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The critical dimension for G-measures
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Abstract. The critical dimension of an ergodic non-singular dynamical system is the
asymptotic growth rate of sums of consecutive Radon—Nikodym derivatives. This has been
shown to equal the average coordinate entropy for product odometers when the size of
individual factors is bounded. We extend this result to G-measures with an asymptotic
bound on the size of individual factors. Furthermore, unlike von Neumann—Krieger type,
the critical dimension is an invariant property on the class of ergodic G-measures.

1. Introduction

For a conservative, non-singular ergodic dynamical system (X, B, p, T) with u(X) =1,
let a)iT x)=(duo Th) /d ) (x) denote the ith Radon—Nikodym derivative. This is written
w;(x) when the automorphism 7 is apparent from the context. The asymptotic rate of
growth of the sum Z?:l w; (x), called the critical dimension, was first studied in [11]. The
critical dimension was later shown to be computable by a formula similar to the Shannon—
McMillan-Breiman theorem for product measures [5] and Markov measures on Bratteli—
Vershik diagrams [3].

The notion of G-measure was introduced in [2]. It simultaneously generalizes classical
infinite product measures, classical Riesz products, i.e. weak* limits on the circle of the
form ]_[Z:l (1 + ag cosme(l) - - - £(k)(t + ¢r))) (where {£(i)} is a sequence of integers,
and |ag| < 1 is a sequence of real numbers), and the g-measures of Keane [9], i.e. weak*
limits of the form []}_, g(£*x)dx where £ is a fixed integer, and g is a suitably normalized
function on T. We recall the definition of a G-measure on a product space X = [[72| Zex)
in §3. In fact, every measure on X which is quasi-invariant for the odometer action is
a G-measure for a suitable sequence of functions {G,}; within this class, the measures
for which there is a unique weak* limit are necessarily ergodic, and known as uniquely
ergodic G-measures. All infinite product measures, Riesz products and all g-measures
with g Lipschitz belong to this class, as do many other G-measures; see [2] for good
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behaviour results where equicontinuity is present, and [6] for bad behaviour where it is
absent.

In this paper, we compute the critical dimension for G-measures. The structure is
as follows: in §2 we define the critical dimension and Hurewicz equivalence. We use
Hurewicz equivalence in the proofs of Lemmas 3.1 and 3.2. In §3 we show that the critical
dimension for an ergodic G-measure is equal to the ‘sample average’. In §4 use a law
of large numbers to explicitly evaluate this ‘sample average’: we compute the upper and
lower critical dimensions 8, a of the classical Riesz product ]_[Z: 1 (I + ay cos(2r 3kt)),

for |ag| < 1 as
— _.2),2
o _lhrgégf E 10g3( ( —4/1 ak>ak ),
1 / -2
B =Ilim sup E logz(2{1—,/1— ak a ).

n—oo

We make the standing assumptlon that (X, B, u, T) is an ergodic non-singular
dynamical system, where X is an infinite product of finite sets Z ), and the odometer
action on (X, u) is conservative and of von Neumann—Krieger type II1.

2. The critical dimension and Hurewicz equivalence
This section contains definitions and notation from [5, 8], which are repeated here to
establish notation.

A measure u is non-singular for the odometer if p o T is equivalent to w; it follows
that for every i € Z, woT! ~ . Let w;(x) denote the Radon-Nikodym derivative
((dp o T')/duw)(x). Each derivative is strictly positive pu-almost everywhere. The
asymptotic growth rate with respect to n is known as the critical dimension. More formally,
the set

Xar:{xeX

hm 1nf — Z w;i(x) > O}

is T-invariant and by ergodicity has measure O or l. By the Hurewicz ergodic theorem, the
numerator diverges almost everywhere. Define the lower critical dimension « as

a =supfa’ : u(Xy) =1}
Similarly, the set

-1
1 n
lim sup — 7 Z w;(x) = 0}
is T -invariant. Define the upper critical dimension  as

B=inflp: u(Yp)=1}.
The critical dimensions can also be written in the style of the abscissa of convergence

n—1
o = lim inf log<z wi (x)) / log(n),

i=0

n—1
B= hm sup log<Z w; (x))/ log(n).

i=0

Yﬂ/:{XEX
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We introduce the following sufficient condition for ergodic non-singular dynamical
systems to have the same critical dimensions.

