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STRUCTURAL CHANGE
IN AR(1) MODELS

TERENCE TAI-LEUNG CHONG
The Chinese University of Hong Kong

This paper investigates the consistency of the least squares estimators and derives
their limiting distributions in an ARL) model with a single structural break of
unknown timing Let 8, and 8, be the preshift and postshift AR parametesr-
spectively Three cases are consideréd |3:| < 1 and|B,| < 1; (i) |B4] < 1

andB, = 1; and(iii) B, = 1 and|B,| < 1. Caseq(ii) and (i) are of particular
interest but are rarely discussed in the literat8arprising results are thain

both casesregardless of the location of the change-point estigria unit root

can always be consistently estimated and the residual sum of squares divided by
the sample size converges todéscontinuousfunction of the change pointn
case(iii), B, does not converge 18, whenever the change-point estimate is lower
than the true change poirfurther the limiting distribution of the break-point
estimator for shrinking break is asymmetric for cég whereas those for cases

(i) and(iii ) are symmetricThe appropriate shrinking rate is found to be different

in all cases

1. INTRODUCTION

Previous studies in the literature of structural change focus mainly on changes
that take place in stationary processes example a process that changes from
one stationary process to anothBecently there also have been studies on
changes in nonstationary time serigsansen 1992. An interesting case of
structural change is found in Mankiw and Mir¢h986 and Mankiw Miron,
and Weil (1987); these authors conclude that the short term interest rate has
changed from a stationary process to a near random walk since the Federal
Reserve System was founded at the end of 1Bibdvever the asymptotic theory
on this kind of structural change still remains unexplored

In this paperwe develop a comprehensive asymptotic theory for alAR
model with a single structural break of unknown timirgpecifically we ex-
amine the case where an AR process changes from a stationary one to a
nonstationary on¢or the other way aroundIn each casethe asymptotic cri-
terion function is derivedconsistency of estimators is establishadd limiting
This paper is based on chapter 4 of my[PHlissertation submitted to the University of Rochestam grateful
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distributions of estimators are also derivéd far as economic applications are
concernedwe will restrict our discussion to the case where both the preshift
and postshift parameters are in the interfral, 1].

The plan of the paper is as followSection 2 presents our basic madetc-
tion 3 deals with the case where the preshift and postshift parameters are both
less than one in absolute valugection 4 studies the case where the preshift
parameter is less than one in absolute value and the postshift parameter equals
one Section 5 examines the case where the preshift parameter equals one and
the postshift parameter is less than one in absolute v&eetion 6 discusses
Monte Carlo experimenignd Section 7 concludes the papdathematical de-
tails are collected in Appendices A=K

Interesting findings include the following resul{$) in Sections 4 and 5 the
asymptotic criterion function is random and has a sudden jump at the true break
point; (ii) in Section 4 the asymptotic distribution of the break-point estimator
for shrinking break is asymmettiand(iii) in Section 5 the preshift estimator
is always consistentvhereas the postshift estimats does not converge to
B> once the change-point estimate is lower than the true change point

2. THE MODEL

Our basic model is an AR) model without driff with a structural break in the
AR paramete at an unknown timéds,. We consider the following model

Ve = BrYeo 1 H{t =Ko} + Bo Y1 1{t > Ko} + & (t=12,...,T), (1)

where ¥-} is an indicator function that equals one when the statement in the
braces is true and equals zero otherwise

We let 1 = ko/T be the true break fraction and make the following
assumptions

(A1) yo is drawn from an independent and identical distribution with zero
mean and a finite variance

(A2) g ~i.i.d.(0,02) Ot, 0 < 02 < o0, andE(gf) < co.

(A3) To € [Iy 7_-] C (Oal)-

We letk = [7T] where[-] is the greatest integer function and defike=
[rT]andk =[7T].

Our interests are to estimate the structural paramgteand3, and the time
of changery. We estimate the following model

Vi = ,3A1Yt711{t =[7Tl}H+ ,QZthll{t >[7TIh (2
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The estimation method employed here is the least squares method proposed
in Bai (19944 1994h and Chong(1995. For any givenr, the ordinary least
squaregOLS) estimators are given by

[7T]
2 YiYi-1
. 1
Bu7) = [ 3)
2 V!
1

.
2 Yt Yi-1

[7T]+1

Bolr) = (4)
> Vi

[7T]+1

and the change-point estimator satisfies

7+ = Argmin RS$(7), ()
7€(0,1)
where
[7T] R T R
RSS(r) = g (Y = Ba(T)y-1)? + [ % 1(yt — Ba(T)Y-1)?

We writek = [#1T], B1 = B1(#1), and B3, = B,(77). Throughout this paper
we let By(-) and B,(-) be two independent Brownian motions defined on the
non-negative half real lin&, andB(-) andB(-) be two independent standard
Brownian motions of0,1]. The symbol= denotes the weak convergence of a
stochastic processp—> represents convergence in probabjli{%e denotes con-
vergence in distribution ané stands for identical in distributioTo achieve
notational economythe integral of a Brownian motion with respect to Leb-
esgue measurgB(r) dr is written asf B . The stochastic integrglB(r) dB(r)
is written as/BdB.

3. CASE WHERE |8, < 1 AND |B,]| < 1
3.1. The Asymptotic Criterion Function

Consider the model ifl) with |8;] < 1 and|B,| < 1. A similar model has
been studied by Salazét982, who provides a Bayesian analysis of structural
changes in stationary AR) and AR(2) models with a known change poirh

our mode] the change point, is unknown and has to be estimated &y To
show the consistency df;, the usual practice is to show thélt/T)RSS(7)
converges uniformly to a nonstochastic function that has a unique minimum at
T = 7. Thus we will focus on the asymptotic behavior (£/T)RSS(7). The
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following lemma is useful in deriving the limiting behavior of the criterion func-
tion (1/T)RSS(7) and in proving Theorem,which follows

LEMMA 1. Let{y,}{_; be generated according to moddl) with |3, < 1
and|B,| < 1. Under AssumptionéA1)—(A3), we have

B .7 E Yooae| = Op(D;

(39) sup |Ba(7) — Bal = 0,(D);

T=T=Tg

(ro— 7)1 = B2)B1+ (1— 1) (1— B7)B,

(81 sup VBl = A ra-ma-pp | W
1 [Tl (1 — 1) 02

(Sg) Tos<l;l'g‘7' ? [70T2]+l yl271 - 17—;22 - op(l);
5 7o(1=B5)B1+ (1 — 1)1 - BB | .

B s 1A = = g T g |

(3i)  sup |Ba(7) = Bal = 0,(D).

To<T=T

Proof See Appendix A

Note from(3e) that whenr = 7 < 7o, B1(7) converges uniformly tg;. This
should be obvious becaugg(7) only utilizes the data generated by the pro-
cessy; = B1Yi-1 + &. However from (3f), Bao(7) converges uniformly to a
weighted average g8, and3,. The weight depends on the true change point
the true preshift and postshift parameteand the location ofr. Whenry <
T = 7, (3h) and(3i) display similar results

From Appendix B the asymptotic behavior of the residual sum of squares is

as follows
1 (10— 7)1 = 70)(Bo — B1)?0? _
I;Q'Espfo T RS = o (to—1(A—-BH+(A—1)1-BD)| %(D),
(6)
i To(T — 70) (B2 — ,31)20'2 _
S T RSS () — ot e (r g | %Y
(7)
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FIGURE 1. Graph of(1/T)RSS(7) for B, = 0.5, 8, = —0.5, T = 400Q

One can easily verify thafl/T)RSS$(7) converges uniformly to a piecewise
concave function of that attains a unique global minimumat= 7,. A sim-
ulation of (1/T)RSS(7) for T = 4,000 is plotted in Figure .1

3.2. The Consistency and the Limiting Distributions of ,L;H and /§2

If both B, andB, are less than one in absolute value then the process is said to
be stationary throughoult is not difficult to show that all the OLS estimators
are consistent in this casBai (19943 1994h shows thatin the conventional
stationary casethe change-point estimator &consistent This convergence
rate is fast enough to make the limiting distributions3afand 3, behave as if

the true change pointy is known Theorem 1 establishes the asymptotic nor-
mality of 8, and ..

THEOREM 1 Under assumptionA1)—(A3), if |B1] < 1and|B,| < 1, the
OLS estimatorsy, B1(71), and B»(77) are consistent and
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5 |—o(1)
7T — Tol = P\l )

R 1—pB2
ﬁ(;al(ﬂ)—ﬁl)iw(o, Bl>, ®)

To

N 1- 2
VT (Bo(or) = ) i>N<o, 1_fz>.

o

Proof See Appendix C

Thus B1(77) and B,(#7) are asymptotically normally distributedith vari-
ances depending gy, B,, and 7.

3.3. The Limiting Distribution of 7, as B, Collapses to B,

In this sectionwe consider the limiting distribution af;. For a shift with fixed
magnitude Hinkley (1970 showed that the limiting distribution of the change-
point estimator depends on the underlying distribution of the innovatiama
complicated mannefThus statistical inference on the change point under a
break of fixed magnitude is difficult to perfornio obtain a limiting distribu-
tion of 71 invariant toe;, we have to let the magnitude of change go to zero
at an appropriate raté&urther to ensure the consistency of, we should let
|B> — Ba| shrink at a rate slower than the rate of convergencélofo) and
[92(70) so that there still exists a relative shift in parametdis achieve this
we fix B, and letB,r be a sequence @8, such that|8,y — 81| — 0 and
NT|Bor — B1| = 0 asT — .

Recall from equatiori5) that the change-point estimator is defined as

#r £ ArgminRSS(7) = Argmin{RSS () — RSS (7o)}

Letv € R be a finite constaniVe first examine the asymptotic behavior of
RSS(7) — RSS(7o) at the regionr = 75 + v/T(B,r — B1)2%. From Appen-
dix D, we have the following expressions

Forv =0,
RS$(7) — RSS(rp) = —20251< Ll 2) + "2|”|2. 9)
1-p1 1-p1
Forv > 0,
v 0'21)
RSS(7) — RSS(1y) = —20252< - B%) + 1o 5 (10)

whereB;(-) andB,(-) are defined in Section.2
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Let r = v/(1 — B?) and applying the continuous mapping theorem for
argmax functional¢Kim and Pollard 1990, we have the following theorem

THEOREM 2 Under assumptionéA1)—(A3), suppose we fix3,| < 1 and
let B,7 be a sequence ¢, such that Bor — 81| = 0 and VT |Bor — B1| —
as T— co. Then the limiting distribution ofy is given by

_ 2
M (71 — 7o) eArgmax(B (r) = : |r|> (11
1_B1 rer

where B(r) is a two-sided Brownian motion on R defined to b&m} = B,(—r)
forr < 0and Bf(r) = B,(r) forr = 0. The terms B(-) and B,(-) are defined in
Section2.

Proof See Appendix D

The exact distribution of the right hand side(itil) was first derived by Pi-
card(1985. Yao (1987) tabulates the numerical approximation of this distribu-
tion. To understand the implication of Theoremcdnsider a Brownian motion
moving along an inverted-V shape linear function with a kinkatBecause
is the location where this motion achieves its maximits limiting distribu-
tion will be symmetric

One should be careful thall) is not the exact distribution of the change-
point estimator for fixed shifts as we are letting the shift shrink to zero when
deriving the theoremRathey the theorem serves to provide a conservative con-
fidence interval forry when the shift is small

4. CASE WHERE |8,| < 1 and B8, =1

We now consider the case where the @ARprocess shifts from a stationary
process to am(1) processlt is well known that the distribution theory for the
least squares estimator in an AR process with a unit root or near unit root is
nonstandardSee for example White (1958; Dickey and Fuller(1979; Lai

and Siegmund1983; Ahtola and Tiao(1984); Chan and Wei1987, 1988);
Phillips (1987 1988, and Perrorn1996.

4.1. The Asymptotic Criterion Function

In our casewhen B, = 1, the criterion function(1/T)RS$(7) behaves very
differently. The following lemma is useful in deriving its limiting behavior and
in proving Theorem 3which follows

LEMMA 2. Let{y,}, be generated according to moddl with | 8;] < 1
and B, = 1. Define

(TO,T]Q{T—’TO'F. :j=12,...,[A—-71)T] and TlLToF:OO}'
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Then under Assumptiorid1)—(A3), we have

1 [70T]
(4a) T 2 Yie18t| = 0p(1);
1
1 T 1—19)02
(b)) = X yeae=——— (B2(1)—1) = Oy(L);
[roT]+1
1 T 1
(40 ﬁ[ E] Yt271=>(1—‘fo)202f0 B? = O,(1);
roT]+1
1 [70T]
(4d) sup T > Ve =0,(1);
T=T=Tg [7T]+1
[70T] (T _ ,7_)0.2
(49 sup |= 2 - =2 —— | =0,(1);
OSTSpTO T [ﬂ;+lyl ! 17B12 P

(4f)  sup [By(7) — Byl = 0p(1);

T=T=Tg

R 1
(4g9) sup [Bo(1) —1] = Op<;>;

T=T=Tg

(4h)  sup |Ba(7) — Bl = Oy(D);

T=T=Tq

1| 7]

(4i) = Y18 | = Op(1) forr € EL;
T |[rgT1+1
1 T

(4y) = 2 Vo1& | = Op(D) forre B%;
T |-7+1

@0 18,1 -11=0,( ) forre =T

N 1
(@) |Bo(r) ~ 1] = op<;) ———
Proof See Appendix E

Note that the seET is different from the se{r,,7] as EL. excludes se-
guences ofr that converge too fast ta,. For example E. contains all given
constantsr such thatry < 7 = 7. The sequencer = 75 + (1/logT) also be-
longs toZ". However the sequencer = 7o + (1/T) is not in Z%. From Ap-
pendix F we have

2 (1-B)(rg—1)0o?

