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Abstract
In the k-means problem with penalties, we are given a data setD ⊆R

� of n points where each point j ∈D
is associated with a penalty cost pj and an integer k. The goal is to choose a set CS⊆R� with |CS| ≤ k and
a penalized subset Dp ⊆D to minimize the sum of the total squared distance from the points in D \Dp to
CS and the total penalty cost of points in Dp, namely

∑
j∈D\Dp

d2(j, CS)+∑
j∈Dp

pj. We employ the primal-
dual technique to give a pseudo-polynomial time algorithm with an approximation ratio of (6.357+ ε) for
the k-means problem with penalties, improving the previous best approximation ratio 19.849+ ε for this
problem given by Feng et al. in Proceedings of FAW (2019).

Keywords: K-means problem with penalties; linear program; approximation algorithm; JV algorithm

1. Introduction
Machine learning is one of the fastest growing branches in the field of artificial intelligence, and
within it, clustering problems gain great popularity in the unsupervised learning. Modern civi-
lization has witnessed the extensive applications of the algorithms related to clustering problems
in finance, people’s livelihood, medical care, transportation, and the Internet, etc.

The k-means problem is the most representative problem in clustering. It has been widely stud-
ied in the fields of operations research, management, and computer science (Charikar et al., 2001;
Friggstad et al., 2019; Ji et al., 2020; Kanungo et al., 2004; Makarychev et al., 2019; Vazirani, 2001;
Williamson and Shmoys, 2011). A standard k-means problem is described as follows. Given an
integer k and a data set D ⊆R� of n points, the purpose is to select a central point set CS in R�

such that the size of CS cannot exceed k. The customers inD are divided into |CS| categories. The
connection cost of each cluster is the square of the Euclidean distance between all customers in
the category and its center point. Our target is to minimize the connection cost of all categories.

In general, the k-means problem is NP-hard (Aloise et al., 2009; Drineas et al., 2004), which
means one cannot obtain an optimal solution in polynomial time unless P = NP. The earliest algo-
rithm for the k-means problem was proposed around 1950, and over the next 70 years, hundreds
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of articles have studied this problem and proposed many algorithms and techniques. The main
techniques include local search, primal-dual, linear rounding, among others. One popular algo-
rithm, put forward by Lloyd–Forgy (Lloyd, 1982), is called the “k-means" algorithm. It is widely
used due to its simple and practicable features, but its theoretical performance is poor and the
approximate ratio can reach infinity. Subsequently, Arthur and Vassilvitskii (2007) proposed the
“k-means++" algorithm by randomly selecting the initial k central points with certain probabil-
ity in the “k-means" algorithm. This initial randomization technique results in an approximation
ratio ofO( ln k). For the classic k-means problem, Kanungo et al. (2004) used the local search tech-
nique to give the first constant (9+ ε)-approximation algorithm. The current best approximation
algorithm is 6.357+ ε, which is given by Ahmadian et al. (2017) through the primal-dual method.

Given that the k-means problem has been investigated thoroughly, attention on this field has
been focusing on the deformation of the k-means problem, special examples of the k-means
problem, and approaches to improve the running time of the algorithm in various problems. In
actual scenarios, we may refuse to serve some customers who are too far away by bearing certain
penalties. Incoordinating this scenario into the mathematical model is a variant of the k-means
problem, that is, the k-means problem with penalties.

A formal k-means problemwith penalties is described as follows.We are given a constant k and
a data setD ⊆R� with n clients, where each client is assigned a penalty fee pj. The intent is to pick
a central point set CS⊆R� of size k and an unserved customer subset Dp ⊆D such that the sum
of the total squared Euclidean distances from all customers in D\Dp to the cluster center and the
total of penalties for all unserved customers, that is,

∑
j∈D\Dp c(j, CS)+

∑
j∈Dp pj, is minimized,

where c(j, CS) represent the square of the Euclidean distance from client j to the nearest center
point in CS.

In recent decades, researchers have made great contributions on the clustering problem with
penalties. For example, for the penalized facility location problem, Charikar et al. (Cohen-Addad
et al., 2019) utilize the primal-dual approach to give a (3+ε)-approximation algorithm. And the
current best approximation ratio of 1.5148+ ε is given by Li et al. (2015) through an LP-rounding
algorithm. As to the penalized k-means problem, the first constant approximation algorithm is
25+ ε by adopting the local search method (Zhang et al., 2019), and the current best approxima-
tion guarantee is 19.849+ ε by using the primal-dual method (Feng et al., 2019). Moreover, there
are also other faster algorithms such as the seeding algorithm designed for k-means problem with
penalties (Li, 2020; Li et al., 2020).