Definition. Two ergodic non-singular dynamical systems (X, B, u, T) and (Y, C, v, S)
are Hurewicz equivalent if there exists an orbit equivalence relation ¢ : X — Y such that

lim

S B T _
5o log(n)< (Zw (x>) 1og<§ o] (¢<x>)>>

Actually, Hurewicz equivalence implies more than equality of critical dimensions. It
says that the quantities (1/log(n)) log(>"_, ol (x)) and (1/log(n)) log(3"7_, @? (x))
agree on every infinite subsequence of Z*. This property is an important part of later
proofs.

It was proven in [11] that conjugate non-singular dynamical systems have the same
critical dimension. We extend this result to show that conjugate non-singular dynamical
systems are Hurewicz equivalent.

PROPOSITION 2.1. If two ergodic non-singular dynamical systems (X, B, u, T) and
(Y, C, v, T) are conjugate, then they are Hurewicz equivalent.

Proof. By assumption there exists some ¢ : X — Y such that vo¢p ~p and ¢po T =

S o ¢. Then

dvog¢ o¢

(T'x)o] (x) = (X)w? (P (x)).

For anyn € N,
n—1

n—1
dvo¢ . T dvog s
; 2 T00] ()= go g W @),

By the Hurewicz ergodic theorem,

S (dvod/du)(Tix)w] (x)

v(g(X)) = lim

Yy of ()
_ i Xicg (@vo 81410 o] §)
n—00 Z o a)T(x)
S
dvo¢(x) . Y o) @)
n—00 Z o a)T(x)
Hence
0= 1i 102V@C0)

n— 00 log(n)

= lim

i ! - S _ . T dvodg
RS ey (log<§: ®; (¢(x))) log(; o, (x)) - log(—dM (x)>>
i (n(Ere) w(E)
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This lemma allows us to construct practical examples of ergodic non-singular odometers
which are Hurewicz equivalent. These were studied in [1, 5].

COROLLARY 2.1. If X is a product space, then the ergodic non-singular odometer
(X, B, u, T) is conjugate to (X, B, 1, T_l) by an involution, and hence the odometers
are Hurewicz equivalent.

Proof. Consider the map ¢ : X — X given by ¢(x), =£(p) — 1 — x,. This defines a
conjugacy between (X, B, u, T) and (X, B, u, T—1) similar to an infinite 1’s complement
where o ~pu, ¢>=1and p o T =T~ 0 ¢. The odometers are therefore Hurewicz
equivalent by Proposition 2.1. O

In the context of (X, B, u, T), it is convenient to refer to (X, B, u, T—1) as the reverse
odometer.

3. G-measures
The notion of G-measures was introduced in [1] in order to show that every measure on
an infinite product space X which is quasi-invariant for the finite coordinate changes (or
equivalently, the odometer) may be obtained from a Reisz product-like construction, which
we summarize below.

For any product space X =[] Z¢) define T, as the group of finite coordinate
changes y : X — X such that (yx); =x; foralli >n.Let ' = U?,o:1 I',. For a I'-quasi-
invariant probability measure © on X, and n € Z" define the I',, average of u as

PO > woy.

ITul
The measure 1™ is I', invariant and equivalent to u. Hence the Radon-Nikodym
derivatives 4
i
Gn(x) = m(x )

exist. Denote the sequence (Gn);'l":1 by G.
The functions G,, are normalized, in the sense that

1
> Gulyx)=1. (1

r
ITul

They also satisfy the following compatibility condition: if n > m, then
Gn(X)Gp(yx) =G (x)Gy(yx) forally € I'y,.
The measure y is then said to be a quasi-invariant G-measure.

