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Abstract. In the paper, we present an efficient two-grid method for the approximation
of two-dimensional nonlinear reaction-diffusion equations using a expanded mixed
finite-element method. We transfer the nonlinear reaction diffusion equation into first
order nonlinear equations. The solution of the nonlinear system on the fine space is
reduced to the solutions of two small (one linear and one non-linear) systems on the
coarse space and a linear system on the fine space. Moreover, we obtain the error es-
timation for the two-grid algorithm. It is showed that coarse space can be extremely
coarse and achieve asymptotically optimal approximation as long as the mesh sizes
satisfy hk+1=O(H3k+1). An numerical example is also given to illustrate the effective-
ness of the algorithm.
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1 Introduction

In this paper, we consider the following nonlinear reaction-diffusion equations

spt−∇·(K(p)∇p)= f (x,t), (x,t)∈Ω× J, (1.1)
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• with initial condition:
p(x,0)= p0(x), x∈Ω, (1.2)

• and boundary condition:

(K(p)∇p)·ν=0, (x,t)∈∂Ω× J, (1.3)

where Ω⊂R2 is a polygonal domain with boundary ∂Ω, ν is the unit exterior normal to
∂Ω, pt=∂p/∂t, J=(0,T] and K is a square integrable, symmetric, uniformly positive def-
inite tensor defined on Ω. They often arise from fist-order mass balance and constitutive
laws governing a potential p and a related flux u:

s
∂p

∂t
+∇·u= f (x,t), (1.4a)

K−1(p)u+∇p=0. (1.4b)

Reaction diffusion equations have received a great deal of attention in numerous ap-
plications noteworthy among them being mathematical models of hydrologic and bio-
geochemical phenomena [15, 19]. In the case, p is the unknown pressure head; s is the
compressibility coefficient; u is the Darcy velocity of the water; and f (p) models external
flow rate. Mixed finite element methods have been found be very important for solving
the ground-water problem. In fact, there is substantial literature on the application in
ground-water flow. For example, there are many applications of mixed methods to mis-
cible displacement problems that describe two-phase flow in a petroleum reservoir [14].
In mixed finite element formulation, both the pressure and the flux (Darcy velocity), or
displacements and stresses, are approximated simultaneously etc., see [1, 2, 14, 20]. In
groundwater hydrology, we have known that the coefficient in the pressure formulation
may tend to zero because of low permeability, hence its reciprocal is not readily usable as
in standard mixed finite element methods.

To linearize the resulting disctete equations, we use the two-grid method, which was
first introduced by Xu [22, 23], as a discretization method for non-symmetric indefinite
and non-linear problems. Chen and Huang [7] presented a multilevel iterative method
for solving finite element equations of non-linear singular two-point boundary value
problems in 1994, Huang and Xue [17] applied the multilevel linearization to the conver-
gence analysis of finite element approximations for Ginzburg-Landau model of D-wave
superconductors. Huang [16] constructed a multilevel successive iteration method for
non-linear elliptic problems. This approach was applied to non-linear parabolic equa-
tions with the expanded mixed finite element method by Dawson and Wheeler [12] and
with a finite difference scheme based on the expanded mixed finite element method by
Dawson et al [13]. Wu and Allen [21] discussed the case where f is the nonlinear term by
the two-grid expanded mixed finite element method. Chen [8–11] made many works of
two-grid method for reaction diffusion equations. He and Li [4] considered three iterative
methods for solving the stationary Navier-Stokes equations. Hou and his coauthors [5,6]
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constructed postprocessing fourier Galerkin method and applied two-level finite element
method for the Navier-Stokes equations based on a new projection.

In this paper, we present two-grid methods of nonlinear reaction-diffusion equations
using the (expanded) mixed finite element method, we design a three-stage algorithm
by using Newton iteration and correction techniques. To linearize the resulting discrete
equations, we use Newton iteration idea on the fine grid in our approaches. Firstly, we
resolve an original non-linear problem on the coarse mesh, Then linear problem is solved
by Newton iteration on the fine mesh, finally we make a correction on the coarse mesh.
The two-grid idea is derived from Xu’s work [22,23] and Chen’s work [8], we extend the
ideas to the mixed finite element method. Moreover, we obtain the error estimates for
the two-grid algorithm. It is showed that coarse space can be extremely coarse and it
can be achieved asymptotically optimal approximation as long as the mesh sizes satisfy
hk+1 =O(H3k+1). An example is also given to illustrate the theoretical results.