The main contribution of this paper is to apply the primal-dual method to give a quasi-
polynomial time algorithm with an approximate ratio 6.357+ ε, which improves the best ratio
in the past.

1.1 Organizations
Some preliminary knowledge is described in Section 2. We then give a detailed description and
the corresponding conclusions of the JV-P(δ) algorithm in Section 3. In Section 4, we present a
pseudo-polynomial time algorithm as well as the anlysis. Finally, some discussions are stated in
Section 5.

2. Preliminaries
Given an example of the k-means problem with penalties, we can use the standard discrete tech-
nique in Feldman et al. (2007) to transform the original problem into a discrete problem at a small
cost, that is, a discrete k-means problemwith penalties, where the center point is selected in a setF
instead of selecting in the entire spaceRl, and the optimal value of the discrete problem is at most
(1+ ε) times higher than the optimal value of the original problem, where ε > 0 is an arbitrarily
small constant.
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Definition 1. (The discrete k-means problem with penalties) Assume we are given an instance of
the discrete k-means problem with penalties R= (D,F , d,P , k), whereD and F represent the set of
customers and facilities, respectively. Let c(j, i)= d2(j, i) be the connection cost from customers j to
facility i where d(j, i) is the Euclidean distance from j to i. If client j is not connected to any facility
i ∈F , j will pay a penalty fee pj. Let |D| = n, |F | =m and P = {p1, · · · , pn}. The goal is to choose
a subset CS of facilities with |CS| ≤ k and a subset Dp of clients, such that∑

j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj

is minimized, where c(j, CS)=mini∈CSc(j, i).

In the future, for the convenience of description, the discrete k-means problem with penalties is
abbreviated as DKPP.

With reference to the facility location problem with penalties, DKPP’s integer linear program-
ming formulation can be easily interpreted as selecting k facilities to set up in the facility set F
with zero cost. To formulate the integer linear program, we introduce three indicator vectors,
y ∈R|F |, x ∈M|F |×|D|, and r ∈R|D|, where yi ∈ {0, 1} indicates whether the facility i is offered
xij ∈ {0, 1} represents whether customer j is clustered to facility i and rj ∈ {0, 1} denotes whether
or not customer j is clustered to a facility.

We relax the three indicator vectors to the entire nonnegative real number space to receive the
following standard relaxation program KM-P:

min
∑
i∈F

∑
j∈D

xijc(j, i)+
∑
j∈D

pj · rj

s.t
∑
i∈F

xij + rj ≥ 1 ∀j ∈D (1)

xij ≤ yi ∀j ∈D, ∀i ∈F (2)∑
i∈F

yi ≤ k (3)

xij, yi, rj ≥ 0 ∀j ∈D, ∀i ∈F . (4)

Constraints (1) represent each customer is either clustered to a facility or punished, constraints
(2) say that customers can only be clustered to established facilities, and constraint (3) illustrates
that at most k facilities are established.

In order to resolve the difficulty caused by the constraint (3) to solve KM-P, we adopt
the Lagrangian multiplier method (Jain and Vazirani, 2001), which introduces the Lagrangian
multipliers λ for the constraint in (3), resulting in a new linear program KM-P(λ):

min
∑
i∈F

∑
j∈D

xijc(j, i)+
∑
j∈D

pj · rj + λ

(∑
i∈F

yi − k

)

s.t
∑
i∈F

xij + rj ≥ 1 ∀j ∈D (5)

xij ≤ yi ∀j ∈D, ∀i ∈F (6)

xij, yi, rj ≥ 0 ∀j ∈D, ∀i ∈F . (7)

Let OPTk and OPTL(λ) denote the optimal values of KM-P and KM-P(λ), respectively. Then we
have OPTL(λ)≤OPTk for λ ≥ 0. Next we give the dual programming DKM-P(λ) of KM-P(λ).
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max
∑
j∈D

αj − λ · k

s.t
∑
j∈D

[αj − c(j, i)]+ ≤ λ ∀i ∈F (8)

αj ≤ pj ∀j ∈D (9)
αj ≥ 0 ∀j ∈D, (10)

where [αj − c(j, i)]+ =max{αj − c(j, i), 0}. Let OPTD(λ) denote the optimal values of DKM-P(λ).
Hence we have OPTD(λ)≤OPTL(λ)≤OPTk for λ ≥ 0.