1
IE:JSpT0 T RSS(7) — o 1+ B, =0,(1) (12)
and
1 P o (1_,31)7'00'2 —T
T RSS(7) > o° + 1+ B, forre E.. (13)
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Note from(12) and(13) that(1/T)RSS(7) converges uniformly to a down-
ward sloping linear function for = 7 = 74 and it converges to a flat line
located abover? for r € ZT. Further there is anasymptotic gagetween
(1/T)RSS (7o) and(1/T)RSS(7) for 7 € ET. The transitional process begins
at 7o and completes at the left boundary®f. Thus the seE! establishes the
rate at which plingl/T)RSS(7) jumps fromo? to a flat line located above 2
oncer > 7,. This rate serves as a conservative rate of consistengy.of

To examine the consistency qﬁ‘l, we have to investigate the transitional
behavior of(1/T)RSS(7). It should be noted thafor any constant > 0,

Ko

> e Y1
R 1
Bi(ro+€T*) = 6:(a,c) | By + o

E V!
1

ko+[cT?]
E &tYi-1
Ko+l
ko+[cT?] ’

2 V!

kot1

+(1-6r(ac)|1+

where6r(a,c) = (S y2 )/(Shoy2  + St yz ).
Fora < 3, we have

6+(a,c) LN 1 ,31(7'0 +cTa ) 2 B,
and
1 — p
T RSS(7q+ ¢T3 1) S o2
For; < a < 1, we have

0r(a,c) >0,  PBylre+cTa ) B

and

(1- ,31)7'00'2

1 RSS(7o+cTa 1) Po?2+
T 0 1+ 8,

This implies that if the convergence rateffis faster tharm /2 then 3, will
be consistentotherwise it will be inconsistent
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Note that the transition is defined only whar= 3, which means the speed
of the transition is 1N T. Fora = 3, Appendix F shows that

L R
Zc
T\ % =

c ’
o+ a- g | B3
0

N

N ce 3
,81<To+ —_— | =
7)

c b
ro+<1—ﬁf>fo B2

7'00'2(1 - ,31)2

1RS + = 2+
T S| 7 Ned =0 .
o [e2) s
0

where B;(-) is a Brownian motion defined oR,. Note that whenc = 0,
(1/T)RSS(70) = o2, and asc — oo, (1/T)RSS(70 + (CNT)) > o2 +
[(1 — B1)7To0?]/(1 + B,). Becauselp(c)/dc > 0, the transition is monotoni-
cally increasing

Figure 2 simulates the behavior ¢1/T)RSS(7) using T = 4,000 For
T = 19, it is linear and decreasind-or 7 > 7o, it is flat and has a sudden
jump nearrg.

o240, (14

4.2. The Consistency and the Limiting Distributions of 7, /§1, and [§2

For a fixed magnitude of the breakheorem 3 which follows shows thatél
is asymptotically normally distributed with a variance dependingdpandr,
whereasB, has a scaled Dickey—Fuller distribution

Similar to Section 3, we should let the magnitude of the break go to zero at
a certain rate to obtain the asymptotic distributiorrof However if we make
B1 converge toB,(= 1), the procesgy,}t°, will be a near unit-root process
Thus we are dealing with a structural change from a near unit-root process to
an exact unit-root process

We fix B, at 1 and letB,+ be a sequence @8, such thatg,+ — 1 and
T(1 - By1) > 0 asT — co.

Consider the region = 7o + v/T(1 — B,7) wherev € R. From Appendix G
we have the following expressions

Forv =0,

RSS(7) — RSS(10) = —20?By(|v])B4(3) + vl ?BE(3).
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FIGURE 2. Graph of(1/T)RSS(7) for 8, = 0.5, 8, = 1, T = 400Q

Forv > 0,

RSS(7) — RS&§(70)

= 202f0v<32(s> + B(%)) dB,(s) + JZLU<BZ<5) + Ba<§1>>2ds,

whereB,(-) andB,(-) are defined in Section.Zhe expressiom,(3) is gener-
ated by[;° exp(—s) dB,(s).

Theorem 3which follows states that ag; approaches on¢he limiting dis-
tribution of 71 is the argmax of a random process moving along an inverted-V
shape linear function on the real line

THEOREM 3 Urlder Assumption(sAl)—(AS), if |81 <1andB, =1, the
OLS estimatorsrr, B81(77), and B,(7r) are all consistent and
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12 |—o<1)
7T~ Tol = PlT )

N d 1-p82
\/T(,B]_(TT) - 181) - N<Oa >7 (15)

To

82(1) —

T(Bo(3r) — 1) = .
2(1— ’To)f B?
0
Suppose we fi3, at one and letB,+ be a sequence gB; such that
|1 — Bir| = 0and T(1 — Bi7r) — o as T— co. Then the limiting distribution
of 71 is given by

C*(v) 1

A—=B17)T(7r — 79) N Arg max| vl |,
vER <1> 2
B, >

where C'(v) is defined to be C(v) = B;(—v) for v = 0 and

C*(v) = —B,(v) f B9 4m,(s) - f B \e(9as

() =)

The termsB,(-) andB,(-) are defined in Section. HereB,(3) is generated by
Jo exp(—s) dBy(s).

Proof See Appendix G

forv > 0.

An interesting and important feature of Theorem 3 is that the distribution
of 71 is asymmetric about,. An intuitive explanation for this result is that
(1/T)RSS(7) for breaks with fixed magnitude is asymmetric in the neigh-
borhood ofrg as shown in Figure .2As we compress the size of breakis
asymmetry persevere$hus 7+ = arg min RS$(7) should also be asymmet-
ric aboutr.

5. CASE WHERE 8, =1 and |8,| < 1

Consider the case whefa = 1 and|B,| < 1. Intuitively, it seems that the re-
sults of this case are the mirror images of the case whgre< 1 andg, = 1.
However we show that a time reversing argument cannot be applied to model
(1). The findings in this section turn out to be very different from those in
Section 4
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5.1. The Asymptotic Criterion Function

The following lemma is useful in deriving the limiting behavior(@f T)RSS$(7)
and in proving Theorem,4vhich follows

LEMMA 3. Let{y,}{_, be generated according to modgl) with 8, = 1
and|B,| < 1. Define

ET =[7,79) N {7':70—%:] =12,...,[7oT] and Ilim — 200}

J
T—oo \/T

and letZ" be defined as in Lemn Under assumptionéA1)—(A3), we have

(5a)

(5b)

(50

(5d)

(5¢)

(5f)

(59

(5h)

(5i)

(5))

(5K)

(51

1 [70T] o2
T D V18 = > (B?(79) — 7o) = Op(1);
1
1 T d ot
— .5 —>N[0,—— |;
T [T0%+1Yt 1&¢ ( 1-p2
1 [70T] To
= 3 yti=ot [ 20,0
1 0
1 7] T — 79+ B?(1p)
= 2 Vo= ° > g ;
T [rgT]41 1-58;5
1 7]
sup T > V18| = Op(D);
TEE 1
[70T]
Sup 1 3+ > Yeas| = Op(D);
res’ [+T1+1

R 1
sup|Ba(r) —1| = Op<?>;
r€ET

sup|B,(7) — 1| = 0,(1);

TEEL

1 [7T]
SUP [ = X Via& = 0,(1);
r€EL T[TOT]+1

1 T
sup ? 2 Yeo1&| = 0p(1);
T€E] [+T]+1

X« 1
spibio-1=0,(2)
reEL

sup| B(7) = Bo| = 0,().

TEEL
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Proof See Appendix H

The set=T serves a similar purpose to that®f in Lemma 2 The term=T
excludes sequences ofthat converge ta, at a speed faster than/<[T. For
example ET contains all given constantssuch thatr = r < 7,. The sequence
71 =70 — (1/log T) also belongs t& , but the sequence; = 7, — (1/T) does
not

We now derive the asymptotic behavior @/ T)RSS (7). From Appendix )
we have the following expressians

Forre 27,
1 1- 1—7,+B?
—RSS(T):>0'2+ ( B2)( 7o (70)) 2
T 1+8,
1
sup_ 7 |IRS$(7p) — RSS(7a)| = 0p(1). (16)
Tar THEEL
For 7 = 7o,
1 p
T RSS(7y) — o2 a7

Forr € BT,

24 (1 B2)(1 — 7o+ B?(10)) o2
1+ B,

% RSS(7) = o

D %‘RS$(T) ~RSS <T + %)‘ = 0,(1). (18)

TEEL

sup

Note from (16) that for 7 € ZT, (1/T)RSS(7) converges to a flat line lo-
cated randomly above? + [(1 — B,)(1 — 79)c?]/(1 + By) > o 2.

Forr € B, (1/T)RSS(7) converges to a random upward-sloping linear
function of 7. The lower support for this line ig2 + [(1 — B,)(7 — 79) 2]/
1+ By >o02

In both situations(1/T)RSS(7) converges to a random line whose position
depends on the true change potgt the postshift AR parametes,, and the
realization of the standard Brownian motiBiir,). Note that the larger the mag-
nitude value of breakl — 3,), the more easily the change will be detected

Note that we work with2T and 2T in this section to reflect the fact that
plim(1/T)RSS(7) is discontinuous at both sides &f, whereas we work with
the interval[ 7, 7o] andET in Section 4 because plifh/T)RSS(7) is only dis-
continuous at the right-hand-side neighborhoodpof
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Figure 3 simulates the behavior ¢1/T)RSS(7) with T = 4,000. For
T = 7o, it is @ random flat line and has a sudden plunge ngaFor r > 7,
it is linear, random and increasingwhich agrees with our theary

5.2. The Monotonic Transition

Note that for any positive constaatbounded away from,Ghere is an asymp-
totic gap betweerf1l/T)RSS(79) and (1/T)RSS(19 £ ¢). The speed of the
transitional process is/4/T, and the transition is completed B’ and =7,
respectively To investigate the consistency of the change-point estimiatisr
sufficient to show that the asymptotic transition(@fT)RSS(7) from 7 = 7
to 7 = 75 = c is monotonically increasing

RSS(k)/T

.C4

| L ! L I L ! L : ! L L L L L |

0 400 800 1200 1600 2000 2400 2800 3200 3600 4000
k
Ficure 3. Graph of(1/T)RSS(7) for 81 = 1, B, = 0.5, T = 400Q

.00
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From Appendix Jfor m= 0,1,2,... and(m/T) — 0 asT — oo, we have

. m
sup ,31<7'0 — ?> —1| = 0,(1
and
. m (1— BZ)MB?(75)(1— B)
34“_?>_Bf3u—39m¥ww+1—m+s%my 49
1 m (1= 7o+ B2(7)) (1 — B,)?mB?(7()
? RS% <TO - ?> =0t 1- Bzz)mBz(To) +1-7+ BZ(TO) o’
£ o2+ hy(m). (20)

If m= 0, we have(1/T)RSS (7o) - 2. As
2y (1- ,32)(1 — Tt BZ(TO))U'z
1+ 8, '

Thus we bridge the gap betwedt/T)RSS(7y) and(1/T)RSS (79 — c). For
T=7+(MT), Mm=0,12,...,and(m/T) — 0 asT — oo, we have

- Rs$(ro- T )
m —_— —_— —
—>oo,_|_ S| 7o T =0

,31(7'0 + T) - 1‘ = 0p(2),

Su
o T
A m
sup|Bz| 7o + T — B2 = 0,(D).
m

From Appendix Jwe also have

., A= B)B(r) (- BE")
1+ B,

1 m
?RSS To"’? =0

= 52 + hy(m). (21)
If m= 0, we have(1/T)RSS(7p) L5 02 Asm — oo, (1/T)RSS(19 +
(m/T)) = o2 + {[(1 — B,)B?(7)]/(1 + B2)}c? Thus we bridge the gap

between(1/T)RSS(7p) and (1/T)RSS(7 + ©).

Note from equation$20) and(21) that for all m > 0, we haveh;(m + 1) >
h;(m) > h;(0) = 0 andh,(m + 1) > h,(m) > h,(0) = 0. Thus the transition is
monotonic Note also from equatiofl9) that unlessm = 0, B,(r — (M/T))
does not converge t6,!

Remarks However because of the special behavior @fT)RSS(7) de-
scribed in equation$16)—(18) and (20—(21), we will have limy_.. Pr(k #
ko) = 0. Thus S, should be a consistent estimator@fin practice See Theo-
rem 4 which follows
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5.3. The Consistency and the Limiting Distributions
of 77, B4, and B,

Despite the fact thaB, is extremely sensitive to the local behavior lofAp-
pendix K shows that for a fixed magnitude of bresiknr_,., Pr(k # ko) = 0.
This meansT (71 — 7g) -5 0. Hence the distribution of; degenerates very
fast for any fixed magnitude of breaklowever if we allow 3, to converge to
Bi(= 1), the process{yt}tT:k0+1 will be a near unit-root process with an initial
value drawn from am(1) processThus we are dealing with structural changes
from an exact unit-root process to a near unit-root process with a nonstationary
initial value

We fix 8, at one and leB,r be a sequence @, such thatVT (1 — Bo1) —
0 andT®4(1 — Bor) = 0 asT — oo.

