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ABSTRACT

This paper focuses on the trajectory planning for a UAV on a low altitude terrain following/threat
avoidance (TF/TA) mission. Using a grid-based approximated discretisation scheme, the continuous
constrained optimisation problem into a search problem is transformed over a finite network. A
variant of the Minimum Cost Network Flow (MCNF) to this problem is then applied. Based on
using the Digital Terrain Elevation Data (DTED) and discrete dynamic equations of motion, the
four-dimensional (4D) trajectory (three spatial and one time dimensions) from a starting point to
an end point is obtained by minimising a cost function subject to dynamic and mission constraints
of the UAV. For each arc in the grid, a cost function is considered as the combination of the arc
length, fuel consumption and flight time. The proposed algorithm which considers dynamic
and altitude constraints of the UAV explicitly is then used to obtain the feasible trajectory. The
resultant trajectory can increase the survivability of the UAV using the threat region avoidance
and the terrain masking effect. After obtaining the feasible trajectory, an improved algorithm is
proposed to smooth the trajectory. The numeric results are presented to verify the capability of
the proposed approach to generate admissible trajectory in minimum possible time in comparison
to the previous works.
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NOMENCLATURE

(i) a network node

((i,),(kj-1)) anetwork arc

C,;1,; the cost associated with arc ((i,)),(k,-1))
p(ij)  the label of the node (i,))
amount of the flow on arc ((i,)),(k,j-1))
angle-of-attack, deg

drag force, N

gravity acceleration, N

flight path angle, deg

lift force, N

mass of aircraft, kg

bank angle, deg

load factor

dynamic pressure, N/m?

turn radius, m

air density, kg/m’

Rate of Climb, ms™

reference area, m

SFC Specific Fuel Consumption, kg/hour
T thrust force, N

14 aircraft velocity, ms™

% turn (Heading) angle, deg

x turn rate, deg/s

ACO  Ant Colony Optimisation

AS Admissible Set

CRG  Candidate Route Generator
DTED Digital Terrain Elevation Data
GA Genetic Algorithm

MCNF  Minimum Cost Network Flow
MSA  Modified Smoothing Algorithm
PSO Particle Swarm Optimisation
UAV  Unmanned Aerial Vehicle

e

kj-1i, j

Mg'o R I E I NN GR
(@]

1.0 INTRODUCTION

A central task in aircraft mission planning is selecting the best route for the mission. Route planning
is an important problem for a number of diverse applications including intelligent transportation
systems, space applications, autonomous robotics and aircraft guidance and navigation systems!”).
Past approaches to automated route planning have usually formulated the problem as a matter
of numeric cost minimisation to be solved by methods like dynamic programming"?, genetic
algorithm"", numerical procedures®”'*'¥ or geometric algorithms like A" search®'”. Most
geometrical route planning algorithms can be considered either graph-based or grid-based, each
with their own associated advantages and disadvantages. Graph-based approaches are usually very
accurate, but since some missions require several constraints on the resultant path, such as not
exceeding maximum two bank angle and threshold comfort level and/or workload of the autopilot,
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if these constraints are involved, they face with some difficulties such as long convergence time!'®,
Grid-based techniques use a digitised grid consisting of square cells of equal size, representing
the environment in which the route planning is performed. The environment is discretised in
m % n grid cells. The best route is chosen as the one from start to goal which has the lowest total
cost measured in terms of fuel usage and survivability. A*-based algorithms are variants of the
shortest path algorithm. Grid-based approaches converge in real-time but have difficulties with
route constraints. Most operational applications use DTED' as input to their route planner. A cost
estimation is assigned to a particular cell corresponding to the cost incurred by traveling through
that particular region. Then a route is planned from a given start grid cell location to a goal grid
cell location with the least total cost. CRG is based on a best-path first, tree search which uses
an algorithm to find the least-cost path from a given initial point on a graph to a goal point on a graph.
The geographic map area of interest over which the UAV is to fly is overlaid with a graph with a
certain pre-defined density of squares. The intent of the graph is to assign a cost to every possible
movement between two cells in the graph. This score must reflect a complex set of objectives for
the overall route. Therefore, the computation of this set of costs makes up a significant portion of
the CRG algorithm. Given the graph, the associated costs, and the start and end points for a UAV
route, the CRG algorithm analyses candidate routes that are made up of smaller segments that
cross edges of the graph squares or diagonals of the graph squares. This analysis is performed
according to a segment cost minimisation function. CRG attempts to algorithmically obtain the
lowest total route cost. The route that best minimises overall cost in the graph space is assumed
to be the optimal route for the real-world UAV®. This approach is strongly based on the cost map
which should be produced and stored; and the cost map production is a very time consuming task.
In dynamic programming, a local cost is assigned to each link of the grid which spans the area of
operation. This assumes that the cost of flying over an area is independent of the path by which
the UAV reached the area, which is not always true. Both dynamic programming and search
techniques suffer from their relatively slow execution. Graph search methods are a standard tool
for shortest-path problems. However, existing work does not address problems with dynamic
aspects, namely when accelerations are taken into account as part of the problem constraints and
cost®”, Graph search methods are closely related to Dynamic Programming, but employ the special
structure of the shortest-path problem to enhance computational efficiency. Some researchers have
formulated the optimal path planning problem as an optimal control problem which is equivalent to
a two-point boundary value problem®”. As discussed in'? this approach is problematic, since the
adjoin equations are frequently nonlinear and obtaining them is unwieldy for complex dynamics.
Moreover, convergence of the corresponding iterative solution procedure is often very sensitive
to the accuracy of the initial guess of the adjoin equation; and there is no physical interpretation of
the adjoin variables to provide an intuition into what constitutes a good initial guess. Many authors
have investigated alternative approaches to the solution of the optimal control problem**!*?,
However, their approaches suffer from long convergence time. The interested reader is referred
to®* for more discussion about different route planning approaches.