Observing KM-P(λ) and DKM-P(λ), if we omit the constant term λ · k in the objective func-
tion, they are the standard linear programming relaxation of the facility location problem with
penalties and the corresponding dual programming, in which the facility opening cost is λ.
Therefore, we can give the improved JV-P(δ) algorithm to solve DKM-P(λ) and get a constant
approximate ratio of 6.357+ ε. If the number of solutions output by the algorithm is no more
than k, we will look for a feasible solution to the original problem, where the target value cor-
responding to this solution is at most 6.357+ ε times the optimal value OPTk of the original
problem.

3. The JV-P(δ) Algorithm and the Main Conclusions
Next we recall the JV-P(δ) algorithm and its main conclusions.

The JV-P algorithm is put forward by Charikar et al. (2001) when solving the facility loca-
tion problem with penalties. We give the JV-P(δ) algorithm based on the JV-P algorithm. The
algorithm includes two stages, generating a dual solution(GD) and selecting a center set(SS).

In the GD stage, the algorithm outputs a feasible solution α of DKM-P(λ).
After the GD stage, we obtain a set of temporarily opened facilities Fy, in which there may be a

customer j contributing to the opening of multiple facilities, that is |{i ∈Fy : αj > c(j, i)}| > 1, and
these facilities are relatively close. The opening cost of these facilities can be reduced by closing
some of them. For this, we introduce the SS stage, where it will opt for a subset of temporarily
opened facilities to open.

We first construct two graphs, the customer-facility graph G and the pick-facility graph H.
Before that, we introduce some notations.

A. Fy: the set of facilities temporarily opened during the GD stage.
B. ∀j ∈D, the neighbor of customer j is represented as

N(j) := {i ∈F : αj − c(j, i)> 0}.
C. ∀i ∈F , the neighbor of facility i is represented as

N(i) := {j ∈D : αj − c(j, i)> 0}.
D. For a temporarily opened facility i, we let ti :=maxj∈N(i) αj, and ti := 0 ifN(i)= ∅. Therefore

we obtain ti ≥ αj, ∀j ∈N(i).
E. For a customer j and his corresponding witness w(j), αj ≥min{tw(j), pj}.
• the customer-facility graph G= (D ∪Fy, E): if i ∈N(j), we have (j, i) ∈ E.

• the pick-facility graph H = (Fy, E): ∀j ∈D, if j ∈N(i)∩N(i′) with c(i, i′)≤ δ min{ti, ti′ },
where δ is a constant and δ ≈2.315, we have (i, i′) ∈ E.

From the JV-P(δ) algorithm, we obtain the following conclusions.
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Algorithm 1 GD
1. Initially, set α := 0, βij :=max{αj − c(j, i), 0} = [αj − c(j, i)]+. Let A :=D indicate the set of

active customers, and θ denote time. Starting from zero, ∀j ∈A, αj and θ rise at the same
time at a unit speed. Once αj = pj, we say that j is frozen, and αj stops growing. If customer
j causes one of the following cases to occur, we will update A by deleting j with αj ≥ c(j, i)
from A.

Case 1. There is a facility i such that the dual constraint∑
j∈D

[αj − c(j, i)]+ = λ

is satisfied. Then we suppose that the facility i is temporarily opened. And we claim
that the facility i is the witness of these customers with αj ≥ c(i, j), ∀j ∈A, expressed
as w(j)= i.

Case 2. There exists an active customer j ∈A reaching a tight edge, i.e. αj − c(j, i)= 0, to
some already temporarily opened facility i. So we assume that the facility i is the
witness of this customer.

2. When either A= ∅ or j is frozen ∀j ∈A, the GD stage is completed.

Algorithm 2 SS
Step 1 We opt for a maximal independent set CS in H.
Step 2 We open all facilities of CS.
Step 3 We define the set of customers who are not served, that is, the set of customers who are

punished, as follows:
Dp := {j ∈D : j /∈N(i), ∀i ∈CS and αj = pj}.

Step 4 The rest of the customers gather to the nearest opened facility.

Lemma 1. Given an instant R of DKPP, we assume that d is a Euclidean metric on D ∪F . Then,
for any λ ≥ 0, Algorithm 1 outputs a feasible solution α to DKM-P(λ) and Algorithm 2 outputs a set
CS of opened facilities and a set Dp of punished clients by requesting δ ≈2.315 and ρ ≈ 6.357 such
that

∑
j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj ≤ ρ ·
⎛
⎝∑

j∈D
αj − λ|CS|

⎞
⎠ . (11)

Proof. According to Algorithm 1, we can easily get that α is a feasible solution for DKM-P(λ),
∀λ ≥ 0. For the rest, we prove that α and CS satisfy inequality (11).