Consider the regiom = 74 + v/(1 — Bo7)?T?2 wherev € R From Appen-
dix K, we have the following expressions

Forv =0,

RSS(7) — RSS$(19) = —2B(70) 0?By(|v]) + |v|0?B3(7p).
Forv > 0,

RSS(7) — RSS$(7y) = —2B(70) 02B,(v) + va?B?(7y),
whereB;(-), B,(-), andB(-) are defined in Section.2

THEOREM 4 Under Assumption§A1)—(A3), if 8, = 1 and|B,| < 1 then
71, B1(71), and B»(71) are consistentand

Pr(k # ko) — 0,

B2(7o) — 7o

70 ’
2f B2
0

V1-p2B(2)

1— 719+ B?(7)’

T(Bu(3r) — 1) = (22)

\/T(,éz(%T) —B2) =

Suppose we fig; at one and lef3,r be a sequence ¢, such thatV'T (1 —
Bo1) = 0and T¥4(1 — B,1) — oo as T— co. Then the limiting distribution of
71 is given by

B* 1
(1_B2T)2T2(7/;T_TO)i>ArgmaX< ( __|U|),

vER

where B(v) is a two-sided Brownian motion on R defined to bé:B = Bl(:v)
for v = 0 and B*(v) = B,(v) for v > 0. The terms B(-), B,(-), B(-), and B(-)
are defined in Sectiof.

https://doi.org/10.1017/50266466601171045 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601171045

104 TERENCE TAI-LEUNG CHONG

Proof See Appendix K

Thus B3, has a scaled Dickey—Fuller distributiofihe termj, can be de-
scribed as being asymptotically normally distributed withreadomvariance
This is because

T

2 & ytfl/ﬁ

[ToT]+1

NT (B2~ B2) = T +0p(2),
> YT

[ToT1+1

the numerator follows a central limit theoreand the denominator converges
to a random variable bysb) and(5d) in Lemma 3

The rapid rate of convergence kbfn Theorem 4 is very surprisindhe rate
in this case is much faster than those in the previous two chsgwevious
caseswe only havelk — ko| = Op(1); that is the estimation ok, is always
subject to an error of ordeD,(1). Now, with 8; = 1 and|B,| < 1, k, can be
precisely estimated asymptoticalljespite the fact thdty — oo asT — oo.

Further as B, approaches onehe limiting distribution of7; is the argmax
of a random process moving along an inverted-V shape linear function

6. MONTE CARLO EXPERIMENTS

For empirical applicationswve perform the following experiments to see how
well our asymptotic results match the small-sample properties of the estima-
tors In all experimentsthe sample size is set @t= 200 and the number of
replications is set atl = 20,000, {y,}{_, is generated from modél); {e, }{_, ~
nid(0,1) andy, ~ nid(0,1) independent ofe, },_,. The true change point is set

at To — 0.5.

Experiment la This experiment verifies equatidid9), which predicts that
when B; = 1 and|B,| < 1, the postshift structural estimatg,(r) does
not converge t@, wheneverr < 5. We letB, = 1; B8, = 0.5, 0, —0.5.

Let B,(7) be the mean oB,(r) in 20,000 replicationsWe consider those
in the neighborhood ofy(= 0.5).

Note that wheng; = 1 and|B,| < 1, the estimate of8, is inaccurate
for 7 < 7o. The strange behavior g8,(7) is highlighted by italic figures in
Table 1 Note thatB3,(7) is not close tq3, even forr = 7, — (1/T) = 0.495

Experiment 1b With |8,] < 1, 8, = 1, andr close tory, we will show that
both B;(r) and B,(7) are very close to the true parametgsand 3,, respec-
tively. Let 8, = 0.5, 0, —0.5; B, = 1. ~

The results in Table 2 do not image those in TableHgre 3(7) is very
close toB;. Note that in experiments 1la and,lhe estimates of the unit root
are close to one in all cases
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TaBLE 1. Results for experiment 1a

Ba(7) Ba(7) Ba(7) Ba(7) Ba(7) Ba(7)
T\ B B1=1 B2=0.5 B1=1 B2=0 B1=1 B2=—05
0.480 Q9819 0.7041 0.9817 0.4703 0.9819 0.1350
0.485 Q9820 0.6773 0.9819 0.4163 0.9821 0.0541
0.490 Q9822 0.6401 0.9821 0.3413 0.9823 —0.0550
0.495 Q9824 0.5869 0.9822 0.2249 0.9825 —0.2160
0.500 Q9826 04930 09824 Q0009 09826 —0.4939
0.505 Q9728 04915 09628 00012 09529 —0.4923
0.510 Q9702 04903 09622 00013 09450 —0.4913
0.515 Q9693 04899 Q9617 00013 09423 —0.4909
0.520 Q9689 04898 Q9612 Q0013 09409 —0.4908

Experiment 2 This experiment simulates the distributions&fand 3,.

Case 1 B, =0.5, B, = —0.5;
Case 2 B8, =0.5, 8, =1;
Case3B;=1 B,=0.5

Figures 4 to 6 display the results for Cases 1 toe3pectively

For Case 1Theorem 1 states that bofy and 3, are asymptotically nor-
mally distributed The theorem is well supported by Figure 4 even for a sample
size of 200

For Case 2Figure 5 shows that the small-sample distributionBefis ap-
proximately normalwhereas3, appears to have a Dickey—Fuller distribution
Both results agree with the theorem

TABLE 2. Results for experiment 1b

Ba(r) Ba(T) Ba(r) Ba(7) Ba(7) B2(7)
T\ B B1=05 B2=1 B1=0 B2=1 1= —05 B2=1
0.480 Q4899 Q9817 —0.0001 09810 —0.4902 Q9788
0.485 Q4900 Q9820 —0.0000 Q9815 —0.4903 Q9799
0.490 Q4900 09823 —0.0000 09820 —0.4904 Q9809
0.495 Q4901 Q9827 —0.0000 09825 —0.4905 09819
0.500 Q4902 09830 —0.0000 09830 —0.4905 09830
0.505 Q4956 Q9830 00109 Q9830 —0.4756 Q9830
0.510 Q5044 Q9830 Q0301 09830 —0.4512 09829
0.515 Q05158 Q09830 00559 09830 —0.4193 09829
0.520 05290 Q9829 00862 Q9830 —0.3819 Q9829
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FIGURE 4. (a) Distribution of \[7oT/(1—B2)(B8; — B1); —— (T = 200, ------
(T = o). (b) Distribution of /(1 — 70)T/(1 — 83) (B, — B2); — (T = 200), ------
(T = ).
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FIGURE 5. (@) Distribution of \[7,T/(1 — B2) (81— B1); —— (T = 200), -----
(T = o). (b) Distribution of (1 — 7o) T/(B2 — B2); (T =200, ------ (T = o).
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FIGURE 6. () Distribution of 7oT(31 — B81);

tribution of \/T/(l - B3) (B, — B2);

(T=200), ----- (T = o). (b) Dis-
(T=200), ------ (T = o).
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For Case 3Theorem 4 predicts tha, should have a Dickey—Fuller distri-
bution and3, should have a normal distributioRigure 6 agrees with Theorem 4
Note that in a small sampléhe variation off¢ is nontrivial This variation is
the main source of the small-sample bias3gfand3,. In Case 1 where both
the pre- and postshift processes are statigriwg small-sample bias is very
little. However in Cases 2 and,3; and, consist of both stationary and non-
stationary observationghus their small-sample distributions should look like a
mixture of normal and Dickey—Fuller distributionsrom Figures 5a and 6l
is clear that the small-sample distribution has a larger variation and is more
skew than a normal distributiorFrom Figures 5b and 6ahe small-sample
distribution has a smaller variation than and is not as skew as a Dickey—Fuller
distribution

Experiment 3 In this experimentwe simulate the distribution & for shrink-
ing break

Case 1 8, =05, B,y = 05— T8,
Case2 Br=1-T Y4 B, =1;
Case38;=1B,r=1—-T7 58

Thus in each casewe simulate the behavior af¥*(7r — 7).

Figures Ta)—7(c) display the results of Cases 1 tor@spectively

For Cases 1 and, Figures 7a and 7c show that is symmetrically distrib-
uted as predicted by Theorems 1 and 4

For Case 2Theorem 3 predicts that should be asymmetrically distributed
Figure 7b agrees with our predictians

TheoreticallyasT — oo, the domain foiT ¥4(#1 — 7o) should be unbounded
However because we fix at 200 in this experimenand7; is searched within
the (0,1) interval hence the simulated distribution /(71 — 7o) is bounded
in the interval(—200%* X 0.5, 200** X 0.5) = (—26.6,26.6). Note that the
distribution of7 has a “boundary effegtespecially for Case 3n that there is
a lot of mass near the boundafiyjhe clustering of mass at the boundary is due
to the large value of VAiB,(r) — fB1(1)) whenr nears zero or onéilthough
|E(,82(7) — Bu(7)| = |E(Ba7o) — 31(70))| for all 7, actual realization of
|Bo(7) — B1(7)] may be larger thamB.(7o) — B1(7o)| in finite sample espe-
cially for the case where is near the boundarf{or examplewhenr is near Q
B1(7) will be calculated based only on very few observaticersd therefore it
has a large variancélote that7; is generated by the minimization BSS(7),
or in other wordsby the maximization of 3,(7) — B1(7)|. Thus the probabil-
ity that 71 falls into the boundary is nontriviallhis phenomenon will disap-
pear as the sample size goes to infinity

7. CONCLUSION

AR models have been used extensively in economiany economic vari-
ables such as interest ratesal consumptionand real gross domestic product

https://doi.org/10.1017/50266466601171045 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601171045

110 TERENCE TAI-LEUNG CHONG

hY
24

16

Frequency
)

No " ll” JIIM\,M“.
-20 -10 0 10 20
()

]
. L‘I[ »
T w0 0!
(b)

&

Frequency
4 6

2

-

O

|
: MWI«IHH’H'
=20 -10 0 10 20

R
(c)

Il

FiGuRE 7. Distribution of T¥4(#y — 0.5): (a) 81 = 0.5, 8, = 0.5 — T"Y8; (b) B, =
1-T Y B=1(0)B1=1B,=1-T %8

(GDP) can be well predicted by their own lagSome variables exhibit station-

arity, whereas some variables display nonstationafitghock to the produc-

tion technology or a sudden change in the government policy may cause

structural changes in these autoregressive modelparticular the changes

may cause a stationary process to shift to a nonstationary one or vice versa
In this paperwe present a structural change AR model with independent

and identically distributedi.i.d.) innovations We discuss three cases of struc-
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tural changesCase 1 deals with the change from a stationary process to an-
other stationary procesSase 2 examines the situation where a stationary process
shifts to anl (1) processCase 3 discusses the situation wherd @n process
shifts to a stationary process with a nonstationary initial valneeach case
consistency of the least squares estimators is establiahddheir limiting dis-
tributions are derivedHaving the limiting distributions of these estimates al-
lows us to carry out statistical inference on the parameters of interest

Cases 2 and 3 are intriguingResults of these two cases do not mirror-
image each othewhich is counterintuitive A possible explanation for this
asymmetry is that for Case the initial value of the postshift process is sta-
tionary whereas Case 3 is nonstationafyother explanation is that we are
excluding an intercept in our modéls pointed out by Banerjed.umsdaine
and Stock(1992 p. 278, a more proper model for Case 3 should beour
notations y; = yi-11{t = Ko} + (Yi,(1 — B2) + BaYi-1) 1{t > ko} + &. This
process avoids a spurious sharp jump to zero at the break point

It should also be mentioned that the disturbance tefieylg_, in this paper
are assumed to bd.d. In the case where botl8;| and|3,| are less than one
the assumption of.iid. avoids the inconsistency @’s due to serial correla-
tion of &. This assumption is also very helpful in calculating the long run
variances of processes such 3s,y,_,. However extension to the cases of
heterogeneous ayidr dependens, should be possible in the nonstationary cases
at the expense of a more complicated mathematical treatibog a gener-
alization of our model to ARMAp,q) models with an intercept deserves fu-
ture investigation
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APPENDIX A:
PROOF OF LEMMA 1

If |B1] <1, |82l <1, & areii.d, andy, is drawn from a stationary proceshen

(1) (3a), (3d), and (3g) are consequences of the uniform law of large numbers in
Andrews (1987, Theorem J;

(2) (3b) and (3¢) are consequences of the weak law of large numbers in Andrews
(1988 Theorem 2.

