · ·  

n−11	 a2 a2 a2· · ·  ⎜⎜⎜⎝


⎟⎟⎟⎠

∈ R

n×nA =
 .	.	.	
1 an an 

2 an
n−1 · · ·  

is known
 as a (square) 
 Vandermonde matrix, and satisfies det(A) =∏
1 (a≤i<j≤n	 j − ai)



, so is invertible whenever a1, . . . , an are distinct. 



Exercise 6.6 Let Y ∈ Rn, let K  ∈ Rn×n be a kernel matrix, let λ > 0 and  
suppose that ( ) 

α̂ ∈ argmin ∥Y −Kα∥22 + λαTKα . 
α∈Rn 

Show that Kα̂ = K(K + λI)−1Y . 

Exercise 6.7 Consider the setting of the representer theorem (Theorem 6.18) 
but where given a matrix Ψ ∈ Rn×d, we consider minimising )
 
 
n 

Q1(f, β) :=  c Y , x1, . . . , xn,Ψβ + f(xi) i=1 
+ J ∥f∥2 

H 

)( ( 

)

( )

. . . .. . . .. . . .
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over (f, β) ∈ H × R
d. Show that (f, ̂ β̂) is a minimiser of Q1 if and only if f̂(·) =Σn 

i=1 α̂ik(·, xi), where (α̂, β̂) = (α̂ ˆ	
1, . . . , α̂n, β) minimises 

Q2(α, β) :=  c(Y , x1, . . . , xn,Ψβ + Kα) +  J(αTKα) 

over (α, β) ∈ R
n × R

d . 

Exercise 6.8 Consider training a support vector machine using kernel k on data 
(x1, Y1), . . . , (xn, Yn) ∈ X × {−1, 1}. Show that there exists a solution (μ,ˆ α̂) =  
(μ̂, α̂1, . . . , α̂ ) ∈ R ×R

n to (6.24 ) with the property that whenever i ∈ [n] is such  
that 

( nΣ
Yi μ̂+ n

j=1 α̂j k(xj , xi) > 1
)

, we have α̂i = 0.  
Hint: Consider the KKT conditions (see Section A.3) of the optimisation problem. 

Exercise 6.9 Let H denote the second-order Sobolev space of Example 6.17, with  
corresponding kernel k and integral operator Tk. 

(a)	 Show that f ∈ H is an eigenfunction of Tk with eigenvalue ν >  0 if and o nly  
if it satisfies the fourth-order differential equation νf (4)(x) − f(x) = 0 for all 
x [0, 1], with ∈ f(0) = f ′(0) = f ′′(1) = f (3)(1) = 0. 

(b)	 Using the fact any solution f to this differential equation satisfies f(x) =  
c1 cosh(γx) +  c2 sinh(γx) +  c3 cos(γx) +  c4 sin(γx) for  some c R1, c2, c3, c4 ∈ , 
where γ := ν−1/4 , show that for each l ∈ N there is a unique eigenvalue 
νl := 1/γ4 

l with γ
( ]

l ∈ (l− 1)π, lπ 
 
. 

Exercise 6.10 Consider the set-up of Theorem 6.25 where x1, . . . , xn have a uni­
form density on [0, 1], and where σ2 > 0. Suppose that the RKHS associated with 
the kernel k is such that ∥f0∥H ≤ σ. 

(a)	 For the Gaussian kernel k with unit bandwidth, there exist universal constants 
C1, c1 > 0 such that the resulting integral operator has eigenvalues νl ≤
C1 exp(−c1l) for all l ∈ N. Show that for a tuning parameter choice λn that 
you should specify, there exists a universal constant C > 0  such that the 
mean squared prediction error of kernel ridge regression then satisfies { n	 } 

1 
E 

Σ( 
f̂λn (xi) − f0(xi) 

)2 ≤ Cσ2 log(en) 
n	 n  

i=1 

for all n ∈ N. 
(b)	 Now consider the case where k is the second-order Sobolev kernel. For a 

tuning parameter choice λn that you should specify, show that there exists a 
universal constant C > 0 such that { n	 } 

1 Σ( )2 
E f̂λn (xi) − f0(xi) ≤ Cσ2 n −4/5 

n 
i=1 

for all n ∈ N. 