Now if we obtain

c(j, CS)
ρ

≤ αj −
∑

i∈N(j)∩CS
(αj − c(j, i))= αj −

∑
i∈CS

[αj − c(j, i)]+∀j ∈D \Dp (12)

pj
ρ

≤ αj −
∑
i∈CS

[αj − c(j, i)]+ ∀j ∈Dp, (13)
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by adding up the c(j,CS)
ρ

of all clients and [αj − c(j, i)]+ = 0, ∀i ∈CS, j ∈Dp, we get

1
ρ

⎛
⎝ ∑

j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj

⎞
⎠≤

∑
j∈D

αj −
∑

j∈D\Dp

∑
i∈CS

[αj − c(j, i)]+.

Moreover, note that all the facilities opened in CS and all customers who have made positive con-
tributions to the opening of these facilities belong toD\Dp. So we have

∑
j∈D\Dp [αj − c(j, i)]+ =

λ, ∀i ∈CS. Therefore, (11) is satisfied.
For each client j, let Sj indicate the set of facilities to which j contributes in CS, that is Sj := {i ∈

CS : αj > c(j, i)}. Then, according to the members of Sj, we divide clients into three cases, D0 =
{j ∈D\Dp : |Sj| = 0}, D1 = {j ∈D\Dp : |Sj| = 1}, and D>1 =D\D1\Dp = {j ∈D\Dp : |Sj| > 1}.

Denote sj = |Sj| and βij = [αj − c(j, i)]+. Now, we will discuss each case separately.

Case 1: sj = 0. Based on the definition of D0, we know that for any j ∈D0, there is an w(j) ∈F
such that αj ≥ tw(j) and αj ≥ c(j,w(j)).
Further, we will discuss the following two events separately for w(j).

Event 1. For w(j) ∈CS, obviously there is, c(j, CS)≤ c(j,w(j)).
Event 2. For w(j) 
∈CS, according to SS stage, there is an facility i ∈CS which satisfies,

c(w(j), i)≤ δ min{tw(j), ti} ≤ δαj.

In this event, we have

d(j, CS) ≤ d(j, i)
≤ d(j,w(j))+ d(w(j), i)

≤ √
αj +

√
δαj = (1+ √

δ)√αj

⇒ c(j, CS) ≤ (1+ √
δ)2αj. (14)

Recall the definition of D0, that is,
∑

i∈CS [αj − c(j, CS)]+ = 0. Together with formula
(14), we have that

c(j, CS)≤ (1+ √
δ)2

(
αj −

∑
i∈CS

[αj − c(j, CS)]+
)
.

If ρ ≥ (1+ √
δ)2, we are able to obtain

c(j, CS)
ρ

≤ αj −
∑
i∈CS

[αj − c(j, CS)]+.

Case 2: sj = 1. In this case, we can only find one facility i∗ in IS that satisfies [αj − c(j, i∗)]+ > 0.
Hence, we obtain

c(j, CS)≤ c(j, i∗)= αj − (αj − c(j, i∗))= αj −
∑
i∈CS

[(αj − c(j, i)]+.

Case 3: sj ≥ 2. Based on the �-dimensional Euclidean space, ∀j ∈D>1,

∑
i∈Sj

c(j, i)≥
∑
i∈Sj

c(i,μ)=
∑

i∈Sj
∑

ĩ∈Sj c(i, ĩ)
2sj

(15)
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is established, where μ = 1
sj
∑

i∈Sj i represents the centroid of Sj. And because c(i, ĩ)>
δ min{ti, tĩ} ≥ δαj, ∀i ∈ Sj, we deduce that∑

i∈Sj
∑

ĩ∈Sj c(i, ĩ)
2sj

=
∑

i∈Sj
∑

ĩ∈Sj,i
=ĩ c(i, ĩ)

2sj

≥
∑

i∈Sj
∑

ĩ∈Sj,i
=ĩ δαj

2sj

= sj − 1
2

δ · αj. (16)

Combining (15) and (16), for δ ≥ 2, we have∑
i∈Sj

(αj − c(j, i)) ≤
(
sj − sj − 1

2
δ

)
αj

≤
(
sj
(
1− δ

2

)
+ δ

2

)
αj

≤
(
2− δ

2

)
αj. (17)

Among them, sj > 1, and sj(1− δ
2 )+ δ

2 is a nonincreasing discrete function. ∀j ∈D>1, i ∈
Sj, we have c(j, CS)≤ c(j, i)≤ αj. So according to (17), we get(

δ

2
− 1

)
c(j, CS) =

(
1−

(
2− δ

2

))
c(j, CS)≤

(
1−

(
2− δ

2

))
αj

= αj −
(
2− δ

2

)
αj ≤ αj −

∑
i∈Sj

(αj − c(j, i)).