[7T]
Z Yi-1&¢
A~ 1
(380 sup [Bi(r) — B4 = sup =
T=7=70 T=7=79 z
2 Y
1
[7T]
- Z Yi-1&t
1
= TSsTuSpTD T = 0,(1)0,(1) = 0,(1).
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To show(3f), utilizing the fact that

T T
: 2] Ve 1 : 2] &tYi-1
~ ToT]+1 TT]+1
Ba(7) — B1 = (Bo—B1) + 5
2 Ve 2 \Va
[rT]+1 [7T]+1

adding and subtracting

1_ 2
T( o)

1-p2
(B2—B1) T—2

> Ve
[7T]+1

by the triangle inequalityand last by(3a), (3¢), and (3d), we have

(ro—7)(1— B%)B1 +(1—79)(1— 312).32

sup |B,(7) —
i i (o 11— B2) + (1 - 7)1 B2)

T T
: 2] Y& 1 [Z] &t Yi-1
roTl+1 TI+1

= sup |———(Be= Bt —
T=T=Tp

E V! 2 Y1
[+T]+1 [+T1+1
_ (1_70)(1_,312)(,32_31)

(to—7)(A—B3) +(1—7)(1—B3)

T T 2

1-19)0
> &Y > Ve, T 1 g >
[+T1+1 [roTl+1 - B3
= sup || -l sup | -
T=T=Tg T=T=Tg

E V! E V! E \V

[+T]+1 [+T]+1 [+T]+1
- (1-719)0?
1- B3 (1-79)(1—-pB3F)

+ 82— B4l sup -

| &, (DAL= BD A1 BE
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T T
> Y y2
T [+T1+1 H |Bs— BalT | (roT1+1 o (1-719)0?2
= su + - >
T T=T=Tg T T T 1_32
2 Vi1 2 V!
[ToT]+1 [7oT]+1
|.32_Bl|(1_70)(1_ﬁf)-r
+ sup

T=T=T

-
(ro—m(A-BD)+A-7)1-BD] X y'1

[rT]+1
)
2 y2—1
[(ro— 71— B3+ (1—1)(L—BD]o?  (ATe1 |
X sup > > —
T=T=Tg (1 - Bl)(l - ,32) T
T T
2
& _ _
T R T o P
= sup + _ -
T r=r=r, T T T 1- B2
2 Ytz—l 2 Ytz—l
[7oT]+1 [7oT]+1

Ve
LB BT ol 0P = 7o)

T T 1— 32
2 Yi-1
[ToT]+1
[ToT]
> ¥ >
[rT1+1 o%(1g— 1)
+ sup — 5 =0,(1).
T=T=71g T 1- 31

The proof for(3h) is analogous t@3f), using the fact that

[7T] [7T]

: E] V! E &tYi-1
5 LT S B,
Bi(r) —BL= 7] (B2—B1) + — 5
Z \Va Z V!
1 1
adding and subtracting
_ 2
- (Tl TOB)ZO'
P2
(B2~ B1) EE—

> Ve
1
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by the triangle inequalityand last by(3a), (3b), and(3g) we have

To(1=B3)B1 + (7 — 70) (1 — BF) B,

sup |Ba(r) —
TQ<T=T ! To(l_ﬁzz) + (T_ TO)(l_Bf)
[+T] [~T] (7 — 7o) 02
> eVt > vE T 1_0 >
< sup 1 1By — By sup [roT1+1 B 2
T remrmr | [T s VT a8
IR PR IR’
1 1 1
- (1 —19)0?
g sp | FE -ma-pd
=3 B To(1 = B3) + (1= 7o) (1= Bi)
> Vi
1
[%] [TET:]
&tYi-1 ¥
- T |,32_,31|T [ToT1+1 _ (7_70)0'2
B [TOT] TDS<EQ7" T [TOT] TO<T=T T l - 322
2 V" 2 V"
1 1
|,32 B ,31|(T - To)(l B Blz)T
+ sup
To<T=T [7T]
[7o(1—B3) + (1 — 19)(1 - B2)] 2 Y&
1
[g] )
Yi-1
% [7'0(1_;322)+(T_To)(1_,312)]0'2 1
To<T=7 (1 - ,3:%)(1 - :822) T
[%] [TET:] )
&tYi-1 Yie1
- T su 1 |.32 =BT [7oT]+1 _ (r— 70)0'2
"~ [wT] ) 7—0<-;—Fs)f T [7oT] , To<T=r T 1-p5
> Ve > v
1 1
[7oT] [+T]
y& /=
[B>— BT 7'00'2 ; o (7_70)0'2 [TQTEH1 o
5 — + sup o -
[roT] 1-p1 T To<T=T 1-p45 T

> v
1

=0p(1).
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.
[2] &t Yi-1
) A TT]+1
(3i)  sup |Bx(7) —Bs| = sup
70<T§7_' T0<T§‘F >
E Yi-1
[7T]+1
.
> &Y
T [7T]+1
=— sup e Op(1)0,(1) = 0,(D).
TO<T=T
yZ
[1"%4—1 ot
These prove Lemma. 1 u

APPENDIX B:
DERIVATION OF EQUATIONS(6) AND (7)

For7 = 7 = 79, we have

[7T] [70T]
RSS§(7) = ; (8¢ — (El(T) = BYe1)? Tt [ _% 1(8t - (BZ(T) = B1)Yi-1)?

T
+ Z (e — (Bz(T) = B2)Yi—1)?

[ToT]+1

[+T] 2
( 2 yt18t> [70T]
1 N
=2(BoAT) = B1) 2 Veo1&

(7] [#TI+1
2 Yi-1
1
. [70T] R T
+ (Bao(r) = B)? D Y21~ 2Ba(T) = B2) X Via&
[7T]+1 [7oT]+1
. T
+ (Ba7) = B2)? 2 e 1. (B.1)
[7oT]+1
By (B.1) and the fact that
[70T] T T
E \Var 2 V! 2 &tYi-1
A _ [zT]+1 " [7oT]+1 n [rT]+1
.32(7') =pB: T B2 T T ’
E Ve 2 Yo 1 2 V!
[7T]+1 [7T1+1 [7T]+1
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we have
RS$(7) — RS§(7o)
[70T] 2 [+T] 2
> Ve1s > Veo18
1 1
[roT] L
> Vs > V2
1 1
T T
: 2] y2, . E] €Y1 | [T
ToT1+1 T]+1
— 2| (B2—B1) UT T > Vi1&
> 2 [rT]+1
> Y > Vi
[+T]+1 [+T]+1
T T 2
: E] V& : E] &tYi1 [76T]
ToT1+1 T]+1
+ | (B2—B1) DT T > Vi
- 2 [+T]+1
> Y. > Y
[+T]+1 [+T]+1
[10T] T T
. E] 1V . 2] &tYi-1 : E] &tYi-1 T
T]+1 T+l roT]+1
— 2| (B1—B2) T T - = T > V18
[7oT1+1
2 2 2
> VA > ¥ > Vi
[+T]+1 [7T]+1 [roT1+1
[70T] T 2 T 2
: E] ¥ . E] EtYi-1 . 2] €tYi-1 T
Tl+1 T]+1 roT1+1
+ (B1—B2) . 2 V&1
T ) T ) T ) [roT]+1
> Vi > Vi > Ve
[7T]+1 [7T]+1 [ToT]+1
[70T] T T [70T]
[2] ytz—l[ 2} Yi-1&t . 2;4 Ytz—l[ 2]: Yi-1&t
TT]+1 ToT]+1 ToT]+1 TT]+1
= 2(32 - Bl) T - T
> Ve > VA
[7T]+1 [+T]+1
T [70T]
. 2] ytz—l[ E] 1V
roT1+1 T]+1
+ (B, B2 + Ar(n), (8.2)
2 V
[+T]+1
where
[70T] 2 [7T] 2 T 2 T 2
> Vo1& > V& > &Y > &Y
1 1 [roT1+1 [rT]+1
AT(T) a [70T] B [+T] + B :

2 \Va Z \Va
1 1

[ToT]+1

T
2 \V/ar

[»T]+1
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Let

A = ( (1_7'0)(1_312)(32_31) >2 and
o\ (o= 11— B2+ (1— 1) (1 BF)

_ < (70_7')(1_,322)(,32_,31) )2
2 \(ro—1(A-BH+(1-10)1-BD) )’

By (B.1), the fact that

(Bz_ﬁl)zUz(To_T)(l_To) _ (70_7)0'2+/\ (1_7'0)0'2
(o= T)(1=B) +(L-1)(1-pD) "' 1-p2 21— p2

’

and the triangle inequalityve have

1 (B> — 31)20'2(7'0 —7)(1— 1)
sup |=RSS(7r) — 02—
N (7o~ (L~ B3) + (1 7o) (1~ £2)
[7T] 2
T < E y1131>
- l 2 2_4s2l 4+ su N
- T 1 s‘ 7 ISTSF:'O [7T]
T 2 V!
1
) 1 [70T]
+ sup |2(Bx(7) —B1) T > Vs
T=T=71q [rT]+1
[70T] 2
. (o— 1o
+ su (Bo(1) — B1)%2 = 2 A
B N

R 1 2
+ sup |2(Ba(1) —B,) = E Yi-18t

r=r=ro T ro11+1

(1-719)0?

A R
+ sup [(Ba(7) = Ba)? = 2 Vi1~ Ay

T=1=7( T [7oT]+1 1- 522

We add and subtradiB,(r) — B1)2[(70 — 7)o2]/(1 — B2) in the fourth term and
(Ba2(1) — B2)2[(1 — 7)o ?/(1 — B2)] in the sixth term By the triangle inequalitythe
fact that supa® — b?| = suga — b|suga + b|, and Lemma 1the preceding expression
is bounded by
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1 T . [’TT]
= |F el 0? + sup [Bu(r) — Bl sup 2 Y18
1 T=T=Tg T=T=Tg
R [70T]
+ 2 sup [Bx(7) — B4l sup T 2 Yi-18t
T=T=Tq T=T=T7g [+T]+1
. [roT] (to— 10?2
+ sup (Ba(7) —B1)? sup > Y
T=T=Tp T=T=Tp T [7T]+1 1- Bl
(to— 10?2 .
+ sup TSP [(B2(7) = B1)? — A4l
T=71=710 1 T=T=79
.
: 2] Yi-18t
. roTl+1
+2 sup |Ba(1) — Bl ° T
.
> Vi
. [roT1+1 (1—179)0?
+ su —B2)? -
ISTSF:O(BZ(T) BZ) T 1_B22

(1 — 7)o
1-83

= 0,(1).

This derives equatiofB).

sup |(B2(7')

T=7=10

7B2)2 - A2|

Forro < 7 = 7, we can write the residual sum of squares as foltows

[TOT] [7T]
RS§(1) = 3 (e~ (Bu(r) = BDY:-1)? * 2] (o (Bu() = B2)yen)?
T A
+ 2 (& = (Ba(T) = B2)Yi-1)?
[+T]+1
T ) [70T] ) [70T]
= ; &f = 2(B1(7) — B1) ; Yi18 T (Ba(7) — B1)? ; Yo 1
N [+T] . [+T]
= 2(B4(1) — B2) 2 Yi18 + (Ba(7) — B2)? 2 V!
[ToT]+1 [ToT]+1

-
> Y

[7T]+1

T 2
( E & Y11>
[+T]+1

https://doi.org/10.1017/50266466601171045 Published online by Cambridge University Press

119

(B.3)


https://doi.org/10.1017/S0266466601171045

120 TERENCE TAI-LEUNG CHONG

By (B.3) and the fact that

[70T] [+T] [+T]

Z V! 2 \Vr E &tYi-1
~ 1 [1oT]+1 1
Bl(T) - [T1 Bl [7T] 2+ [+T] ’

> Ve > Ve IR
1 1 1

we have
[T] [7oT] [7oT] [+T]
2%1&2%1 EytlstEytl
RS$ () — RS§ (r0) = 2(8,— ) | " — -
E a 2 V1
1 1
[+T] [7oT]
> Vo1 X ¥
(B~ Bo)? e + A (0). (B.4)
2 V!
1
Let

=< (7= 7o) (1= B) (B~ Br) )2 and A =< 7o(1 = B2) (B2~ By) >2
11— B3 + (r —10)(1— B o\ n@- B3+ (r— )1 - BD)

By (B.3), the fact that

7o(B2 — B)?a*(1 — 7o) _ 700 (1 —79)0?
oA B+ (1)@ pD)  C1-pE M

’

1-p7 1-p2

and the triangle inequalityve have

1 7o(B2 — ﬁl)zo'z(’f — 7o)
su —RSS(7) — 02—
o | 7RSS 7ol B3) + (1~ 1)1 B2)
1T . [70T]
= |z 2 &f 2+ sup [(Ba(r) =By = E Yi-18t
T 1 To<T=T T 1
R [70T] 00.2
+ sup |(By(1) — ,31)2 E Yo~ 2
To<T=T Bl
. 2 L]
+ sup |(Bu(7) —B2) = T > V&
To<T=7F [ToT]+1
[T] T 2
> Y. ( )2 <[ 2]: &t y[1>
A [7oT]+1 T~ To)O TT]+1
+ sup |(Ba(7) —B2)? T N4 1_OB + T
TO=T=T 2 To<T=7F
T > v
[rTI+1
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We add and subtractBi(r) — B1)2[7002/(1 — B2)] in the third term and
(Bu(7) — B2)2[(r — T0)o2]/(1L — B2) in the sixth term Using supa? — b2| =
suga — blsuda + bl, supla — b)? = (suga — b|)?, and Lemma J1the preceding
expression is bounded by

1T [70T] R
X = 2 Y18 sup [Bi(7) = B4
T 1 T 1 To<T=T
[70T] 0.2
Z yea— sup (By(7) = B1)?
1- Bl TO<T=T
7'00'2 >
+ sup [(B1(1) = B1)? = As|
l ﬁ]_ TO<T=T

. 1 [Tl
+2 sup |Bu(r) —Ba| sup |[= X Vs
TO<T=T To<T=T [7oT]+1
1 [Tl (1 —19)0?2
+ sup (Bi(7) —By)? sup |— g
o<TET Bl P o<TBT T [‘l'oTE]Jrlyt t 1 :83
(1 —719)0? R
+sup ————o— sup [(By(r) ~ B2)? — Ayl
To<T=T 1- Bz TQ<T=T
+ sup ‘32(7)732 sup 2 Yi-18t
To<T=T To<T=T [rT]+1
= 0p(1).
This shows equatiofi7). u
APPENDIX C

PROOF OF THEOREM 1

If |71+ — 70| = Op(1/T), or equivalently|k — ko| = Op(1), then for anyn > O, there
exists anM < oo such that Pf/k — ko] > M) < 5. We shall prove this by using the
contradiction argumentSupposert is not T-consistent then there exists a sequence
M+ > 0 such thaM; — oo, (M1/T) — 0 asT — oo, and

lim Pr(Jk —ko| > M7) = a,
T—oo

whereq is a positive constant if0,1].
NOVV, letA = Bz - [7’1, ZT = {1,2,....,1—}, DlT = {m: me ZT, m< ko - MT}, D2T =
{m:mEZT,m> k0+ MT}, D3T={mZmE ZT, ko_ MTS m= k0+ MT}
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Note that

R m m
Pr(|k — ko| > M1) = Pr(infmEDlTUDZT RSS(;) <infep,, RSS(;)).

