Commun. Comput. Phys. Vol. 19, No. 3, pp. 733-757
doi: 10.4208/cicp.011214.140715a March 2016

A Second-Order Finite Difference Method for
Two-Dimensional Fractional Percolation Equations
Boling Guo?, Qiang Xul2* and Ailing Zhu?

! Institute of Applied Physics and Computational Mathematics, Beijing 100088, China.
2 School of Mathematical Sciences, Shandong Normal University, Jinan 250014,
China.

Received 1 December 2014; Accepted (in revised version) 14 July 2015

Abstract. A finite difference method which is second-order accurate in time and in
space is proposed for two-dimensional fractional percolation equations. Using the
Fourier transform, a general approximation for the mixed fractional derivatives is an-
alyzed. An approach based on the classical Crank-Nicolson scheme combined with
the Richardson extrapolation is used to obtain temporally and spatially second-order
accurate numerical estimates. Consistency, stability and convergence of the method
are established. Numerical experiments illustrating the effectiveness of the theoretical
analysis are provided.
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1 Introduction

In this paper, we are concerned with the development of finite difference methods for the
two-dimensional fractional percolation problem which seeks unknown pressure function

p(x,y,t) satisfying

ap b1 Mp ob2 p

_F_ __r <

3 = 3 (kx(x,y) pye > + e <ky(x,y) 3y ) +f(xyt), (vy)eQ, 0<t<T,
(1.1)

p(xy,0)=po(xy), (xy)€Q, (1.2)

p(xry,t)=p(x,yr,t) =0, (1.3)

pxryt)=vx(yt), plxyrt)=vy(xt), (xy)€Q, 0<t<T,
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where Q= {(x,y)|x <x<xgr,yL <y<yr},0<ai,ar<1,0<pB1,B2<1, f(x,y,t) is the source
term, positive ky(x,y) and k,(x,y) are percolation coefficients along the x and y direction,

respectively.

The fractional partial derivatives in (1.1) are defined in the Riemann-Liouville form.
Generally, for any < >0, the Riemann-Liouville fractional partial derivatives %(;;,y) and
ngT(f’y) of order <y are defined by [28,32,35]

Nwlxy) 1 9" w(Gy)
e = Tn—7) 30 o, g 4
and o . o
y
w(xy) _ / w(x,n)li an, (15)
dyr  T(n=p)ay" Jy (y—n)r ="

where 7 is an integer such that n—1 < <n. If ¢ is an integer, then the above definitions
give the standard integer partial derivatives.

The percolation equations have been applied successfully in groundwater hydraulics,
groundwater dynamics and fluid dynamics in porous media [7,31,40]. Under the as-
sumptions of seepage flow continuity and the traditional Darcy’s law, the traditional
percolation equation [24, 34] for two-dimensional seepage flow in porous media is just
the special case of equation (1.1) that a; = ;=1 for i=1,2. In view of the limitations of
these two assumptions above, He [12] proposed the modified Darcy’s law with Riemann-
Liouville fractional derivatives
o"p
dxv’

2%2p
qy:ky(x,y)w, O<0€1,0€2<1, (16)

qx=kx(x,y)

as a generalization of Darcy’s law for realistically describing the movement of solute in a

non-homogeneous porous medium. Furthermore, considering the fact that the seepage

flow is neither continued nor rigid body motion, He employed the fractional differential
b1

operators -7 and ;y% where 0 < 1,82 <1 in the percolation equation, and then the

fractional percolation model (1.1) was obtained, which is the focus of this paper.

As analytic solutions of most fractional differential equations cannot be obtained ex-
plicitly, numerical methods become major ways and a wide variety of techniques have
been developed, including finite difference methods [25-27, 29, 37-39, 49-51], finite ele-
ment methods [2,8-10,16], finite volume methods [42,44,45,48], spectral methods [15,17,
47], and mesh-free methods [11,20]. Recently, Liu et al. [21] proposed a first-order alter-
nating direction implicit scheme for the three-dimensional non-continued seepage flow
in uniform media and a second-order method which combined modified Douglas scheme
with Richardson extrapolation for the three-dimensional continued seepage flow in non-
uniform media. Chen et al. [5] developed an implicit finite difference method for the
initial-boundary value problem of one-dimensional fractional percolation equation with
left-sided mixed Riemann-Liouville fractional derivative, and they [6] considered an al-
ternating direction implicit difference method for the two-dimensional case by a similar
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technique. The numerical simulation of variable-order fractional percolation equation
in non-homogeneous porous media is discussed by Chen et al. in [4]. The numerical
methods in [4-6] were proved to be first-order accurate in time and in space.

For solving high dimensional fractional differential equations, some numerical meth-
ods have been considered by many authors. Liu et al. [22] developed an implicit finite
difference scheme for the two-dimensional fractional FitzHugh-Nagumo monodomain
model, and they proved that the numerical method is unconditionally stable and con-
verges linearly. A spatially second-order accurate semi-alternating direction method for
the two-dimensional fractional FitzHugh-Nagumo monodomain model on an approxi-
mate irregular domain is proposed in [23]. Yu et al. [46] presented an alternating direc-
tion method for the space and time fractional Bloch-Torrey equation in three-dimensions,
and a spatially second-order accurate implicit finite difference method with fractional
centered derivative approximating the Riesz fractional derivative for the same problem
is derived by Song et al. in [36].

