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Abstract
Existing approaches to estimating ideal points offer nomethod for consistent estimationor inferencewithout

relying on strong parametric assumptions. In this paper, I introduce a nonparametric approach to ideal-

point estimation and inference that goes beyond these limitations. I show that some inferences about the

relative positions of two pairs of legislators can bemadewithminimal assumptions. This information can be

combined across different possible choices of the pairs to provide estimates and perform hypothesis tests

for all legislators without additional assumptions. I demonstrate the usefulness of these methods in two

applications to Supreme Court data, one testing for ideological movement by a single justice and the other

testing for multidimensional voting behavior in different decades.
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1 Introduction

Political scientists are often interested in making inferences about the ideology of legislators

based on ideal-point models. For example, scholars have sought to make inferences about party

influence (Snyder and Groseclose 2000; McCarty, Poole, and Rosenthal 2001), the dimensionality

of voting (e.g., Rosenthal 1992; Roberts, Smith, and Haptonstahl 2016), pivot and cartel theories

of lawmaking (e.g., Chiou and Rothenberg 2003; Covington and Bargen 2004), the identity of

the most liberal or conservative legislators (Clinton, Jackman, and Rivers 2004a), and ideological

change over time (e.g., Epstein et al. 2007; Poole 2007).

The bulk of these studies have used parametric ideal-point models that specify particular

functional forms for the utility functions and error distributions. It is well known that the choice

of parametric assumptions can affect the estimates and inferences derived from data. This has

been demonstrated in the ideal-point context (e.g., Ho and Quinn 2010; Krehbiel and Peskowitz

2015) and has led studies to different conclusions on questions such as the dimensionality of

congressional voting (see Poole and Rosenthal 1991; Heckman and Snyder 1997). Yet scholars

rarely have theoretical or empirical grounds for choosing a particular functional form.

The only alternative approach has been to use Optimal Classification (OC), a model-free

estimation method introduced by Poole (2000). Because OC “is not a statistical model” (Poole

2000, p. 211), statistical inference is not possible.1 OC is also not a consistent estimator of the rank

order of the ideal points under quadratic utility.2 Thus, for many purposes, OC cannot be used in

place of a parametric model.

Author’s note: I thank R. Michael Alvarez, Bret Hanlon, Simon Jackman, Jeff Lewis, Nolan McCarty, and Keith

Poole. All mistakes are my own. Open-source software for the method proposed in this article is available at

github.com/atahk/npideal asapackage for the statistical softwareR.Replicationmaterials for all of the results in this article

are provided in the online Dataverse archive associated with this article (Tahk 2017).

1 Some papers have relied upon OC with ad hoc methods, such as arbitrary thresholds to the marginal proportional

reduction in error (e.g., Roberts, Smith, andHaptonstahl 2016), but the lack of formal hypothesis tests and arbitrary nature

of the thresholds make it difficult to draw clear conclusions.

2 See Appendix B in the supplementary material available at https://doi.org/10.1017/pan.2017.38.
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The main contribution of this paper is to introduce a method for ideal-point inference and

estimation undermuchweaker assumptions than previous approaches. It requires no parametric

assumptions, making it the first approach to nonparametric ideal-point inference.3 Its estimates

of the rank order of ideal points are also consistent under the same weak, nonparametric

assumptions.

This method allows for formal hypothesis tests of whether legislators have the same ordering

on different groups of bills without the validity of the tests depending on knowledge of the

parametric form, which is almost always unavailable. Because there are no assumptions made

about the distribution of bill characteristics in the two groups, these inferences remain valid even

if there are also differences in agenda control or other selection effects affecting the bills being

voted on in each group. For example, this method can be applied to whether a legislator’s voting

behavior changed after a hypothesized point in time, such as a party switch or change in public

opinion. Similarly, it can be applied to testing hypotheses regarding dimensionality by testing

whether a common ideological dimension can capture voting on different groups of bills.

Themodel consists of twokey assumptions: unidimensionality and concaveutility.4 Aside from

unidimensionality, the model’s assumptions are far weaker than in most ideal-point models. Not

only is the model not restricted to quadratic utility or errors drawn from particular parametric

families, but theutility functionsneednotbe symmetric and theerrordistributions canvaryacross

votes provided the errors follow the same distribution across legislators for each vote. The utility

functions can be any concave function as long as the function is shared by all legislators, aside

from differences in their ideal points.5

The rest of the paper is organized as follows. The next section introduces the nonparametric

ideal-point model used throughout this paper. Sections 3 and 4 then present methods for

estimation and inference, respectively, under this model. Section 5 explores the properties of

thesemethods throughMonteCarlo simulations. Section6presents twoapplicationsof themodel

to Supreme Court data. The last section gives a concluding discussion of the methods and their

possible extensions.

2 Model

Consider a legislature of K legislators voting on N bills. Assume legislators have unidimensional

spatial preferences and vote sincerely according to the stochastic utility function given by

ui
�
vi j = 1

�
= f

�
xi − yj 1

�
+ ζi j 1 (1)

ui
�
vi j = 0

�
= −f �

xi − yj 0
�
+ ζi j 0 (2)

ζi j 1, ζi j 0
i i d∼ Gj (3)

3 The term “nonparametric” was coined by Wolfowitz, who used to refer to the situation “where the functional forms

of the distributions are unknown” (Wolfowitz 1942, p. 264). While some scholars have adopted a broader use of the

term that includes model-free approaches (e.g., Randles, Hettmansperger, and Casella 2004), nonparametric inference

cannot be quite so broadly defined as statistical inference inherently requires a probabilistic model. Most definitions of

nonparametric inference are similar to that given by Gibbons and Chakraborti (2011): “Nonparametric statistical inference

is a collective term given to inferences that are valid under less restrictive assumptions than with classical (parametric)

statistical inference.”

4 The other necessary assumptions are that the stochastic components of this utility function must be independent across

legislators and bills and that the error distributions and utility functions do not vary between legislators, aside from

differences in their ideal points, on a single bill. These assumptions are also made by all common ideal-point models.