Becauseky € Dgr, we have infcp, RSS(m/T) = RS$(7), and the preceding
probability is bounded by

= Pr(infmeDlTuDZT Rss<rT—n> < RSS(TO)>
2 m
=> Pr<infm€DlT [RS$<;) - RSS(TO)} < 0)-
i=1

By using(B.2) and(B.4) in Appendix B the right-hand side equals

T Ko

2 Yi-18t 2 Yi-18t
. ko+1

= Pr|inf,cp . § 2A

T Ko
2 V! 2 V!
kot 1

m+1

m+1

.
> Vs

a2 — A —) <0
T ko T T
kozl)’tz—l 2 \Var
m

m+1

m ko
2 Yi-18t E Yi-18t
. Ko+1 1
+ Pr|inf cp,,  2A

> Vi

Ko
PRV
Kot 1 1

> Ve

m
ﬁAT ? <0].
DRI

Kot 1

+ A%+

Using —inf X = sup(—Xx), SUp(X + Y) = Supx + supy, SUpXy =< supx supy, and sup =
sug x|, the preceding item is bounded by
< Pr(—=2AA, + 20A, + Ay > A2) + Pr(2AA, — 2AAg + Ag > A2),
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where
.
E Yi-18t
A= 2o = 0,(1)
> Ve
ko+1

by (38 and(3c) of Lemma 1

1 “ Yi-18t
A,= sup —— = su =0,(1
? P mED?T Ko—m mE ko o)

1
E V! 21 Y& 1/(ko—m)
m+

by the uniform law of large numbers in Andrewk987, Theorem 1,

T
2
. 2, L Y 1
S mseléﬁ)_r T Ko T - T Ko
PR EDIRN 2y 2 v
ko+1 m+1 ko+1 ko—Mt
ko 2 m 2
(2 Yt18t> <E yt18t>
1 1
x| sup - -
mED; 1 ° 5 m )
> Vi DR
1 1
T 2 T 2
( > 8tyt1> (2 8[Yt1>
ko+1 m+1
+ sup -
meD; 1 T 5 T >
2 Yi-1 2 Yi-1
ko+1 m+1
1 1 1
=0 T +0p M_T (05(1) + O,(1)) = O, M_T = 0p(1);
ko
Z Yi-18t
1
A= =0,

E !
1
by (3a) and(3b) of Lemma %

m
2 Yi-18t
Kot 1

Ag= sup — =0,(1)
meDy,y M 5
Z Yi-1
Ko+1
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by a similar argument as iAy;

m
2
o gy"l m\[_/ 1 1
DR RPN > Vi > Y&
ko+1 1 1 ko+1
Ko 2 m 2
(2 Yt181> (2 y113t>
1 1
X | sup -
Ko m
mED,T
2 V" 2 iV
1 1
T 2 T 2
< > 8th1> (E gtyt1>
ko+1 m+1
+ sup -
meD,T T ) T )
> v > Ve
ko+1 m+1

1 1 1
- (o,,(;) + op<M—T>>(op<1) +0,(1) = o,,(M—T) = 0,(1).

BecauseA;—Ag areoy(1) and A? is a positive constantve have
Pr(|k — kol > M) = Pr(0,(1) > A2) + Pr(0,(1) > A?) — 2Pr(A2 < 0) = 0.

This meansx = 0, which contradicts the original argument that> 0. Thus 77 is
T-consistent
To find the limiting distributions of31(77) andB,(77), note thatrr — 7o = Op(1/T)

and
[#T] [7oT]
D VYer X YiVes
VT (Ba(ir) = Balro) = NT | o = ooy
> V&, > v
1 1
[#T] [70T]
D oaYer X &Y
= Ui =7oINT [#T] B [;T]
> Ve > v
1 1
[70T] [#1T]
> (BiYiat &)Vis > (BaYio1t &)Y
+ Uy > VT | — [Tl S [T
> Ve > Ve
1 1
[70T]
; (B1Yi-1+ &)Y
B [roT]
; Ve
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[70T] [70T] [70T]
Z VE1 X &Y Z &tYi-1
= Upr=moVT [[TI]TT [im - [T[Ti:?
PR Y > V&
1 1 1
[7rT] [70T] [#rT]
> YA X eV > &Y
Ui > nINT| - [[011:]1 [im - [O[T];
> VAL 2 YA > V&
1 1 1
[#rT]
> Vi
+ (B2~ B1) [T[O:T—r]—l
> v
1

= 1t = To}ﬁ<0p<?l>°"<%> B O"G))
TP TO}W(OPG)O"(%) v OP(%) ¥ OPG))

=0,(1).

_ Thus B1(71) andB1(7o) have the same asymptotic distributi@imilarly, ,(77) and
B2(79) have the same asymptotic distribution

Define J; = o(g:i = t) as the sigma field generated by the past history «pf.

Becaus€ e, y,_ 1, 3, H™ ! and{s, Yio1, St H-[s,71+1 @re martingale difference sequences
with

E(sty‘,1|:§[,1) = 0 (t:]-’z’-"yT)’

[70T] 4

o
E((e Y1) ?[S1) > —— < oo,
[TOT] E tVt—1 t—1 1— Bf
1 T o’
- E((e )2 )% < oo.
T_[TOT]t:[TOET]+1 eea) N 1-p53

Applying the central limit theorem for martingale difference sequer(ses e.g.,
White, 1984 ch. V) and by(3b) and(3c) in Lemma 1 we have

[70T]
; eV 1/NT 1- g2
\/T(Bl(’?T) —B1) = \/T(El(’fo) —B)= [7oT] < N(Q - 1>,
0
21: Ve /T
.
' 2]4 1‘31311—1/\/T 1-p2
VT (Balir) = B2) £ NT (Balro) = ) = = $N<o, 1_72>.
> YAJT °
[roT]+1
This proves Theorem.1 |
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APPENDIX D:
PROOF OF THEOREM 2

To derive the limiting distribution of for shrinking shift let 8,1 = 81 + (1/Ng(T)),
whereg(T) > 0, with g(T) — oo and[g(T)/T] —> 0 asT — o .
Forr =19+ v[g(T)/T] andv = 0, by (B.2) in Appendix B and the facts that

[70T] 2 [+T] 2 [7oT]
; Yi-1&t > V18 > ¥
1 1

() Avr) =~ |17 | & -
> Ve > V18 > Ve
1 1 1
T 2 T 2 T
> &Y > Yei& > va
[roT1+1 1 [+T]+1 [roT]+1
T T T
> Vi > Vee1s > Ve
[roT1+1 [roT1+1 [7T]+1

= Op(D(1— (1 - 0,(1)*(1+ 0,(1))

+ 0p(D(1— (1+0,(1) (1 = 0,(1))) = 0,(1);

[70T] T
2
> _1&
(”) (B _ﬁ ) [T%—*—lyt 1[7’o'f2]+1yt v _ Op(g(T))Op(ﬁ) -0 < g(T)>
T i Vomoym AV T
> VA
[+T1+1
= 0p(1);
.
> Vi
(i) T 25,
> Y
[+TI+1
we have
RS$(7) — RS§(7o)
[70T] [70T]
= =2(Bar —B1) 2 Veaet (Bar =B D VALt 0p(1)
[+T]+1 [7T]+1
o [lvlgmi-1 1 [vlgmi-1

= JE— 2
m % ykoftflskoft + g(T) % ykofl*l + Op(l)

S 22(p (M) 1
\1-p2) 2@a-83)

whereB,(-) is a Brownian motion defined oR, .
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Similarly, for 7 = 7 + v[g(T)/T ] andv > 0, from (B.4) in Appendix B and the fact
that[v/(1 — B%)] — [v/(1 — B?)] asT — oo, we have

RSS(7) — RS§(7o)

[7T] [+T]
=2(Bor — B1) Z Yi-1& + (Bar — B1)? 2 ye.+ 0p(1)
[7oT]+1 [7oT]+1
2 [va@]-1 1 [veMi-1

0

:>_20'2<Bz< v >_ ! >7
1-B%) 2-p9

whereB,(-) is another Brownian motion defined ¢, independent oB(-).
Definer = v/(1 — B82) and apply the continuous mapping theorem for argmax func-
tionals(see Kim and Pollardl990. We have

T _ 2
(BlzT_—B?l) (Fr—7g) =1 = Argrmin{RSS(fr) — RSS(7)}

d . 1
= Arg mln{—202<B*(r) -5 |r\>}

1
:Argma><<B*(r) B |r|),

whereB*(r) is a two-sided Brownian motion oR defined to beB*(r) = By(—r) for
r = 0 andB*(r) = B,(r) for r > 0. This proves Theorem.2

== \/ﬁ E (_yku+t 8k0+t+1) + ﬁ % yk20+t + Op(l)

APPENDIX E
PROOF OF LEMMA 2

Conditions(4a) and(4d) are special cases (3a). Conditions(4e) and(4f) are identical
to (3d) and(3e), respectively

1 T 1 T
(4b) — X Yeas == > (Y-yii—ed)

[roT]+1 2T [T+

T

el

Tk ¥ Y rmTin
2T \T—ko T—k& T—k

_ 1—7'0 yko N 1 ET: . 2
2 T -k \[T—kojzkoﬂj

Vi 1 T
- > 2.
T- I(o T- ko [roT]+1
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Because

Y 1
© %0 and —— 2 & = oB(1),

\]T_ko \] — Ko j=kot1

by the continuous mapping theoreme have

Yo E 2 ?B*(1)
+ g | = 0°B7(1).
NT =Ko NT =Ko j=kot1 !

Therefore
1 7 1—719)0?
= Y Yoaa = ——— (B3(1) - 1) = O,(1).
T [roTi1 2
1 (T—ko)? & Yk 1 1 2 1
(490 = > Yoi=—— — =5 IR
T (707141 T [roT]+1 —ko AT —KgiZko.s T—ko
T 1 t—ko—2 2 1
= (1-7p)? 0o+ === > eij1| =
0 [rg}u . AT =k 26 oL T — kg

1
=(1- TO)Za'zf B?(s)ds= O,(1),
0]
wheres = (t — kg — 2)/(T — ko).
To prove(4g), we use the triangle inequaljty4b)—(4e), and the facts that
[TOT] [TOT]

sup ZYtl—zytl

T=T=70 [7T]+1

Then we have

[70T] [70T]
1)[2] 2 1+[2 &t Yi- 1+[ 2] &t Yi-1
. FTI+1 FTI+1 T ]+1
sup [B,(1) —1] = sup
T=T=Tg T=T=Tg
2 Y1
[+T]+1
1 [70T] [70T]
= |B1—1 2 yiit sup | X &Y
T=7=70 |[7T]+1
2
> Y&

T

2 &tYi-1

[ToT]+1

+

)

~ Oy(T) +0,(T) + Oy(T) 5 (E)
B 0,(T?) CP\T )
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(4h) By the triangle inequality an4g),

sup |Bo(1) = Bal = sup |Ba(7) — 1| + [1— B4] = Oy(1).