Moreover, for fractional diffusion equations, a second-order finite difference method
based on the classical Crank-Nicolson scheme and the Richardson extrapolation is devel-
oped by Tadjeran et al. in [39]. A second-order method which combines the alternating
direction implicit approach with the Crank-Nicolson discretization and the Richardson
extrapolation for the two-dimensional fractional diffusion equations is studied in [38].
By analyzing the Toeplitz-like structure of the full coefficient matrix, Basu and Wang [1]
proposed a fast second-order finite difference method for fractional diffusion equations,
which reduces the computational work from O(N?) to O(Nlog?N) per time step and
reduces the memory requirement from O(N?) to O(N). Lin et al. [18] developed two
preconditioned iterative methods to solve the relevant linear systems of a second-order
finite difference scheme for fractional diffusion equations, which require O(NlogN) op-
erations per iteration and O(N) storage. Yang et al. [45] established a finite volume
scheme with preconditioned Lanczos method as an attractive and high-efficiency ap-
proach for the two-dimensional space fractional reaction-diffusion equations. Tian et
al. [41] developed a class of second-order weighted and shifted Griinwald difference op-
erators for Riemann-Liouville fractional derivatives and then proposed the correspond-
ing unconditionally stable difference schemes for the fractional diffusion equations with
constant coefficients in one and two dimensions. A quasi-compact difference scheme
which is third-order accurate in space is established for the fractional diffusion equations
by Zhou et al. [50]. Liu et al. [19] developed an alternating direction implicit method
for the two-dimensional Riesz space fractional diffusion equations with a nonlinear re-
action term. Zeng et al. [47] proposed a Crank-Nicolson alternating direction implicit
Galerkin-Legendre spectral method for the two-dimensional Riesz space fractional non-
linear reaction-diffusion equations. A second-order finite difference-spectral method for
the fractional diffusion equations is considered by Huang et al. [13]. However, second-
order accurate numerical methods for two-dimensional fractional percolation equations
are still limited. This motivates us to examine a numerical approach which combines
the classical Crank-Nicolson scheme with the Richardson extrapolation for the initial-
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boundary value problem (1.1) (1.2) (1.3).

The rest of the paper is organized as follows. In Section 2 we establish a general
approximation for the mixed fractional derivatives in (1.1). In Section 3 we present a
Crank-Nicolson scheme and consider its consistency. In Section 4 we prove stability and
convergence of the scheme. In Section 5 we improve the order of convergence of the
Crank-Nicolson scheme by the Richardson extrapolation. In Section 6 we carry out nu-
merical experiments to evaluate the performance of the method. Finally, we draw our
conclusions in Section 7.

2 Approximation for the mixed fractional derivatives

We begin with some definitions and properties.

Definition 2.1 ([28, 32, 35]). For any -y > 0, the Liouville fractional integral I"~7u(x) of
order n—1 is defined by

_ 1 *©u@)
n—y _
() = I G pyr e 2.1)
and the Liouville fractional derivative D7u(x) of order v is defined by
D7u(x)= d—nI”_Wu(x) (2.2)
dx" ’

where 7 is an integer such that n —1 <y <n.

For any positive integer 7, let W!(IR) denote the collection of functions in C’(RR)
whose derivatives up to order r belong to L!(IR). For any u(x) € L'(R), we use the defi-
nition of the Fourier transform as

Flu(x))(w) =i (w) = /R ¢ (x)dx, 2.3)

where i is the imaginary unit. Three useful properties of the Fourier transform are listed
in the following lemma.

Lemma 2.1 ([35]). (i) Ifu(x)€LY(R) and h€R, then

Flu(x—h)](w) =e"a(w). (2.4)
(i) Ifu(x),v(x),u(x)v(x) € LY(R), then

Flu(x)o(x)](w) = —— 1 (w) x0(w) = iAﬁ(w—r)@(r)dr. 2.5)
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(iii) If v>0, n is an integer such that n—1<y<n, u(x) € W*"(R), then
F[D"u(x)](w)=(—iw)"i(w). (2.6)

Under the assumption that #(x; ) =0, the Riemann-Liouville mixed fractional deriva-
tive aaﬁﬁ (k(x)Z:) and DF (k(x)D*u(x)) in the Liouville form are equivalent in view of the
zero-extension of u(x) for x < x;. Notice the Dirichlet boundary condition (1.3) of the
fractional percolation problem, it is sufficient for us to study a general approximation for
the mixed fractional derivative DP (k(x)D*u(x)).

For functions k(x) and u(x), we define the operator Ah b

- as follow:

N 1 [c o] N N )
B (), u(x)) = = lZZég,“”g} k(x—(I=qhyu(x—(j+1-q)h), @7
=0j=

(a)

where 0<a <1, 0<B<1, his the grid size, g and 4 are any real numbers, 8 (B) are

and g,
the alternating fractional binomial coefficients related to « and f, respectively, e.g.,

/—\

a)

S =1
) ' (2.8)
{gj) (],1) a(a—1)--(a—j+1), j=1,23,--.

/—\

It has been proved (see Theorem 1 in [5]) that AZ:S,o(k(x>/”(x)) is a first-order accurate
approximation for D (k(x)D%u(x)), i.e.,

AP o (k(x),u(x)) = D (k(x) D*u(x)) + O (h) (29)

uniformly in x € R as h — 0. With the help of the Fourier transform, we have a more
general expansion of Aa:f;’ q(k(x),u(x)) for any real numbers g and 4.

Theorem 2.1. Assume that 0 <a <1, 0< B <1, n is a positive integer, k(x) € W31(R),
u(x) € WAHA(R) and I'*u(x) € W21(RR), then for any q, § € R, there exist some constants

al(“) and al(ﬁ)independent of hk(x) and u(x), such that

AZ:?,q<k<x>,u<x>>
=DP (k(x) +n71ia ¢ a P DB+i- l(k(x)D“+lu(x))hf+O(h”) (2.10)
j=11=0

uniformly in x €R as h—0.