This compatibility condition implies that G, can be written as a product of measurable
functions g, defined as

du
g1(x) = m(x),
dp=n
gn(x) = W(x),

d n
mmzﬁ%nggm,
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where the functions g, do not depend on the first n coordinates of x. That is to say, g, (x) =

gn(yx) fory eIy
The group of finite coordinate changes ', can be described by the powers of the
odometer. Suppose that y is a G-measure. For any p € Z" and x € X define J?(x) to
be the smallest integer n > 1 such that
T {E(i) 1 fori < p,

(T"x); =x; fori > p.
Similarly, define J 1’, (x) as the unique integer n such that

fori < p,

(T"x); =x; fori> p.

_ {o
(T7"x)i =

Given any integer n, —J 1’, (x) <n < Jp(x)if and only if T" preserves x after the pth digit.
For any x € X, the finite coordinate change I';, can be represented by explicit odometer
powersas ', , = {T": —Jl’,(x) <n < J,(x)}. Notice that |I", x| = |I",|; however, we will
continue to write this as I, | to emphasize that we are working with particular odometer
powers instead of finite coordinate changes. So for any x € X, y € I', then yx = T"x for
some T €'}, », and

dpoy . _dueT" 1°—°[ g9 _ 780" _ Gyplrn)

du x) = du gi(x)  Gpx)

gi(x)

i=1 i=l1

By normalization,

Ty :
duoT! diuoy Gp(yx) Tpxl
T Vi e D Dl e I A
i=—J)(x) yelpx yelpx P b

LEMMA 3.1. If (X, B, u, T) and (X, B, u, T’l) are Hurewicz equivalent, then for -
almost every x € X,

o Gp(x)
o <liminf — og .
p—>00 10g(|rp,x|) |Fp,x|

Proof. For any x € X let
Py ={keZ’: Jp(x) = J; ()},
Py ={keZ": J(x) < J(x)}.

Note that Py , U P> x = 7. Let {k;}¢en be a subsequence such that

. 1 Gr(x) . 1 G, (x)
lim inf — log = lim — log .
koo log(|Tk.x[) ITkxl ) 1=o0 log(|Tk x]) ITkg, x|

We consider two possible cases: when Pjx N {k¢}ycz+ 1S infinite and when P N
{k¢}¢cz+ is infinite. Since P; , and P , cover 77T, at least one case will be true.

For the first case, assume that Pj , N {k¢}¢ez+ is infinite. Enumerate the elements of
this set in increasing order by py, £ € Z™T. Since p; € Py,

ICpexl = Jp, + Jpg <2Jp,
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and
n

o
5 log(n) 1°g<z ”"”)

o = lim inf
i=1

JI’Z

1
<liminf ———1
llrgég log(Jp,) og<Z w,(x))

1 =
<l f——1 .
8 g2, g( 2 w’(x)>

—Jh
1 duoy
<liminf —— lo g( Z (x )>
I=o0 log(|Tp, x1) ey dp
G
— lim inf — og< ”(x))
[—00 IOg(lrp(,xl) |F[’L’sX|
1 G
— lim inf — log< ,,(x)>'
p—oo log(|Tp]) ITp.xl

For the second case, P> x N {k¢}¢ecz+ 1s infinite. Enumerate the elements of this set in
increasing order by py, £ € Z. Since py € Pa ,

ITpexl=Jp, +Jp / <2.l’

Repeating the above argument with J’ and the reverse odometer 7! gives

lim inf

1 G
log(Za) l(x)) < lim inf log( ”(x)).
n—00 log(n) p—>o0 log(IT'p x| ITpxl

Since (X, B, u, T) and (X, B, u, T _1) are Hurewicz equivalent,

o = lim inf

im in logn log<Z w,(x>)
= lim inf

n—oo og( )IOg(Zw l(x))

1 Gy(x)
< lim inf log .
p—oo log(|I"p x1) ITp.xl

This completes the proof. O

The next lemma requires a constraint on the asymptotic bound on the size of the
coordinate spaces. This constraint (equation (3)) first appeared in [10] in the context of
product measures.