T=T=Tg T=T=Tg

Conditions(4i) and(4j) can be proved by using an argument similar to thaiin).
(4k) Forr € 5T,

[7oT] [7oT] [rT]
(B1—1 E ye .t E & Y1t E &tYi-1
N . 1 1 [7oT1+1
[Balr) = 1] = [roT] [T]
> Vet X v
1 [7oT1+1
[70T] [70T] [7T]
> Ve > &Y Y &Y
18, -1 1 L2 [roT]+1
=1h [+T] [7oT] [7T]
> YA > Vi > Vi
[7oT]+1 1 [7oT]+1
[70T]
1 [T T T ; i
=B, -1 = 2 Ar+
181 ‘T 213 Vi l[(T_TO)T]2 T T T
2
2 Yi—1
1
T Ty 18

’

NCEESEe

[roTi+1 T

where

1

At

- [(T*TO)T] yk0+t 1 ’
20: < (1 —179)T] ) [(1—70)T]

The proof is completed by utilizin¢4a), (4e), (4i) and the following facts

(i) By the definition of 2%, T/[(t — 70)T]? = 0(1) for7 € ET.
(i) By the definition of£T. and by using the continuous mapping theoyere have

1
——— =0,(1).
0_2f BZ

(o]

(4l) By the fact that

Ar=

T2 T2
TSEUEI T = T - Op(l)
> ¥ E Yo 1
[+T]+1 k+1
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and by(4j),
.
[E] Yi-18t
TI+1
sup|x(r) 1] = sup |75
reE] TEEI >
> VA
[7T]+1
-
_1 &
_ir ] [ﬁz]ﬂyt v —o<l>
B R = I S AN )
E V"
K+l

These prove Lemma. 2

APPENDIX F
DERIVATION OF EQUATIONS (12)—(14)

For|B1] < 1, B, =1, by (B.1) in Appendix B the triangle inequalityand the fact that

sugab| = sugalsugb|, we have

1 1- To—T)0?
sup |=RSS$(r) — 02— ( B;)i 0 7)
r=7=710 Bl
1 T
= ? ; stz —o?
K 1 [7T]
+ sup |By(7) — Bl sup 2 Yi-18t
R [70T]
+2 sup [Bx(1) — B4l sup 2 Yi-18t
T=T=To T=T=T7g [7T]+1
. 1y (1= B)(ro— 7)o
+ sup |(Bu(1)—By)2% = 2, -
IETSPTO B2 B1 T [TTE]HYt 1 1+ 8,
T
: 2] Yi-18t
A ToT]+1
+2 sup [By(r) — 1 T
T=T=Tg

1 [ TE]+1yt2_1
+ —( sup \T(ﬁz(r)—l)\fﬁ’—

T T=T=Tg T 2

=0,(D).
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All six preceding terms above aog(1) by Lemma 2 To show that the fourth term is
alsoop(1), we use the fact thatl — B1)/(1 + B1) = (1 — B1)%(1 — B%) and the triangle
inequality that sufm — b| = suga — ¢+ ¢ — b| = suga — c| + sugc — b, with

[70T]
> Ve
A 7T |+ 17 — 2
a= (fatr) ~ 7 T b= Bll)f;l 27 and

(10— 7)o

o= (Balr) = B* =

Conditions(4e) and (4h) in Lemma 2 imply that su@ — c¢| and supc — b| are both
0p(1). This derives(12).
Forr € ET, by (B.3) in Appendix B and the triangle inequaljtwe have

l R (1-By)7e0?
‘T RSS$(7) — o —1"‘31
1 T R [70T]
= ?;812_ + 2(,81(7')_31)? ; Yi-18t
[70T] [7T]
2
+ 3 _ 2 ; ytilf (1-B)700? + 1208 _q lroTEJJrlytd‘gt
(B1(7) — B1) T 148, (B4(7) ) T
. 1 N
+ (Ba(r) =2 = 2 ye 1+ | (Ba(7) = 2 Yi-18t|-
T [7gT1+1 T [#T]+1

In the third termwe use the facts thatl — 81)/(1+ 81) = [(1 — 81)?]/(1— B?) and
the triangle inequality thata — b| = |a—c+ ¢ — b| = |a— c¢| + |c — b]|, with

[7oT]

> ¥
1 (1= Byr0? A IR To0 2
T ’ - 1+Bl and c= (181(7-) Bl) l_BJZ_ .

Thus the preceding equation is bounded by

a=(Bi(r) — B1)?

1T [70T] .
?; +2 .I_. 21: Yie1 8|1 B1(7) — B4
[7oT] 2
B - B% T S V- 1T
K [+T]

l ,32 ‘,31(7)+1 231”31(7) 1+ 2|B4(7) — 1 T [70T2]+1yt 18t

L L R P S S
+ T (Ba(7) = 1) [(T_To)T]z[—rOTZ]+1yt71

N A
+ [Ba(7) — 1] ‘ ? E Yi-18t]-

[+T]+1
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All seven preceding terms above ayg1) by Lemma 2 and by the definition &

This derives equatiofil3).
To derive(14), first note that for any positive constaat

ko
c 1 ; &tYi-1
,31<To+ ﬁ) = 0T<§7C> Bt =
E V!
1
[kot+cNT]
2 &tYi-1
1 ko+1
+ (l— 9—,—(5,0)) 1+ T |
2 \Va
ko+1
where
ko
1 2 V!
1
0T<§’C> e [kote~/T]
Z yoot+ Z \Va
1 Ko+1
By (3b) and the fact thayZ /T -5 0, plus the invariance principle that
1 [ko+cNT] 1 [eNT] c
j— E Yei== E yt2+ko—1:"0'2f B3,
T &5 T 7 0

whereB;(-) is a Brownian motion defined oR. , we have

7o

c b
o+ a-pd [ B3
0

) 1
() 6T<§,c> =

roBy + (1 B2) f B2

~ C
(i) Bl<70+— = < .
VT v [ e

Additionally, we have

ﬁ2<ro+%) —1‘ — 0,(1);

(i) sup
cER, 4
[kotcNT]
(iv) sup — > V& = 0p(1);
cER, | Ko+1
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T

> Yi-18t

[ko+cNT]+1

(V) sup — = 0,(1).

cER, 4 T

From (B.3) in Appendix B (4e) of Lemma 2 and(i)—(v) given immediately preceding
we have

1 c 17 . c 1k
=R | == e2-2 +—)-p)=
T SS(TO \/T) Tget (1(70 T> Bl)-l-;ytlst

N ¢ 21 %
+ < 1<7'o+ ﬁ) _31> ?;ytz—l
R c 1 [ko+cNT]
R 1("0*%)‘% F
1 [k0+c\/_]

k0+l

T

(B )Y 7
R 1
- ot =]-1 T Yi-18¢

(o
o

[k0+c\/—]+1

—| =

T 21 ko
; gf + 0p(1) + <,31 > ) 2 Yo+ 0p(1)

c 21[k0+c\/T]
+ B0+ —=) 1) = 2,+0,(1
<1<o ,—T> >T kDEH Yi—1 (1)

c 2
a-poa-pp [ 82|
2 0 Too
=0+ S >

To+(1*/312)f0 B2 A

" To(B1— f §
7o+ (1—B% )f BZ °

7'00'2(1 - ,31)2

c -1 !
o [e2) " r1-s
0

Il
S

This derives equatiofil4).
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APPENDIX G
PROOF OF THEOREM 3

To show| 7 — 70| = O,(1/T), it is sufficient to prove thaf;—Ag defined in Appendix C
are alloy(1) in the case whergs,| < 1 andB, = 1. Now

.
E Yi-18t
Kotl

A=

> Ve

kot 1

=0,(1)

by (4b) and(4c) of Lemma 2

Ko
Z Yi-1&t

A sup m+1

2 = Su
meDyy Jo )
> ¥

m+1

=0,(1)

by the uniform law of large numbers in Andrewk987, Theorem 1,

.
2
mglyt’l m 1 1
As= sup | ———— ——A¢| || = +

meDar | 2 3 2 S 2 S 2
E Vi1 2 Yi-1 2 Yi-1 E Yi-a1
m+1 kot 1 ko—Mr

kot 1
ko 2 m 2
(2 yt18t> <2 ytlet)
1 1

x| sup -
mED, T ko 5 m )
> Ve > V2.
1 1
T 2 T 2
( > 81y11> (2 stytl>
ko+1 m+1
+ sup -
meD; 1 T 5 T 2
Z Yi—1 Z Yie1
ko+1 m+1

1 1 1
= (Op<§> + Op<M—T>>(Op(l) +0,(1) = Op<M—T> = 0,(1);
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ko
; Yi-18t
A= S =0,
2 Y1
1
by (4a) and(4e) of Lemma 2
m m
2 Vs Yo Yo — 2 &
ko+1 ko+1
As = sup - = sup m =0,(1)
MED,T mED,y 23y
y2 t—1
k02+1 -1 Ko+1
m
2
" 21: Yo _/ 1 1
6 msellj:gr m ko At T | ko + ko+ My
2 yt2—12 ye1 EYtz—l E V!
kot 1 1 1 kot 1
ko 2 m 2
(2 Yt—18t> <2 yt—let)
1 1
MED,T ) 5
2 Yi-1 2 Yi-1
1 1
T 2 T 2
( > 8tytl> (2 8[)’(1)
ko+1 m+1
+ sup -
meD,t T 5 T 2
Z Yi—1 Z Yi—1
ko+1 m+1

1 1
_ (op<?> op<M—T2>>(op(1) +0,(1)) = 0,(1).

(To prove thatAs = 0py(1), explicit formulae would be needed am not able
to provide a general proof because of the unknown asymptotic properties of
SURne,, (Diat1 Yio180)/(Ziko+1 Y1) under nonstationarity of;. No study on the uni-
form convergence under this kind of nonstationarity has been done in the literature
However the referees and | believe that the result is true and intujtive

BecauseA;,—-Ag areop(1), thus 7y is T-consistent

To find the limiting distribution of;(71), note thatir — 7o = Op(1/T) and

VT (B1(71) = Bu(7o))
[7+T] [70T]

> VY1 X ViV
1 1

[#T] ST

E V! E \V
1 1

=T
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136
[70T] [70T] [70T]
[ 2] Ve E &tYi-1 [ 2] &tYi-1
R ATI+1 1 FTI+L
= <
Ui =molVT| 5o [70T] [#T]
2 V! 2 Y1 2 V!
1 1 1
[7rT] [70T] [7rT]
E Vet Z &tYi-1 2 &tYi-1
~ [7oT]+1 1 [7oT]+1
> —
Ui > oNT [#T] [roT] [#T]

E V! 2 V! 2 V1
1 1 1

st =7 (o0, (2)an( &) -0 2))
{7

7)rods)rods))

1
+ 1 > TO}\[T< p<?>

=0,(D).

Thus B1(71) andB1(7o) have the same asymptotic distribution
Becaus€e, y,_1,3,}17%1 is a martingale difference sequeneéth

E(eYi-1/3i-1) =0
[70T] 4

2 E((&Y-1)? - 1)‘> 1-p2 < o0.

Applying the central limit theorem for martingale difference sequences and the fact

that
1 [ToT] ) b 7_00_
- 2 Y1

1 1-p1
we have

[70T]

Z 8tyt—l/\/T >
%N(O,l_m).

VT (Ba(3r) = Bo) £ NT (Balro) = B0) =~
; ye /T
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To find the limiting distribution of,éz(%T), note thatft — 79 = Op(1/T) and

T(Ba(71r) — Ba(70))

T T
E YiYi-1 2 YiYi-1

7 [#rT1+1 [7oT1+1
N T T
E V! 2 V!
[#T]+1 [roT]+1
[70T] T [70T]
[ E] yt2—1[ 2] &tYi-1 [ 2] &tYi-1
. FTI+1 roT1+1 FT1+1
=1 =) T| - +
{7 =710} T T T
> Ve X YV > Y
[#rT1+1 [roTl+1 [#rT1+1
[70T]
E Yi-1
[#rT1+1
+ (B Bo) T
E Yi-1
[#1T1+1
[#:T] T [#:T]
: 2] V! : E] &tYi-1 : 2] &tYi-1
oT]+1 oT]+1 oT]+1
+ U > 1} T| — . - =
T T
Z V1 Z Y& 2 V!
[#rT1+1 [roT1+1 [#rT1+1

1 1 1 1
=l = TO}T<OP<§>OP<?> + Op<?> + Op<§)>
1 1 1
+ 1 > TO}T<Op<—T2>Op<?> - op<—T2>>

=0,(D).

Thus B»(71) and B.(7o) have the same asymptotic distributickpplying (4b) and
(4c) in Lemma 2 we get

1 T
5 a TR ?[m%ls‘y"l B2(1) — 1
T(Ba(77) — 1) = T(Ba(7g) — Bo) = 1 T = 1 -
il 2 21— )J B2
T? [m%ﬂylfl “Jo

These derive the limiting distribution ¢8;(77) and B,(#1) for fixed magnitude of
break

To derive the limiting distribution of for shrinking shift we fix 8, at one and let
Bit =1 —[1/9(T)], whereg(T) > 0, with g(T) — o0 and[g(T)/T] — 0 asT — co.
Let v be a finite constantandB4(-) andB,(-) be defined as in Section For7 = 74 +
v[g(T)/T]andv = 0, we haveA+(r) = 0y(1) whereA+(7) is defined in Appendix B
and
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Y, 1 1 \et2 ko—t—2 1\
-l ) R
9(m) 9(T) ° 5 g(T) ) et

IRFG)
ko—t—2 1 \IMNM gy g
-2 <<179(T)> ) Vg™ oW

- o'jw exp(—s) dB,(s) 2 o-Ba<%>,
0

whereB,(3) is a Brownian motion defined oR, .
Because

Vo 1 1 [elgmi-1
o 2 :>0'Ba(—>and Y &= 0By(v)),

Ng(T) 2 Ng(T) 0
we have

1 [elgMi-1 Yio—t—1Ekp—t

Va(T) %o Vo(T)

=0°B <}>Bl(|v|) and
A\ 2

1 [lgmi-1

1
S S o= loe(3),
Further because
[70T] T
yZ V1€
1 )[,TZH ' 1[70%1 T Ou(g3(M)0,(T) (g(T)) o
iT T , g(T)Op(Tz) p T p
2 Yi—1
[7T]+1

and

.