To prove Theorem 2.1, we need the following lemmas.
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Lemma 2.2. Under the assumption of Theorem 2.1, for positive integers my and m,, which satisfy
my <n—+2 and my+m, <2n-+2, there exists a constant C(my,m,) such that

1(7) (—it)™ (—iw)™ | dtdw < C(my,my), (2.11)

where k(w) and 0i(w) are the Fourier transform of k(x) and u(x), respectively.

Proof. Since k(x) e W31 (R) and u(x) e W?'*31(R), according to the Riemann-Lebesgue
lemma, we have
k() < Ce(1+[w]) =" (212)

and
| (w)] < Cy(1+]w]) =2+ (2.13)

for all w € R, where C; and C,, are constants. Hence w"k(w), w"(w) and w™ " fi(w)
belong to L!(R). Let

C(mk,mu)=2mk_1(II’%(W)IIU||wm"+m”ﬁ(aJ)||L1+||wmk’2(W)||L1||wm“ﬁ(W)||L1>, (2.14)

/IR/R‘I%(w_r)ﬁ(T)(—iT)m“(—iw)’”k
S/RW(TH|T|m“dT/R|’A<(w—T)||w|mkdw
gzm—l/RIa(r)Hr!mudrfmm(w—r)y(|T|mk+|w_T|mk)dw
=C(my,my). (2.15)

then we have

dtdw

The proof of Lemma 2.2 is completed. O

Lemma 2.3. Under the assumption of Theorem 2.1, for 0<j,I <n—1, we have

F (g f( R =)0 (—ir) (i) e ) =DP (KD u)). (216)

27T JR

Proof. Since D**u(x) = dd;f:l '~*u(x) e W =L1(R) and k(x) € W"*31(RR), it is easy to
verify that

o (opaca)
:<—lw>ﬁ+ff[ <x>D*+lu<x>]< )
:(—1w)ﬁ+]— ( Y F [D"‘H ] >
:(—iw)ﬁﬂ% (k) #(—i) ()

:% [ Rew—mj(e) (—i0)* ! (—iw)?Hidr. (2.17)
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By Lemma 2.2, we have [ k(w—1)1(7)(—it)**!(—iw)P*/dT € L}(R), then (2.16) follows.
O

We are now turning to the proof of Theorem 2.1.

Proof of Theorem 2.1. First, we consider a decomposition of the Fourier transform of
Azl’glq (k(x),u(x)). Note that
EURCTR SN (O
(1-2z) —E)gj z (2.18)

converges absolutely for |z| <1, where v € {a,f}. Hence Azgq (k(x),u(x)) € LY(R) and

therefore
F [ k() u(2) ] (@)

- ligl“”f [iog}“)kw— (1=)h)u(x— <;'+1—q>h>] (@)
=

=0

_ o ) 1 iwt—ang C () iw(j+1—q)h
ha+gl§)8; 2n{[3 k(w)] *];)8] e i(w)

1T & o1 [ o an © )
:haﬂ% IZ(:)gl(ﬁ)zn /]Re (w=T)(! q)hk(w—T) Z(:)g]( )e T(j+1 q)hu(r)dr
= j=

— lﬁ Zgl(ﬁ)eiw(l—q)hi/ l ;)g](“)eir(j—q—&-ti)hlz(w —T)ﬁ(T)dT

= (1—ei“’h)ﬁei“"7hi/ l(1—em‘)”‘e’”(q"ﬂhfc(w—T)ﬁ(r)clr

_iwn\PB _pth\*
:(—iw)ﬁ<1 ° ) et L / (—ir)"‘(l ¢ > e T (o —T)a(T)dT. (2.19)
R

—ith

W, (z) = <1 _Zefz ) T, (2.20)

for g€ R and 7y € {a,B}. Then the previous expression (2.19) may be rewritten as

F [0 k) u(2)] @)
1

:E/]R’%(w—T)ﬁ(T)(—iT)“(—iw)ﬁwa,q,q(—irh)w,;,q(—iwh)dr. (2.21)
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Since W, 4—4(z) and Wj 5(z) are analytic in some neighborhood of the origin, we have the
power series expansions

Wag-i(z Za, z (2.22)
and
=y alP! (2.23)
1=0

which converge absolutely for all |z| < R with some R > 0. Note that a(()'x) = a(()ﬁ ) = 1, and
that a%“) =q—4—5, agﬁ) =4— ﬁ .For x€RR, let

n—1
R (x) = Wy gq(—ix) — ¥ al™ (—ix)!, (2.24)
1=0
n—1
R (x) =Wy o(—ix)— ¥ alP) (—ix)". (2.25)
1=0

According to Theorem 3.1 in [39], there exist positive constants C; and C; such that

IR (x)] < Ca]” (2.26)
and
IR (x)] < Colx]" (2.27)
uniformly in x € R. Thus,
Wag—3(—iTh)Wg, q(—iwh)
n—1 n—1 )
= Za]( —ith) Z a," (—iwh)! (ﬁ)(wh) Z(:)a](“) (—ith)
J— ]:

Th Za —iwh) +R,(7“)(Th)R,(f)(wh)

n—1

j ~1n- .
ZZZz( ,@z —ith) (—iwh) ™'+ Z Z P)(—ith) (—iwh)!

a)h Za —ith ]+R Z —iwh)! R )(Th)R,(f)(wh)

::¢1(T,w,h)+<pz(r,w,h)+¢3(T,w,h)+4>4(r,w, )+¢s(T,w,h). (2.28)
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Substitute (2.28) into (2.21), we obtain

5
=Y fulco,h). (2.29)

Next, we analyze the Fourier inversion of {s(w,k) on the right hand side of (2.29). By
Lemma 2.2, the Fourier inversion of {; (w,h) may be estimated as