5 This doesnotmean that all other ideal-pointmodels are a special caseof thismodel. TheNOMINATEmodel (e.g., Poole and

Rosenthal 1991, 1997) is not a special case because it assumes a Gaussian utility, which is not globally concave. Gaussian

utility posesaproblem fornonparametric approachesbecause it implies that two legislators canhavedifferent ideal points

but the same probability of voting “yea” on a bill. Most other models assume quadratic utility, (e.g., Heckman and Snyder

1997; Poole 2001; Clinton, Jackman, and Rivers 2004b), which is globally concave, and are special cases of this model.
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wherevi j is the vote of legislator i on bill j ,vi j = 1 indicates a vote of “yea,”vi j = 0 indicates a vote

of “nay,” yj 1 is the policy outcome of the bill, yj 0 is the status quo, xi is the ideal point of legislator,

ζi j 1 and ζi j 0 are stochastic errors, andGj is the joint distribution of ζi j 1 and ζi j 0 for bill j . Assume

that f is a strictly concave function with a maximum at zero.6 Further, assume that the errors,

ζi j 1 and ζi j 0, are independent across bills and legislators and identically distributed for each bill.

Finally, assume legislators vote “yea” when indifferent.7 Note that they only differ in their ideal

points, xi , and not in f , which is assumed to be the same for all legislators. Note also that the

distribution Gj of the stochastic utility components, ζi j 1 and ζi j 0, is assumed to be the same for

all legislators for any given bill but can vary across bills.

The probability of legislator i voting “yea” on bill j is given by

Pr
�
vi j = 1

�
= Pr

�
ui

�
vi j = 1

� ≥ ui
�
vi j = 0

��
= Pr

�
f

�
xi − yj 1

� − f �
xi − yj 0

� ≥ ζi j 0 − ζi j 1
�
. (4)

Let Hj be the cumulative distribution function of ζi j 0 − ζi j 1
�
Hj (z ) = Pr

�
ζi j 0 − ζi j 1 ≤ z

��
. Thus,

Pr
�
vi j = 1

�
= Hj

�
f

�
xi − yj 1

� − f �
xi − yj 0

��
. (5)

The results in this paper rest on the implication of this model that Pr
�
vi j = 1

�
is monotonic in

xi . It is also worth noting that, if yj 0 � yj 1 and H is strictly increasing, then Pr
�
vi j = 1

�
is strictly

monotonic in xi . These two conditions require only that the policy outcome of the bill differs from

the status quo and that the error distribution has support over the entire real line.

The following theorem establishes these results:

THEOREM 1. If f is strictly concave, Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is monotonic in z . Further, if

yj 0 � yj 1 andH is strictly increasing, thenHj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is strictlymonotonic in z .

PROOF. Consider the three cases yj 0 = yj 1, yj 0 < yj 1, and yj 0 > yj 1.

Case 1: yj 0 = yj 1. In this case,

Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
= Hj

�
f

�
z − yj 0

� − f �
z − yj 0

��
= 0. (6)

Since this constant in z , it is also monotonic in z .

Case 2: yj 0 < yj 1. Take any xi < xk . Since f is strictly concave, t f (z 1) + (1 − t ) f (z 2) <
f (t z 1 + (1 − t ) z 2) for all z 1 � z 2 and t ∈ (0, 1). Let t ′ = yj 1−yj 0

xk−xi+yj 1−yj 0 . Since yj 1 − yj 0 > 0 and

xk − xi > 0, t ′ ∈ (0, 1). Thus,

t ′f
�
xi − yj 1

�
+ (1 − t ′) f �

xk − yj 0
�

< f
�
t ′

�
xi − yj 1

�
+ (1 − t ′) �xk − yj 0

��

= f

((
yj 1 − yj 0

xk − xi + yj 1 − yj 0

) �
xi − yj 1

�
+

(
1 − yj 1 − yj 0

xk − xi + yj 1 − yj 0

) �
xk − yj 0

�)

= f

((
yj 1 − yj 0

xk − xi + yj 1 − yj 0

) �
xi − yj 1

�
+

(
xk − xi

xk − xi + yj 1 − yj 0

) �
xk − yj 0

�)

= f �
�
�
yj 1 − yj 0

� �
xi − yj 1

�
+ (xk − xi )

�
xk − yj 0

�
xk − xi + yj 1 − yj 0

�
�

6 The assumption that f has amaximum at zero is not necessary for the results in this paper but is included to give the ideal

points their usual meaning as a legislator’s most preferred policy.

7 Whether legislators vote “yea,” vote “nay,” or vote randomly (with identical and probability for all legislators and

independent of all other components of the model) makes nomeaningful difference for the results.
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= f �
�
�
yj 1xi − yj 0xi − yj 1yj 1 + yj 0yj 1

�
+

�
xk xk − xi xk − xk yj 0 + xi yj 0

�
xk − xi + yj 1 − yj 0

�
�

= f

(
yj 1xi − yj 1yj 1 + yj 0yj 1 + xk xk − xi xk − xk yj 0

xk − xi + yj 1 − yj 0

)

= f

(
yj 1xi − yj 1yj 1 + yj 0yj 1 + xk xk − xi xk − xk yj 0 + xk yj 1 − xk yj 1

xk − xi + yj 1 − yj 0

)

= f �
�
yj 1

�−xk + xi − yj 1 + yj 0
�
+ xk

�
xk − xi + yj 1 − yj 0

�
xk − xi + yj 1 − yj 0

�
�

= f �
�
xk

�
xk − xi + yj 1 − yj 0

� − yj 1
�
xk − xi + yj 1 − yj 0

�
xk − xi + yj 1 − yj 0

�
�

= f �
�
�
xk − yj 1

� �
xk − xi + yj 1 − yj 0

�
xk − xi + yj 1 − yj 0

�
�

= f
�
xk − yj 1

�
. (7)

Similarly,

(1 − t ′) f �
xi − yj 1

�
+ t ′f

�
xk − yj 0

�
< f

�
(1 − t ′) �xi − yj 1

�
+ t ′

�
xk − yj 0

��

= f

((
1 − yj 0 − yj 1

xi − xk + yj 0 − yj 1

) �
xi − yj 1

�
+

(
yj 0 − yj 1

xi − xk + yj 0 − yj 1

) �
xk − yj 0

�)