E Y2
[7oT]+1 i)l’

T

E Ve
[7T]+1
equation(B.2) in Appendix B becomes
RS$(7) — RS&(7o)

[70T] [70T]
==2(1=Bir) X Veaet@-B)? X Yt2—1+0p(1)
[+T]+1 [7T]+1
2 [llvlgmi-1 1 [lvlgmi-1

= —-—— 18+ —=— 2 . ,+0o,(1)
9(T) 20: Yko—t—1Eky—t 92(T) 20: Yiko—t—1 b

1 1
= —2028a<§> B,(|v]) + |v\UZB§<§>.
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Similarly, for 7 = 7o + v[g(T)/T] andv > 0, from (B.4) in Appendix B we have

A+ (1) = 0,(D),

[70T] [7T]
; Ye-12t [TOTEHVH O,(T)0,(g3(T)) 9(™)
(1-Bi7) N ) o
T [g] 2 9(T)0u(T?) T
Yie1
e e S ) e
Nelo) - 9T/ g %o g(T) 9(T)

= UJOO exp(—s) dB,(s) 2 aBa<%>,
o]

i[vg(T)] 1 yko+t _i[vg(T)] 1 1 t—1 Yko )2
9(T) % (vg(f)> ) % <\/g<T>§8k°*“Wg<T'>

1 [vg(T)]—-1 it v 1
= 2 %akow:a f (Bz<s)+B< )) 4B ().

Hence equation(B.4) in Appendix B becomes

RSS(7) — RS$(7o)

[7T] [T]

=21=B1r) X Viae+(@A—Bir)? D yEa 0p(1)
[ToT]+1 [7oT]+1
2 [vg(M]-1 1 [ve(@Mil-1

=—— + = 2. T o(l
9™ EO: Yio+t Eko+t+1 93(T) % Yie+t T 0p(1)

= 20'2fov<82(s) +B <l>> dB,(s) + o fv<82(s) + B<%>>2ds
= *20’285<%>

e Bz(? _Jv B9 g gy f O Bz(? ds_%v ‘
e(3) " el3) () )a(3)
2 2 2 2
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By the continuous mapping theorem for argmax functionaks have

(1= Bip)T (7 — 70) = ¥ = Argmax{RS§ (1) — RS$ (7o)}

vER

1 Cc* 1
<5 Argmax —2028§<5> ﬂ—ﬂ |

vER 1 2 v
B, E

This proves Theorem.3

APPENDIX H:
PROOF OF LEMMA 3

(58 By the fact that(yko/\/T) = oB(7p) and(y§/T) = 0,(1), we have

1 [70T] 1 [70T] 1 [70T]
- E Vo180 = oo > O —¥ea—ed) = oo (Y~ Y6~ > &
1

1

o2
= 7 (B?(7o) — 7o) = op(l)'

1 T
(b —= 2 Yi-18&t

NT [(roT+1
T t—1
= t—ko—1 t—i—1
Yio T B g |e
A
1 ko
== y0+28j EBt Koo lg, + E 2 BS ' teig
\/T j=1 ko+1 t=kot+1li=ko+1

1 Ko 1 T t—1
— e Bt ko— + e Bt*ifl8i
\/T11< lkozﬂ > ﬁt—§+l< ti:%Jrl 2

+ 0p(1).
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By Assumption (A2) that g's are iid, {g S ko1 B Fo e, Jj e, and
{e: ik e1 B85 " ter, S+ Will both be martingale difference sequences with

E<8J 2 B;kolst%jl> =0 (J =1727"'7k0)7

t=ko+1

15 To0?
o homlg R = < oo,
T&F << t%ﬂﬁ ) ”) Ty

( 2 B5 ' Si%t1> =0 (t=ko+Lko+2,...,T),

i=kot1

1 J 1 . 2 1—179)0?
- E([e il )X, | D —2—.
P2 (o F ) ) 2

By the central limit theorem for martingale difference sequences and by the indepen-
dence of the two martingale difference sequences given prevjouslhave

1 T 4
= 2 YI18t$N<O, 7 );

\/T[ToT]‘Fl 1_322
t—1 2
1 [rT] [Tl Zlai 1 70
50 =5 > ¥2.= > Zf B2 = 0,(1);
( ) T2 ; yt 1 ; \/T '\/T T g o p( )
1 [7T] 1 [+T] t—1 2
50 1 S =g S (s 3 sl
[7oT1+1 t=kg+1 i=kgt+1
2 [+T]
= <&> 2 1322('(4(0*1)
VT
yk0 [+T] o t—1 o
122 S (gt S g
t=ko+1 i—ko+1
1 [T t—1 ' 2
+ = Z 2 B tei .
T o1\ icko+1

The first term converges weakly for2B?(7)]/(1 — B82).
Because|y,,/NT| = Op(1) and (1/VT)sup-|e| = 0p(1), the second term is

bounded by
=2 o | S e e
Sz% <(1—1[32)2 |Bz|1)(1 B3) )vl—s”p's" %D
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Last becausdB,| < 1 ande; are ii.d. with finite fourth momentwe have

[7T] t—1 2 _ 2
lim 1 Z E< 2 B;i18i> :m’

Py
Tooo T (Jorr \i=kgtt 1-585

t—1 2 t—1 4
Var<< > B;ilsi> ><E< > B§i18i> < oo.
i=ko+1 i=kot+1

By the uniform weak law of large numbers for dependent and heterogeneous prpcesses

1 [7T] t—1 2 (’T_ 70)0_2
sup Bsi7te | —————| =0,(D).
reEL T t %+1<| %‘Fl 17,3% P
Thus
1 [Tl T — 15+ B3(7,
il E ytzil:,o—z(O)Uz_
T [1oT]+1 1- ﬁz
1 [7T] Ty e (7
5e) su € s f BdB| = O,(1);
(59 sup |+ Zyllt 2\/‘\/‘ sup |o® | o(1)
1 [70T] [70T] Vo1 &
(5f) su gl = su —_—
TE'—p T [ﬂ;Jrl yt o TEEF% [ﬂ;Jrl ﬁ
To
LN sup f BdB‘ =0,(D);
’TE'—‘ T
[+T] [7T]

2 Yi-18t
1

Il
IA

(59) sup |B1(7) — 1]

1
su -
reST TEEEE [7T] T [T] TEEEE T

Z Y 2 Y&
1 1

1 1
T Op(1OL(D) = Op<?>;

[70T]
1)[ E] Y& 1+[2 &t Y- 1+[ 2] &tYi-1
ToT ]+1 TT]+1 ToT]+1
(5h)  sup|B,(r) —1| = sup —
res’ rezl 0
> Yeat 2 Y1
[7T]+1 [7oT]+1
T [70T]
1B, —1] Z Va E &tYi-1
- [7oT]+1 n [rT]+1
n TSEEFT), [7oT] TSEUEpI [7oT]
> ¥ > ¥
[7T]+1 [7T]+1
T
> &Y
[7oT]+1
T
E \Va
[7oT]+1
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Using the fact that

[7'0T] 2 pe
Yio1 1 22—
(7)) =) w0

[»T]+1

the definition of 2T, (5d), and (5f), the first term is bounded by

T
2 Ve
1B, — 1| T(ko—K) [roT1+1 _ L1 _
ezl Ko—K 7EUEI [7oT] T = Gp(T JOp(1)O(D) = 0p(L).
> Vo
[rT]+1

The second term is bounded by

[70T]
> & Yea
1 T (ko — k) [rT]+1
su Su —— | Su E——
TEEpI ko - k TEEF% [70T] 2 reg’ T
Yi-1
[7T]+1

= 0,(T"¥2)0,(1)0,(1) = 0,(1).

The last term i,(1) by (5b) and (5d) of this lemma Thus sup,651|[§2(7-) —-1] =

op(1).
1 [7T] 1 [7T] t—1 )
(5) sup |= X V& = 2 BTt Bs e ) ey
re=t | T (o412 re=t | T (o741 i=lgt1
1 [T] .
=sup = X BYlye
re=l | T (g1
1 [7T] t—1 »
+ sup = > D BE e g
res] [raT1+1i=kgt1

Becausdy,, /NT| = Oy(1) and(1/NT) sup- | &| = 0p(1), the first term is bounded
by [1/(1 = B2)]| Vi, /A Ko (L/NT )sUp | & | = 0p(D). .
Further becauseE(X| 185 teie) = 0 and Va(Xii 185 tee) =
2) < o0, by the uniform weak law of large numbers for dependent and het-

0'4/(1 - P2
erogeneous processéBotscher and Pruchd989 Andrews 1987), the second term

converges to zerdlhis shows(5i).
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To show(5j), by (5b), (5i), and the triangle inequalityve have

1 T T 1 [+T]
sup | = 15| = _1&| + sup |= _15| =0,(2).
7'EE",FT)r T [T'FE]:+ly[ v T [TO%+lyt t TEE% T [70%+1y[ t P )
(5k)  sup|By(r) — 1
TEEL
[+T] [70T] [+T]
(B2—1) E Yo+ 2 Y1t E &tYi-1
[7oT]+1 1 [roT]+1
= sup
TEEI [7T]
E \Vart
1
T [70T] [rT]
1Bo=1] X Y21+ |2 &Y+ SUP| X &V
_ [7oT1+1 1 T€EL |[7oT]+1
- [70T]
2 V!
1
_ Op(T) + Ou(T) + 0,(T) _ <1>
Op(Tz) PAT
by (5a), (5¢), (5d), and (5i).
T T
> &Via Y &Y
N [rT]+1 T [7T1+1
(5) sup|Ba(7) — Bo| = sup | —— =— sup | ————
TEEL TEEL TEEL
> Y > ¥
[+T]+1 [7T]+1
= Op(1)0,(1) = 0,(2)
by (5d) and(5j). These prove Lemma.3 |

APPENDIX I:
DERIVATION OF EQUATIONS (16)—(18)

To show that(1/T)RSS(7) converges uniformly to a random flat line abowé for
T € =7, itis sufficient to show that

(i) (1/T)RSS(7) converges pointwise to a random value abevefor all 7 € ZT

and
(i) sup,, e="|(L/T)RSS(7,) — (1/T)RSS(ra)| 5> 0 for anyry, 7, € ET.
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To show (i), use Lemma 3 andB.1) in Appendix B Forr € ET, 8; = 1, and
|B2| < 1, we have

S [T [roT]
1 g &f ; Yi-1&t . ;ﬂ Yi-1&t
TRSS( = ==~ (B0 D) —— —2(h(n D
[70T] T
> ¥ > Ve
+ 1 T~ 02— = = (B - ) T
T T2 \/T \/T
il T
T2 1yt271 TE 1yt2—1
+ (B~ 02 P 2y - 10— gy I —
.
‘ TE] 1ytz—l
_py2 ottt
By
S T
7 > ¥

o [oTl+1

T

= 1T —0,(1) — 0,(1) + 0,(1) — 0,(1) + 0y(1) + 0,(D) + (1 — Bo)

o2 + (1= B2)(1 =70+ B?(70)) 02> o2
1+,

To show (ii), use (B.1) in Appendix B the triangle inequalityand Lemma 3We
have

1 1
sup_ |5 RS$(m,) — T RS$(7,)

Thy TaEET

[75T] [70T]
2 Yi-18t E Yi-1&t
= sup |~ (Aulm) ~ 1) =~ 2(Ba(ry) ~ 1)
Ty TaEE
[70T] T
> YA > Vs
+ (Baltry) = D2 P 4 2(By(ra) — Balm) T
T [7aT]
> VA > Veeis
. A [roT]+1 . 1
+ ((Ba(1p) = B2)? = (Ba(7a) = B2)?) — T + (Bi(ma) — 1) -
[70T] [70T]
Yi-18&t > vA
+ 2By(re) — 1) e = (fylr) ~ 1
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[76T]
E Yi-1&¢
A 1
= su —1| su
S :p [B1(7p) \TDE :p T
[70T]
TE lyt—lst
T +
+2 sup|Batmy) 1| sup | P
THE Th .d,
[70T] T
. TE] 1)’&1 ' TE] 1)’1—181
THT ]+ 7T+ ~
+ sup (By(ry) ~1)? sup = 7 sup_|B2(7a) = Baly)|
T,EEL TpEEL Th, TaEEL
T
[E] Yt2—1
ToT]+1
o sup [(Balm) — B2)? = (Ba(ra) — B2)?
T, TaEEL
[7aT] [70T]
E Yi-1&¢ ( ZJ Yi-1&¢
1 T, T]+1
+ suplﬁl(fa) U sup |——|+2 sup\Bz(ra> 1] sup
TaE" TE“' T TGH TaE-— T
[TDT]
[2]: V&1
TaT1+1
+ sup (By(r) — 1)2 sup T%o.
7'€u

This derives equatiofil6).
For7 = 79,

1

T RS§(70)

T [70T] 2 T

> e <E yt18t> > Vg
1

- = 2(B2(70) — B2)
T ; Y1

.
> VA

5 [roTl+1

+ (,32(7'0) - B2) T

.
> e +0,(1) +0,(1) +0,(1) Loz
1

—|||—\

This derives equatiofil7).