If ρ ≥ 1
δ
2−1

, we are able to receive

c(j, CS)
ρ

≤ αj −
∑
i∈IS

[αj − c(j, CS)]+.

Gathering the above three cases, we take

ρ(δ) :=max

{
(1+ √

δ)2,
1

δ
2 − 1

}
,

where δ ≥ 2.
Finally, by setting δ ≈ 2.315, ρ ≈ 6.357, (12) is satisfied.
For (13), we have αj = pj, and αj ≤ cij, ∀j ∈Dp, ∀i ∈CS. So

∑
i∈CS [αj − c(j, CS)]+ = 0. Hence

we only need to ensure that ρ > 1, which implies (13).

Lemma 1 shows that once |CS| ≤ k, we get a 6.357-approximation algorithm for DKPP. But
as the JV-P(δ) algorithm shows, unless some information about λ is given, |CS| ≤ k may not be
guaranteed. Intuitively, we observe that λ represents the cost of opening a facility. If the cost of
setting up facilities is small enough, we tend to open all the facilities. On the contrary, once the
cost of setting up facilities is high, we will open as few facilities as possible. Therefore, we wish to
give an appropriate λ such that |CS| = k. Inspired by Ahmadian et al. (2017), we enumerate λ in a
pseudo-polynomial time algorithm to obtain a number of corresponding solution CS as k.
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Algorithm 3 Eλ

1. Initially, assume λ = 0, αin
j =min{mini∈F c(j, i), pj}, and CS=F .

2. Set α = αin, and λ = λ + εz. Let A= ∅ be the set of active customers and let θ denote time.
Starting from zero, once θ = αj,∀j ∈D, uptade A :=A∪ {j}. Both αj and θ rise at the same
time at a unit speed.When αj = pj, we say that j is frozen, and αj stops growing. If customer
j causes the following case to occur, we replace A by deleting j with αj ≥ c(j, i) from A.

Case: j has a tight edge to a temporarily opened facility i with B(αj)≥ B(ti). Assume that
the facility i is the witness of this customer, expressed as w(j)= i.

3. When Step 2 runs, we decrease αj with B(αj)> B(θ) by |A| times the growth rate of θ .
4. When either A= ∅ or j is frozen ∀j ∈A, output αout = α.
5. For λ = L · εz, the algorithm ends; otherwise αin = αout , and go back to Step 2.

4. The Pseudo-Polynomial Algorithm as Well as Our Main Results
In Ahmadian et al. (2017), by enumerating λ, a (6.357+ε)-approximation algorithm of pseudo-
polynomial time is obtained for the k-means problem. Similarly, we present a (6.357+ε)-pseudo
polynomial time approximation algorithm for DKPP. For convenience, we abbreviate this
algorithm as PPTA, which contains two sub-algorithms: Eλ and Ck.

Eλ enumerates all possible values of λ, namely λ = 0, 1 · εz, · · · , L · εz, where ε > 0 is a
sufficiently small constant.

n� 1/ε, εz = n−3−30log1+εn, L= 4n7 · ε−1
z .

When λ = 0 and α0
j =min{mini∈F d2(j, i), pj}, it is obviously a feasible solution of DKM-P(0)

and CS0 =F , which satisfies Lemma 1. For each λ > 0, the Eλ algorithm, with input α
λ−εz
j , out-

puts a feasible solution αλ
j of DKM-P(λ). In addition, for the simplicity of algorithm, we introduce

a piecewise function B to divide the α values of clients.

B(x) :=
{
0, if x< 1.

1+ �log1+ε (x)�, if x≥ 1.

Simultaneously, when λ = L · εz, |CS| ≤ 1 can be guaranteed. Before the algorithm is described, we
preprocess any instance of DKPP, so that with a small loss, the cost of any client j to any facility j
satisfies: 1≤ c(j, i)≤ n6 and pj ≥ 1, ∀j ∈D, where n= |D|. The proof can be referred to Ahmadian
et al. (2017).