F r(w,n)] (x)]
- %/ ei“’xlﬁl(w,h)dw‘

4_7_[2/ —1wxzzal a h]/ )ﬁ(T)(—iT)“H(—iw)ﬁH_ldew

1 L j=0I= |
<Y ) ‘h]//‘kw 7 (1) (—i1)* (i) drdao
j=01=0
g%ii‘ ‘ ‘ (a1, B+j— ). (2.30)

Similarly, due to (2.26) and (2.27), we have that

F fa(w)] (¥) ﬁ"ﬁ [P [caripron, o
= n—j
FH s(h,w)] (x) %n ‘ ]("‘) C(a+j,p+n)W, (2.32)
j=0
n—1
F1 [Pa(h,w)] (x) 4C— ‘al ‘C a+n,B+1)H"H, (2.33)
and
e C1Co .
|7 [ ()] ()] S ZEZClactm Bt m)h (2.34)

uniformly in x €R, respectively.
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Finally, we compute the Fourier inversion of F [Azf’q (k(x),u(x))](w) to obtain the
expansion (2.10). Using Lemma 2.3, we have

F o a(w,h)] (x)

n—117] . .
=Y Yol [;ﬁ /R f(w—1)0(7)(—it)* (—iw)PH lar | W
j=01=0
n—1 ) )
=, Olzg)al(“)a](f)lDﬁﬂl (k(x)D’”lu(x)) W. (2.35)
]: =

naA
n—17j ) 5 .
=Y YoM af 0PI (k) D u(x) ) W+ Y F 7 [y ()] (x)
j=01=0 s=2
n—1j . .
=DF (k(x)D*u(x))+ Y Y aalf) DPI (k(x)D"‘”u(x)) WO (2.36)
j=11=0
uniformly in x €R as h— 0. This completes the proof. O

3 A Crank-Nicolson scheme and its consistency

For the numerical approximation scheme, define t,, =mAt to be the integration time 0 <
tm <T, hy is the grid size in x-direction, hy = (xg —xr)/(Ny+1), with x; = x +ih, for
i=0,--,Nx+1; hy is the grid size in y-direction, hy = (yr —yr)/ (N, +1), with y; =y +jh,
for j=0,---,N,+1. Denote by P{'} the exact solution p at the mesh point (xi,yj,tm). Let
pf’} to be the numerical approximation to PZ']Z- and define kf’ = kx(xl-,yj), kly, i= ky(xl-,yj),
[l =Xy tm).-

According to Theorem 2.1 and the Dirichlet boundary condition p(xy,y,t) =0 for y;, <
y<ygr, 0<t<T, the mixed fractional derivative with respect to x in (1.1) can be discretized
withg=§=1and n=2as:

91 ?p
1 i

i—l
e 8 Ky L Pl (it e+ OUR), (3.1)
X 1=0 s=0

(xi/yj/tm)

fori=1,---,Ny, j=1,---,Ny, m >0, where

B1 ofit1 Mp\ ay o omtly
Cx(x,y,t):<7— FpYEs) k"(x’y)axm 5 5 kx(x,y)W ' (3.2)
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Similarly, the mixed fractional derivative with respect to y in (1.1) can be discretized as

ob 2
9% (k () ay‘”)

ac2+/32 Z:gll32 ky] l+12g5“2 ij+1—s— l+§y(xz,y],tm)hy+(’)(h§), (3-3)

(xi y/ tm)

for i=1,--,Ny,j=1,---,Ny, m>0, where

(B2 QB2+l 02 p a, P2 arxz+lp
Cy(xy,t)= (3— Tt ky(x,y) 35— 3y +?W y(XY) 57 Syt (34)

Substitute (3.1) and (3.3) into the fractional percolation equation (1.1) to get the Crank-
Nicolson type numerical scheme, then the resulting two-dimensional implicit finite dif-
ference equations may be expressed as follows:

p:{;_pz;*l 1 m m—1 m m—1

i=1--,Ny, j=1-,N,, m>0, (3.5)
pgf]:()/ p%ﬁl,j:vx(yj/tm)/ ]:OIINy+1I m>0/
pio=0, pl’{zNyH:vy(xi,tm), i=0,---,N,+1, m>0, (3.6)
p?,]:po(xlly])/ i:]-/"'/NXI j:1/"'1Nyl (3'7)

where the operators d, and J, are defined as

xPl] 041+[31 Zglﬁl kx l+1]2g5a1 pz+1 s—1,jr (38)

Oypij= a2+[32 Zgll32 ky] I+1 ngaz Pijt1-s—I" 3.9)

By exchanging the order of summations above, (3.8) and (3.9) can be rewritten as

- 1 i+1 |i+1-s (1) N
5xPi/j:ho¢1+[31 Z Z 8l g1+1 s—IMi—I+1,j ps]l (3.10)
x
1 j+1 ]+1 s (B2)
2
5yp17{1j haz+/32 Z[ Z 8i g]—i—l —5— lkly] l+1] pzs (3.11)
y

Denote the local truncation error by R}:. Notice the fact that the center divided differ-

ence in t provides an O((At)?) temporal error component. It follows from (3.1) and (3.3)
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that
pr—prt g
m__ Ul Lo m m—1 m m—1\ _ *
Y 2(5P + 0PI 48, P48, Pl (fZ] 1),
At)? 93P h
- Brer FO(B0) 4 (Tl ) + G b))

Xyt
( iYj m,%)

h
5 @y (i Yyt + 8y (XY, tm 1)) + O (1) + O (1)
=0((At)*)+O(hy)+O(hy), i=1,--,Ny, j=1,--,N,, m=1--- M. (3.12)
This implies that the Crank-Nicolson scheme defined by (3.5) is consistent.