In work®, a model of the route planning problem based on a layered network flow structure
and shortest path criterion, was presented. By using the kinematic model of a UAV, only kinematic
constraints of the UAV were considered. Naturally, this scheme may not provide a feasible flight
trajectory, because time-varying dynamic constraints of the UAV are not considered.

In this work, an improved model of the layered network flow structure is introduced which
aims to construct a multi-objective optimal and constrained 4D flight trajectory. A 4D motion plan

T A term used by the US Defense Mapping Agency (DMA). It emphasises the measurement of height above a datum and
the absolute altitude or elevation of the points over the grid-based data terrain®.

https://doi.org/10.1017/S0001924000009349 Published online by Cambridge University Press


https://doi.org/10.1017/S0001924000009349

526 THE AERONAUTICAL JOURNAL May 2014

comprises of a georeferenced sequence of 3D waypoints and the desired track velocities between
them. In this paper, such tracks are also equivalently referred to as trajectory segments. Based
on using the DTED and discrete dynamic equations of motion, the 4D trajectory from a starting
point to an end point is obtained by minimising a cost function subject to dynamic and mission
constraints of the UAV. For each arc in the grid, a cost function is considered as the combination of
the arc length, fuel consumption and flight time. A constrained MCNF algorithm which considers
the dynamics and mission constraints of the UAV explicitly is then used to obtain the feasible route.
Furthermore, the resultant trajectory can increase the survivability of the UAV by considering the
known threat regions and utilising the masking of terrain to minimise vulnerability of the UAV.
The goal of this work is that obtains a time-depended optimal and deterministic solution, and
will be able to take nonlinear cost function in an offline manner with lower computational time.
Moreover, unlike other methods in which the constraints are implicit in the cost function, in this
approach, constraints are evaluated directly over the network grids. Thus, this has reduced the
complexity of the problem. In the numerical results section, a comparison was made between
Optimal Control approach and proposed algorithm.

The rest of the paper is organised as follows. In Section 2, the flight mechanics formulation of
the problem with cost functional and constraints are presented. In Section 3, the mathematical
model and its network flow structure are constructed utilising a constrained MCNF algorithm
based on the optimality conditions are proposed. Additional systematic constraints are imposed
to the route in Section 4. An improved trajectory smoothing algorithm (relative to the previous
work) is proposed to reduce unnecessary nodes and extra altitude changes of the path to reduce
the workload of the autopilot in Section 5, and numerical simulations as well as a comparison of
proposed algorithm with an optimal control procedure are presented in Section 6. Section 7 ends
the paper with conclusions and future work.