= f

((
xi − xk

xi − xk + yj 0 − yj 1

) �
xi − yj 1

�
+

(
yj 0 − yj 1

xi − xk + yj 0 − yj 1

) �
xk − yj 0

�)

= f �
�(xi − xk )

�
xi − yj 1

�
+

�
yj 0 − yj 1

� �
xk − yj 0

�
xi − xk + yj 0 − yj 1

�
�

= f �
�
�
xi xi − xk xi − xi yj 1 + xk yj 1

�
+

�
yj 0xk − yj 1xk − yj 0yj 0 + yj 1yj 0

�
xi − xk + yj 0 − yj 1

�
�

= f

(
yj 0xk − yj 0yj 0 + yj 1yj 0 + xi xi − xk xi − xi yj 1

xi − xk + yj 0 − yj 1

)

= f

(
yj 0xk − yj 0yj 0 + yj 1yj 0 + xi xi − xk xi − xi yj 1 + xi yj 0 − xi yj 0

xi − xk + yj 0 − yj 1

)

= f �
�
yj 0

�−xi + xk − yj 0 + yj 1
�
+ xi

�
xi − xk + yj 0 − yj 1

�
xi − xk + yj 0 − yj 1

�
�

= f �
�
xi

�
xi − xk + yj 0 − yj 1

� − yj 0
�
xi − xk + yj 0 − yj 1

�
xi − xk + yj 0 − yj 1

�
�

= f �
�
�
xi − yj 0

� �
xi − xk + yj 0 − yj 1

�
xi − xk + yj 0 − yj 1

�
�

= f
�
xi − yj 0

�
. (8)

Adding these two results together yields

f
�
xi − yj 1

�
+ f

�
xk − yj 0

�
< f

�
xk − yj 1

�
+ f

�
xi − yj 0

�
. (9)

So,

f
�
xi − yj 1

� − f �
xi − yj 0

�
< f

�
xk − yj 1

� − f �
xk − yj 0

�
. (10)

Alexander Tahk � Political Analysis 134

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/p

an
.2

01
7.

38
 P

ub
lis

he
d 

on
lin

e 
by

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss

https://doi.org/10.1017/pan.2017.38


Since H is nondecreasing,

Hj

�
f

�
xi − yj 1

� − f �
xi − yj 0

�� ≤ Hj

�
f

�
xk − yj 1

� − f �
xk − yj 0

��
(11)

with strict inequality holding if H is strictly increasing. So, by definition of monotonicity,

Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is monotonic in z with strict monotonicity if H is strictly

increasing.

Case 3: yj 0 < yj 1. Take any xi < xk . The same argument as in Case 2 with yj 1 and yj 0 swapped

establishes that

Hj

�
f

�
xi − yj 0

� − f �
xi − yj 1

�� ≤ Hj

�
f

�
xk − yj 0

� − f �
xk − yj 1

��
. (12)

Thus, negating both sides of the inequality yields

Hj

�
f

�
xi − yj 1

� − f �
xi − yj 0

�� ≥ Hj

�
f

�
xk − yj 1

� − f �
xk − yj 0

��
(13)

with strict inequality holding if H is strictly increasing. So, by definition of monotonicity,

Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is monotonic in z with strict monotonicity if H is strictly

increasing.

Therefore, in all cases, Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is monotonic in z . If yj 0 � yj 1 and H is

strictly increasing, then Hj

�
f

�
z − yj 1

� − f �
z − yj 0

��
is strictly monotonic in z . 0

This model bares some similarity to a nonparametric item-response theory model developed

by Mokken (1971): the monotone homogeneity model. The crucial difference is that the above

model assumes that the probability of a certain vote choice is merely a monotonic function of

a legislator’s ideal point and can, thus, be either nondecreasing or nonincreasing. In contrast,

the monotone homogeneity model assumes a priori knowledge of which answer is correct

and, therefore, nondecreasing in a student’s ability. Unfortunately, such a simple approach is

not applicable to the more general problem of nonparametric ideal-point estimation, where

researchers cannot be presumed to know whether a “yea” vote is the more “conservative” or

“liberal” vote choice.8 Mokken’s (1971) approach also requires an absence of missing values,

further limiting its relevance to analyzing roll-call data.

3 Estimation

Under the model described in the previous section, knowing which of two legislators is to the

right of the other does not tell us which is more likely to vote “yea” on a given bill. This is in sharp

contrast to the monotone heterogeneity model, where knowing which student has higher ability

directly implies which is more likely to answer a question correctly.

Most approaches to ideal-point estimation have addressed the need to know the polarity

of each bill and other bill-specific parameters by simultaneously estimating these parameters.9

Introducing these parameters can complicate both estimation and inference. For example,

8 The monotone homogeneity model leads to essentially the same method used by Americans for Democratic Action to

compute Liberal Quotients, commonly called ADA scores. ADA scores give the percentage of 20 key votes on which a

legislator votedwith the ADA’s position. This depends upon the ADA to identify the “liberal” position on each of the twenty

votes and the decision to treat missed votes as votes against the ADA’s position.

9 Heckman and Snyder (1997) is the most notable exception.
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maximumlikelihoodestimatorsmaybe inconsistentwhensuchparametersare included (Neyman

and Scott 1948). Further, even aside from these complications, estimating the relationship

between ideal points and vote probabilities is impractical here because the parameter space is

infinite.

In this paper, I adopt a different approach that avoids estimating bill-specific parameters. The

key insight for both estimation and inference is that, whilewe cannot learnmuch from the votes of

apair of legislators alone, the votesof twopairs canbe informative. For any twopairs of legislators,

if we condition on each pair containing one “yea” vote and one “nay” vote, then the conditional

probability that themore conservative of the legislators in each pair voted together and themore

liberal legislators in each pair voted together is greater than the probability that the more liberal

of the legislators of each pair voted with the more conservative of the other.

