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Abstract. In this work, we consider two class P-homeomorphisms, f and g, of the circle
with break point singularities, that are differentiable maps except at some singular points
where the derivative has a jump. Assume that they have the same irrational rotation number
of bounded type and that the derivatives Df and Dg are absolutely continuous on every
continuity interval of Df and Dg, respectively. We show that if f and g are not break-
equivalent, then any topological conjugating i between f and g is a singular function, i.e.,
it is continuous on the circle, but Dh(x) = 0 almost everywhere (a.e.) with respect to the
Lebesgue measure. In particular, this result holds under some combinatorial assumptions
on the jumps at break points. It also generalizes previous results obtained for one and two
break points and complements that of Cunha—Smania which was established for break
equivalence.

1. Introduction

Denote the circle by S' =R/Z and let p: R — S! be the canonical projection. Let
f be an orientation-preserving homeomorphism of S'. The homeomorphism f admits
a lift f: R — R that is an increasing homeomorphism of R such that p o f: fop.
Conversely, the projection of such a homeomorphism of R is an orientation-preserving
homeomorphism of S'. Let x € S'. We call the orbit of x by f the subset Or(x) =
{f"(x) : n € Z}. Historically, the study of the dynamics of circle homeomorphisms was
initiated by Poincaré [24, 1886], who introduced the rotation number of a homeomorphism
fof S as p(f) = limyos 100 (F7(X) — %)/n) (mod 1), where ¥ € R such that p(¥) = x.
Poincaré shows that this limit exists and does not depend on either x or the lift fof f. We
say that f is semi-conjugate to the rotation R, ) if there exists an orientation-preserving
surjective continuous map /2 : S' — S! of degree one such that h o f = R, (f) o h.

POINCARE’S THEOREM. Let f be a homeomorphism of S' with irrational rotation
number p(f). Then f is semi-conjugate to the rotation R y).
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A natural question is to ask whether the semi-conjugation 2 could be improved to
be a conjugation, i.e., so that 4 is a homeomorphism. In this case, we say that f is
topologically conjugate to the rotation R,(y). In this direction, Denjoy [11] proved the
following theorem.

DENJOY’S THEOREM. [11] Every C2-diffeomorphism f of S' with irrational rotation
number p(f) is topologically conjugate to the rotation R, y).

Denjoy asked whether or not C2-diffeomorphisms f of S! are ergodic with respect to
the Lebesgue measure m (f is said to be ergodic with respect to m if any f-invariant
measurable set A has measure m(A) equal to zero or one). Simultaneously, Herman and
Katok gave a positive answer to this question.

HERMAN—KATOK’S THEOREM. [15, 18] Every C2-diffeomorphism f with irrational
rotation number is ergodic with respect to the Lebesgue measure m.

It is well known that a homeomorphism f of S' with irrational rotation number
preserves a unique normalized measure on S', denoted by u g If T is the lift of h,
by taking iz\(O) =0, the conjugating homeomorphism % is unique and related to
by A(x) = p(us([0, x])) € St for x € S, Uniqueness of ¢ implies that pr is either
singular or absolutely continuous with respect to m; in this second case, & is an absolutely
continuous function. Recall that ¢ is said to be singular with respect to the Lebesgue
measure m on S! if there exists a measurable subset E of S! such that f(E)=1and
m(E) = 0. In fact, if u y is absolutely continuous with respect to the Lebesgue measure m
and f is a C2-diffeomorphism, then r is necessarily equivalent to m as a consequence of
Herman—Katok’s theorem above (i.e., m is absolutely continuous with respect to u y and
the converse is also true).

In the following, we denote R* = R\ {0} and N* = N\ {0}.

Definition. A real number « € 0, 1[ is called Diophantine with exponent 6 > 0 if there is
a constant c(a) > 0 such that

A c(a)
q —q2+8

A number that is neither rational nor Diophantine is called a Liouville number.

for any P Q. (D
q

Every real number « € ]0, 1[ has a continued fraction expansion represented by

1
0=— :=|aj,ap,...,ay,...],

- 1
ar + o

where a,, € N*, m € N* are called partial quotients of a. When (dy,;)men is bounded, « is
said to be of bounded type. This is equivalent to the fact that (1) holds with § = 0.

The problem of smoothness of the conjugacy 4 of smooth diffeomorphisms to rotations
is now very well understood (see, for instance, [16, 18, 20, 21, 27].

We refer the reader to the books [10, 23] for a thorough account of circle
homeomorphisms.
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The situation is more complicated for circle homeomorphisms with break points or class
P-homeomorphisms, for short (see the definition below). This class are known to satisfy
the conclusion of Denjoy’s theorem (Corollary 2.6) (see also [18]; [16, Ch. VI]) and,
with additional regularity, of Herman—Katok’s theorem (see [S]). However, Katznelson—
Ornstein’s theorem [18] cannot be extended, in general, to class P. The study of the
regularity of the invariant measures of class P-homeomorphisms then arises naturally.

1.1. Class P-homeomorphisms. The following definition is due to Herman.

Definition 1.1. (See [16, p. 74]) An orientation-preserving homeomorphism f of S! is

called a class P-homeomorphism if it is differentiable except at finitely many points, the so

called break points of f, at which left and right derivatives (denoted, respectively, by Df_

and Df ) exist and such that the derivative Df : ' — R?% has the following properties.

e There exist two constants 0 <a < b < +o00o such that a < Df(x) < b, for every x
where Df exists.

e a<Dfi(c) <banda <Df_(c) < b at the break points c.

e log Df has bounded variation on S'.

We point out that the third condition implies the other two. The ratio of(c) :=
Df_(c)/Df4 (c) is called the f-jump at c.

Denote:
C(f) ={co, c1, c2, . . ., cp} to the set of break points of f in st
Cp+1 = C0;

JTS,O/'(C)(f) = HXGC(f)ﬂOf(C) Uf(x) for every ¢ € Sl,
75 (f) to be the product of f-jumps at the break points of f, where

w(H) =[] or;
ceC(f)

SO(f) ={0y(c):c € C(f) and 75, 0(c)(f) # 1}.
We denote the total variation of log Df by V = Var(log Df). We have

P
V= Vary, ;.1 log Df + [log(o(c)))| < +oo.
j=0

In this case, V is the total variation of log Df, log Df_, log Df..
We notice the following properties.
e If f is a class P-homeomorphism of S! which is C' on S!, then f is a C!-
diffeomorphism.
e If f is a class P-homeomorphism of S ! then D? fe Ll(S 1): indeed, this follows
from [17, Theorem 18.14, p. 284] since Df has bounded variation on S 1
e If f is a class P-homeomorphism of S! and Df is absolutely continuous on every
connected interval of S'\C(f), then f € C1(S"\C())).
Among the simplest examples of class P-homeomorphisms, there are:
C 2-diffeornorphisms; and
piecewise linear (PL)-homeomorphisms.
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An orientation-preserving homeomorphism f of S! is called a PL-homeomorphism
if f is differentiable except at finitely many break points (c;)1<i<p of S ! such that the
derivative Df is constant on each ]c;, ¢j+1[.

Denote:

e P(S) to be the set of class P-homeomorphisms of § 1. and
PL(S!) to be the set of orientation-preserving piecewise linear PL-homeomorphisms
of S1.

We notice that P(S1) is a group which contains PL(S') (cf. [2]).

Definition 1.2. [4] Let f € P(S'). We say that f has the (D)-property if the product of
J-jumps at the break points of each orbit is trivial, that is, 75 0,()(f) =1, for every

ceC(f).

In particular, if f has the (D)-property, then 75 (f) = 1. Conversely, if all break points
belong to the same orbit and 75 (f) = 1, then f has the (D)-property.

Let f € P(S!). We say that f satisfies the Katznelson—Ornstein (KO) if Df is absolutely
continuous on every continuity interval of Df.

e Recently, there has been significant progress in the problem of the regularity of the
conjugating map between two class P-homeomorphisms with the same irrational
rotation number. The case of two class P-homeomorphisms with one break point and
with the same jump, was studied by Khanin and Khmelev in [19] and by Teplinskii
and Khanin in [22].

e The case of two class P-homeomorphisms with one break point and with distinct
jumps was studied by Dzhalilov, Akin and Temir in [12]. Their results show that the
conjugation map between two such maps is singular.

e The case of two class P-homeomorphisms with two break points was studied by
Akhadkulov, Dzhalilov and Mayer in [6].

e The case of several break points with distinct total jumps was studied by Dzhalilov,
Mayer and Safarov in [13], and independently by the first author in [1]. Their results
show that the conjugation map between two such maps is singular.

THEOREM. [1, 13] Let f and g be two class P-homeomorphisms of the circle S' with the
same irrational rotation number. Assume that f and g satisfy the KO. If ws(f) # 75(g),
then the homeomorphism map h conjugating f and g is a singular function, i.e., it is
continuous on S' and Dh(x) = 0 a.e. with respect to the Lebesgue measure.