2.0 FLIGHT MECHANICS FORMULATION

2.1 UAV model

A nonlinear dynamic model of a UAV flying in a 3D airspace is presented. The UAV is considered
as a point in 3D space, and its translational and angular states at time ¢ are defined by the state
vector X(2) = {V(©),y(®),x(),m(®)x()y(©),2()}" € G:R'™—R". The co-ordinates (x,),z) are taken
relative to an inertial reference frame®”. The state equations may now be written as:

mV:TCOSa—D—mgSiny (D)

mV y=(T Sina.+ L) Cosp—m g Cosy ... (2

mV Cosyy =(T Sino.+ L) Sinp G
= SFC

3,600.2 @

X = VCos(y)Cos(y) ... (%)
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y =V Cos(y)Cos(y) ...(6)
#=VSin() )

Where T = T(V,h) and SFC = SFC(V,h) are given as input tabulated data, D = ¢.S.CD and
L=¢q.S.CL, g=1/2pV* is the dynamic pressure. The lift and drag coefficients CL and CD are
functions of the angle-of-attack a and are given as input tabulated data.

With the combination of (2) and (3), the bank angle is equal to:

Tanp = V.Cosy.x X
Vy+glosy ¥ & ... (8
Cosy V
By definition, the load factor is obtained as follows:
L+T Sina
n, =——"" ...09
m.g

Equations (2) and (3) can be rewritten as:

._g nSinp . g B . _¥V/g+Cosy
TV Cosy ¥ (irCosu—Cosy) 2z Cosp - (10)
The lift force Coefficient can be obtained using Equation (2):
L:mVngCOSY—TSina .11

Cosp

Using input aerodynamic data relationship between a and CL (CL = f()) and combination with
Equation (11), the trimmed angle-of-attack corresponding to required lift coefficient can be
obtained implicitly at any time.

2.2 Flight model constraints

UAV performance is subject to physical constraints that affect its maneuverability. Additional
restrictions may be applied to ensure autopilot comfort. To determine the flight model constraints,
both horizontal and vertical channel parameters are considered. Rate of climb, turn rate and load
factor are used to limit flight performance parameters as follows:

14

Tmax =57 3% ... (12)

min

ROC,, and ¥, represent the maximum Rate-of-Climb and maximum turn rate respectively, and

max
2

Ripin = ﬁ is the minimum turn radius of the UAV in which g and n
and the maximum continuous load factor of the UAV, respectively.
Furthermore, bank angle is a significant constraint in UAVs in which they are flying with
Bank-To-Turn control approach. This is because of lateral-directional maneuver limitations and
radar altimeter field of view bounds.
Also, there are some constraints on velocity and motor thrust because of their physical limitations.
Finally, the overall dynamic constraints are expressed on the next page:

are the gravity

zmax
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|ROC| < ROC,,,

ax
E
|M| < Wmax

n

zmin <1z < Nzmax N (13)

Tin <T <T,

mi max

2.3 The cost functional

In the previous work, an optimal path based on a single objective optimisation (shortest path)
was obtained. In this work, it will be used a combination of some criteria, for instance, length
of the arc, fuel consumption and flight time with the multi-objective optimisation (MOO)
approach using an improved MCNF algorithm.

The general MOO problem is defined as follows®:

Min{{mize :C(x)=[C,(x),C,(x),....C,()] ,v=1,..,3

st:g(x)<0, [=12,..,p, ..(14)
h(x)=0, t=1,2,...,r,

Where v is the number of objective functions, p is the number of inequality constraints, and 7 is
the number of equality constraints. xeR" is a vector of design variables, where » is the number
of independent variable x, C,(x)€R" is a vector of objective functions C,(x):R"—R',m=1,...,.
g/(x) and A (x) are inequality and equality constraints, respectively.

The predominant concept in defining an optimal point is that of Pareto optimality (Pareto
1906), which is defined as follows:

Definition: Pareto Optimality: A point, x" € X, is pareto optimal iff there does not exist another
point, xeX, such that C(x) < C(x"), and C,(x) < C,(x"), m = 1,...,v, for at least one function.

Variants of multi-objective optimisation methodologies may be distinguished on the basis of
their approach for obtaining the Pareto solution set. The following classification was introduced.

A priori methods: Methods of this category work by reformulating the problem to make it
fit within the single criteria framework. The preference relation is therefore defined a priori,
without having knowledge on the possible trade-offs between the different objectives. The most
common a priori method is probably the weighted sum approach, which works by combining
the different costs into a unique scalar function. Another common technique is the constraint
method, which prescribes to keep a single objective to optimise while moving the others to
the constraint side. As a last example, the lexicographic ordering method defines a preference
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order on the objectives and optimises each of them successively following the order. All these
methods have a common characteristic: they define a strict preference order on solutions before
the search, and then apply single objective optimisation.