More formally, if xi < xk and x� < xm , then either Pr
�
vk j = 1

� − Pr
�
vi j = 1

� ≥ 0 and

Pr
�
vmj = 1

� − Pr �v�j = 1
� ≥ 0 or Pr

�
vk j = 1

� − Pr �vi j = 1
� ≤ 0 and Pr

�
vmj = 1

� − Pr �v�j = 1
� ≤ 0.

For notational convenience, let pi = Pr
�
vi j = 1

�
and qi = Pr

�
vi j = 0

�
= 1 − Pr �vi j = 1

�
. In either

case,

0 ≤ (pk − pi ) (pm − p� ) (14)

0 ≤ (pk − pi pk − pi + pi pk ) (pm − p�pm − p� + p�pm ) (15)

0 ≤ ((1 − pi ) pk − pi (1 − pk )) ((1 − p� ) pm − p� (1 − pm )) (16)

0 ≤ (1 − pi ) pk ((1 − p� ) pm − p� (1 − pm )) − pi (1 − pk ) ((1 − p� ) pm − p� (1 − pm )) (17)

0 ≤ qi pk (q�pm − p�qm ) − pi qk (q�pm − p�qm ) . (18)

So,

pi qk (q�pm − p�qm ) ≤ qi pk (q�pm − p�qm ) (19)

pi qk q�pm − pi qk p�qm ≤ qi pk q�pm − qi pk p�qm (20)

pi qk q�pm + qi pk p�qm ≤ pi qk p�q� + qi pk q�pm . (21)

By independence of vi j , vk j , v�j , and vmj , this implies

Pr
�
vi j = vmj ∧ vi j � vk j ∧ v�j � vmj

� ≤ Pr �vk j = vmj ∧ vi j � vk j ∧ v�j � vmj

�
(22)

Pr
�
vi j = vmj ∧ vi j � vk j ∧ v�j � vmj

�
Pr

�
vi j � vk j ∧ v�j � vmj

� ≤ Pr
�
vk j = vmj ∧ vi j � vk j ∧ v�j � vmj

�
Pr

�
vi j � vk j ∧ v�j � vmj

� (23)

Pr
�
vi j = vmj � vi j � vk j ∧ v�j � vmj

� ≤ Pr �vk j = vmj � vi j � vk j ∧ v�j � vmj

�
. (24)

Thus, if we consider only the votes where vi j � vk j and v�j � vmj , the expected count of votes

on which vk j = vmj is greater than or equal to the expected count of votes on which vk j = vmj .

Let

v
j
im �k �

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if vk j = vmj ∧ vi j � vk j ∧ v�j � vmj

0 otherwise

(25)

so that v
j
im �k �

indicates that legislators i and m voted together and legislators k and � voted

together but each pair voted differently from the other on bill j . Under weak regularity
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conditions,10 the law of large numbers implies that

lim
N→∞

Pr
��
�

N∑
j=1

v
j
km �i �

>

N∑
j=1

v
j
im �k �

�

�
= 1. (26)

Thus, if we consider only bills for which legislators i and k voted differently and legislators � and

m voted differently, the fraction of these in which legislators k and m voted together should be

greater than 1
2 .

Let ≺ be the binary relation giving the true ordering of the ideal points where i ≺ k indicates

that legislator i is to the left of legislator k (i.e., xi < xk ). Let ≺̂ be the binary relation giving the
estimated ordering relation where i ≺̂ k indicates that legislator i is estimated to be to the left of
legislator k . If ≺̂ is a consistent estimator of ≺, then

N∑
j=1

v
j
km �i �

>

N∑
j=1

v
j
im �k �

(27)

must imply i ≺̂k ⇔ � ≺̂m for sufficiently large N and all i � k � � � m. Thus, a consistent

estimator will minimize
∑N

j=1 v
j
km �i �

− v j
im �k �

for sufficiently large N and all i � k � � � m such

that i ≺̂k ∧ � ≺̂m. Therefore, it also minimizes the sum of this quantity over all possible groups of

legislators satisfying i ≺̂k ∧ � ≺̂m,

∑
i�k���m

N∑
j=1

(
v
j
km �i �

− v j
im �k �

)
1 (i ≺̂k ∧ � ≺̂m) (28)

where 1 (x ) is the indicator function (1 (x ) = 1 if x is true and 0 otherwise) for sufficiently large N .

This suggests choosing as an estimator the relation ≺̂ that minimizes Formula (28).

Identifiability also requires constraining the order of two legislators. Given this constraint and the

necessary regularity condition (see footnote 25), this estimator is unique, at least for sufficiently

large N , and therefore consistent.

Computing this estimator is difficult. There is no apparent alternative to an exhaustive search,

but this requires considering 1
2K ! possible orderings for K legislators and summing over 2

�K
4

�
choices of legislators satisfying i ≺̂k ∧ � ≺̂m. Thus, computing Formula (28) for 1

2K ! possible

orderings requires computing the inner sum of Formula (28) K !
�K
4

�
times.11 This is feasible for a

sufficiently small number of legislators, but cases where n > 10 seem impractical.12

Thus, for larger numbers of legislators, a different approach is necessary. However, ifwe choose

two legislators, � andm, and consider only the votes in which they disagree, then the remaining

K − 2 can be ordered based on the fraction of the votes in which each voted with m instead of

� . As was the case when we considered two pairs of legislators, the expectation of the fraction of

10 It is sufficient here to assume that

0 < lim inf
N→∞

1

N

N∑
j=1

�
Pr

�
vk j = vmj ∧ vi j � vk j ∧ v�j � vmj

� − Pr �vi j = vmj ∧ vi j � vk j ∧ v�j � vmj
��
.

11 Computing the inner sumof Formula (28) for a given set of four legislators requiresN computations, but can be computed

and stored for each of the K !
(K−4)! possible choices of four legislators rather than recomputed for each possible orderings

of the legislators. Thus, since K !
(K−4)! ∼ K 4, it requires O �

NK 4
�
computations. Considering 1

2K ! possible orderings and
summing 2

�K
4

�
quantities for each ordering is O

(
K !