To show that(l/T)RSS(r) converges uniformly to a random linear function above
o2 for r € 2T, it is sufficient to show that
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(i) (1/T)RSS(7) converges pointwise to a random linear function abe¥eor all
7€ ET and
(i) sup.e=T[(1/T)RSS(7) — (1I/T)RSS (7 + (1/T))| Ps0forallr e =T

To show(i), by Lemma 3 andB.3) in Appendix B we have

T [70T] [70T]
; &f ; Yi-1&¢ 2 Vo
T RSS(r) = - 2(By(1) — 1) — 7 (By(r) —1)2
[rT] [rT]
. 1)’1—181 ' TE] 1)’12—1
- 2(&1(7) — P2 % + (BI(T) - ,32)2 TOT
T
: T}]: 1yt 18
— (Bo(7) = B5)
T [7T]
;812 ' TE] 1Yt2—1
=~ = 051+ 0(1) — 0,(1) + (Ba(7) — Bp)* T — 0,(1)

(1 B2)*(1 — 70 + B?(10))
1-p%

To show (i), use (B.3) in Appendix B the triangle inequalityand Lemma 3We
have

o?=c2

sup
€=l

R ———
T RS8(1 — T RS§{r+ o

[70T]

1 > Vo1&
el 2) i)
[70T]
2
N
Ba(r Bi\T T T
[7T]
1 [TOTE]+1yt—18t o E Y1800
( 1(7"" ) Ba(r )) T + <B1<T+T>_ﬁ2> T

T

2
3 1 T0 +
PP T 5
-4 +l_ )Y[TT] <<+1> ()M
BT T B2 T Bo|7 BZT =
3 1 Y- Errrye1
,<BZ<T+?>732>W+
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[TDT]
> Vee1s
1

=2|——| su
T TE—‘p

1
Bl <T > ,31(7')

[70T]

1 Z Y21
1
A <<T TSEU_plﬁl(r)—l\) <Ts€u:rg

s (re2) -1
(3

J)

+ 2 sup

TE:T

su
TEHp T

1
/31<T+ > 31(7')
1
31<7'+ ) Ba2| s
+ sup

2
sup (;%(ﬂ—&)?—(l(w;l)—ﬁz) sul

1 2 2
+ sup<,81<7-+ > ,82> su M

reg] rez T

Y118,
192 SUp [ T1€0r+1

TG—

EEI

T
> V&

sup [#T]+1

TE" T

o 1 .
Bz(T + ?) — Ba(7)

. 1
/32<7' + ?) - B2

Y1) €T
T

sup
reEl

This derives equatiofil8).

APPENDIX 1
DERIVATION OF EQUATIONS (19)—(21)

ForBi=1, |B,| <1andforr =7— (m/T),m=123,...,and(m/T) — 0 asT — oo,
we have

1
(38 T ¥E n= 0 7B2(r) = Op(1):
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ko
E Yi-18t

Ko—m+1

1
(Jb sup =

= 0p(1);
meiL2,. ., (m/T)—0 T P

~ m
(Jo sup B1 (To - ?) - 1‘ = 0p(1);
me{L,2,..},(m/T)—0
Ko
> &Y
~ m m Ko—m+1
,32<TO_ ?> = a<7’0— ?> 1+ T —
Z Ve
ko—m+1

T

Z &t Yi-1

S

> v

ko+1
where
1 Ko
< m) T k072m+1y171 mB?(7,)
altg—= | = =
T 1 k T 1— 715+ B?(1)
= 2.+ = mB* (7o) +
T ko—Emﬂyt T k02+1yt ' 1-p3
Further because
Ko T
kOE &t Yi-1 kZ &tYi-1
—m+1 +1
- =0,(1, —— =0,(1),
E Yi—1 2 V!
ko—m+1 ko+1
we have
(Jd) ﬁ (7’ B T) (1_,322)”182(70) +(1-15+ BZ(TO))ﬁz
2\ T (1— B2)mB2(7) + 1 — 74 + B2(7,)
Therefore

R < B T) PN (1—-B5)mB(10)(1 - Bo)
P\t 1) TP A gmBr ) 1 70+ B2 ()

This derives equatiofil9).
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Using (B.1) in Appendix B (5a), (5b), and(5d) in Lemma 3 and(Ja—(Jd), we have

ERS,(_T)
7RSS (o 7

T ko—m 2 ko
> e? <Z Y1181> 2 Vs
_ 1 B 1 B 2<B <T B T) 3 1> Ko—m-+1
T o 2\"o 7 T
LD
1
Ko
5 > v
(oo )
2\ T T
T T
> Vo1& 5 > Ve
~ m ko+1 ~ m ko+1
- 2<Bz<7'o_ .I_.> _32>T + (Bz(To_ .I_.> _/32> T
T Ko
> & > VA

2 Ko—m+1

"+ 0,(1) + 0y(1) + <ﬁ2<70— ?) - 1) ED— 0,1

T
5 E V!

~ m ko+1

+ <32<To_?> _32> T

24 (1— 17+ B?(7))(1— /3’2)2“"0'282(70)'
(1-B5)mMB?*(7o) +1— 75+ B?(7,)

This derives equatiof0).
Forr =719+ (M/T), we have

ko+m
(Jo sup - 2 Yio18t| = 0p(1);
melL2,. 4 (mT)>0 T |kor1
1 ketm 0 ?B?(70)(1— B5™)
J) — 2
(J1) Tk02+1yt1:> 1-p2
by (5d) in Lemma 3
1 T
(J9 sup T Y Yeis| = 0p(1);
me{1,2,..},(m/T)—0 ko+m+1
1z 17
(Jh ? E yei,= ? 2 Ytz—lzop(l)
ko+m+1 kot1
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B1\Tot T —4 Y% T)
(J) sup

~ m
,32<7'0+ ?) —B2| = Op(l)-
me(L,2,. },(m/T)—0

Using (B.3) in Appendix B by (5a—(5¢) of Lemma 3 andJe to (Jj) given previ-
ously we can write the residual sum of squares as foltows

by (5d) in Lemma 3

(Ji) sup
me{L2,..},(m/T)—0

T ko
2812 Zyt—let
1Rss<r +T> — —2<ﬁ <r +T>—1>—1
T o T T e T T
ko
5 Eytz—l
~ m 1
)
ko+m
2 Yi-18t

« m kot+1 A« m 2
- 2(.31<7'0+ ?) _32>T + (;31<7'0+ ?) _,32>

ko+m T 2
2
> Ve > Y&
ko+1 ko+m+1

T T
T X v
Kotm+1
T Ko+m
> e? > ¥
1 . m 2 jor1
= - + Op(l) + Op(l) + Op(l) + <B1 (7‘0 + ?> — ﬁ2> T
+ 0p(1)
o2+ (1= B)a?B?(1o)(1— ,322'“).
1+,

This derives equatiof21).

APPENDIX K:
PROOF OF THEOREM 4

It is not difficult to show thatrt is T-consistent by using a similar proof as in Appen-
dixes C and GWe want to prove a stronger result that

limy_,., Pr(k # kg) = 0.
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Becausek = kg + O, (1), for anyn > 0, there exists atM < oo such that Pek —
ko| > M) < 7. Therefore

Pr(k # ko) = Pr(|k—ko| > M) + Pr(|k— ko =M and k#kg)
=n+Pr(lk—k| =M and k#k,)

M m
=n+ 2 Pr(RSS (TO — ?> —RSS(1) < O)

M m
+ > Pr<RS$ <ro + ?> —RSS(1y) < o).

Let hy(m) andh,(m) be defined as in equatiorf20) and(21), respectivelyThe pre-
ceding probability is equal to

M M
=n+ X Pr(hy(m) + Ay < 0) + ) Pr(hy(m) + Ay < 0),
m=1 m=1
where

A+ = RSS (TO - rT—n> — RS$(7) — hy(m) = 0,(2),

Arr =RS§ <To + r?n> — RS§ (7o) = ho(m) = 0,(1).

Becauseh;(m) andh,(m) are increasing withm, this implies every individual prob-
ability given earlier is declining withm. Thus the preceding term is bounded ky+
M Pr(hy(1) + Ayt < 0) + MPr(hy(1) + Ayr < 0).

Further becauseh;(1) and h,(1) are positive and of orde®,(1), there exists ar
large enough such that @1, (1) + A1 < 0) = 5 and Phy(1) + Ao < 0) = 7 for any
n > 0.

Therefore for anyy > 0, Pr(k # ko) = (2M + 1) for all largeT.

BecauséM is finite, we have lim_, ., Pr(k = ko) = 1 and plimB.(#1) = plim B1(r) =
B1 =1, plim B(71) = plim B.(7o) = B,. These prove the consistency @f and 3,.

To find the limiting distributions of3,(#1) and 3,(#1), note that for any given real
valuex,

lim Pr(T(By(7r) = B2) =)

T|i_r>noo PH(T(B1(70) — B1) =X) T@L Pr(k = ky)

+ T|im Pr(T(B(71) — B1) = X|K # ko) T|im Pr(k # ko)

lim Pr(T(By(ro) — B2) =X).

_ Thus B1(71) andB1(7o) have the same asymptotic distributi@imilarly, ,(77) and
B2(79) have the same asymptotic distributi®dy (5a—(5d) in Lemma 3 we have
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[70T]

> eYed/T
T(By(ir) =D & T(Bulr) =D = 1oy -
; ¥ 1/T? ZJ;) B*

BZ(TO) )

’

T

E Sth—l/\/_
A 5 70T 1+ 1— B(1
NT (Ba(7r) — B2) 2 VT (Bolre) — By) = =2 V1-B2B(1)
T 1* To+ B2 (TO)
' E] Ve, /T

whereB(-) andB(-) are defined in Section.ZIhese show the limiting distributions of
B1(71) andB,(77) for a fixed magnitude of break

These derive the limiting distribution @, and 3, for fixed magnitude of break

To derive the limiting distribution of; for shrinking breakwe fix 8; at one and let
Bor =1—[1/NTg(T)], whereg(T) > 0, with g(T) — o0 andg(T)/NT — 0 asT — .
Let v be a finite constant anB(-), B;(-), andB,(-) be defined as in Section 2

Forr = 19+ v[g(T)/T] andv = 0, we have

(i) Av(7) = 0,(D);

[ToT]
2
i 1 AE T o remiogT) . ( [o(T) )
! NTgMOo, (T2 \V T
2 Vet
[rT]+1
=0p(1);
.
E v
(iii) —[mﬂﬂ P51,
E Vet
[rT]+1

1 [vlgmi-1

—t—1E€k—
\/W % ykotlkut

(iv)
1 [hlgmi-1 t
= W % <yko - igo Eko—i > Eko—t
_ Vi 1 [\v\g(T)]fl's B @
NT o™  § Y T

[lvlg(T)]-1 1 t 1
i €ko—t |
( Vo(T) 7 2 P o ‘)g(T)

X
0

1 [vlgmi-1 T
—Vy;" s S (a0 <%):—UZB(TO>81<—U>;
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1 [gmi-1
V) Tom) % Yie—t-1

1 [vlgmi-1 t 2
yfo g(T) Yo [vg(T)]1< 1 t ) 1

=y = [T ) =

U T VT % \Vam ) am

g(T) 1 [Ivlg(T)]—1< 1 t >2
T oM > \ Vgm0

Thus equation(B.2) in Appendix B becomes
RSS(7) — RS$(7o)

[70T] [7oT]
=-2Bor—1) X Yeast+(Bx—D? X yii+t 0p(1)
[+T]+1 [+T]+1
2 [lvlg(M)]-1 1 LvlgMi-1

= _ _ s 2
\/W % ( ykoftfl koft) + g(T)T % ykc,t,l + Op(l)
= —202B(715)B1(|v]) + |v]02B? (7).

Similarly, for 7 = 79 + [vg(T)/T] andv > 0, by (B.4) in Appendix B and the facts

that
(vi) Ar(7) = 0,(D),
[70T] [7T]
2
- _1& _
i (o 3 Y 2 W o mo,mem) Y ( g(T))
i @ VTGO, | AN T
> Ve
1
=0p(1),
[70T]
> VA
1 p
(viii) - -1,
> ¥
1
equation(B.4) in Appendix B becomes
RS§(7) — RS$(7o)
[+T] [+T]
=2Br =1 D Viae+(Baxr—D? D yEi+ 0p(1)
[moT]+1 [roT]+1
2 [vg(M)l-1 1 [va(Mi-1

= - + — 2. +o,(1
\/W % Yio+t Eko+t+1 Tg(T) % Yio+t p( )

Yico 1 [vg(T)]-1 ykzO
— VT Vol % Ertr1 TV T +0,(1)

= —202B(7)B,(v) + vo?B?(1).

https://doi.org/10.1017/50266466601171045 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601171045

STRUCTURAL CHANGE IN AR(1) MODELS 155

Applying the continuous mapping theorem for argmax functignaés have

T
(1= Bor)?T?(7r — 79) = —— (71 — 7o) = 0 = Argmin{RS$(7) — RS§ (7o)}

g(T) vER
d . B*(v) _ }
HArgergln{—Zasz(ro)<—B(TO) 2u|>}

A B*(v) 1 o]

= Arg ma - = vl |,

9€R B(To) 2

whereB*(v) is a two-sided Brownian motion oR defined to beB*(v) = By(—wv) for
v =0 andB*(v) = B,(v) for v > 0. n
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