A posteriori methods: A posteriori approach is decomposed into two phases. In the first phase,
a specialised algorithm is used to search for a representative set of trade-offs between objectives
(generally small). In the second phase, the decision maker picks a final solution from that set
using higher order preferences which were not expressed explicitly in the objective functions.

Heuristic methods are also used for multi-objective optimisation; in Ref. 26 applied simulated
annealing to multi-objective optimisation, and multi-objective optimisation by genetic algorithms
can be found in Refs 27 and 28 among others. It’s believed that, heuristic approaches produce
near optimal solution because they don’t have optimality proof theoretically.

An alternative approach to multi-objective path planning is to use a multi-objective search
algorithm like Refs 29 and 30. However, these algorithms are computationally expensive
and, in the case of Ref 30, restricted to acyclic graphs; note that graphs derived from grids are
cyclic.

The most common approach for the solution of MOQO is to transform this into a single objective
optimisation problem. This is termed, as mentioned above, the weighted sum method. Thus, a
simple total cost functional is used as below:

C(0)= Y W,C, =W, [de+ W, [rds-+ W, [ .(5)
1

Where W, W, and W, represent weights of time, fuel and length criterion, respectively; and
typically are set by the decision maker such that ) W, =1 and W,> 0, i = 1,...,v. In this way, by
definition, the minimum of Equation (15) is Pareto optimal®; i.e., minimising Equation (15)
is sufficient for Pareto optimality.

Moreover, if different objective functions have different units, the norm of any degree becomes
insufficient to represent closeness mathematically. Consequently, the objective functions should
be transformed such that they are dimensionless. Therefore, a common function transformation
is presented as follows®:

G (x)

trans __
C[ - Cmax
i

... (16)

which results in a non-dimensional objective function with an upper limit of one (or negative
one) and an unbounded lower limit (note that C,”* # 0 is assumed)). Detailed computation of
C,"* is discussed in the next section. A comprehensive evaluation of the decision objectives
and decision variables for the UAV flight planning is provided in Ref. 31.

In optimal trajectories, minimising the cost functional (Equation (15)) is interesting. Numeric
solutions of continuous dynamic programming methods may require multiple passes over the
entire state space. For the specific case of the network flow problem, more efficient alternatives
are offered by appropriate discrete schemes coupled with an efficient network search procedure.

3.0 ALGORITHM DEFINITIONS AND MODELING

In particular, the model over a special region is discretised, which includes spatial position and
the trajectory optimisation problem is formulated as a constrained MCNF problem over a layered
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‘ End
Point

X, j-1 )
Figure 1. The layered network constructed on DTED.

network flow structure. In this work, a digitised grid consisting of rectangle cells is used to represent
the route planning environment. A DTED which consists of an m x n grid is used as input to the
algorithm. A network flow structure is constructed based on the grid of DTED. Each of the grid
points is referred to as a node of the network. Since the DTED grid is regular, the nodes can be
classified as a layered network with n layers and each layer contains m nodes. Naturally, there are
m x n nodes. Since finding the optimised path is desired, UAV should fly always toward the goal
node. Thus each node in the j* layer is connected to the previous nodes in the (j-1)" layer via a K
arcs that K is represents number of nodes in a predefined field of view, so arc ((k,j-1),(i,)), ke K
connects the " node in the j* layer ,as the tail of the arc, to the £” node in the (j-1)th layer, as the
head of the arc (Fig. 1). It would be noted that each node (i,j) represents the position co-ordinate of
the form (x,;,v,,,Z,,) Withrespect to inertial reference frame. In essence, the algorithm proceeds
from the start (or initial) node and iteratively develops the front of equi-distant nodes. Thus, at
each step nodes of one layer are tagged with their optimal cost label, until the goal node is reached.
As will be seen, the sequential structure of this scheme will allow us to introduce some important
modifications to the algorithm.