LEMMA 3.2. If (X, B, u, T) and (X, B, u, Tfl) are Hurewicz equivalent, and
1 r
og(Ilp x1) —1 3)
p—oo log(ITp41,x1)
then

1 G
« > lim inf — log< ”(x)>.
p—~oo log(ITp x1) ITp x|
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Proof. For any x € X let
Ji Y
Py= {k AR PIIOE Zw_im},
i=1 i=

J/

ng_{k€Z+ Zw(x)<Zw l(x)}

Note that Py y U P> x = Z* and that for any x € X and n € N there exists a k € N such that
|Fk,x| =n< |Fk+l,x|'

Let {n¢}ren be a subsequence along which
o = lim inf

1
n—o00 log n ]0g<z @i OC)) Z—>oo log(ng) 1 g<2 @i (X)>

Since (X, B, u, T) and (X, B, u, T-1) are Hurewicz equivalent,

el—fgo log(n ) (Z i OC)) /3—>00 log(n ) (Za) I(X)>

Let k¢ be the corresponding subsequence such that

|Fkg,x| <ng < |Fkg+l,x|-

As in the proof of Lemma 3.1 we consider two possible cases: when P x N {ke}ocp+ is
infinite and when P> , N {k¢}ycz+ is infinite. Since P; x and P, , cover Z7, at least one
case will be true.

For the first case, assume that Pj » N {k¢}¢ez+ is infinite. Enumerate the elements of
this set in increasing order by py, £ € Z™. Since p; € Py,

Ipy Ipe

duo
> o=y w,<x)<2sz(x><2Zw,(x> @
v€lp, x n i=—J/4 i=1 i=1
From this we deduce that
1 G 1 d
lim inf — log( ”(x)) <liminf —— 0g< 3 “Oy(x))
p—=>00 10g(|rp,x|) T xl [—o00 IOg(Irpe x| yer, du
0.X

< lim inf ; log(Z Z w; (x))

I—=o0 log(|T"p, x1)

Pe
=limi f; g(Zwi(X)>

=00 1og(|Tpy+1.x1)

< lim inf

o0 og(n ) 1°g<z “ m)

=.
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For the second case, P x N {k¢}¢ez+ 1s infinite. Enumerate the elements of this set in
increasing order by py, £ € Z*. Since p; € Py,

I, 1,
duo
IR SETSIL) STRIEIL) yrae)
Verpz,x M l‘:—.]ﬁ i=1 i=l1

Repeating the above argument with J' and the reverse odometer 7! completes the
proof. O

THEOREM 3.1. Assume that (X, B, u, T) and (X, B, i, T—Y are Hurewicz equivalent,

and
log(ITp )

p—o0 log(IT pt1x)
Then

o G ()
o = liminf — og ,
P> 10g(|rp,x|) |Fp,x|

1 G
B =limsup — 1og< p(x)>.
p—>00 10g(|rp,x|) |Fp,x|
Proof. The first part of this theorem follows by combining Lemmas 3.1 and 3.2. The

second part can be obtained by applying the same arguments for the upper critical
dimension. 0

Corollary 2.1 means that Theorem 3.1 applies to any product space satisfying
equation (3), but not necessarily to a Bratteli—Vershik system. In [4], the notion of G-
measure has been extended to Bratelli-Vershik systems. In future work we will extend
Theorem 3.1 to that setting.