Definition 1.3. We say that two class P-homeomorphisms, f and g, of the circle S' are
break-equivalent if there exists a topological conjugating / such that:

(1) h(SO(f)) =S0(g); and

(2)  75,0,(h(c)(8) = T5,04(0)(f), forall ¢ € C(f).

In particular, if all points of C(f) (respectively, C(g)) are on pairwise distinct orbits
then:
e card(SO(f)) = card(C(f)) (respectively, card(SO(g)) = card(C(g))); and
e f and g are break-equivalent if there exists a topological conjugation 4 from f to g
such that:
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(1) h(C(f)) =C(g); and
(2) og(h(c)) =0f(c) forall c € C(f).

This definition coincides with that of [9]. It is easy to see that if there is a C'-conjugation
between f and g, then f and g are break-equivalent. The case of break-equivalent C2¢
homeomorphisms, f and g, with 74(f) = m;(g) = 1 and some combinatorial conditions
was studied by Cunha—Smania in [9]. It was proved that any two such homeomorphisms
are C'-conjugated. The combinatorial condition in Cunha—Smania [9] implies that the
circle map has bounded rotation number (but it is likely that there are circle maps with
bounded rotation number and many breaks that do not satisfy the combinatorial condition
there).

In the present paper, we consider non-break-equivalent class P-homeomorphisms
having several break points with coinciding irrational rotation number of bounded type.

MAIN THEOREM. (Non-rigidity) Let f and g be two class P-homeomorphisms of
the circle S' with several break points that satisfy the KO and which have the same
irrational rotation number of bounded type. If f and g are not break equivalent, then
the homeomorphism h conjugating f to g is a singular function, i.e., it is continuous on
S and Dh(x) = 0 a.e. with respect to the Lebesgue measure.

As a consequence we have the following corollary.

COROLLARY 1.4. Let f and g satisfy the assumptions of the main theorem. If card
(SO(f)) # card (SO(g)), then the map conjugating f to g is a singular function. In
particular, this holds if f and g do not have the same number of break points lying on
pairwise distinct f-orbits and g-orbits, respectively.

COROLLARY 1.5. Let f and g satisfy the assumptions of the Main Theorem. If there is
some point d € SO(f) such that T5,04(d) (g) ¢ {ns,om) (f):ceC(f)}, then the map h
conjugating f to g is singular.

In particular, for non-break-equivalent homeomorphisms with two break points, we get,
as consequence, the Akhadkulov—Dzhalilov—Noorani theorem (see [7]).

COROLLARY 1.6. Let f and g satisfy the assumptions of the Main Theorem.

(1) If g does not have the (D)-property and f has the (D)-property, then the map
conjugating f to g is singular.

(i) If f and g have the (D)-property and D* f, D*g € LP(S") for some p > 1, then the
map conjugating f to g is absolutely continuous.

In particular, this leads to the following corollary.

COROLLARY 1.7. [3, Theorem B] Let f satisfy the assumptions of the Main Theorem.

(i)  If f does not have the (D)-property, then the invariant measure [y is singular with
respect to the Lebesgue measure m.

(i) If f has the (D)-property and D* f € LP(S") for some p > 1, then the measure nr
is equivalent to the Lebesgue measure m.
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COROLLARY 1.8. [3, Corollary 1.5] Let f € PL(SY) have irrational rotation number « of
bounded type. Then the following are equivalent.

(1)  f has the (D)-property.

(ii) The measure |y is equivalent to the Lebesgue measure m.

Remark.

(1) In [8], Akhadkulov et al proved, independently and under different regularity
assumptions, a similar result to the Main Theorem. Their proof is based on the
Khanin—Sinai renormalization. Here, our proof uses ratio distortion estimates.

(2) The Main Theorem and, in particular, Corollary 1.8 cannot be extended to a rotation
number that is not of bounded type since, very recently, Teplinsky [26] constructed
an example of a PL circle homeomorphism with four non-trivial break points lying
on different orbits that had invariant measure equivalent to the Lebesgue measure m.
The rotation number for such an example can be chosen to be either Diophantine or
Liouvillean, but not of bounded type.

1.2. Strategy of the proof of the Main Theorem. The strategy can be explained in the
following way. First, we show that several breaks lying on the same orbit are, in a sense,
equivalent to one single break of a size that is the product of their sizes (see subgraph 2.4);
therefore, without loss of generality, one may consider class P-homeomorphisms with
breaks that lie on pairwise distinct orbits. After that, we focus our attention on one of the
break points only, say, ¢, and on its associated primary cell, namely, (y;(n), y2(n), y3(n)),
n € N, which is contained in some neighbourhood of a point xg, where y,(n) = f ~in(e) (¢)
belong to the atom A(()") (xo) of the dynamical partition of xo (see subgraph 2.1).
For any break point ¢ ¢ Oy(c), there is an integer i,(c1) (respectively, j,(c1)) such
that £~ (c1) € Iy1(n), y2(n)[ (respectively, f~/D(c1) € 1y2(n), y3(n)). When the
rotation number p(f) of f is of bounded type, we show that if £~ (1) (respectively,
f’j" €(cy)) is close to y2(n), then the variation k, =i,(c1) —i,(c) (respectively,
Jn(c1) —in(c)) is constant, which leads to c¢; and ¢ being on the same f-orbit, which is
a contradiction (see Proposition 3.2). It follows that the point f~»(¢)(¢}) (respectively,
f —in€)(¢1)) is outside a small neighbourhood of y»(n), for infinitely many n, say,
n € M ¢, an infinite subset of N. Using this, we choose a secondary cell (z1, y2, z3) in
(1 (1), y2(1), y3(0)nem ., 50 that =5V (ey) ¢ (21, y2, 23) (kn(c1) = in(c1) o1 jalc1))
and so are as well for all break points d for which f %D (d), (k,(d) =i,(d) or j.(d))
are not close to y(n) (see Proposition 3.3). The other break points (for which f —kn(d) (d)
is close to y»(n)) form a set E(cy, ¢), notice that c¢1 ¢ E(c1, ¢). These allow us, when
the conjugacy h between f and g is singular (i.e., Dh(xp) = wp > 0), to give a control
of the ratio distortion Drgan (h(21), h(z2), h(23))/Dr fan (21, 22, 23) of the secondary cell
(z1, y2, z3) with respect to f9 and f9:. We show, on the one hand, that the ratio
distortion is close to I1(cy, ¢) = HdeE(cl 0 (0g(h(d))/or(d)) and, on the other hand, that
it is close to one (see §5). This leads to the equality I1(cy, c) =1. Ascj,c€ B, c1 #¢
are arbitrary, and ¢ ¢ E(cy, c¢), this equality implies that, for every break point ¢ of f,
o4(h(c)) = or(c), which contradicts our hypothesis: f and g are not break-equivalent.
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2. Notation and preliminary results

2.1. Dynamical partitions. Let f be a homeomorphism of S! with irrational rotation
number a = p(f). We identify « to its lift @ in ]0, 1[. Let (ay,),en+ be the partial quotients
of « in the continued fraction expansion. For n € N*, the fractions [aj, a2, . . ., a,] are
written in the form of irreducible fractions p,/g,. The sequence p,/q, converges to o
and we say that p, /g, are rational approximations of «. Their denominators g, satisfy the
recursion relation

Gn = anqn-1+qn-2, n=2,q0=1,q1=aj.
Let xo € S! be fixed. Denote

[x0, f9"(x0)] if n is even,

AP (xo) =
o {[fq” (x0), xo] if n is odd,

A (x0) = F(A (x0)), i€ L.
In all of the subsequent work, we deal with the case when n is odd (the case when n is

even is obtained by reversing the orientation of S!).
This gives the following lemma.

LEMMA 2.1. (See [25]) The segments A"V (xo) = f1(AY " (x0)), 0<i < g, and
A;n)(xo) = fj(A(()n)(xo)), 0<j<gn-1, cover S' and their interiors are mutually
disjoint.

The partition denoted by &, (x0) := {A" ™" (xo); Aﬁn)(xo), 0<i<gn0=<j<gn-1}
is called the nth dynamical partition of the point xg. It is defined by the order of points
X0y o v e fq"—l“‘q"_l(xo). The process of passing from &, (xp) to &,41(xg) is described
by keeping the elements AE.")(xo) intact while each element A?"_l)(xo), O<i<gqy)is
partitioned into a, 1 + 1 sub-segments; since g,+1 = dp+1gn + gn—1,

apy1—1
—1 1
Al(n )(xo) = A§n+ )(.X()) U U Al(’i)(h,—l‘i'S(In (XO).
s=0

For every n > 1, &,4+1(xo) is finer than &, (xo) in the following sense: every element &, (xg)
is a union of elements &,41(x).