4 Stability and convergence

Letr; = h"‘lAf/Sl Ty = h“2A+t52 , p™ and " be the N-dimensional vectors defined by
x y

T
m._ | m m m m m m
p '—[Pl,l/"'/PNx,l/pl,Z/"'/pNx,Z/"'/pl,Ny/"'/pNx,Ny] / (4.1)
m.__ m m rm m m m
=[N N e SN2 N2
m m fm fm fm fm
JiN, -1 NN -1 NN, -1 f N, /fofl,Nyfllfo,Ny] / (4.2)
where
! ——k} 1<j<N,—1
foj fo] Mﬂgl Nx+l]pN1+l]/ SNy — 1,
% Ly 1<i<N,-1
fi, fz 0(2—1-)52 i,Ny +1PZN +1s =+ =4Vx ’
hy
= 1
m __{m X m Y m
NN, = NN, B kN, +1,N, PR +1N, T 2T h KN, N, 41PN Ny 410 (4.3)
v

Let I and A be the N-by-N identity and stiffness matrices, respectively. Then the finite
difference equation is expressed in the matrix form

(I—%A)pm:<l+%A> pl Azt(fm+f’” . (4.4)

The N-by-N stiffness matrix A in (4.4) can be expressed as an Ny-by-N,, block matrix with
each Ny-by-N, block A;; defined by

B ()
(Ajj)isi=n Z 8 8 s ikiiip, s<i—l, (4.5a)
(Aj)iii=n Zgzﬁl g\ ke 1+1]+72281ﬁ2 81a2)k1y] 141/ (4.5b)
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(Aj,j)i,i+1 = rlk;c+1,]'/ (4.5¢)

(Aj,]‘)l‘,s::o, s>i+1, (45d)
j+1-5

(Ajg)is:=0bisr2 Z;; gl(ﬁZ)g]('fl)f§—lkzj—l+1' 5<j-1, (4.5e)

(Ajj1)is=0israk s, (4.5f)

(Ajs)is:=0, 5§>j+1, (4.5g)

where J; ;=1 if i=s or 0 otherwise.
To discuss the convergence of the numerical method, we define

er=Pl—plt, 0<i<Ny+1, 0<j<Ny+1, 0<m<M (4.6)

with corresponding vector

T
m m m m m m m
e :[el,l/"'/eNx,llel,Z/'"/eNx,Z/'"/el,Ny/"'/eNx,Ny] / (4.7)

and denote the local truncation error vector by

T

R — [ e RE R, R e Ry e, %X,Ny} . (4.8)

From (3.5) and (3.12), we have the error equation

1 m 1 m—1 m
I_EA e = I+§A e" T HAIR", 1<m<M, (4.9)
and e’ =0.
For any N-dimensional vector
T

u= [”1,1/'"/”Nx,lzul,Z/'"/”NX,Z/'"/ul,Ny/"'/uNx,Ny] , (4.10)

we let the discrete L2 norm of u in this paper be
1
Ny Ny o 2
Hquz <hxhy22|ui,j‘ ) . (4.11)
i=1j=1

We summarize some useful properties of the alternating fractional binomial coeffi-
cient g](“) in the following lemma [3,5,25,26,43], and establish the stability of the Crank-
Nicolson scheme under the assumption of continuity of seepage flow (81 =2 =1).
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Lemma 4.1. Let g](“) be defined in (2.8). We have

Lg=0, gV=1, ¢V=—a, fora>0;
j=0

g <l <. <o, for0<a<1; )
ggx)>g§“)>--->0 forl<a<2; '

L [\
j=

Theorem 4.1. If By = B2 =1, kx(x,y) decreases monotonically with respect to x and ky(x,y)
decreases monotonically with respect to y in Q, then the Crank-Nicolson scheme defined by (4.4)
is unconditionally stable.

Proof. Our first goal is to show that the eigenvalues of the matrix A have negative real

parts. For =1, we have g(()ﬁ) =1, ggﬁ) =—-1and g](ﬁ) =

A may be rewritten as

0(j>2). Then the entries of matrix

(A]])zs <g1+l) s 1+1] gz( s) )/ S Si_lz (4.13&)
(A]])n ( ) px 1+1] g(() )kf’ ) +71r (gg )ki,j—H _g(()“2)kly,j> , (413b)
(A]])z i+1° —r1k1+1 J’ (4.13¢)
(Ajj)is=0, s>i+1, (4.13d)
(Ajsdisi=512 (1% by —gKY ), 5<ji-1, (4.13¢)
( ]]+1)z s:=0; 57’2kl 17 (4.13f)
( ]S)IS:ZO/ §>j+1. (4.13g)
Due to the monotonicity of kx(x,y) and ky(x,y), we have 0 <kj, ; j<kijand O<k‘;/]Jr1 <
ky fori= ,Ny,j=1,---,N,. From Lemma 4.1, we have
g k-8l >0, s<i-1, i
g](izl)—§kly,f+1 gj(az)ky >0, §<j-1.
Therefore (A;;)is, (Ajs)ii >0, fori#s, j#35,and
(Ajjii=—r(aakiiy j+kij) —ra2(a2k],  +k) <O0. (4.15)

According to the Gerschgorin theorem (see [14]), the eigenvalues of the matrix A lie in
the union of disks centered at (A;);; with radius

N, Ny Ny
)BR(GHDIEEDS Z! Ajg)isl
s=1,s#i §=1,5#js=1
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We estimate

Ny Ny Ny
Yo 1A+ Y 2o 1(Ajs)isl
s=1,57#i 5§=1,5#4js=1
Ny Ny
= Z ’((Aj,j)i,s)|+ ’(A]S)ll|
s=1,5#i §=1,5#]
T () () x = (02)
=n (Z;<g1+ll s 1+1] —8&is )+kl+1]> +r2 <Z;<g]+1 5 1]+l g] 3 >+k1]+l>
i j
:7’1< Z gs(al i+1,7 ngle )"‘72( Z gé 1]+l ngﬂéz >
s=0,5#1 §=0,5#1
) i—1
=n <—< )y 85( )+8§ )> i+1, ng(al)kf,j>
s=i+1 s=1
(02) )
(o w it
+r ( Z 83 ) +g1 ’ >kly]+1 Zg§ : kly,]>
§=j+1 5=1

<n (—gﬁ“l)ki‘ﬂ,j— 3y gﬁ“”ki]) +rz< K #gﬁ“z)ky>
s=1,5#i =1,5#j

<r1<—g§“1) f+1]+gé“1)k") (—g§ il ]+1+80 ]>

This implies that all of the Greschgorin disks of matrix A are within the left half of the
complex plane. Thus, the eigenvalues of the matrix A have negative real-parts.