COROLLARY 3.1. Given the product space (X, B, u, T), X =122 Z¢(ny. Let P™ bea
sequence of stochastic £(n) x £(n + 1) matrices whose (i, j)th entry Pi(']’.) can be used

to define a G-measure Px(,, )xn+1 = gn(Xn, Xn+1) = gn(x). This is known as a Markov

measure [10]. Assuming that
log(ITp)
p=00 log(|l p+1.x1)
then

p
o = liminf — og(PY
P log(|Fp B ; g(P Xi, xl+|

g( )Etl)xtﬁ-l

M"’:

B =limsup —
p—>00 log(ITp ) g(|rpx|)

Proof. The spaces (X, B, u,T) and (X, B, u, T_l) are Hurewicz equivalent by
Corollary 2.1. Since G (x) = |T'p x| ]_[ Px(,l)x, ., defines a quasi-invariant G-measure,
this is a straightforward application of Theorem 3.1. O
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The notion of unique ergodicity for G-measures was explored in [2, 7], where
conditions were given on the G-functions under which there is a unique G-measure. We
refer to this situation as unique ergodicity, as the limit is then necessarily ergodic. If this
condition fails, one can have bad behaviour of the set of G-measures; indeed, for any
Fy set S C [0, 1], Dooley and Rudolph [6] produced examples of continuous G-functions
such that there is an ergodic G-measure of type III, if and only if A € S.

Thus, in the sense of von Neumann—Krieger types, the range of possible G-measures
can be quite diverse. This is not so for the critical dimension. Under certain conditions on
the space X, all G-measures have the same critical dimensions.

COROLLARY 3.2. If X =[[{2| Ze) is a product space, and
log(ITp)
p—=00 IOg(|Fp+l,x D
then any two quasi-invariant G-measures have the same critical dimensions.

Proof. Suppose that u, v are two quasi-invariant G-measures on the product space X.
Then by Theorem 3.1 the upper and lower critical dimensions are both equal to

. 1 Gp(x)
o = liminf — log ,
P00 10g(|rp,x|) ITpxl

. 1 Gp(x)
B =lim sup — log .
p—0 10g(|Fp,x|) |Fp,x|

Hence p and v have the same critical dimensions. O

4. Computing the critical dimension for G-measures

In this section we follow [3, 5] and compute the critical dimension using two variants on
the law of large numbers. The first lemma follows in the footsteps of [5].

LEMMA 4.1. Suppose that (X, B, u, T) is a product space with G = (G,,) a normalized
compatible family. If there exists k € Z such that for all n, g, = G,(x)/G,_1 depends

only on the next k digits of x, i.e. gn(x) = gn(Xn, ..., Xntk), then for w-almost every
x € X,
n
. 1
lim ‘— (Z log(g; (x)) — E(log(gi (x))))‘ =0.
n—ooln =

Proof. Consider the random variable X; =log(g;i(x)) — E(log(gi(x))). Define k
sequences of random variables (Xi,r)) peN where X;,r) = X pkr. For every integer r €
[0, k) the random variables X g) are independent (by assumption) and have expected value
E(XY) = 0. By the law of large numbers

1 n
_<§ X(’))‘ =0.
n P

p=I1

lim
n—>oo
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For any n > k,

1 n
0< - (; log(gi(x)) — E(log(g; (X))))‘
k

[n/k]
[n/K] L (v <r>>)
X .
S CIGED) rz=o rn/k1<p=1 g

Taking n — oo completes the proof. O

Example 1. Choose £(p) = p and define a measure (i : Z¢py —> [0, 1] by

L

— ifi =0,
mp(i) = 1

— if0<i<p.

2p

The product measure u= &7’ 1, on the product space X =[], Z¢(p), with
odometer action 7" and sigma algebra B generated by the cylinders. The G-measure defined
by gp(x) = ppp(x) and

Gpx) =g1(x)g2(x) - - - gp(x)
is quasi-invariant for the odometer (X, 3, w, T). Furthermore,
o dog(lpu o log(ph)
p=oolog(ITp1xl)  p=oolog((p + D)
By Theorem 3.1,

. 1 Gp(x)
o = lim inf — log
p—>oo log(p'> P!