From the Eλ algorithm, we know that αλ is a feasible solution for DKM-P(λ), either j has a
tight edge to a temporarily opened facility i or αj = pj where αj stops increasing. In each solution
α = αλ (λ = 0, 1 · εz, · · · , L · εz), αλ and αλ+εz are close.

Lemma 2. Ahmadian et al. (2017) The corresponding solutions αin and αout in Eλ are close, that is
|αin

j − αout
j | ≤ 1

n2 for all j ∈D.

Proof. From the above assumption, we have 1≤ d2(j, i)≤ n6.We notice that at any time the largest
α−value is at most

max{λ} + n6 = L · εz + n6 = 4n7 + n6 ≤ 5n7. (18)

Hence, ∀j ∈D, B(αj)≤ 1+ �log1+ε 5n7� ≤ 10 log1+ε n. Similar to Ahmadian et al. (2017), we can
still get the following claim.
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Claim. Any α can increase εzn3b at most while B(θ)≤ b.

Proof. We prove it by using the induction on b= 0, 1, · · · , 10 log1+ε n.
For b= 0, it is trivially true that there is no client whose α−value increases or decreases with

B(αj)= 0.
For b> 0, assume that αj can increase by at most εzn3b−3 when B(θ)≤ b− 1 is correct. We

shall prove that αj can increase by at most εzn3b while B(θ)≤ b is true.
Before the proof, we assume that some αj is increasing and has at least one increased εz while

B(θ)≤ b. So we know that j ∈A and αj = θ .
First, suppose that αj < αin

j . Then we have that αj was decreased while B(αj)≤ b. Through
Algorithm 3, we know that αj only decreases whenever B(θ)< B(αj), and hence αj was decreased
only while B(θ)< b. Because we assume that αj′ can increase by at most εzn3b−3 when B(θ)≤
b− 1, therefore αj decreases by at most n · εzn3b−3 while B(θ)≤ b− 1. Thus, we get αj = αin

j again
after αj has increased by at most εzn3b−2.

Second, we start with αj = αin
j and now consider howmuch αj can be increased while B(θ)≤ b.

Let i be a witness of j in αin, and we have B(αin
j′ )≤ B(αin

j )≤ B(αj)= B(θ)≤ b, ∀j′ ∈Nin(i). Thus

j′ ∈Nin(i) are decreased by Algorithm 3 only while B(θ)< b and αj′ is decreased at most εzn3b−2.
Hence, with the increase of αj at most εzn3b−2 · (n− 1)+ εz, i will again be tight, or αj = pj, and j
is frozen.

In either case, the total amount αj can increase by at most εzn3b−2 + εzn3b−2 · (n− 1)+ εz ≤
εz · n3b while B(θ)≤ b.

Let εz = n−3−30log1+εn. Then from the above claim, we have that αout
j − αin

j ≤ 1
n3 , and αin

j −
αout
j ≤ 1

n2 since αj decreases by no more than n times the maximum increase in the α−value of
any client.

The purpose of Ck is to find a feasible solution with number k of DKPP between α
λ−εz
j and

αλ
j , ∀λ = 1 · εz, · · · , L · εz. For each solution αλ, we construct the customer-facility graph Gλ, the

pick-facility graph Hλ and the maximal independent set CSλ in the same way as those in Section
3 (See Algorithm 4 for specific operations).

Through the above analysis and the value of L, we know that when λ = 0, |CS| =m, and when
λ = L · εz, |CS| = 1. Then from the structure of Algorithm 4, whenever the number of solutions is
reduced by at most one, there must be a λ, and the number of solutions output by Algorithm 4
is k.

4.1 Approximation ratio analysis
Without loss of generality, we suppose CS=CS(λ,l), G=G(λ,l), andH =H(λ,l), where CS(λ,l) is the
solution output by the Algorithm 4, andG(λ,l) andH(λ,l) correspond to the customer-facility graph
and the pick-facility graph, respectively. Now, we first set up the facilities in CS, and second give
the definition of the client set Dp that is ultimately penalized,

Dp :=
{
j ∈D : j 
∈N(i), ∀i ∈CS and α

λ+εz
j = pj

}
,

where j 
∈N(i) for each i ∈CS is expressed as αλ
j ≤ c(j, i) if i ∈Hλ, or α

λ+εz
j ≤ c(j, i) if i ∈Hλ+εz .