Next, A is an eigenvalue of matrix A if and only if 1—A/2 is an eigenvalue of the
matrix (I-3}A), if and only if (1+A/2)/(1—A/2) is an eigenvalue of the matrix (I—
IA) NI+ ;A) We observe that the first part of this statement implies that all the eigen-
values of the matrix (I—3A) have a magnitude larger than 1, and thus this matrix is
invertible. Furthermore, since the real part of A is negative, it is easy to see that

A
1+2
—}\ <1.
y

2

Therefore, the spectral radius of the system matrix (I—5A) " }(I+3A) is less than one.
Thus, the Crank-Nicolson scheme (4.4) is unconditionally stable. O

The stability of the Crank-Nicolson scheme is discussed in Theorem 4.2 under the
assumption that k, (x,y) and k,(x,y) are constant functions in Q2.
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Theorem 4.2. If 1<+ B; <2 for [=1,2, ky(x,y) =K, and k,(x,y) =K, for (x,y) €Q), where K
and K, are positive constants, then the Crank-Nicolson scheme defined by (4.4) is unconditionally
stable, and there exists a constant C independent of At, hy and hy, such that

" [|l2 <C((At)*+hy+hy), (4.16)
for1<m <M.

Proof. From Lemma 4.1, the entries of matrix A may be rewritten as

(Aj)isi=nigi i VK, s<i-1, (4.17a)
(Ajj)ii=r 81M+ﬁl)Kx+7’zg§“2+ﬁ2)Ky, (4.17b)
(A]])lerl =r1Ky, (4.17¢)
(Ajj)is:=0, s>i+1, (4.17d)
(Ajs)is:= zsrzg](f'ﬁ21+€2)l<y, §<j-1, (4.17¢)
(Ajj1)is=0isr2Ky, (4.17f)
(Ajs)is:=0, §>j+1, (4.17g)

For1<wa;+p;<2(1=1,2), we have

g%aﬂrﬁz):_(‘xl_i_ﬁl), g(ocz+l31 (s£1), ngrxﬂrﬁz 0,

where 7 is a positive integer. By the Gerschgorin theorem, the eigenvalues of the matrix
A lie in the union of disks centered at (A} );; with radius

Nx Ny x
Z ’(( ]]zs )+ Z Z| ]szs’
s=1,5%i §=1,5#js=1
i j
—r Z gs(a1+51)Kx+r2 Z §a2+52)Ky
s=0,5#1 5=0,5#1
<_ (7’1g§a1+ﬁl)Kx‘|‘7’2g§a2+ﬁ2)Ky>
— ()i (4.18)

Hence every eigenvalue of the matrix A has negative real-part. Similar to the proof of
Theorem 4.1, we can conclude the results of Theorem 4.2.

We now consider the convergence of the Crank-Nicolson scheme (4.4). From (4.17),
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we have an inequality similar to (4.18) as follow

Nx Ny x
> 1(Aisil+ X Z| 51)sil
s=1,5#i §=1,5#js=1
i j
—r Z gs(a1+.51)Kx_|_r2 Z gé“2+ﬁ2)Ky
s=0,5#1 5=0,5#1
_ <71g§a1+ﬁl)Kx+72g§a2+ﬁ2)Ky)

Combining (4.18) and (4.19) and using the Gerschgorin theorem, we have that the eigen-
values of the matrix A+AT are negative. Since A+AT is symmetric, it is negative definite.
Thus we know

1
[(-34)
1 | 12, Ity 1\’ T 1,1 1|?
<I+—A> el =lem 5+ =2 (em* ) (A+A )em* +—HAem* H
2 ) 2 1 2

? mi2 hxhy m\T T\ m 1 mi2
=lle" 352 (") (A+AT) e+ [[ae"];
2

1
Ellem\\§+—I|Aeml|§/ (4.20)

1 2
<lle" |3+ [aem | (4.21)
4 2
for 1 <m < M. Taking the discrete L2 norm on the both sides of (4.9) implies
H <1— %A) e"|| < H <I+%A> e 1 ’ +At|R™||,, 1<m<M. (4.22)
2 2
Together with (4.20) and (4.21), we have
1 2 1 1112
Vel Tiaer B lem 13+ 2 A G arRr, @2
Summing up (4.23) from 1 to m leads to
2 1 mi|2 . I
e B+ L A P< ALY Rl 1<m<m, (@24
=1

where e” =0 is considered. Noticing that
R | <c((At)*+hy+hy), (4.25)
for 1<i<N,, 1<j<N,, 1<m <M, we obtain
[e"||2 < cmAH((A)? +hy+hy) < C((AF)*+hy+hy). (4.26)
This completes the proof. O
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For the case 1<a;+ ;<2 (I=1,2), where the functions k. (x,y) and k, (x,y) are not con-
stants in (), some numerical experiments show that the Crank-Nicolson scheme (4.4) is
also unconditionally stable and convergent. We provide evidence in Table 2 for Example
6.1 in Section 6.