Consider a directed graph G = (V,4), where Vis a set of m x n nodes and 4 represents a set of
V x V arcs. Note that all of the arcs connect nodes of two consecutive layers. The minimum cost
network flow (MCNF) problem is about finding a feasible flow such that the sum of the trans-
mission costs is being minimum and can be formulated as follows®”:

Minimize J = 2 z Ck'j_Li’ij,j_I,i’j
{(i.j)eN} {ke K}

Z Xk,j-],i,j - Z Xi,j,k,j—l = bi,j ...(17)
s.1.3UKkj-1)(j)]eA} {(kj-1).Gj)]eA}
0< Xk,j-],i,j < Uk,j-],i,j s Ak j-1).G, j)] € 4}

Where X, ;. denotes the flow on arc ((k,/-1),(i,/)) and C ,, is the cost to transport one unit of
flow on that arc. For each arc, b,; denotes the flow produced or consumed at node (i,j). If b, >
0, node (i) is called a source (supply) node. If b, < 0, node (i) is called a sink (demand) node.
Otherwise (i.e. b;; = 0), node (i,/) is called a transshipment node. For each arc ((i,/),(k,/-1))€4,
U, ,.1;;) denotes the upper (lower) bound on the flow on arc. After calculating the optimum path,

if arc ((k,j-1),(i,))) is on the resultant path, then X ,,,. > 0, otherwise X, 0.

J-lij JLij
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3.1 MCNF algorithm

To solve the optimisation problem Equation (17), the flow X, , , for all ((k,j-1),(i,/)) €4 must be
found to minimise the cost function. A variant of the MCNF algorithm is proposed, which is suitable
for layered networks. This algorithm uses the optimality conditions of a modified shortest path
problem to find the optimal route. To express the optimality conditions, a cost label is associated
with each node of the network, which represents the amount of cost from the start node to that

node. The cost label of node (i,/) is referred to as p(i,j).

3.1.1 The optimality condition

Theorem (4-1). The necessary and sufficient condition for the optimality of the cost labels is that
for all nodes (i,j) and (k,j-1) which are connected via arc((k,j-1),(i,)));

p(i, /)< plk,j=D+Cy iy, .. (18)
Moreover arc ((k,j-1).(i,/)) is on the optimal path if and only if;

PG, )= plk,j=D+Cp ;4 .. (19)
Proof. The interested reader can find the proof of the theorem in Ref. 20.

3.1.2 Computing the optimal cost labels

To start the algorithm, the cost label of the start node is set to zero and the cost label of any other
nodes is set to infinity. Then a forward scheme is applied to calculate the cost labels of nodes in each
layer considering the optimality conditions and the cost labels of the previous layer. Supposing that
the optimal cost labels of the (j-1)" layer have been computed, for each node k in (j-1)" layer, the
value of any constrained parameter is calculated. If the resulted value does not satisfy parameter’s
bound, the value of the label (i) is set to infinity and the flow on the arc is set to zero, otherwise:

p(i, j)= Inkin[P(kaJ'—l)*‘Ck,j—l,i,j] s Xpjoriy =1 ... (20)

According to Equations (18) and (19), p(i,j) is the optimal cost label of node (i,/). Following this
scheme, the optimal cost label of all nodes including the goal node can be computed. Note that
since the computed cost labels satisfy the optimality conditions in Equatons (18) and (19), they

represent the optimum cost C, ,, , from the start node to those nodes.

3.1.3 Determining the optimal route

After computing the optimal cost label of the goal node, the optimal route can be determined
as follows. Let (/,m) be the goal node of the network and p(/,m) be its optimal cost label. Let
(nm —1) be some node in (m-1)" layer for which;

p(l,m)=p(l,m=1)+C, ,, 1/ ... 2D

Then according to Equation (19) arc ((rm — 1),(/,m)) is on the optimal path. By applying
a backward scheme, the arc ((u,m —2), (m —1)) in (m —2)" layer can be found for which
prm—1)=p(um-2)+C,, 5.