This paper is organized into six sections. We establish notation and some approxima-
tion results in Section 2. The one-grid scheme is presented in Section 3 along with error
estimates. In Section 4, an algorithm of two-grid methods and their errors estimates is ob-
tained. A numerical experiment is designed in Section 5 to verify the our theoretic result
of the main algorithm. Brief summary and remarks on the further work are concluded in
Section 6.

2 Some notation and approximation assumptions

In the following, we introduce some notations and projection approximation properties.
Let Wm,p(Ω) be the standard soblev spaces and Lp(Ω) be the standard Banach space.

Specially, let Hm(Ω) =Wm,2(Ω) and Hm
0 =Wm,2

0 (Ω). For simplicity, let (·,·) denote the
L2(Ω) or (L2(Ω))2 inner product, scalar and vector. In the same time, we denote ‖·‖m =
‖·‖m,2 and ‖·‖=‖·‖0,2 .

Let

W = L2(Ω), V =H(Ω,div)=
{

v∈ (L2(Ω))2 :∇·v∈L2(Ω)
}

, Ṽ =V∩{v·ν=0} .

We will consider quasi-uniform partition of Ω into rectangles or triangles with the par-
tition step h in two dimensions, we use mixed finite element spaces such as the RT [14]
spaces of order k, RTk to form V h and W h, discrete subspaces of V and W . We define
Ṽ h= Ṽ∩V h.

The following inclusion holds for RT spaces or BDM spaces used here [1, 20]:

∇·vh∈W h, ∀vh ∈V h.

To analyze the discretization on a time interval (0,T), let N> 0, ∆t=T/N and tn = n∆t.

Set φn=φ(·,tn), ∂tφ
n= φn−φn−1

∆t , and discrete L2-norm

‖φ‖l2(0,T) :=
( N

∑
n=1

∆t‖φn‖2
)1/2

, ‖φ‖l2(0,tm) :=
( m

∑
n=1

∆t‖φn‖2
)1/2

,
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where 1≤m≤N.
In the convergence analysis, we shall employ standard L2 projections Qh onto the

spaces Wh or V h. That is to say, for g∈L2(Ω) and for q∈ (L2(Ω))2 we have

(Qhg,wh)=(g,wh), ∀wh∈W h, (2.1a)

(Qhq,vh)=(q,vh), ∀vh∈V h. (2.1b)

We also use the well known the standard mixed finite element projection operator
Πh : H1(Ω)×H1(Ω)−→V h such that for q∈H(div,Ω)

(∇·Πhq,wh)=(∇·q,wh), ∀wh∈W h. (2.2)

We assume that
divΠh=Qh, div :V

onto
−→Wh.

Throughout the following, assume that 1< q≤∞. We have the following stable and
approximation properties [1, 20]. For ψ∈Wk+1,q(Ω) (or ψ∈ (Wk+1,q(Ω))2), there exists a
positive constant C independent of h such that

‖Qhψ‖0,q ≤C‖ψ‖0,q, 2≤q≤∞, (2.3a)

‖ψ−Qhψ‖0,q ≤C‖ψ‖r,qhr , 0≤ r≤ k+1, (2.3b)

‖ψ−Qhψ‖∞ ≤C‖ψ‖∞hr , 0≤ r≤ k+1. (2.3c)

We also have the approximation properties of Πh: for q∈ (Wk+1,q(Ω))2,

‖q−Πhq‖0,q ≤C‖q‖r,qhr , 0≤ r≤ k+1. (2.4)

We give the following inverse property on V h, that is to say, for vh∈V h

‖vh‖∞ ≤Ch−1 ‖vh‖. (2.5)

These properties are known to hold for the Raviart-Thomas-Nedelec and Brezzi-Douglas-
Marini spaces mentioned above from [1, 20]. In this paper C shall denote a generic con-
stant. For convenience we will also assume that the solution is sufficiently smooth, uni-
formly in time, and that the maximum index of convegence k+1 is attained.