LEMMA 22. We have e~V < (2 /(¥ — 1)(m(AYY (xo)/m(AT ™ (x0)). In
particular, if the rotation number p(f) of f is of bounded type, then A(()"_l)(xo)) and
A(()") (x0)) are comparable.

. -1 ,
Proof. Since AJ'™ (x0) C [£97 441 (x), 41 (x0)] = Upe je,.,, ST (A (x0))
(see Figure 1), so, by Denjoy’s inequality,

(n—1) 1% 2V
M < Z UV — Ve;(e(l-i-anﬂ)V 1)< ¢ etV
m(A(()n)(xo) 0<izanus eV —1 eV —1

If p(f) is of bounded type, the sequence (ay),en+ is bounded and so the conclusion
follows from the inequality above. O

Let xo € S! be fixed and let n > 1.
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Tq, Zo Lgn—1

Lans1+an Lgns1 ce Lgn_1+an

FIGURE 1. x; = f(xg).

LEMMA 2.3. Let —(gu+1 + qn) <k < qn+1 + qn—1 be an integer. Then A(()"_l)(xo) N
A,((") (x0) has non-empty interior if and only if k€ {qn—1+ jgn; 0<j <apy1} U
{(—Jjgn; 1= j <apy1 + 1}

Proof. Since
—1 1
ASTVa =80 o) [ AN L, @0,

0<j<an+1
(where [ | means pairwise disjoint union), the following hold.
o Ifk=g,_1+ jg, forsome0 < j <a,4, then
AP (xp) ifk=gn_1+ jgn with0 < j < ans1,
[xo, fI*1(x0)] if k = gn1.
o Ifk=—jg, forsomel < j<a,y + 1, then

AGV o) N A (xo) = {

A (x0) ifk=—jg, with1 < j <anii,
[f (x0), fIHOnt1(x0)] if k = —(any1 + Dgn.

In both cases, A(()"_l)(xo) N A,(C")(xo) has non-empty interior.
Conversely, we distinguish the following five cases.

0<k<gqgny1-fké¢{gn_1+ jgn:0<j < an+1}, then, by Lemma 2.1, A(()"fl)(xo) N

A,i”) (x0) has empty interior.
® gn+1 <k<qut1+qn-1.1fk#quy1,thenk =14 g,41 with 1 <[ < g,_1. Thus

_ —1 _ —
Fo ALV (x0) N ALY (x0)) = [F 70+ (xg), 9191 (xg)] N A (x0)

< (AF (x0) U AG P (x0)) N A (x0)

AP (x0) N A" () = {

and hence A(()"fl)(xo) N A,(C")(xo) has empty interior.
e —gn <k <0. In this case, by Lemma 2.1, A(_"l:l)(xo) N Agl)(xo) has empty interior.
o —(apr1+Dgn<k<—qu. W ké¢{—jg,:1<j<ant+1}, then —k =1+ jg, with
1<l<gpand 1 <j <auy1. Thus

i —1
S A" Y (x0) N AL (x0))
-1 —j —1 -1
= A" Do) 0 A (o)) € A"V (x0) N AT (x),

SO A(fk_ 1)(xo) N A(()n) (xp) has empty interior.
o —(qnt1+qn) <k = —(apy1 + Dagp. If k #—(aps41 + 1)qy, then —k =1+ (a,1 +
1)g, with 1 <1 < g,,—1. Thus

flmatDan (ACTD (xg) 0 AGY (x0)) = ATV (o) N fT @D (AT (x0))
-1 -1 -1
c AP o) (A o) U ag ™ o).

Hence A(fk_ 1)()co) N Agl)(xo) has empty interior. O
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LEMMA 2.4.

@) A(()n_l)(xo) N A,((")(xo) has non-empty interior and |k| < gy, if and only if k = q,,—1.

2) A(()”)(xo) N A,((n)(xo) has non-empty interior and |k| < qn + qn+1 if and only if |k| =
0 0r gus1.

Proof. Assertion (1) follows from Lemma 2.3. For assertion (2), if |k| = 0 or g1, one has
AP (x0) N AP (x0) = AL (xg) or [ £49n+1(xg), xo], respectively, and k| < gn + gn+1-
Conversely, assume that Aé")(xo) N A,((")(xo) has non-empty interior and |k| < g, + gn+1-
Assume that k > 0. Then k > g, and so k =1+ g,—1 with 0 <! < g, + qn+1 — Gn—1-
Hence A(()")(xo) n A,((")(xo) C Ag’)(xo) N Al(”_l)(xo). Therefore A(:’l) (x0) N A(()"_l)(xo)

has non-empty interior. By Lemma 2.3, —/ = —jgq, with 1 < j <a,4+1 + 1 and hence
k =qn—1+ jqn- We conclude that j = a,4+1 and so k = g,+1. Now if k < 0, then, by the
above, —k = g, +1. The proof is complete. O

The following lemmas are easy to check.

LEMMA 2.5. Let n>1 be an integer and let yy € S'. Set y, = fin-1(yy), y3=
1 . —1 ; -

Fo1(2), ATV () = £y, yal) and AV TV (v2) = £ ([y2, y31), 0 <, j < gy Then
(n—1) (n—1) o . .
A, N Aj (y2) has non-empty interior if and only if one of the following

conditions holds.
() j=i—gqn-1andqu—1 <i <qy, inthis case,

-1 -1
AP = A;" ")
Q) j=qn—qgun—1+iand0<i < qu—_1;, in this case,
J=4n — 4 q
-1 -1
APV () = A ().

LEMMA 2.6. Let n > 1 be an integer and let yy € S'. Set y» = fa=1(yy), y3 = fa=1(y).
Then, for every x € Sl\Of(yl), there exists a unique 0 <i =1i,(x) < g, such that x €
iyt y2D U £91D(ya, y3l), where @y < [0, gul —> [0, gul is a bijective map given by

Gn — qn-1+1 if0<i<gn-1,

(pn(i)z . X .
I —qn-1 ifgn—1 <1 <qn.

2.2. Useful inequalities. ~The proof of the following results are based on the dynamical
partition of S'.

FINZI DISTORTION LEMMA. [14] Let f € P(S') with irrational rotation number. For all
ze S x, y € [z, fI1(2)] and for all integer 0 < k < gy,
k
v ka(x) <o
Df*(y)

Notice that Finzi’s distortion lemma is used for the proof of Herman—Katok’s theorem.

The following lemma plays a key role in studying metrical properties of the
homeomorphism f.
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DENJOY’S INEQUALITY. Let f € P(SY) with irrational rotation number. For all x € S!
and alln € N,
eV <Dfi"(x) <e,

where V = Var(log Df).
Here and further on, by m([a, b]) we mean the smallest length of the two arcs [a, b] and

[b, a] on S!. In the following lemma, we have to compare the lengths of different iterates
of intervals.

LEMMA 2.7. Let f € P(SY) with irrational rotation number o = p(f). Let n € N* and
z1 € SU. Set zo = f-1(z1), z3 = f9~1(z). Then, for any segments K1, K> C [z1, z3],

o2V m(Ky) - m(f/ (K1) - ezvm(Kl)
m(K2) ~ m(fi(K2) = m(Ky)
Proof. If 0 < j < gy, this follows from [1, Lemma 2.6]. If —¢g,, < j <0, we apply the

same result to £~ ! instead of f (since the convergent sequences of the continued fractions
of o(f~") =1 — o(f) and o(f) have the same denominators). ad

Jorall |j| < qn.

2.3. Some ratio tools. Let us introduce the notion of ratio distortion with respect to a
homeomorphism.

Definition 2.8. Let x1, x2, x3 be real numbers such that x; < x2 < x3.
(1) The ratio of the triple (x1, x2, x3) is the real number defined as

Xy — X1

r(xy, x2, x3) = ——.

X3 — X2

(i) The ratio distortion of the triple (x1, x3, x3) with respect to an increasing function
F : R — R is the real number defined as

1(F(x1), F(x2), F(x3))  F(x2) —F(x1)  x3—x2
r(xy, x2, x3) x2—x1  F(x3)— F(x)

Drp(x1, x2, x3) =

Notice the following.
o The ratio r is translation invariant: i.e.,

r(xy +a, xy +a, x3+a)=r(xy, x2,x3), aeck.

e The ratio distortion Dr is multiplicative with respect to composition: for two functions
F and G on R,

Drgor(x1, X2, x3) = Drg (F(x1), F(x2), F(x3))Drp(x1, x2, x3).

Let z1, z2, z3 € S! with lifts 7], 75, 73 and 7] < 72 < z3 < z1 ordered on S'. Define

- Zi ifzi<zi<l1,
Zi = ~ . ~ o~
14z if0<z <273,

where i =2, 3. Obviously, 7] < 2> < 23. The vector (2], 25, 23) € R? is called the lifted
vector of (z1, 22, 23) € (SH)>.
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Now consider a homeomorphism f of S' with lift f We define the ratio distortion of
the triple (z1, 22, 23), 21, 22, 23 € S' with respect to f by

Dry(z1, 22, 23) :== Dry(21, 22, 23),

where (21, 22, 23) is the lifted vector of (z1, z2, z3). This definition is independent of the
lift of f since the ratio is translation invariant.