Continuing this backward scheme, it’s finally reached to the start node. This form is appropriate
for the application of the layered network algorithm, which is an efficient single-pass algorithm. This
means that the proposed algorithm can find the optimal path with passing the solution space at once.
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3.2 Discrete model formulation

In order to implement the layered network using the basic tool of network search, discrete space
of the model must be provided. By calculating the arc length (the Euclidean or geometric distance
between the two nodes), flight path and heading angles based on nodes geometry may be computed
as follow:

2 2 2
ASr jo1ij) = \/ (% =X 00"+ Oy = Y0 + Gy = 2 1)

26i,) T Fk D

-1
Vik.j-1i.j) = Tan 5 5
\/ (G, = Xk j-0) "+ Uiy = Ve j-n) .22

_ 1| Y T Yk
Kk 1., = Tan | ===
(i) = Xk, j-)

By replacing time versus length, one gets:

AS; AS;,
(k.j—-Li,j) S A= (k.j—-1i,j)

V., ., =
(k,j=1)
At Vi) ... (23)
An expression for rate of climb may be obtained as:
ROC jory = Vi jy S0Vt iy .29

And expressions for rate of flight path angle and heading angle are obtained using finite deference
approximation as:

: _ AV i v
Yk, j-1) = As kD
(k5j_15i>j) 25)
y Ax(ks./_l’l’]) V (
Xk, j-1) = As TGk
(k9j_1=i7j)

where Ay i = Yoy i~ Yarj2xin 3 Mi1in = Y 1ijy — Xtk 2451 Where node (kk,j-2) is

parent (predecessor) of node (k,j-1).
Also, the expression for bank angle is obtained as bellow:

X(k,j—l)

Tanp ;) =

Yuin 8 ...(26)
CosYiy -ty Viwjn

Therefore, the load factor is obtained:

Vi j-n Y -n N CosYx, j1,1)

g-Cospuy oy Cosl -1y ... (27)

Mz, j-1) =
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Lift force and angle-of-attack is obtained implicitly as:

Mg, j1y Vit j-1y Yok, j-1y T Mk, j-1)-8COSY iy )
Coslx.j-1)
Ok, joty = S (CLig i) > Lk, jmry = CLig jony e, j-1)-S - (28)

Ly jony = =Tk j-1y SO ;1)

Note that the discrete non-dimensional cost functional using Equations (15) and (16) may be
rewritten as follows:

At Am,., . ... AS,, . ..
Ck o —w (k,j=Li,j) +W (k,j=Li,)) W (k,j-Li,j) ... (29)
LJ-Li,j t A m A K As
lmax mmax max
where:
A i
Al = max —ed DA =max A, -1, )
ko Vo k
s = i TSFCAS w1

TRT 36008V iy ... (30)

T=T(z6) Vi j-1) » SFC=SFC(z 5y, Vi 1))

Then, the final cost function is obtained:

W, W, T.SFC W, }
+ +

Ck, i—Li,j — As(k, i—1,i,7) .
S I Atmax'l/v(k,/'—l) V(k,j—l)‘Ammax As e (31)

max

With parametric dependencies and above expressions, the total cost functional is defined as
C =f(AS, V), where f'shows the cost functional of Equation (31). In other words, velocity and arc
length parameters are used for the optimality search. Moreover, referring to the previous section, there
are ten equality constraint and eight inequality constraint to solve the constraint optimal problem.

4.0 IMPOSING ADDITIONAL CONSTRAINTS

In realistic scenarios where the UAV is deployed in low altitude to avoid detectability and to use
terrain masking, it can be imposed altitude constraint to the generated path. For this purpose it
is sufficient to do as follows. First a threshold value for maximum flyable altitude for the UAV
should be specified. Then while computing the optimal cost labels, if the altitude of some node
is greater than the threshold value, by setting its optimal cost label to infinity, the designed path
doesn’t pass through regions with altitudes greater than the threshold value.

Using this technique, it can be also expressed the threat regions as areas with the altitudes
greater than the threshold value. This causes the generated path to avoid threat regions automati-
cally. Therefore, one of the common threat models is a circular model which is defined as follows:

(x—)cr)2+(y—y7)2:RT2

Sihrear (x,y) = e [O’oo)

... (32)
where (X, Y;) and R, represent centre and radius of the circular threat region, respectively. The

physical aspect of this model implies that entering to this threat region at any conditions is
impossible. Therefore, its internal nodes are considered as a hard constraint.
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5.0 DESIGNING THE ALTITUDE SMOOTHING
ALGORITHM

In order to reduce broken (stair- or wiggle-shaped) flight path effects due to discrete construction,
it is necessary to smooth the path somehow to eliminate unwanted altitude changes beside lateral
changes. The main concern for this problem is the autopilot workload. During the flight, the autopilot
is preoccupied with numerous tasks on top of the need to follow the outlined trajectory. Having
a rapidly varying trajectory requires the autopilot to constantly focus on the task of following
it, especially for low flight over irregular terrain. We shall therefore rely on the riding qualities
cost to regulate the smoothness of the planned trajectory. Moreover, the UAV need not always
stay close to the ground. Instead, it is sufficient to stay low enough so as not to be visible to the
surrounding threats'". This means that there may be regions along the route where the UAV can
fly considerably above the terrain following command height and still avoid detection.