�K
4

�)
because n! ∼ √2πnn+ 1

2 e−n by Sterling’s formula and
�n
4

� ∼ n4. The
overall number of computations is the sum of each of these, and is, thus, O(max(KK+ 9

2 e−K ,NK 4)).

12 Assuming each of these can be computed in 10−5 seconds, this would require roughly one and a half days with eleven
legislators and one and a half years with thirteen legislators.
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the votes in which each voted withm is increasing in their ideal points if � ≺ m and decreasing if

m ≺ � .

If we repeat this process for each possible pair of legislators, we then only need to combine

these orderings of each of the
�K
2

�
sets of legislators into a single ordering for all legislators. Doing

so can be done by creating a
�K
2

� × K matrix with each row giving a numeric ranking of a different

set of K − 2 with the two held-out legislators given the mean rank, then mean-centering each

row, and finally performing a singular value decomposition (SVD). If all rankings on each subset

of
�K
2

�
legislators are correct, as will be true asymptotically, the order of the values in the first

right-singular vector (i.e., the one corresponding to the largest singular value) should agree with

the true ordering of the ideal points up to a reversal. Further, if it is too burdensome to compute

rankings for all
�K
2

�
groups of legislators, this can be replaced by a smaller number of groups of

K − 2 chosen at random.
Although this estimator is also consistent under the same regularity conditions, it can only

be based on roll-call items with no missing votes. In contrast, the alignment of two pairs of

legislators can be computed using only the votes of those four legislators. Thus, the original

estimator proposed in this paper is able to use any roll-call items in which at least four legislators

voted. Since roll-call data often contain few or no itemswithout anymissing votes, the SVD-based

approach as outlined above is not feasible but can be modified by computing the fraction of

times one legislator agrees with another with missing values imputed by the mean agreement

on nonmissing votes. This estimator need not be consistent but is likely to return similar results to

the other, consistent estimators provided the fraction of missing votes is not too large.

4 Inference

Suppose we have two groups of roll-call items and wish to test whether a single ideological

dimension could explain voting on both groups—or, equivalently, we wish to test whether the

legislators’ ideal points maintained the same ordering on both items. The same approach used

for estimation of choosing two pairs of legislators and focusing on those votes where each pair

disagrees also provides a natural approach for performing inference. Indeed, the pairs-of-pairs

approach is, in some ways, a more natural fit to inference than estimation and will provide a

means to test the equal-orderinghypothesiswithout needing to estimate anorderingor to impose

identifiability constraints.

Consider a two-sample extension of the model in Section 2 in which K legislators vote on two

separate groups of bills, the first consisting of NA items and the second of NB . Let A be the set of

indices of the first group, such that bill j is in group A if and only if j ∈ A and let B be the set of

indices for group B, whereA and B are disjoint. Assume the order of the legislators’ ideal points is

given by the binary relation ≺A for the first group of NA bills and ≺B for the second.13
Finally, although most of the results in this section can be derived without this assumption,

it will simplify matters to assume that the bill-specific parameters (yj 1, yj 0, and Gj ) are jointly

independently and identically distributed within each group, with distinct distributions for the

bill parameters for each group andwith no restrictions placed on the forms of these distributions.

Thus, the bill parameters for one groupmay be drawn from a quite different distribution than the

bill parameters in the other.

I aim to construct a test of the null hypothesis that the legislators have the same ordering on

both groups—that is, that i ≺A k ⇔ i ≺B k for all i and k .

Let

π (
A)
km �i �

= EA

�
Pr

�
vi j = vmj � vi j � vk j ∧ v�j � vmj

��
(29)

13 As in the previous section, ≺A and ≺B can be defined in terms of the legislators’ ideal points x (A)i
and x (

B )
i

on the respective

sets by i ≺A k ⇔ x (
A)
i
< x (

A)
k

and i ≺B k ⇔ x (
B )
i
< x (

B )
k
.
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indicate the marginal probability that Pr
�
vk j = vmj � vi j � vk j ∧ v�j � vmj

�
marginalized over the

distribution of the bill parameters for group A, with π (
B )
km �i �

defined analogously for group B.

Thus, given the number of votes in which vi j � vk j ∧ v�j � vmj , the conditional distribution for

the number of votes in which vk j also equals vmj (i.e., the sum of v
j
km �i �

over A) is the sum of∑
j ∈A v

j
km �i �

+ v
j
im �k �

trials each with success probability π (
A)
km �i �

, where, as in the previous section,

v
j
km �i �

= 1
�
vk j = vmj ∧ vi j � vk j ∧ v�j � vmj

�
. Thus, the distribution is given by

∑
j ∈A

v
j
km �i �

∼ Binomial ��
�
∑
j ∈A

v
j
km �i �

+ v
j
im �k �
, π (

A)
km �i �

�

�
. (30)

Similarly,

∑
j ∈B

v
j
km �i �

∼ Binomial ��
�
∑
j ∈B

v
j
km �i �

+ v
j
im �k �
, π (

B )
km �i �

�

�
. (31)

If i ≺A k and � ≺A m. Under the null hypothesis, i ≺A k ⇔ i ≺B k , so i ≺B k and � ≺B m. From

the previous section, this implies π (
A)
km �i �

≥ 1
2 and π

(B )
km �i �

≥ 1
2 . The same holds if k ≺A i andm ≺A � .

If, instead, k ≺A i and � ≺A m or if i ≺A k andm ≺A � , then π (
A)
km �i �

≤ 1
2 and π

(B )
km �i �

≤ 1
2 . Thus, either

π (
A)
km �i �

≥ 1
2 and π

(B )
km �i �

≥ 1
2 or π

(A)
km �i �

≤ 1
2 and π

(B )
km �i �

≤ 1
2 . We, thus, form a p-value for a test of the

hypothesis that
(
π (

A)
km �i �

≥ 1
2 ∧ π (

B )
km �i �

≥ 1
2

)
∨

(
π (

A)
km �i �

≤ 1
2 ∧ π (

B )
km �i �

≤ 1
2

)
. Call this value ρi k �m .

We want to combine the values of ρi k �m across all possible choices of the four indices i k �m.