Definition 2.9. Let R > 1 be a real number and let xq € St We say that a triple (z1, z2, 23)
of S (z1 < z2 < z3) satisfies the conditions (a) and (b) for the point xo and the constant
R if:

(@ R <m(z2, z3D)/m(lz1, z2]) < R; and

(b) maxi<i<3 m([xo, zi]) < Rm([z1, z2]).

We call two intervals in S! R-comparable if the ratio of their lengths is in [R™!, R].

2.4. Reduction. 1In this subsection, we will reduce any homeomorphism f € P(S!)
with several break (or non-break) points to one with break points lying on different orbits.

Definition 2.10. Let ce C(f). A maximal f-connection of c¢ is a segment
[f7P@), ..., fi()]:={f°(c): —p <5 < g} of the orbit Of(c) which contains all the
break points of f contained on O (c) and such that f~7(c) (respectively, f9(c)) is the
first (respectively, last) break point of f on Of(c).

Consider the following properties.
e Two break points of f are on the same maximal f-connection if and only if they are
on the same orbit.
e Two distinct maximal f-connections are disjoint.
Denote:
o Mi(f)=lci,..., fNi(c)], (N; € N), to be the maximal f-connections of ¢; € C(f),
(0=i=p);and
o M(f)=LI_, Mi(f).
So we have the decomposition C(f) = f:o Ci(f),where C;(f)=C(f)NM;(f),0<

i < p. Also,
[] er@= [] or@.
deCi(f) deM;(f)

PROPOSITION 2.11. [4, Theorem 2.1] Let f € P(SY) with irrational rotation number and
let (ko, ..., kp) € ZPTY. Then there exists a piecewise quadratic homeomorphism
K eP(SY such that F:=KofoK 'eP(SY) with CF)C{K(fh(c))=
Fki (K(ci));i=0,1,..., p} and such that or(FN (K (¢;))) = 7Ts,0/(c,-)(f), i=
0,1,...,p.

COROLLARY 2.12. [4, Corollary 2.3] Let f eP(SY) with irrational rotation
number. Suppose that f satisfies the KO condition. Then there exists a piecewise
quadratic homeomorphism K € P(S') suchthat F =K o f o K~' € P(S") with C(F) C
{K(co), ..., K(cp)}, where co, . .., cp € C(f) are on pairwise distinct orbits.

In particular, this gives the following corollary.
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COROLLARY 2.13. Let f, K and F as in Corollary 2.12.

(1) If f does not satisfy the (D)-property, then there exists 0 <i < p such that K (c;) is
the unique break point of F in its orbit.

(i) If f satisfies the (D)-property then F is a C'-diffeomorphism with DF absolutely
continuous on S'.

PROPOSITION 2.14. Let f, g € P(S') which have the same irrational rotation number
such that the break points of f (respectively, g) belong to pairwise distinct f-orbits
(respectively, g-orbits). Let h be the conjugating homeomorphism from f to g. Then there
exists an integer q > p, co, C1, ..., Cq; do, d1, ..., dy belonging to pairwise distinct
orbits f-orbits and g-orbits, respectively, such that C(f) C{co,c1,...,¢q}, C(g) C
{do, dy, ..., dy}, and a homeomorphism u of ' such that G :=uo f ou™' € P(S') has
break points belonging to pairwise distinct G-orbits and satisfies that:

i CG)Cclu(c):i=0,1,...,q9})

(i) ogu(c)) =o04(d;),i=0,1,...,q;

(i) 73(G) =7s(8); and

(iv) h is singular if and only if so is u.

From now on, we denote B :={cy, . .., ¢4} and cp =c.
In what follows, we may assume that f, g € P(S!) have the same irrational rotation
number « and satisfy the following conditions.
e The points of B belong to pairwise distinct f-orbits.
The break points of g belong to pairwise distinct g-orbits.
C(f)CB.
The maps f, g satisfy the KO condition.
The conjugating 4 is such that C(g) C h(B).

3. Primary cells
Let xo € S! and f € P(S!) with irrational rotation number o = p(f). Let ¢ € B and let

n be an odd integer. By Lemma 2.1, either ¢ € AZ’(;)I )(xo) for some 0 <i,(c) <gq, or

ce Al(:()c)(xo) for some 0 < i,(c) < gn—1. Set

ya=fT%),  yi= T, y3= f1 ().

Notice that yi, y» and y3 are defined with respect to f, xp, ¢ and the number i, (c)
depends on x¢. Let § > 0 and let Us(xp) be a §-neighbourhood of x.

PropPOSITION 3.1. (Cf. [3, Proposition 3.1]) Using the above notation, there

exists N = N(xg, 8) € N such that, for all n > N, there is a triple (y1, y2, y3) =

(y1(n), y2(n), y3(n))n>n with the following properties.

(c-0)  (y1, y2, y3)(respectively, (f9"(y1), fI"(y2), fI"(y3))n=N) C Us(xo).

(1) y2 € AJ " (x0) or y2 € AG (x0).

(c2)  m(fI([y1, y3)) < KA", forevery 0 < j < qn, where A= (1 +e= V)" V2 and K a
constant independent of n.

(©3) YU m(fI Iy, yah) <2
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(c-4) The triples (y1, y2, ¥3) and (f4(y1), f9"(y2), f9(y3)) satisfy conditions (a) and
(b) of Definition 2.9 for xo and the constant R = 3V + eV + 1.

(c-5)
° fi([yl, y3]) does not contain c for every 0 <i #i,(c) < qn.
o fin([y1, y3]) does not contain any break point of f other than c.

Definition. (Primary cell) The triple (y, y2, ¥3) given in Proposition 3.1 is called a
primary cell associated to (f, xg, ¢, §, N) for the constant R = &3V + ¢V + 1.

In the following, set No = {n € N, n > N}.

Letce B,d ¢ Oy(c) and let (y1, y2, ¥3) := (y1(n), y2(n), y3(n))seN, be the primary
cell associated to ( f, xg, ¢, §, N). By Lemma 2.6, for every n € Ny, denote

m(Lf "D (d), y2])
m ([ fn@=in@ (y3), yo])’
where j,(d) = ¢,(i,(d)) and i,(d) is the unique integer 0 <i,(d) < g, such that d €
Dy, 2D ord € f7 D [y, y3D).

One always has f~@(d) e [f9 vy, y»]. Indeed, by Lemma 2.6, there exists a
unique 0 <i,(d) < g, such that either d € fi"(d)([yl, w])ord e fj"(d)([yz, y3]). In the
first case, f @ (d) € [y1, y2], and in the second case, f~»@(d) € [fiy|, fIy,] C
[f9y1, y2]. One can write

m(Lf "D (d), y2])
m([y1, y21)
m(Lf "), y2])
m([f2y1, y2])
Let d € B\{c} and let A be an infinite subset of Nj.
e Denote by 7' (d, A) the set of limit points of (#;,(d))neca. Therefore T'(d, A) C [0, 1].
We say that d satisfies:
e the Pi(d, A)-property if T(d, A) N]0, 1[ # ¥ and, foreveryn € A, 0 <i,(d) < gn—1;
and
e the Py(d, A)-property if T(d, A)N]0, 1[ # @ and, for every n € A, g,—1 <i,(d) <

qn-
Set:

tn(d) =

if g1 <ip(d) <qq,
tn(d) =

if 0 = ln(d) <{4n-1-

011(A) = {d € B\{c} : d satisfies the P;(d, A)-property};
012(A) = {d € B\{c} : d satisfies the P>(d, A)-property};
Q1(A) = 011 (A) U Q12(A);
02(A) ={d € B\{c}: T(d, A) ={0}};
03(A) ={d € B\{c}:T(d, A) ={1}}; and
04(A) ={d € B\{c}: T(d, A) ={0, 1}}.
PROPOSITION 3.2. Assume that the rotation number p(f) of f is of bounded type. Then,

for every point ¢, c1 in B(f), c1 # c, there exists an infinite subset M. ., of No such that
c1 € Q1(Mc,¢)).
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Proof. Suppose that there exist two distinct points ¢, ¢; in B(f) such that, for any infinite
subset M of Ng, T'(c1, M) C {0, 1}, in particular, for M = Ny. Then there exist two subsets
M and M; of Ny such that M> = No\ M with

02(My) if M, is finite,
c1 €1 03(M») if M is finite,
0>(My) N Q3(M,) if My and M, are infinite.

Set
o in(c1) —ip(c) ifne My,
" nle) —in(c) ifne My,
and .
m([cl,{"(cm ——
m(ALZ) ()
¥ (cy) = " Z;
m([c1, f*(c)]) it e Mo,

m(AL ()

It is plain that |k, 41 — k| < gn+1 for every n € No.
CLAIM 1. We have lim,_, y 1, (c1) = 0.
Proof. We distinguish three cases.