The remaining customers are assigned to the nearest opened facility.
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Algorithm 4 Ck:(Gλ, Gλ+εz , Hλ,CSλ)
1. Initially, we set λ = 0.
2. Input Gλ = (D ∪Fλ

y , Eλ), Gλ+εz = (D ∪Fλ+εz
y , Eλ+εz ), Hλ, Hλ+εz , and CSλ.

3. We establish a customer-facility graph G(λ,1), which is also a bipartite graph ofD and Fλ
y ∪

Fλ+εz
y . There is an edge from client j to facility i ∈Fλ

y if (j, i) belongs toGλ and to i ∈Fλ+εz
y

if (j, i) belongs to Gλ+εz . The opening time ti of facility i is now trivially set to tλi if i ∈Fλ
y

and to tλ+εz
i if i ∈Fλ+εz

y .
4. Based on G(λ,1) and t, we produce the pick-facility graph H(λ,1) and output a maximal

independent set CS(λ,1) of H(λ,1) by greedily extending CSλ.
5. Let p= 2.

while p 
= |Fλ
y | + 2 do

Form G(λ,p) by deleting a facility i ∈Fλ
y from G(λ,p−1). Then we build a new pick-

facility graph H(λ,p) from G(λ,p) and output its maximal independent set CS(λ,p) by
greedily extending CS(λ,p−1)\{i}.
if |CS(λ,p)| = k, then
the algorithm stops, and outputs CS(λ,p).

else
p= p+ 1.

end if
end while

6. At the end of the procedure (after |Fλ
y | many steps), Gλ+εz =G(λ,|Fλ

y |+1), and Hλ+εz =
H(λ,|Fλ

y |+1). We set CSλ+εz =CS(λ,|F
λ
y |+1) and λ = λ + εz. Go to Step 2.

Let

αj :=
{
min

{
αλ
j , α

λ+εz
j

}
, j ∈D\Dp,

pj, j ∈Dp.

Note that α ≤ αλ+εz . Hence α is a feasible solution of DKM-P(λ + εz). Since αλ and αλ+εz are
close, we get αj ≥ αλ − 1/n2 and αj ≥ αλ+εz − 1/n2 for each j ∈D. Therefore, CS satisfies the
following Lemmas 3–6 and Theorem 1.

For each client j, we denote Sj as the set of facilities that j contributes in CS, namely Sj := {i ∈
CS : αj > c(j, i)}. Then, according to the members of Sj, we divide clients into two cases.

Case 1: D0 = {j ∈D\Dp : Sj = ∅}.
Case 2: D>0 =D\D0\Dp = {j ∈D\Dp : Sj 
= ∅}.
We also let βij = [αj − c(j, i)]+ and similarly βλ

ij = [αλ
j − c(j, i)]+ and β

λ+εz
ij = [αλ+εz

j − c(j, i)]+.
Now, we discuss each case separately.

Lemma 3. ∀j ∈D>0, we acquire c(j,CS)≤ ρ · (αj −∑
i∈Sj βij).

Please refer to Lemma 1 for the proof, and we will omit the details here.
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Lemma 4. ∀j ∈D0, we obtain c(j, CS)≤ (1+ 5ε)ρ · αj.

Proof. From Algorithm 4, we know that ∀j ∈D0, there exists a facility w(j) ∈Fλ+εz
y such that

B(αj)≥ B(tw(j))⇒ (1+ ε)αλ+εz
j ≥ tλ+εz

w(j) ,

α
λ+εz
j ≥ c(j,w(j)).

Because αj =min
{
αλ
j , α

λ+εz
j

}
, αλ and αλ+εz are close and αj ≥ 1. From Lemma 2, we obtain

α
λ+εz
j ≤ αj + 1

n2
≤
(
1+ 1

n2

)
αj.

If w(j) ∈CS, obviously there is, d(j, CS)≤ d(j,w(j)). If w(j) 
∈CS, there exists a facility i∗ ∈CS,
which satisfies, c(w(j), i∗)≤ δ · tλ+εz

w(j) ≤ δ · (1+ ε)αλ+εz
j . In this case, we have

d(j, CS) ≤ d(j, i∗)≤ d(j,w(j))+ d(w(j), i∗)

≤
√

α
λ+εz
j +

√
δ(1+ ε)αλ+εz

j

≤ (1+ √
δ + ε)

√
α

λ+εz
j

≤ (1+ √
δ + ε)

√
1+ 1

n2
√

αj.