To this aim, a dual-phase algorithm has been proposed. Consider the constrained optimal path
generated by the proposed algorithm. In the first phase, unnecessary nodes are removed while in
the second phase, the algorithm smoothes the altitude changes of the UAV.

5.1 Modified Smoothing Algorithm (MSA)

Consider the constructed constrained optimal path. The candidate path is described by a list of
waypoints WPs.

Phase 1- Node reduction:

Take a threshold value for admissible turn angle changes.

N =

Define an empty AS consisting of admissible WPs of the path and add the start point and the
goal point to 4S.

Take a WP, on the path with its neighbor waypoints, WP, , and WP,,,.
Determine the ascending and descending of the intervals.

Compute the turn angle changes between the intervals in the stage of 4.

AR

For the WP, if the turn angle difference computed in stage 5 is greater than the threshold
value, add the WP, to AS, otherwise, go to stage 3.

7. The desired optimal path passes through the points of AS.

A000 T 3000
2 000,
& k 2500
™ 1000,
3.84
2000
B
x 10
1500

y-axds (m) 378 g 7 10"

H-axis (m)
Figure 2. Areal DETD map area loaded in MATLAB programming.

T Note that a clearance height is defined and added to the z direction of the path to avoid collision with terrain.
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Figure 3. The resultant path without and with
dynamic constraints in the same contoured terrain.
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69 695 7 708 71 715 72 735
x-axis (m) e

Figure 5. Constrained optimal
trajectory with a threat area.
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Figure 6. Generated trajectory
in x-z and x-y plane, respectively.
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Figure 7. The resultant time history of the
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Figure 8. The resultant time history of the fuel
consumption, thrust and load factor.
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Figure 9. The resultant time history of the
turn rate, turn angle and bank angle.
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Figure 10. The resultant time history
of the angle of attack, fight path angle,
rate of climb and elevator angle.

Phase 2- Altitude smoothing:

1. Take a threshold value for admissible altitude changes.

2. Take a WP, on the AS with its neighbor waypoints, WP, , and WP,, ,, i€ AS.
3. Compute the altitude difference between the intervals obtained in stage 2.
4

For that node, if the altitude difference computed in stage 3 is greater than the threshold value
of stage 1, update the value of the altitude by averaging altitudes of neighbor points.

5. The final optimal path passes through the points of AS.

The result is a waypoint list AS with fewer and verified waypoints of generated path. The resulted
path with less workload of the autopilot is obtained which is more suitable for the UAV.

6.0 NUMERICAL SIMULATIONS

To verify the performance of the optimal trajectory algorithm discussed, numerical simulations
are performed. The algorithmic engine is a MATLAB based programming. A real DTED with
UTM standard projection (metric co-ordinate system) has been used as input to algorithm. Figure
2 shows the digitised model of this area loaded in MATLAB software. The resolution of this map
is 232,050 nodes (m = 850, n = 273). All the experiments were performed on a 3:3-GHz Intel
Core-i3 CPU with 4 GB of physical RAM running at 64-bit Microsoft Windows XP.

The algorithm is run with, y,,,. = 5°/sec, ROC,,, =30ms ', n,, =3, .. = 30° A, = 1,900m
and initial velocity of 230ms™". Figure 3 shows the comparison of the optimal unconstrained
(kinematic constrained) and constrained path generated by the algorithm associated with shortest
path criterion (W, = 0-0, W= 0-0, W, = 1-0) in the map with elevation contours. Figure 4 shows the
comparison of the time history of rate of climb and bank angle for unconstrained and constrained
paths, respectively. This shows that in the unconstrained path, some dynamic parameters are out
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of their limitations. The execution time of the algorithm for this resolution is about 85 seconds,
based on the hardware which is used.