Case I: M, is finite. Then ¢ € Q2(M1), i.e., limy— 400 nem, ta(c1) = 0. We have

FT e e L on). vl = A D U ATV o)

and

m(ASV (D) = m(LF (). yal) < (L +e)m(Ag ™V ().
As

m e el om0 e )
n—+ooneMy  m(Lf9 (y1), y2]) ’ n—tooneMi m(AY (yy))

So there is n € N such that, for every n € My, n > ny, f‘i"(cl)(cl) € A(()"_l)(yl). Hence
D

c1 is an interior point of A,((": b
n n—

(© and, by Lemma 2.7, lim,—, 4 00 nen, £, (c1) =0.

Case 2: M is finite. Then c1 € Q3(M>), i.e., lim,_ 100 nem, ta(c1) =0. In the same
manner as in Case 1, there exists np € N such that, for every n e My, n>no,
Fne0ery e ATV (v2) and Timy oo mear, (L =D er), yol) /m (AT (2)) =
0. Hence ¢ is an interior point of A,(:*l)(c) and, by Lemma 2.7, lim,— o0 nep, 1, (c1)
=0.

Case 3: My and M, are infinite. Then c¢1 € Q2(M1) N Q3(M>), ie., lim,— 400 nem,
ty(c1) =0 and lim, 4o0nem, ta(c1) =0. By Cases 1 and 2, it follows that
lim,,—, o0 £, (c1) = 0. O
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CLAIM 2. There exists p € N such that, for every n > p, c| is an interior point of

A,({:H) (¢) ifn e M; and M infinite,
A,(;H)(c) if n € My and M infinite.

Proof. If ne My and M; is infinite, then ¢ is an interior point of A,(;:;i_](c)

and lim,— o0 nepm, fi(c1) =0. As the rotation number is of bounded type, then, by
(n—1)

kn_qzn—] 5 :
50 limy . yoonen, (m(ler, f2(@D)/m(AL (c))) =0. Since A" () c A'Z) (0),

kn —qn—1
the claim follows for this case.

Lemma 2.2 and Denjoy’s inequality, A (c) and A,(;H) (c) are comparable, and

If ne M, and if M, is infinite, then ¢; is an interior point of A,((Z_l)(c) and
lim,—, 4 oo,nem, 1, (c1) =0. As the rotation number is of bounded type, then, by
Lemma 2.2 and Denjoy’s inequality, A,((Z_l)(c) and Ag%)(c) are comparable, and so
limy—s +oomenr, (m(ler, fX1 () /m(ALV())) = 0. Since A () c A"V (c), the
claim follows for this case. O

CLAIM 3. Foreveryn > p, k, = kpy1.

Proof. First, we shall prove that (n, n + 1) ¢ M; x M;,i =1, 2. Otherwise, if (n, n + 1)
€ M| x My, then, by Claim 2, c; is an interior point of A,((:Jrz) (c)N A,((:Jrf) (¢). Since
lkn+1 — knl < gn+1 < gn+2, this contradicts Lemma 2.4. If (n, n + 1) € M> x M>, then,
by Claim 2, c; is an interior point of A,((:H) (o)n A,((ZL“) (c). Since |kp4+1 — kn| < gny1 <
qn+3, this contradicts Lemma 2.4. Now, if (n, n + 1) € M| x M>, then, by Claim 2, ¢ is
an interior point of A,((ZH) ()N A,(:::D (c) C A,({T_z) (on A,((:jlz) (c). Since |kp41 — k| <
Gn+1 < qn+3, by Lemma 2.4, k,, = k1. If (n, n + 1) € M x My, then, by Claim 2, ¢y is
an interior point of A,((':H)(c) N A,((':jf)(c). Since |ky11 — kn| < gni1 < gni3, by Lemma
24, ky = kpa. O

We end the proof of Proposition 3.2 as follows. By Claim 1, lim,— 1o t;(c1) =
0. and by Claim 3, k, =k, for every n> p. As limy oo m(A{" "(c)) =0 and
limy,— 00 m(A(n_l) (¢)) =0, thency = fP(c) € Of(c). This implies that c; = ¢, which

i L kn —4n—1
is a contradiction. O

Following [1, Proposition 3.2], there exists an infinite subset M of M, ., such that
O1(Mc,¢), QoM ;) and Q3(M ) form a partition of B\{c}. In the following, we
write Ng instead of M for simplicity, and so B\{c} = Q1(Np) LI Q>(Np) LI O3(Np).

e Denote E(cy, ¢) :={c} U 02(Np) U O3(Np).
Forae S', n € Npand y > 0, set:
o Lii=m(AM (n));
Vi@ =la - yl,-1.a + yl,_1]: and
in(d) ifde{c}U 02(No),

o ky(d)= .
Jn(d) ifd € Q3(No).
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PROPOSITION 3.3. There exists a positive constant yy > 0 such that:
(1) foreveryd € E(cy, c¢) and every 0 <y < yy, there exists n), € Ng such that, for any
n € No, n > n,, there exists a unique integer 0 < k,(d) < g such that

FD @y e VD (£ @)y c 1y1, vl

) foreveryn e No, U," f7H(B\E(c1, ¢)) € SNV, (f 7@ (c));

(3) for every d € Q11(No) and n € No, f=D(d) € 1% (y1) + voln—1, y2 — Yoln—11;
and

() foreveryd € Q12(No) and n € No, f~"D(d) € 1ys + yolu-1, y3 — Yoln—1l.

Proof. Letd € B\{c}.

Assertion (1). The intervals f»@([y;, y2]) and @ ([y,, y3]) are
comparable (that is, there is a positive constant 0 < K <1 such that K <
m(fi"(d)([yl, yg]))/m(fj"(d)([yg, y3])) < K~ for every n € Ng) and are comparable to
their union [ f72(D (y,), fi»@ (y,)] which implies, by Lemma 2.7 and Denjoy’s inequality,
that the four intervals [yi, y2l, [y2, ysl, [f D7 @ (yy), ya], [yz, fir@=in(@ (yy)]
are comparable. In particular, the ratios m([f~"@(d), y21)/m([y1, y2]) and
m(Lf 7D (d), ya)) /m(Lf D7 @D (y3), ya]) = 1,(d) are  comparable. So,  for
d € 02(Np), lim,,_,  #,(d) = 0, which is equivalent to the assertion that

for all y > 0, there exists n, € Ny

such that, for everyn > n,, n € Ny : f_i”(d) d) e Vn(f;) ().

Similarly, the ratios m(ly2, f~" @@/ m(y1, y21) and  m(ly2, [~ D @)])/
m([yz, fin@=in@(y)]) are comparable, which is comparable to the ratio
m(Lfr DD (o), fr D@D/ mf O D (y2), y2l) =1 = 1,(d)  (by Lemma
2.7). So, for d € Q3(Np), lim,,— 40 t,(d) = 1, which is equivalent to the assertion that

forall y > 0, there exists n, € Np

such that, for every n > n,,n € Ny : f_j"(d) ) e Vn(;’;) ().

Assertion (2). Let d € Q1(Np). There exists 0 < y(d) < 1 such that, for every n €
No, t,(d) > y(d) and 1 — t,(d) > y(d). Since Q1(Np) is finite, there exists 0 < yp < 1
and an infinite subset M, of Ny (No\M; is finite) such that the points f_i'l(d)(d)
and f_f"(d)(d) are contained in the set Sl\V,,(f;,f)(yz) for all d € Q1(M3) and n €
M>. By Lemma 2.6, d ¢ f'([y1, y2D) U f/([y2, y3]) for every 0 <i < qn. i #in(d), j =
@ (i). Hence, for every 0 <i < g, i Zi,(d): f7'(d) ¢ [y1, y2], and for every 0 < j <
Gn. J # jn(d) = @n(in(d)) : f77(d) ¢ [y2., y3]. In particular, for every 0 <i <gy,i#
in(d). i # ju(d): f71(d) ¢ [y1. y3). So f7(d) ¢ Vil (32) since Vil (3) C [y1. ysl.
Then Ui, £~ (B\E(c1, ¢)) C S"\Vi/ (02).

Write Ny instead of M>.