= lim inf — ( ;- Zlog(up(x))

= lim inf —
p—~> lo ( 1) 4

Z log (s (x)).

This is as far as Theorem 3.1 will take us. By the law of large numbers given in Lemma 4.1,

lim Z log (1 (x)) — E(log(p(x))) =

p—>© p
i=1

Hence we compute « as

P P
1 1
= lim inf — E(lo = lim inf 1+1o =—. O
* p—oo  log(p!) ; (log (s () p—oo log(p!) ; g(ﬁ) 2
Remark. The example above shows how Theorem 3.1 extends the results of [5] from
product odometers with a bounded number of edges at each level, to product odometers

where the growth of the number of edges is restricted by
log(ITpl)

p=~oo log(|lp+1.x])
The same results holds for Markov odometers on a product space. O
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For the next example, we compute the critical dimension of the classical Riesz product

n
[ [+ ax cos@r31)).
k=1

We begin with two lemmas. The first is an alternative form of the law of large numbers,
which is attributed to [12].

LEMMA 4.2. Suppose that (X,) is a sequence of random variables of bounded modulus

and that
o0

1 2

E —E(YN]?) <00
N

N=1

where Yy = (1/N) Zflvzl X,,. Then almost surely Y, — 0.

We need only show that this law of large numbers can be applied to the log of the Riesz
product coordinate measures.

LEMMA 4.3. Let X,, =log(1 + a, cos(2n3"x)). Then

N

1
lim N(Z X, — E(X,,)) =0.

n=1

Proof. Substitute t =2mx and let Yy = (1/N) Ziv:l(Xn — E(Xy)). By Lemma 4.2,
it is sufficient to prove that the sequence (1/N)E(|Y,,|2) is summable. Let z, =

(1 —+/1—a?)/a,, where |z,| < 1. Then

Zn

X, + 1og< - ) =log(l + 22 + z, cos(3"1))

n
cang 2
=log(|1 + z,¢""|")

=2Re Log (1 + z,¢'>"")

0© NIl
:22( D20 osaam),

=1 !

From this it can be seen that

E(X,) = — 10g<2zn>.

an
Furthermore, for any integers j < k, by Parseval’s formula,
Cov(X;, Xp) = E((X; — E(X;))(Xr — E(Xk)))

n.3in

T 3k—j — n2

2 . n_3%in 2
= WLU(ijk ) < 3](—_/
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where Li is the dilogarithm. Hence

CE(¥w ) = ~ E(¥y — EGw)P)

N NP =y N N

Var(Yy)

Il
Zlo ==
M=

~
Il

<N
~
I

—

Cov(X;, Xk)

3/—k

SR
M=
M»

o~
Il
_
I

J
is summable. The result follows as a consequence of Lemma 4.2. O

Example 2. Choose £(p) =3 and the sequence a) such that |a,| < 1. Define g,(x) =
3(1 +ap cos(2m3Px)) and

Gpx) =g1(x)g2(x) - - - gp(x).
Then X = [[72, Z3 is a product space satisfying

log(IT"p x]) lim p log(3)

m = —_— =
p=oolog(Ilpy1x)  p=oo (p+1)log3)

By Theorem 3.1 and Lemma 4.3,

o Gpx)
o« =lim inf — og
p—~>oo  plog(3) 3p

p
> " log(gi(x))
i=1

=lim inf —
p—oo  plog(3)

=lim inf —
p—~oo plog(3)

1 p
= lim inf — log(2(1-./1—a2)a;?).
P00 plog(3) ; Og( < a”)“” )

Similarly, the upper critical dimension can be computed as

| P
B =limsup ——— log(Z(l - /1 —a2>a2>.
plog(3) ; ryr

P>

p
Z log(1 +a, cos(2n3ix))
i=1

Acknowledgements. The authors would like to thank Mike Hirschhorn for computing
E(X,)=—log(2(1 — /1 — a,%))/a,%) and Omran Kouba for his help in proving the
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