Exercise 6.11 In the setting of Theorem 6.25, suppose that σ2 ≤ cσ and ∥f0∥2H ≤ 
cf for some cσ, cf > 0 known to the practitioner. Consider the data-driven choice 
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of tuning parameter given by { n } 

λ̂ := argmin 
cσ 

Σ di 
2 

+ 
λcf 

, 
λ>0 n (di + λ)2 4n 

i=1 

where di is the ith eigenvalue of the kernel matrix K for i ∈ [n]. Show that 

Σ 1 
{ n ( )2 

} 
1 

( 
cσ cf 

) ( 
σ2φ(γ) 

f 0 2 

) 

n 
E 

i=1 

f̂ˆ(xi) − f0(xi) ≤
4 
max , ∥ ∥H 

inf 
nγ 

+ γ∥ ∥H .λ σ2 f0 2 γ>0 

Exercise 6.12 Prove Theorem 6.29. 

Exercise 6.13 Let ψ be a p-dimensional random vector with independent com­
ponents taking the values −1 or 1, each with probability 1/2. Show that 

 
E(xTψψTx′) =  xTx′ for x, x′ ∈ R

p. Construct a random feature map φ̂ : Rp → R 
such that {  

E φ̂(x)φ̂(x′)} = (xTx′)2 for x, x′ ∈ R
p. 

Exercise 6.14 Let X denote the set of all subsets of [p] and l et  z, z′ ∈ X . 
Let k denote the Jaccard similarity kernel from Example 6.11, and l et π  de­
note a uniform random permutation of [p]. Writing M := min{π(j) :  j ∈ z} and 
M ′ := min{π(j) :  j ∈ z′}, show that 

P(M = M ′) =  k(z, z ′), 

for z, z′ = ∅. Now l et  ψ denote a p-dimensional random vector with independent 
and identically distributed components taking the values −1 or 1, each with 
probability 1/2. By considering E(ψM ψM ′ ) show that the Jaccard similarity kernel 
is indeed a kernel. 

Exercise 6.15 Show that for each λ >  0, the function k : Rp ×  
R

p → R given by 
k(x, y) := exp(−λ∥x − y∥1) is a kernel. 

Hint: Use the fact that if V is a standard Cauchy random variable, then E cos(tV ) =
e−|t| 



for t ∈ R.


6.11 Bibliographic details and background 

Many of the foundational results on reproducing kernel Hilbert spaces were de­
veloped in the s eminal paper  of  Aronszajn (1950) and the earlier work of Moore 
(1935, 1939), including Theorems 6.12 and 6.14, and  Proposition 6.28. The use of 
these ideas in machine learning and statistics was pioneered by Aizerman (1964) 
and Boser et al. (1992), among others, while Kimeldorf and Wahba (1971) proved  
an early version of the representer theorem. The techniques were further popu­
larised and developed in the monograph of Wahba (1990), who emphasised the 
connection between splines and kernel machines. For the connection between the 
existence of unbounded linear functionals on a Hilbert space and the axiom of 
choice, see Wright (1973). Kernel machines have since been the subject of several 
book-length treatments, including Smola and Schölkopf (1998), and Cristianini 
and Shawe-Taylor (2000). Support vector machines were developed by Cortes and 
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Vapnik (1995); our presentation here follows in part that of Hastie et al. (2009, 
Chapter 12). 
Mercer’s theorem, which allows a kernel to be represented in terms of the eigen­

values and eigenfunctions of its associated integral operator, is covered in greater 
generality in Section A.8. Most existing statements of the result require the input 
space X to be compact, while the version presented here applies to kernels defined 
on all of Rd . Proposition 6.21, which controls these eigenvalues given a bound on 
the Radon–Nikodym derivative of the underlying probability measure, appears 
to be new. Mendelson (2002), Bartlett et al. (2005) and Koltc hinskii (2006) de­
veloped bounds on the prediction error of kernel machines, including kernel ridge 
regression in settings involving independent and identically distributed data sat­
isfying certain conditions on the responses, such as boundedness or Gaussianity; 
see also Wainwright (2019, Chapters 12, 13, 14). This theory has the advantage of 
facilitating high-probability bounds on the out-of-sample prediction errors. Our 
more elementary treatment instead yields in-sample mean squared prediction er­
ror bounds, but has the benefit of not requiring assumptions of independence or 
identical distributions, provided that the response has a finite second moment. 
Theorem 6.23 and Corollary 6.26 are based on Shah and Peters (2020) while 
Lemma 6.24 is based on Lundborg et al. (2022). Rahimi and Recht (2007) in­
troduced the use of random feature maps for shift-invariant kernels to mitigate 
the computational difficulties associated with large-scale kernel machines. The 
bound on the eigenvalue decay rate for the Gaussian kernel under a uniform base 
measure in Exercise 6.10 follows from Widom (1964, Theorem III). Exercise 6.14, 
which develops such a scheme for the Jaccard similarity kernel, takes inspiration 
from Shah and Meinshausen (2018). 
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