Assertion (3). Let d € Q11(Np). Then there exists an integer n(d) € Ng such that, for
every n € No(n > n(d)), 0 <in(d) < gn-1,

FTnD (@) € [yr, 2] U @@ [y, 33
=[y1, 21U " (y1), fI" ()] =" (1), y2]
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and

mUf D,y
m([f % (y1), y21)

Since the intervals [ f9 (y1), y2] and [y1, y2] are comparable, there exists 0 < y; < yp and

an integer n’(d) € Ny such that, for all d € Ng and n > n'(d), f~»D(d) e [fI(y1) +

viln—1, y2 — v1ln—1]. Since Q11(Np) is finite, there exists an integer n| € Ny such that,

foralld € Q11(Np) and n € Ng, n > ny,

D@ € L7 51 + Vi1, y2 — Vi,
Assertion (4). Let d € Q12(Np). Then there exists an integer n(d) € Ny such that, for
every n € No, n > n(d), gn—1 < in(d) < qn. "D (d) € [y2, y3] and
m(Lf =D (d), y2])
<l-w
m([y1, y21)

Yo = tn(d) =

Y0-

Yo <ta(d) =

Since the ratios

m([f =D (@), y3]) and m([f =D (d), y21)
m([y2, y31) m([y1, y21)

are comparable, there exists 0 <> <yp such that f=D(d) e[y + yol_1, y3 —
yal,—1] for all d € Q12(Np). Since Q12(Np) is finite, there exists an integer ny € Ny such
that, for all d € Q12(Ng) and n € Ng, n > ny,

F7D@) € [y2 + yalu—1. y3 = Yalu—1]. O
COROLLARY 3.4. Foreveryd € E(cy, ¢),

m([f 7 D(d), y2])
n—+00,neNp m([y1, y21

Proof. 1tis a consequence of Proposition 3.3. O

4. Secondary cells
In this section, we introduce a new triple (z1, z2, z3) in Us(xp) depending on two real
parameters B and y. Let B, y €10, yol(B < y). Forn € Ny (n > ng), we define the points

21,22, 3€8 i<z <z3)aszm =y andzy, 23 € Vrff})(zz)\V,ffg)(Zz), ie.,

- m([z1, z21) - and < m([z2, z3]) <.
m([y1, y21) m([y1, y21)

Definition. (Secondary cell) The triple (z1, 22, z3) is called a (B, y)-derived cell
associated to ( f, xo, ¢, Np, §).

PROPOSITION 4.1. Using the above notation, for every n € No, n > ng:
©) [z1. 231 C Vb (32) € Dy, 33l
(1) for any d € E(c1, c), there exists a unique 0 <k, (d) < g, such that f_k”(d) d) e
f .
Vn’(1/4)ﬁ(y2),
2) m(f'(z1, z3])) < K\, forevery 0 < j < gy, where A = (1 + eV V2 and K isa
constant independent of n, V = Var(log(Df));
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3) X m(fz, mh) <2

(4)  thetriples (z1, 22, z3) and (f9"(z1), f9(z2), f9 (z3)) satisfy conditions (a) and (b)
of Definition 2.9 for xo and the constant R(B) = Re?V/B, where R =3V + ¢V + 1;

(5)  fi(lz1, z3)) does not contain any point of B for every 0 <i < q, and i # kn(d), d €
E(cy, ¢); and

(6) foreveryd € E(c1,¢),d € fD(zy, z3.

Proof. Assertion (0). This results from the definition of (z1, 22, z3), for small y
Assertion (1). This follows from assertion (1) in Proposition 3.3.
Assertions (2) and (3) hold since [z1, z3] C [y1, y3] and by applying the same proof of
the properties (c-2) and (c-3) of Proposition 3.1 to (z1, 22, z3) instead of (y1, y2, ¥3) .
Assertion (4). We have

B _ Bm([y1, y21) m([zz,zsl) )’m([}’I »h vy

y = ym(yn ) — mzn D) — fmn ) B
Then, by Lemma 2.7,

e_zvé — 2V Bm([y1, y21) <2V m([z2, z3]) < m(f([z2, z3]))
Y ym([yr, y2) — m([z1, z2]) — m(f9([z1, z2]))
cvmza, ) ayymyn y2D _ avy
m([z1, zz]) Bm([y1, y21) B
Hence (z1, z2, z3) satisfies conditions (a) and (b) of Definition 2.9 for the
constant R(f, y) = (R/,B)ezv. On the other hand, since [z, z3] C [f? (y1), 3], x0 €
Lf 9 (y1), y3] and max(m([f 9 (y1), x0D); m([x0, y31)) < Rm([y1, y2]), it follows that

lrilflé(m([xo, zi]) <max(m([ 9" (y1), xo]); m([x0, y31))
R
< Rm([y1, y2]) =< Em([m, 22]).

Furthermore, as [z1, 23] C 1y1, y3[, f?([z1, z3]) C f?*(y1, y3D. Since xg € [f9"
(v1), y3land f9(y1, 3D U f@=1Af9"(y1), y2D U f@ =1 (Qy2, y3[) C [f?(y1), y3],

R
max, m([fI"(z;), xo]) < max(m([f?(y1), x0]); m([x0, y31)) < —m([z1, 22])

B
Ry o o
< 5 e~ ' m(f([z1, z2]) (by Denjoy’s inequality).

Therefore (f9(z1), f9 (z2), f9 (z3)) satisfies conditions (a) and (b) of Definition 2.9 for
the constant R(8, y) = (R/,B)ezv.

Assertion (5). If de B and 0<i <g, is an integer such that d € fi([zl, z3]),
then f~(d) € [z1, 23] C Vn(];,) (yz) C V,,( v (72). According to assertion (2) of Proposition
3.3, we obtain f~(d) ¢ an 0o S~ J(B\E(cy, ¢)), 0<i <gq,. In particular, f~/(d) ¢
F7H(B\E(c1, ¢)). Hence d € E(cy, ¢) such that 0 <i < g, and £~ (d) € V) (y2). By
assertion (1), i = k,, (d).

Assertion (6) is a consequence of assertions (0) and (1). O
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PROPOSITION 4.2. [1, Proposition 4.2] Let (y1, y2, y3) C Us(xg) be the primary cell
and let (21, 22, 23) be a (B, y) secondary cell associated to (f, xo, ¢, No). Let h be the
homeomorphism conjugating f to g and assume that it admits in xo a positive derivative
Dh(xg) > 0. Then the following properties hold.

(1) (h(y1), h(y2), h(y3)) is a primary cell associated to (g, h(xg), h(c), Np).

2)  (h(z1), h(z2), h(z3)) is a (B/2, 2y)-derived cell associated to (g, h(xg), h(c), Np).
(3)  There is an integer n,, € Ny such that, for everyn € No, n > n,,

h(Vih) (32)) € V& (h(y2) € h(V,) (32).
PROPOSITION 4.3. Using the notation of Proposition 4.2, for everyn € No, n > ng:
(h-0)  [h(z1), h(z3)]1 C V(g) (h(y2)) C [h(y1), h(y3)];
(h-1) for any de E(c1, c) ky,(d) is the unique integer in [0, g,[ such that
—kn (d)(h(d)) € V (1/2)5(}1()’2))
(h-2) M(g’([h(m), h(z3)D) < K'(W)", for every 0<j<gqn where )\ =(l+
_V/) 12 and K' is a constant independent of n, V' = Var(log(Dg));
(h-3) Zq” m(g! ([h(z1), h(z3)]) <2;
(h-4) ¢ i([h(z1), h(z3)]) does not contain any break point of h(B) for every 0 <i < gy
andi # ky(d), d € E(cy, ¢);

(h-5) foreveryd e E(cy, c),

g Mg (@), R _

n—>+oo  m([h(y1), h(y2)])

(h-6)  for everyd € E(c1, ), h(d) € ¢V (h(z1), h(z3)D-

Proof. Assertion (h-0) is a consequence of Proposition 4.2(3).

(h-1). Let d e E(cl, ¢). By Proposition 4.1(1), there exists 0 < k, (d) < gn such that
FR D@y e VT 4(z2). Then g~ R @ (h(d)) = h(f D)) € h(V,) 4 4(22))
Vn( (1/2)5(}1(12)) for every n > nﬂ, n € Np. Uniqueness: if 0 <1i, j < g, satisfy g_’ (h(d)),

gl @) e Vs (h(z2),  then  f7(d), 7T (d) € k" (Vyh) (h(z2) C V) (22).
Therefore, by Proposition 4.1(1), i = j.

(h-2) and (h-3). By Proposition 4.2(2), (h(z1), h(z2), h(z3)) is a (8/2, 2y)-derived cell
associated to (g, h(xop), h(c), No). Therefore the proof is similar to that of Proposition
4.1(2) and (3), with f replaced by g.

(h-4). Let 0 <i < g, and assume that g’ ([h(z1), h(z3)]) contains a break point d’ =
h(d) of g for a break point d of f. Then fi([zl, z3]) contains the break point d of f. By
Proposition 4.1(1) and (5), d € E(c1, ¢) and i =k, (d).