When combining p-values for disjoint groups of four legislators, the p-values are independent.

Thus, thep-values canbeaggregatedviaFisher’smethod.This gives−2∑
log (ρi k �m ),which, under

the null hypothesis, will be stochastically dominated by a chi-squared distribution with degrees

of freedom equal to twice the number of p-values being aggregated.

If p-values are computed for two groups of legislators that overlap, the p-values are not

independent. However, the expectation of the sum of these p-values is unaffected by the

lack of independence. Thus, E [
∑
(−2 log (ρi k �m ) − 1)] ≤ 0 under the null hypothesis. We can

then compute the sample distribution of
∑
(−2 log (ρi k �m ) − 1) using a stratified nonparametric

bootstrapwith stratificationof the twogroups, AandB.14 Fromthis,wecan test thehypothesis that

E [
∑
(−2 log (ρi k �m ) − 1)] ≤ 0, which then also serves as a test of the hypothesis that the orderings

of the two groups are the same.

This test as constructed has relatively low power in cases where π (
A)
km �i �
, π (

B )
km �i �

� 1
2 or

π (
A)
km �i �
, π (

B )
km �i �

� 1
2 . Under the null hypotheses, all p-values have at least 50% probability of being

greater than 1
2 . However, in cases where π

(A)
km �i �
, π (

B )
km �i �

� 1
2 or π

(A)
km �i �
, π (

B )
km �i �

� 1
2 , p-values may be

particularly conservative and have at least 50% probability of being greater than 1
2 . To improve

its power, we can only include p-values in the sum for groups of legislators where
∑

j ∈A v
j
km �i �

>∑
j ∈A v

j
im �k �

and
∑

j ∈B v
j
km �i �

<
∑

j ∈B v
j
im �k �

or where
∑

j ∈A v
j
km �i �

<
∑

j ∈A v
j
im �k �

and
∑

j ∈B v
j
km �i �

>∑
j ∈B v

j
im �k �

. These are the groups of legislators where the null hypothesis seemsmost suspect.

Of course, since we are selecting only a subset of p-values, their distribution will no longer

be uniform under the null hypothesis as the p-value is not independent of its inclusion. Thus,

without adjustment, we can no longer expect these p-values to be uniformly distributed under

the null hypothesis. However, if we replace these p-values with p-values computed conditional

on their inclusion—that is, based on the conditional distribution of a test statistic conditional

on
∑

j ∈A v
j
km �i �

>
∑

j ∈A v
j
im �k �

and
∑

j ∈B v
j
km �i �

<
∑

j ∈B v
j
im �k �

or
∑

j ∈A v
j
km �i �

<
∑

j ∈A v
j
im �k �

and∑
j ∈B v

j
km �i �

>
∑

j ∈B v
j
im �k �

—then the included p-values will again be uniformly distributed (or

stochastically dominated by a uniform distribution) under the null hypothesis.

14 An outline of the algorithm for this procedure is provided in Appendix A in the supplementary material.
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In some cases, we may wish to test whether a particular legislator changed location relative

to any other legislator regardless of whether other legislators changed order. Doing so requires

identifying two other legislators who can safely be assumed to have the same ordering in both

groups. With this, we can compute the test statistic as above, but only varying k with i equal to

the legislator whose movement is to be tested and � and m equal to the legislators identified as

nonmoving. The test statistic is, thus,
∑

k (−2 log (ρi k �m ) − 1) with nonpositive expectation under
the null hypothesis. Its distribution can again be estimated via the stratified bootstrap.

5 Monte Carlo Studies

I conducted a series of Monte Carlo simulations to test the properties of the estimator and

hypothesis test developed in the previous sections. For all simulations, I use a legislature of size

K = 9 with legislator i having ideal point xi = i . In each simulation, I generate probabilities of

voting “yea” according to one of two possible distributions.

The first possible distribution for vote probabilities, which I will term the “uniform bill

distribution,” the probability of voting in the conservative direction is Φ
�
2
�
xi − αj

��
where Φ

is the cumulative distribution function of a standard normal distribution, each αj is drawn

independently from a uniform distribution over the ideal points (xi ), the conservative direction

is a “yea” vote with probability 1
2 and is independent of any other random variables in the model.

This distribution is uniform in the sense that the point at which the probability of voting “yea” is

exactly 1
2 occurs at the ideal point of each legislator with equal probability.

The second possible distribution, which I will term the “lopsided bill distribution,” the

probability of legislator i voting in the conservativedirection is1−� 12 �i . Since xi = i , this probability

is strictly increasing in the idealpointof a legislator. As in theprevious case, theprobability that the

conservative direction is a “yea” vote is also randomly determined with 1
2 probability of each. In

this scenario, the bills being considered are both located toward one end of the spectrum,making

the votes of the legislators at the other end more predictable. OC may be less likely to perform

well in this scenario because the cutting points—that is, the points separating voters more likely

to vote “yea” from those more likely to vote “nay”—occur only at one end of the spectrum.

5.1 Estimation
Table 1 shows the mean estimates andmean squared error based on the uniform bill distribution

with 100 votes. Both the new estimator and the OC estimator recover the true rank of the ideal

points quite well, although the new estimator has slightly lower mean squared error.

Table2 shows theanalogous resultsbasedon the lopsidedbill distribution.Here, the legislators

further to the right are all likely to vote together. Thus, it is difficult to estimate their relative

positions. Both estimators do showhighermean squared error. However, while the new estimator

and OC estimators performed relatively similarly with the uniform bill distribution, the new

estimator performs significantly better here, with a mean squared error over 80% smaller.

Finally, Table 3 shows mean squared error based on data with different numbers of votes.

Again, using the uniform bill distribution, both models perform roughly similarly. However, for

data generated using the lopsided bill distribution, the new estimator performs noticeably better.

Further, whereas the mean squared error for the new estimator decreases as more votes are

added, themean squarederror ofOCappears to increase slightly as thenumberof votes increases.