5 Improving the order of convergence by extrapolation

The stability of the Crank-Nicolson scheme was shown under two assumptions in Sec-
tion 4, respectively. The method is consistent with a local truncation error which is
O((At)?)+O(hy)+O(hy). By the fact that the errors in the approximations of the mixed
fractional derivatives in (1.1) with respect to x and y have the form {,(x,y,t)h,+O(h?)
and {,(x,y,t)h, —|—(9(h§), respectively, where , (x,y,t) and {,(x,y,t) do not depend on the
grid size hy or hy, it follows that the Richardson extrapolation method [14] can be used to
obtain a solution with local truncation error O((At)?)+O (h3)+O(hy). More specifically,
we may compute two Crank-Nicolson solutions pa¢ . n, (x,¥,tm) and p N (x,y,tm) for

the grid sizes (hy,hy) and (h_lel%y) with the same At at each time step respectively, and
then compute the extrapolation solution by

Pty (XY tm) =2p

X
12

y (X Yotm) = Patign, (XY tm) (5.1)

to obtain the O((At)?)+O(h2) +(’)(h§) accuracy, where (x,y) is a grid point on the coarse
spatial grid. In other words, (x,y)=(x;,y;) on the coarse grid of size (hy,h,), while (x,y)=
. h

(x2i,42;) on the fine grid of size (%,%)

6 Numerical examples

In this section, we carry out numerical experiments to demonstrate the effectiveness of
the second-order accurate finite difference method. For a fixed time step At, we use

Pathhy Py g iy and PeAxt,hx,hy to denote the Crank-Nicolson solution with grid size (/1,5 ),

the Crank-Nicolson solution with grid size (%",%), and the corresponding extrapolated
solution generated by (5.1), respectively. In the numerical experiments, we compute the
discrete infinity norms of the error p—pat i, n,, P—P abl and p— peA"t’thy at time T=MAt
as

E®) = max pM— X, yi,t 6.1
N lSiSNx,lstNy| ij PAt,hx,hy( i"Yjtm)l, (6.1)

E) = max pM— X, yi,t 6.2
atly Y 1§i§2Nx+l,lSjS2Ny+l| v pAb%"f’%y( R (©.2)
ex,(c0) M

Extioon,=,_._max _ |PE—=pgip n (XY tm)ls (6.3)

Mty 1<i<Ny1<j<N,
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and the discrete L2 norms of the errors as

Ny Ny 2
2
E(At?hx,hy - <hxhy Y2 1P 1]\]/1 = Patjhy (XirYjtm) |2> ’ (64)
i=1j=1
2
Eiﬁ,,_th( L L R py ) 69
A i=1 j:l 272
@ i O ’
ex,
Enthoiy = <hxhy » |P§]4 — P, (XirYjstm) |2> . (6.6)
i=1j=1
Let
En ah, 2 Nt 21
(x) _ t,2hy, ex,(x) t,2hy,
Gatioh, =108 —5——+ Galpn, =108, O L, xe{2,00}
Athy by Athiyhy

reflect the convergence order of the Crank-Nicolson method and extrapolated Crank-
Nicolson method, respectively.

The algorithm was implemented in Fortran 90 on a Thinkpad E420 laptop with con-
figuration: Intel(R) Core(TM) i3-2350M CPU 2.30GHZ and 4GB RAM. All computations
were performed in double precision.

Example 6.1. We consider the two-dimensional fractional percolation equation (1.1) with
the following data [6]. The spatial domain is Q={(x,y)|0<x<1,0<y<1}. The percolation
coefficients are k. (x,y) =2—x? and ky(x,y) =2—y?, which are decreases monotonically
with respect to x and y, respectively. The source term f(x,y,t) is given by

Zexp(— )2 B T(5— )t
flar) —— T (ZEomly 27 To a2 )

I(3—a1—p1) I'(5—a1—p1)
TE)Pexp(—t) (WB—w)y> P TE—ay P\ 5,
F(3—0¢2) < F(3—0¢2_‘32) F(B_ixz—ﬁz) > 2y2 P( t).

6.7)

The exact solution of this problem is

p(x,y,t) =exp(—t)x*y* (6.8)

which satisfies the initial condition

po(x,y)= xzyZ, (6.9)

and the Dirichlet boundary conditions

p(0,y,t)=p(x,0,t)=0, p(l,y,t):exp(—t)y2, p(x,l,t):exp(—t)xz, (x,y)€Q. (6.10)

This example problem is solved to time T =1.
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Table 1: Error behavior for the Crank-Nicolson scheme and the extrapolated Crank-Nicolson scheme for Example
6.1 with a1 =05, B1=1, a=0.5, B =1, At=hy=hy at time T=1.

(o0) (c0) (00) (o) ex,(co) ex,(o0)
At Enpnn,  Cathen, Egm © Entho,  Cathoh,

el Al Y
273 8.813e-3 - 4.620e-3 - 7.981e-4 -
274 4584e-3 0943  2.338e-3 0982  1.792e-4  2.154
275 235le-3 0963  1.186e-3 0978  3.399-5  2.398
276 1.190e-3 0982  5974e-4 0990  8.488e-6  2.001

277 59834 0993 2.997e-4 0.995 2.124e-6  1.998

(2) (2) (2) (2) ex,(2) ex,(2)
At Exinn,  Catnn, B Iy G ey Enthony,  Gathon,
273 4.124e-3 - 2.132e-3 - 1.941e-4 -

274 2174e-3 0923 1.099e-3 0.956 4.101e-5  2.242
275 1.110e-3  0.969 5.576e-4 0.978 9.96%e-6  2.040
276 5604e-4  0.986 2.807e-4 0.990 2.521e-6 1.983
277 2.830e-4 0.986 1.414e-4 0.989 6.302e-7  2.000

Table 2: Error behavior for the Crank-Nicolson scheme and the extrapolated Crank-Nicolson scheme for Example
6.1 with a1 =0.7, B1=0.8, a2 =0.6, p =09, At=hy=hy at time T=1.