(h-5). Let d € E(cy, ¢) and y > 0. By Proposition 3.1(6), there is an integer n;/ €
Np such that, for every n € Ng, n > n;,, f’k"(d) ) e V(f)(yz). On the other hand, by

Proposition 4.2(3), there is an integer n,, € No, n, > ;, such that, for every n € Ng, n >
n,, h(v" 1m0 C Vi (h(y2)). As "D (h(d)) = h(f @ (d)), it follows that
g_k"(d)(h(d)) € V(g)(h(yz)) for every n > n,,, n € Ny. Since y > 0 is arbitrary,

o mAeT D)), h(y)D _
n—>+oo  m([h(y1), h(y2)])
(h-6) is a consequence of Assertions (h-0) and (h-1). O
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5. Control of distortions
PROPOSITION 5.1. [1, Proposition 5.1] Let Ng and yy be as in Proposition 3.3. Let B, y €
10, wl(B < y). Assume that the conjugation homeomorphism h from f to g admits at xg
a positive derivative Dh(xg) = wo > 0. Then there exists an integer ng € Ng such that, for
everyn € No, n > ng,

Drgan (h(z21), h(z2), h(z3)) _ 2

|l<—= g
Drfan (21, 22, 23) 1=

The next proposition is another distortion control which is opposite to the one of
Proposition 5.1. This allows us to prove that the conjugation from f to g is singular with
respect to the Lebesgue measure.

PROPOSITION 5.2. Assume that the irrational rotation number of f is of bounded type.
Let c, c1 in B(f), ¢ #c1, No and let yy be as in Proposition 3.3. Then, for any ¢ > 0,
there exists 0 <y < yg such that, for any B € 10, y[, there exists ng € No such that, for
all n > ng, n € Ny, the (B, y) secondary cell (z1, z2, z3) associated to (f, xo, ¢, Ny, §)
satisfies the inequality

Dryn (h(z21), hz2), h(z3)
Dl"fqn (Zla 22, Z3)

[I(c1, ¢)| < Ae  for some constant A > 0,

where

Neno= [ Z4@

deEer,e) 0 )

The proof of Proposition 5.2 is an elaboration of the proof of [1, Proposition 5.3] and
so we only describe the changes that are necessary.

LEMMA 5.3. Assume that the rotation number o of f is of bounded type. Let c| €
C(H\lc}, uo, ye,c; and let Ng be as in Proposition 3.3. Let h be the conjugation from
ftoRy: ho f= Ry o h. Assume that Dh(xg) > 0. Then, for any € > 0, there exists n > 0
such that, for any u € 10, n[, there exists n, , € N¢ ¢, such that for, anyn € N¢ ¢, n>ny r,
the (r, u)-derived cell (21, 22, 23) associated to (f, xg, c) satisfies

|Dryan (21, 22, 23) — Hg(c, c1)| < Cie,

where
Myc,en=[] or®
beE(cy,c)

and C1 is a positive constant.

Proof. Let ¢ > 0. Since Df is absolutely continuous on every interval [c;, ¢j+1](0 <i <
p), there exists a real 0 < np < e2Vy0 such that, for every disjoint interval ([a;, b;])jes
of continuity intervals of Df (these later are the [c;, ¢i+1](0 <i < p)) such that if
Zjej laj — bj| < no, then Zjej [Df(a;) — Df(h;)| <e. Let0 < B <y < %e‘zvno and
let (z1, z2, z3) be the (B, y)-derived cell associated to ( f, xo, ¢, Ng). For n € Ny, denote
the following.

o [:=1{0,1,..., qn — 1}\{k,1(d) :‘d € E(cy, 0)}.

o Di(f):=Drs(f'(z1), f'(z2), ['(23)), 0 =i < qn.
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o P:= Hiel Di(f); P1:= HdeE(q,c) Dkn(d)(f)’
o Dy, :=Drypu(z1, 22, 23).

One has D,, = P P;.

Step 1. We consider D;(f), i € I. By Proposition 4.1(5), Df is continuous on the interval
[f7(z1), fi(z3)]. Then, by the mean value theorem, there exist a; € 1f'(z1), f'(z2)[
and b; € 1f'(z2), f'(z3)[ such that D;(f) = Df(a;)/Df(b;). Since ([ai, f*(z2)Dier are
disjoint intervals of continuity of Df, by Lemma 2.7, they satisfy the inequalities

> mai, @) <D mf ). f1@)D)

iel iel
2V m([z1, 22])
< %j L 7aD m(Lf ), f1 2D
<y Y mAf o, LoD <y <o
iel
Consequently, '

> IDf(f*(z2)) — Df(a)| <. (5.1)
iel

Also ([ f i(22), bi])ies are disjoint intervals of continuity of Df, so, by Lemma 2.7, they

satisfy
D om(f 22, bi) <D m(f (z2), 1z
iel iel
zv m([ZQ, z3]) i i
< Z, e (AU AR
<y Y m(Uf G0, oD < mo.
iel
Consequently, .
> IDf(f'(z2)) — Di(h)| <e. (5.2)
iel
Combining (5.1) and (5.2),
Z IDf(b;) — Df(a;)| < 2e. (5.3)
iel

Set D} (f) :=max(Di(f). (Di(f)~") and P*:=[];¢; D} (f).

Since Df takes its values in [m1, M1] (m > 0), the following properties hold.

e 0=<D:(f)—1=(1/my)|Df(b;) — Df(a;)|.
° Zie[ |D;"(f)—1|§(2/m1)8.
o log Di(f)|=1log D} (f) < Df(f) — 1.
e 1/P*<P<P*
It follows that
e~ < P < %% where Co = mi (5.4)
1

Step 2. We consider Dy, q)(f), d € E(c1, ¢). We know thatd € 15 @ (zy), fra@(z3)][.
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Case 2a. d € 1@ (z1), @ (20)[ with kn(d) = in(d). By Proposition 4.1(5), Df is
continuous on the intervals [ %) (z1), d], [d, f*@D(z5)] and [ 5D (z5), @ (z3)].
By the mean value theorem, there exist t; € | f% @ (z)), d[, t» € 1d, f**@D(z5)[ and 13 €
175D (z2), f5D(23)[ such that

Df Df
Dty (f) = (1 — m(d))ng + rad) ng
where
() = —md 2O
" m([fo @ (zy), flan@(z2)])"
‘We have
Df(t) D_f(d) IDf(t1) — Df(12)]|
| D,y (f) —op(d)] < 'Df(t3) - Dy @) +r"(d)—Df(t3) .
Since
D) _ DD M inn) — D f @) + IDfs) — Dy f@),
Df(3) Dy f(d)|~ m?
by Lemma 2.7,
kn(d) _kn(d) _kn(d)
@y =" (k[{d) @), 22D) _ pvm(lf ), z20)
m(f* D ([z1, 22]) m([z1, z2])
cvmny)  mUf O, @) 2
m([z1. 22]) m(y, )  ~— B "
e m(Lf D), z2)
s,(d) = ™S 2l
[([y1, y2])
It follows that

n(d
Dy (f) — o (d)] < K0<s ; )

+ [Df(11) — D_ f(d)| + |Df(13) — D+f(d)|>,

where Ko = max((M;/m1)e?V, Ml/m%).

Since limy, s o0 $4(d) =0 (Corollary 3.4), there exists ng g € No such that, for any
n €Ny, n>ng g, s,(d) < Be. The intervals (Jt1, d[; 1d, t30)acE(c,,c) are disjoint intervals
of continuity of Df; they satisfy, by Lemma 2.7,

m([t1, d]) + m([d, 531) < 2m([f*D(z1), oD (2)]) + m D (), ff2 @D (z3)])
<32 ym([ 5D (y1), D (y)]) <3e*Vy < 1.

So
|Df(t1) — D— f(d)| + |Df(13) — Dy f(d)] < e.

Hence there exists ng, g € N such that, for every n € No, n > ny g,

| Dk, (a) (f) — o7 (d)| < 2Koe. (5.5)

Case 2b. d € 1 %@ (z,), f&@ (z3)[ with k,(d) = ju(d). By Proposition 4.1(b-5), Df is
continuous on the intervals [ f*(@ (zy), f&@ (z5)], [ (z5), d] and [d, f* @D (z3)].
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By the mean value theorem, there exist s1 € 1d, f*@(z3)[, s2 € 1/ (z2), d[ and 53 €
1% @ (1), f5D (z5)[ such that
f(Sl)

, o Df(s2)
k (d)(f) =(- (d))Df( ) +r, (d)Df(S3)’

where
m[ffn @ (z5), d1)

ry(d) = m[fkn(d) (z2), fk"(d) (z3)])

As in Case 2a,
Df(s)) Dy f(d)

1 1 , o |IDf(s1) — Df(s2)]
| D, a)(f) op(d) | < ‘Df(S3) D_fd) +r”(d)—Df(s3) .
Since
Df(s1) Dy f(d)
DiGs)  D_fd)| = —(IDf( 1) — Dy f(d)| + |Df(s3) — D— f(d)]),
by Lemma 2.7,
r/ (d) _ m(fkn(d)([zz, f*kn(d)(d)])) < ezv m([ZZ, f*kn(d)(d)])
" m(fkn(@([z2, z3]) - m([Zz, 23D
~ vyl mliz, fEOD) J @),
m([z2, z3]) m([y1, y21) - ﬂ
where @
o) = 02 S O@DD
m([y1, y21)