An illustration of a typical MOO planning in the present of a circular threat region and another
DTED area with 31,457 nodes (m =379, n = 83) is depicted in Table 1. Here are three different
cases are investigated. From the results, it can be deduced the effectiveness of the weights, even
for a smaller DTED. This means that, for instance, choosing W,=0-1, W =0-8, W =0-1 gives less
fuel consumption than the other two. With this choice, the resultant optimised trajectory illustrated
in Fig. 5. Figure 6 shows the same trajectory in x-z and x-y planes. It illustrates node reduced and
altitude smoothed trajectory using MSA with a height clearance of about 150m. Figure 7 shows
the resultant time history of Mach Number, velocity and mass of the UAV in the trajectory. Figure
8 shows resultant of SFC, thrust and load factor versus flight time. Figure 9 shows resultant of turn
rate, turn angle and bank angle versus flight time. Figure 10 shows resultant of angle-of-attack,
fight angle, rate of climb and delta elevator versus flight time. It illustrates trimmed results for the
trajectory utilising trimmed aerodynamic coefficients.

Table 1
Comparing of results for three objectives
Options Flight Fuel
Time,s Consumption(kg) Distance(m)
Wt=0-1, Wm=0-8, Ws=0-1 191-5 13-0 43,190
Wt=08, Wm=0-1, Ws=0-1 189-1 137 43,182
Wt=01, Wm=0-1, Ws=0-8 189-4 13-8 43,180

A comparison of the proposed algorithm with an optimal control procedure® is made. Both
algorithms fare implemented with the same hardware configuration and boundary conditions:
Yo = 4:5deg/s, v, = 4:5deg/s, constant velocity of ¥ = 234ms ' and minimum time of flight
criterion. Figure 11 depicts acomparison of trajectories generated by optimal control scheme and
the proposed algorithm with the same start and end points. The execution time ffor the proposed
algorithm is approximately 80 seconds which for optimal control scheme is about 420 seconds per
fiteration. This shows that the proposed algorithm is fapproximately five times faster (on average)
than that of the second one: lower time consuming. Moreover, the time of flight produced by the
proposed algorithm is fabout 245 seconds while the optimal control procedure produced about
250 seconds. This shows that the flight time corresponding to the proposed algorithm is 5 seconds
less than that of the second one based on minimum time of flight criterion. It will be noted that
the optimal control procedure is sensitive to the initial heading angle; Different initial heading
angles lead fto paths with different end point miss distance from the goal node. So the best initial
heading angle should be determined by fepeating the algorithm with different heading angles.
The best initial heading angle is obtained as the initial heading angle fwhich has the minimum
miss distance from end point.

7.0 CONCLUSIONS

In this paper a modified model was proposed to formulate the multi-objective optimal and dynamic
constraint 4D trajectory planning for TF/TA flight. This is a continuation of the previous work®®
in which by using only kinematic parameters and single objective optimisation, 3D path was
generated. In the proposed work, according to the optimality conditions of a multi objective
problem combining flight time, fuel consumption and the path length, a variant of the constrained

https://doi.org/10.1017/S0001924000009349 Published online by Cambridge University Press


https://doi.org/10.1017/S0001924000009349

538 THE AERONAUTICAL JOURNAL May 2014

MCNF algorithm is proposed to solve the problem regarding the dynamic constraints explicitly
using 3D equations of motion of the UAV. Numerical simulations are performed and the results
compared to those with optimal control procedure® was shown. The results show the effectiveness
and robustness of this method in producing optimal trajectory. The advantages of proposed
algorithm can be referred as follows. First, the proposed algorithm produces optimal, constraint
and deterministic four-dimensional trajectory, while many other methods, such as optimal control
procedure or geometric procedures of Refs 18 and 32-34 use the simplified equations or produce
flight paths in a much longer time. The second advantage is that the procedure doesn’t need to
calculate and store the cost map as a data bank in comparison to Ref. 9 which is based on this
very time consuming task. The third advantage is that the proposed algorithm is capable of taking
any constrained parameter using label setting technique in network flow instead of entering the
cost function implicitly and increasing the complexity of the solution. As the last advantage, the
proposed procedure is able to find an exact and optimal solution of the problem, while the many
other procedures such as heuristic procedures (GA, PSO, ACO, etc.!**39 ) only find the near
optimal solution; and many of them as well as optimal control procedure® have a miss distance
from the goal (end) point. A future research topic is the inclusion of Inertial Navigation System
Error to the algorithm to avoid collision with terrain. An additional research is the inclusion of
the risk of threat regions as an objective to the cost functional and solving the problem in such a
way that make a decision to enter the threatened regions.
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