≤ (1+ 2ε)(1+ √
δ)√αj.

Hence
c(j, CS)

(1+ √
δ)2

≤ (1+ 2ε)2αj ≤ (1+ 5ε)αj.

This lemma is satisfied if ρ ≥ (1+ √
δ)2.

Based on Algorithms 1–4 we get the following results.

Lemma 5. We have pj = αj and βij = 0, ∀j ∈Dp, ∀i ∈ CS.

Lemma 6. ∀i ∈CS, we obtain∑j∈D\Dp βij ≥ λ − 1
n .

Proof. Since αj ≥max{αλ+εz
j , αλ

j } − 1
n2 for every client j ∈D \Dp, we have∑

j∈D\Dp

βij ≥
∑

j∈D\Dp

(
max

{
β

λ+εz
j , βλ

j

}
− 1

n2

)
≥ λ − 1

n
.

The last inequality is from the follwoing argument: ∀i ∈CS, if i ∈Fλ+εz
y ,

∑
j∈D\Dp β

λ+εz
ij = λ + εz;

otherwise, i ∈Fλ
y ,
∑

j∈D\Dp β
λ+εz
ij = λ.

Theorem 1. The solution CS output by Algorithm 4 satisfies∑
j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj ≤ (ρ +O(ε)) ·OPTk,

where ρ ≈ 6.357.
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Proof. By Lemmas 3–5, we get

∑
j∈D\Dp

c(j, CS) ≤ (1+ 5ε)ρ
∑

j∈D\Dp

⎛
⎝αj −

∑
i∈Sj

βij

⎞
⎠ ,

∑
j∈Dp

pj ≤ (1+ 5ε)ρ
∑
j∈Dp

αj.

Therefore,

∑
j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj ≤ (1+ 5ε)ρ

⎛
⎝∑

j∈D
αj −

∑
j∈D\Dp

∑
i∈Sj

βij

⎞
⎠ .

Because α is a feasible solution of DKM-P(λ + εz), by Lemma 6, and
∑

i∈CS βij =∑
i∈Sj βij, we

have ∑
j∈D\Dp

c(j, CS)+
∑
j∈Dp

pj

≤ (1+ 5ε)ρ

⎛
⎝∑

j∈D
αj −

∑
j∈D\Dp

∑
i∈Sj

βij

⎞
⎠≤ (1+ 5ε)ρ

⎛
⎝∑

j∈D
αj − |IS|

(
λ − 1

n

)⎞⎠

= (1+ 5ε)ρ

⎛
⎝∑

j∈D
αj − k · (λ + εz)+ k

n
+ k · εz

⎞
⎠

= (1+ 5ε)ρ

⎛
⎝∑

j∈D
αj − k · (λ + εz)+ k

n
+ k · n−3−30 log1+ε n

⎞
⎠

≤ (1+ 5ε) ρ

(
OPTk + 1+ 1

n3

)
≤ (1+ 5ε) ρ(OPTk + 2)

≤ (1+ 5ε) ρ(1+ 2ε)OPTk

= (ρ +O(ε))OPTk.

The penultimate inequality is due to

1≤ ε · n≤ ε ·
∑
j∈D

min
{
min
i∈F

c(j, i), pj
}

≤ ε ·OPTk.

4.2 Algorithm running time analysis
In Algorithm 3, E(λ), the total number of iterations, is at most L, and the running time in each
iteration is a polynomial function of m= |F |. Thus, the running time of E(λ) is nO(ε−1 log n). In
Algorithm 4, Ck, the enumeration of λ, iterates at most L times, and at each iteration, the running
time of the algorithm is O(n2), where n= |D|. Therefore, the running time of Ck is nO(ε−1 log n)

and so is the total running time.

5. Discussion
In this article, we discuss the penalized k-means problem. We employ the primal-dual technique
and give a pseudo-polynomial time algorithm with an approximation ration of (6.357+ ε) in the
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Euclidean space. We note that the same algorithm is also applicable to the penalized k-median
problem in the same Euclidean space to obtain a (2.633+ ε)-approximation algorithm for the
problem.

We think that our algorithm can be enhanced to obtain a polynomial time algorithm with the
same approximate ratio. Intuitively, we only need to transform εz into polynomial time. Inspired
by Ahmadian et al. (2017), we may be able to obtain a polynomial time algorithm by increasing
the opening cost of one facility εz instead of increasing the cost of all facilities εz. But compared
to the pseudo-polynomial time algorithm, the algorithm and analysis are more complicated.
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