It follows that

+ [Df(s1) — Dy f(d)| 4 [Df(s3) — D f(d)|>

| Dy (f) ™' — o)1 < Ko ( ; )

where K :max((Ml/ml)ezv, Ml/m%). By Corollary 3.4, lim,— +o0 5,(d) =0 and
hence there exists ng g € No such that, for every n e Ng, n >nyg, s;l(d) < Be. The
intervals (Id, s1[; 1s3, d[)acE(c,,c) are disjoint intervals of continuity of Df. They satisfy,
by Lemma 2.7,

m(d, s11) + m([s3, d)) <m([fD(z1), D)D) + 2m D z2), 5D (23)D)

<3 ym([ D), [ O] <3¢y < o
So
IDf(s1) — D+ f(d)| + |Df(s3) — D— f(d)| < &.
Hence there exists nq, g € Ny such that, for every n € No, n > ng g,

| Diyay ()™ = o)™ < 2Koe. (5.6)

Therefore, from Cases 2a and 2b, we conclude that there exists n4 g € Ng such that, for
every n € No, n > ng g,
| Di,(a)(f) — o(d)| < Koe. (5.7)
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Since E(cq, ¢) is finite, there exists ng € Ny such that, for every n € Ng, n > ng,

[T PaawhH— J] or@

deE(cy,c) deE(cy,c)

=e. (5.8)

Hence, (5.4) and (5.8) imply that there exist ng € Ny such that, for every n € Ng, n >

n,g,
IDr fan (21, 22, 23) — v(c)| < Cye, (5.9)

where v(¢) = [[ e (,.c) of(d) and Cy is a positive constant. O

LEMMA 5.4. Under the hypothesis of Proposition 5.2, for any € > 0, there exists 0 <y <
Yo such that, for any B € 10, y[, there exist ng € My such that, for any n € My, n > ng,
the (B, y )-secondary cell (z1, z2, z3) associated to ( f, xo, b, M, §) satisfies

IDrggn) (h(z1), h(z2), h(z3)) — Hg(h(c), h(c))| = Cae,
where I1g(h(c), h(c1)) = HdeE(cl,c) 0g(h(d)) and C; is a positive constant.

Proof. The proof is a consequence of Lemma 5.3 and (Proposition 4.3(h-5)) applied to
the (B/2, y)-derived cell (h(z1), h(z2), h(z3)) associated to (g, h(xp), h(c), No) instead
of the (8, y)-derived cell (z1, z2, z3) associated to (f, xo, ¢, Np). O

Proof of Proposition 5.2. The proof results from Lemmas 5.3 and 5.4. a

6. Proof of Main Theorem
Let f, g € P(S') with the same irrational rotation number « of bounded type. Suppose that
f and g satisfy the KO condition. By Corollary 2.12, there exist two piecewise quadratic
homeomorphisms K, L € P(S') such that F=Lo foL ' and G=K ogo K~! have
the following properties.
(1) F, G e P(S") and have the same irrational rotation number «.
(2) The break points of F (respectively, G) are on pairwise distinct F-orbits
(respectively, G-orbits).
(3) F and G satisfy the KO condition.
(4) Let h be the conjugating map between f and g, i.e., ho f =goh, and set v =
K ohoL™! Then:
(a) v isan absolutely continuous (respectively, a singular) function if and only if &
also is; and
b) voF=Gouv.

Therefore we may assume that all break points of f (respectively, g) are on
pairwise distinct f-orbits (respectively, g-orbits). Now, by Proposition 2.14, there
exists a homeomorphism u of ! such that G =u o f ou~! € P(S') with the following
properties.

o C(fycB:={c;:i=0,1,...,q},(¢q=>p).
C(G)Ccu(B):={u(c):i=0,1,...,q}.
oc(u(ci)) =o0g(d;),i=0,1,...,q.

75(G) = 75 ().

h is singular if and only if u is also.
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So we may assume that u = h and G = g.

To show that the conjugation homeomorphism 4 from f to g is singular with respect
to the Lebesgue measure m, it suffices to prove that its derivative Dh is zero on a set of
Lebesgue total measure. Assume, on the contrary, that # admits at a point xg a positive
derivative Dh(xg) > 0.

Lete >0,ce B.For0 < B8 <y <y, write

Drgan (h(z1), h(z2), h(z3))
Dn L) = £ :
(B, v) Drfan (21, 22, 23)

By Proposition 5.1, there exists ng € N such that, for every n € No, n > ng,

2
[Dn(B,y) =1 = — )/oﬂ' (6.1)

1

By Proposition 5.2, there exists Y. < yp such that, for every 0 < g < y., there
exists ng(e) € No such that, for every n € No, n > ng(e), the (B8, y) secondary cell
(21, 22, 23)(y < Ye)- associated to (f, xg, ¢, N, 8) satisfies

|Dn(B, y) — (ct, ¢)] < Ae, (6.2)

where

Mo ] 4@

deE(cy,c) of (d)

and A is a positive constant.
Let B <y <y andletn € Ny, n > ng(e). Then (6.1) and (6.2) imply that

ITl(ct, ¢) = 1| = |Dn(B. y) = 1| + [Dn(B, y) = Tl(c1, 0)] < + Ae.

L=y
Since ¢ and B are arbitrary, it follows that I1(cy, ¢) = 1, i.e.,

[ 2t _, 63
deE(cy,c) Uf(d)

Since c1, ¢ € B,c| # c are arbitrary, for every (i, k) € {0, 1, . . ., q}z(i #*k),
I1 g(h@) _

debpay OF @

Now, by Proposition 3.2, cx ¢ E(ck, c;). Therefore

I (ag(h(c,'))>e(i’k’j) .y

0<jzq > 7€)

where e(i, k, j) € {0, 1} with e(i, k, i) = 1 and (i, k, k) = 0.
It follows that, for every (i, k) € {0, 1, ..., g}, i #k,

3 el k. j) 1og<w> —0.

0<j<q or€j)
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For (i, j, k) € {0, ..., q}3, set

el k, j) ifi#k j#iandj#k,

1 ifi #kand j =1,
Ek+i(g+1),j = .
AR 1) ifi£kand j =k,
0 ifi =k.
It follows that, for every (i, k) € {0, .. ., q}z,
q
og(h(cj))
Z Ek+i(g+1),j log<¥ =0
=0 O’f(Cj)

Set Aq+] - (al.])0§l<(q+l)2’0§j<q € M(q_i_l)z’q_,_l ({O, 1}), the matriX deﬁned by
ajj = Ektig+1),j Wherel=k+i(g+1)with0<i k<gq.

The matrix Ay41 has a rank g + 1 (see [3, Lemma 6.1]). Therefore, for every j €
{0, 1,...,q}, og(h(cj)) =0y(c;). Hence f and g are break-equivalent, which is a
contradiction. The proof is complete. O

Proof of Corollary 1.4. This follows from the fact that if f and g do not have the same
number of singular orbits, then f and g are not break-equivalent. a

Proof of Corollary 1.5. Suppose that f and g are break-equivalent. After reduction, one
can suppose that SO(f) = C(f) and SO(g) = C(g). Then, for every d € C(g), there is
e € C(f) such that d =h(e) and o,(d) =o0y(e), ie., 04(d) € {of(c):c e C(f)}. This
contradicts the hypothesis of the corollary. O

Proof of Corollary 1.6. Proof of (i). Since g does not have the (D)-property and f has the
(D)-property, so there exists a point d € C(g) such that 75, 0, 4)(d) # 1 and 775, 0 () (f) =
1 for every ¢ € C(f). We conclude by Corollary 1.5.

Proof of (ii). By Corollary 2.12, f is conjugate to a class P-homeomorphism F =
K o f o K~! through a piecewise quadratic class P homeomorphism K of S'. Since f
satisfies the (D)-property, 75, 0,()(f) =1 =0r(K(c)) for every c € C(f). Thus F is a
C!- diffeomorphism. Moreover, DF is absolutely continuous on S' and D*F e LP(S")
for some p > 1. By Katznelson—Ornstein’s theorem, pr is equivalent to the Lebesgue
measure m and so is py. Hence there exists an absolutely continuous map ¢ such
that @ o f = R,(y) o . Similarly, there exists an absolutely continuous map ¥ such
that vy o g = R(r) o ¥. In addition, ¥~ is absolutely continuous. It follows that (¥ o
hop 1o Rypy=Rp(ryo(Woho o1, As p(f) is irrational, ¥ ohog ! = Rg, a
rotation, for some B € S!. Therefore h = ¢! o Rg o ¢, which is an absolutely continuous
map. This completes the proof. O

Proof of Corollary 1.7. The proof follows easily from Corollary 1.6 by taking g the
rotation R, (). O
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