5.2 Inference
To test the inference, I simulate data for two groups of bills, with vote probabilities for each

generated from the uniform bill distribution. For the first simulation, the legislators maintain

the same ordering on both sets of bills. Thus, the null hypothesis is true, so the test should not

reject at the 5% significance level in more than 5% of simulations. Note that, given the weak
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Table 1. Estimate means for the uniform bill distribution.

Mean prob. of cons. vote True rank Mean of estimated rank

New OC

Legislator 1 0.12 1 1.11 1.07

Legislator 2 0.20 2 1.95 2.00

Legislator 3 0.29 3 2.97 2.99

Legislator 4 0.39 4 3.99 4.01

Legislator 5 0.50 5 5.00 5.00

Legislator 6 0.61 6 6.01 5.99

Legislator 7 0.71 7 7.02 7.02

Legislator 8 0.81 8 8.05 8.01

Legislator 9 0.88 9 8.89 8.91

Mean Sq. Error 0.88 1.14

Note: N = 100 votes. Based on 10,000 Monte Carlo simulations. “New” indicates the estimator discussed in
Section 3.

Table 2. Estimate means for lopsided bill distributions.

Mean prob. of cons. vote True rank Mean of estimated rank

New OC

Legislator 1 0.500 1 1.15 1.01

Legislator 2 0.250 2 2.14 5.40

Legislator 3 0.125 3 3.14 5.54

Legislator 4 0.063 4 4.27 5.35

Legislator 5 0.031 5 5.40 5.47

Legislator 6 0.016 6 6.42 5.59

Legislator 7 0.008 7 7.11 5.58

Legislator 8 0.004 8 7.58 5.53

Legislator 9 0.002 9 7.79 5.52

Mean Sq. Error 13.76 78.07

Note: N = 100 votes. Based on 10,000 Monte Carlo simulations. “New” indicates the estimator discussed in
Section 3.

Table 3. Mean squared error by number of votes

Uniform Lopsided

Num. votes New OC New OC

50 2.18 2.57 25.30 75.90

100 0.87 1.17 13.79 78.32

500 0.01 0.01 3.65 82.42

1000 0.00 0.00 1.89 83.41
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Figure 1. Histograms of p-values for test of same ordering fromMonte Carlo simulations.

assumptions underlying the test, it is likely to be conservative and reject in significantly less than

5% of simulations.

In the next simulation, I choose two neighboring legislators at random and swap their order,

which provides as minimal a violation of the null hypothesis as possible. Only one pair of

legislators is in a different order in one group of votes as in the other. All other pairs maintain the

same ordering. Thus, the null hypothesis is false and can be correctly rejected, but, given that the

change is relatively small, then it may be difficult to detect.

Finally, I simulate data in which the ordering of the legislators for the first group of bills is

unrelated to the ordering for the second. Here, each possible ordering of the legislators is equally

likely, with the ordering chosen for the first group of bills independent of the ordering chosen for

the second.

The results mirror expectations. Figure 1 shows histograms of p-values for each of the three

scenarios discussed above and for each of 100, 500, and 1000 votes per group. The p-values in

the first column, where the null hypothesis is true, tend to be greater than would be expected

under a uniform distribution and the probability of rejection under the null hypothesis is below
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the nominal level of the test. This indicates the test is more conservative than possible, which is

unsurprising.

In the second column, the null hypothesis is false but the orderings differ as little as possible.

Here, the power of the test is quite low with 100 votes. However, as the number over voter

increases, so does the power of the test. By 1000 votes, the probability of rejecting the null at the

5% significance level is 86.9%.

In the third column, the null hypothesis is false and a legislator’s ideology on one dimension is

independentof her ideologyon theother.Here, evenwithonly 100votesper group, theprobability

of rejecting the null is estimated to be 97.4%. With at least 500 votes per group, the power is over

99.9%.

6 Supreme Court

6.1 Did Justice Blackmunmove to the left?
As a second example, consider the question of whether Justice Harry Blackmun’s ideology

changed relative to those of the other justices during the 1970s. Blackmun is oftenhypothesized to

have became more liberal during this period. While the tests developed in this paper cannot test

this hypothesis in an absolute test, we can test whether Blackmun moved relative to the other

justices. For the purposes of this example, I test specifically whether Blackmun’s position relative

to theother justicesduring theNixonandFordadministrationswas the sameashispositionduring

the Carter and Reagan administrations.

First, we can test whether a single ordering can explain voting both before 1977 and after. Using

the test developed in Section 4, we can strongly reject this hypothesis (p = 0.0005). Thus, the data

are incompatible with the justices having the same ordering in both time periods.

But this does not reveal whether Blackmun in particular changed. Choosing two justices to

anchor the space permits a test of whether Blackmun in particular changed relative to any of

the remaining justices. I use Justice Marshall and Chief Justice Burger. Note that this does not

require assuming that Marshall and Burger do not move relative to the other justices. It only

requires assuming that Burger is more conservative than Marshall in both time periods. Again,

this test strongly rejects a null hypothesis that Blackmun remained on the same side of each of

the remaining justices (p < 0.0001).

Of course, this does not establish whether it was Blackmun’s ideology that changed or

whether one or more of the other justices moved relative to Blackmun. However, we can test the

hypothesis that the remaining justices maintained the same ordering across both time periods.

With Blackmun excluded, the p-value becomes p = 0.71. Thus, we see no evidence that the

ordering of the remaining justices changed during this time period.

6.2 Is the Supreme Court multidimensional?
First, consider the question of whether the Supreme Court is multidimensional. Using data from

the Supreme Court Database (Spaeth et al. 2015), I will use the hypothesis test developed in

Section 4 to test whether a common dimension can explain voting on pairs of issue areas. I

aggregate cases into four groups based on the Supreme Court Database’s coding of issue area:

(1) criminal procedure, which includes only cases coded as “criminal procedure,” (2) civil liberties,

which includes cases coded as “civil rights,” “First Amendment,” “due process,” and “privacy,” (3)

economics, which includes cases coded as “economic activity,” “unions,” and “federal taxation,”

and (4) other, which includes all other cases. Because the criminal procedure issue area is

sometimes grouped together with the civil liberties issue areas and these issue areas are the ones

“conventionally associated with the standard left–right splits on the Court” (Bailey 2013), I test

whether a single ordering could explain voting on criminal procedure and civil liberties cases,
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Table 4. Tests of the hypothesis that the ideal points of Supreme Court justices are in the same order on

cases on two different issue areas.