(c0) (o0) ex,(co) ex, (o)
ALl GAt,L'%,%Z Eathey  Cathei,

273 9.243e-3 - 4.820e-3 - 7.846e-4 -

274 479e-3 0946  2.449e-3 0977  1.770e-4  2.148
275 2465e-3 0960  1.240e-3 0982  3275e-5 2434
276 1244e-3 0986  6.245e-4 0990  8205e-6  1.997
277 6256e-4 0993 3.133e-4 0995  2.05le-6  1.999

(e) (e0)
At Enpiny Satigh,

(2) (2) (2) (2) ex,(2) ex,(2)
At Exgnn, Catnn, B, Iy G, ey Exthon,  Cathon,
273 4.394e-3 - 2.261e-3 - 1.902e-4 -

274 2310e-3 0927 1.165e-3 0.956 4.021e-5  2.241
275 1.178e-3  0.971 5.908e-4 0.979 9.913e-6  2.020
276 5940e-4 0987 2.974e-4 0.990 2.535e-6 1.967
277 295le-4  1.009 1.503e-4 0.984 6.327e-7  2.002
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Example 6.2. In this example, we study the case for which the percolation coefficients
are constants. Consider the fractional percolation equation (1.1) on the finite domain
Q={(xy)|0<x<1,0<y <1}, with the percolation coefficients

ke (x,y) =ky(x,y) =1, (6.11)

the source term

flayt)=—exp(1—t) (F(1=x)%2(1-y)?
F(?)) 2—a1—PB1 21"(4)x37041*,51 r(5)x47“1*.51
+17(1—y)? <r(3 t—p1) T(d—ar—p1) +r(5_“1_’81)>
F(3) 2—ar—PBo 2F(4)y3—042—l32 F(5)y4_"‘2—l32
+x%(1—x)? (F(3—a2—[52) CT(4—a2—B2) +r(5_“2_52)>>, (6.12)

the initial condition

po(x,y) =exp(1)2*(1-x)%y*(1-y)? (6.13)
for (x,y) € ) and the homogeneous Dirichlet boundary conditions. The exact solution to
the corresponding fractional percolation equation is

p(x,y,t):exp(l—t)xz(l—x)zyz(l—y)z. (6.14)
This example problem is solved to time T =1.

We present the discrete infinity norms and discrete L? norms of the errors for the
numerical solutions of the Crank-Nicolson method and the extrapolated Crank-Nicolson
method in Table 1, for Example 6.1 with a1 =0.5, 1 =1, ap =0.5, B2 =1. Table 2 reports
the error behavior for Example 6.1 with a; =0.7, 1 =0.8, a2 =0.6, B2 =0.9, and Table 3
reports that for Example 6.2 with a1 =0.85, f1 =0.85, 2 =0.75, B =0.95.

As can be seen, when the time step At is fixed, the extrapolated solution performs

well than both the Crank-Nicolson solution on the coarse grid of size (hy,h,) and that on

the fine grid of size (hz* ,hz ). From the numerical results under the parameter setting in

Table 2 for Example 6.1, we observe that the convergence condition of the Crank-Nicolson
scheme can be weaken. In Tables 1-3, the behavior of the maximum error is almost linear
when the Crank-Nicolson method is used, this is because the second-order convergence
in time t is masked by the linear order of convergence in space. More importantly, the
seventh column in each table shows that the convergence of the extrapolated Crank-
Nic;)lspn method is of order O((At)?)+O(h3)+O(h3), which supports our theoretical
analysis.

7 Conclusions

In this paper, we have presented a general approximation for the mixed fractional deriva-
tives and developed a second-order accurate method which combines the Crank-Nicolson
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Table 3: Error behavior for the Crank-Nicolson scheme and the extrapolated Crank-Nicolson scheme for Example
6.2 with a1 =0.85, B1 =0.85, a2 =0.75, B2 =0.95, At=hy=hy at time T=1.

(o) (e0) (e0) (o) ex,(o0) ex,(eo)
At EAt,hx,hy GAt,hx,hy EAt hTX hTy GAt hTX hTy EAt,hx,hy GAt,hx,hy
273 2737e4 - 1.263e-4 - 8.042e-5 -

274 1.180e-4 1.213 6.261e-5 1.012 2.080e-5 1.951
275 6.198e-5  0.929 3.243e-5 0.948 5.262e-6 1.983
276 3226e-5  0.942 1.651e-5 0.974 1.317e-6 1.998
277 1.646e-5  0.970 8.329e-6 0.987 3.384e-7  1.961

(2) (2) (2) (2) ex,(2) ex,(2)
At Expnn,  Catnen, E, oy G, oy Exthohy,  Cathoh,
273 1.352e-4 - 6.340e-5 - 4.457e-5 -

2% 6.209e-5 1.122 3.042e-5 1.059 1.029e-5  2.114
275 3.036e-5 1.032 1.510e-5 1.010 2.499%-6  2.041
276 1.509e-5 1.008 7.540e-6 1.001 6.182e-7  2.015
277 7.652e-6  0.979 3.804e-6 0.987 1.624e-7 1928

scheme with the Richardson extrapolation for the two-dimensional fractional percola-
tion equations. We discussed the consistency and stability of the Crank-Nicolson scheme
and proved relevant theorems. Thanks to the expansion of the operator which is used
in approximating the mixed fractional spatial derivatives, the convergence order was
improved from O(At)+O () +O(hy) to O((At)*)+O(h3)+O(hy) by employing the
Richardson extrapolation. Numerical experiments verified the accuracy and efficiency
of the extrapolated Crank-Nicolson method.
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