Comparison 1950s 1960s 1970s 1980s 1990s 2000s

Crim. proc. & civ. lib. v. economics 0.547 0.001 0.140 0.900 0.399 0.908

Criminal procedure v. economics 0.789 0.040 0.066 0.894 0.675 1.000

Civil liberties v. economics 0.746 0.007 0.655 0.968 0.739 0.907

Criminal procedure v. civil liberties 1.000 0.720 0.993 0.395 0.985 0.991

Note: Data from the Supreme Court Database (Spaeth et al. 2015). Civil liberties combines “civil rights,” “First

Amendment,” “due process,” and “privacy” issue areas. Economics combines “economic activity,” “unions,”

and “federal taxation” issue areas.

treated as a single group, and on economics for each decade beginning with the 1950s.15 I then

similarly testwhethera singleorderingcouldexplainvotingoncriminalprocedureandeconomics,

on civil liberties and economics, and on criminal procedure and civil liberties.

Table 4 shows thep-value computed for each comparison in eachdecade. Several comparisons

are significant during the 1960s. Tests for the comparison between economics and criminal

procedure, between economics and civil liberties, and between economics and both criminal

procedure and civil liberties reject the null hypothesis that the ideal points have a common

ordering during the 1960s at the 5% significance level. The test comparing criminal procedure and

economics also nearly rejects for the 1970s (p = 0.066).

The p-values reported in the tablemake no adjustment for the fact that tests are performed for

six different decades. However, even when the p-values for each comparison are adjusted using

the Holm procedure so that the family wise error rate—that is, the collective probability of falsely

rejecting the null across all six decades—for each comparison across all six decades is less than

5%, the null hypothesis can be rejected for the comparisons between economics and civil liberties

(adjustedp-valueof0.039) andbetweeneconomics andboth criminal procedure andcivil liberties

(adjusted p-value of 0.009).16

Thus, the extent to which the Court is multidimensional—that is, the extent to which different

orderings are needed to explain Supreme Court voting on different issue areas—may depend on

the time period in question. For the 1960s, we can reject the hypothesis that the justices had the

same ordering on cases involving economics as on criminal procedure and civil liberties. On the

otherhand, there isnoevidence thatmultipledimensionsareneeded forotherdecades.Note that,

while thenumberof cases theCourt consideredwas slightly lowerduring the 1990sand2000s, this

alone does not appear to explain the difference, both because there were roughly equal numbers

of cases considered for each issue area during the 1960s and 1980s and because the significance

of the results persist for the 1960s even when using shorter, five-year periods of time.

7 Conclusion

The nonparametric methods developed in this paper require only that voting is unidimensional,

that the shape of the deterministic component of utility is concave and identical for all voters

aside from differences in their ideal points, and that the errors are independent and identically

distributed across legislators. The underlyingmodelmakes no parametric assumptions about the

shape of the utility functions or error distribution.

Under these modeling assumptions, the estimator is consistent. In Monte Carlo simulations,

it outperformed OC in terms of mean squared error by small margins in one case and larger

15 In each test, I use voting data from all justices who served on the Court for a majority of the years in question.

16 Controlling for the family wise error rate across all 24 hypothesis tests using the Holm procedure leaves the comparison

between economics and both criminal procedure and civil liberties in the 1960s as the only significant relationship

(adjusted p-value of 0.034).
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margins in another. In some scenarios where OC is inconsistent, this is a significant improvement.

Nonetheless, in most scenarios, both estimators are likely to return relatively similar results.

The method for nonparametric inference is more novel. Given two groups of bills, this method

permits researchers to test the hypothesis that legislators’ ideal points have the same ordering

on one group as on the other. This is not quite the same as testing whether the legislators have

the same ideal points, as the ideal points could differ while still maintaining the same order.

Nonetheless, a change in the order of the ideal points does imply a change in the ideal points

themselves.

There are also several reasons why testing whether the orderings are the same can be

preferable. Recovering cardinal information about ideal points requires the sort of stronger

assumptions provided by parametricmodels, but researchers are rarely confident in the accuracy

of these assumptions. Previous work has suggested using only ordinal information from ideal-

point models because cardinal information can be very sensitive to parametric assumptions (Ho

and Quinn 2010). Further, changes in the orderingmay be substantively meaningful while at least

small changes in the ideal points may not be.

The primary limiting assumption of the model in this paper is of unidimensionality. The

remaining assumptions are significantly weaker than those adopted in other approaches to

ideal-point estimation or inference. Most existing research on ideal-point estimation, such as

Poole and Rosenthal (1991), Heckman and Snyder (1997), and Clinton, Jackman, and Rivers

(2004b), requires assuming a particular parametric form for the utility functions and error

distributions. The only other approaches, such as Poole (2000), do not use a stochastic model,

removing the possibility of statistical inference. As far as I am aware, this paper is the first to

provide an approach to provably consistent estimation and valid statistical inference for the order

of ideal points without requiring knowledge of the parametric formof the utility functions or error

distributions.

While the model cannot easily be extended to include a multidimensional Euclidean policy

space, as this would render rank order a meaningful concept, other approaches to dealing with

a single set of bills with multiple dimensions are possible. I suggest following the direction of

Lauderdale and Clark (2012) and Bonica (2011) as well as nonparametric item-response theory

by assuming legislators have unidimensional preferences for any bill but for which their ordering

may change from one bill to another. Thus, one might be able to divide a set of bills into subsets

that involve different dimensions, with legislators having different dimensions on each and the

determinationofwhichbills belong to the samesubsetperhaps informedby the sort of hypothesis

test of equal orderingdiscussed in this paper. I leave this extension as a subject for future research.

Supplementarymaterial

For supplementary material accompanying this paper, please visit

https://doi.org/10.1017/pan.2017.38.
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