In the paper, in order to derive main estimates we make the following assumptions:

1. We assume that the reaction term f is smooth function defined on Ω.

2. We assume that f : Ω×R → R is triple continuously differentiable function with
bounded derivatives through the third order and K(p) is a square-integrable sym-
metric, uniformly positive definite tensor.

3. There exist positive constants K∗ and K∗ such that for z∈R2

K∗‖z‖2 ≤ zTK(x,s)z≤K∗‖z‖2, x∈Ω, s∈R.

4. For some integer k≥ 1, we assume that the solution function (p,u) of (1.4a)-(1.4b)
have the following regularity:

p∈W2
∞(0,T;Wk+1,4(Ω)), u∈ (W2

∞(0,T;Wk+1,4(Ω)))2.
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3 Error estimate for mixed finite-element method

We set the following three variables, the pressure p, the gradient q=−∇p, and the flux
u=K(p)q. For the sake of simplicity, we assume that s= 1, we define the weak form of
(1.1)-(1.3) as (p,q,u)∈W×V×Ṽ satisfying

(pt,w)+(∇·u,w)=( f ,w), ∀w∈W , (3.1a)

(q,v)=(p,∇·v), ∀v∈ Ṽ , (3.1b)

(u,v)=(K(p)q,v), ∀v∈V . (3.1c)

Now, by the above some notations we can establish the following discrete time expanded
mixed finite element approximation of problem (3.1a)-(3.1c) in RTk element. Given
(p0

h,q0
h,u0

h)∈W h×V h×Ṽ h, for n=1,··· ,m, we seek (pn
h ,qn

h ,un
h)∈W h×V h×Ṽ h satisfy

(
pn

h−pn−1
h

∆t
,wh

)
+(∇·un

h ,wh)=( f n,wh), ∀wh∈W h, (3.2a)

(qn
h ,vh)=(pn

h ,∇·vh), ∀vh ∈ Ṽ h, (3.2b)

(un
h ,vh)=(K(pn

h)q
n
h ,vh), ∀vh ∈V h. (3.2c)

The proofs of existence and uniqueness of the solution to the nonlinear algebraic system
(3.2b)-(3.2c) are given in the reference [22].

At the time of t= tn, we rewrite (3.1a)-(3.1c) in the following form

(pn
t ,wh)+(∇·un,wh)=( f n,wh), ∀wh∈W h, (3.3a)

(qn,vh)=(pn,∇·vh), ∀vh ∈ Ṽ h, (3.3b)

(un,vh)=(K(pn)qn,vn), ∀vh ∈V h. (3.3c)

Using the definition of Πh, Qh and ∇·vh∈W h, we can obtain

(∂tQh pn,wh)+(∇·Πhun,wh)=( f n,wh)+(∂t pn−pn
t ,wh), ∀wh∈W h, (3.4a)

(Qhqn,vh)=(Qh pn,∇·vh), ∀vh∈ Ṽ h, (3.4b)

(Πhun,vh)=(K(pn)qn,vn)+(Πhun−un,vh), ∀vh∈V h. (3.4c)

Set
γn =Qh pn−pn

h , ηn =Qhqn−qn
h , ξn =Πhun−un

h .

By using (3.2a)-(3.2c) and (3.4a)-(3.4c), and letting wh = γn, vh = ξn, vh = ηn in the first,
second and third equations, respectively, we have

(∂tγ
n,γn)+(∇·ξn,γn)=(∂t pn−pn

t ,γn), (3.5a)

(ηn,ξn)=(γn,∇·ξn), (3.5b)

(ξn,ηn)=(k(pn)qn−k(pn
n)q

n
h ,ηn)+(Πhun−un,ηn). (3.5c)
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We see the right term of (3.5c)

(K(pn)qn−K(pn
h)q

n
h ,ηn)

=(K(pn
h)η

n,ηn)+(K(pn
h)(q

n−Qhqn),ηn)−((K(pn
h)−K(pn))qn,ηn), (3.6)

adding the (3.5a) to (3.5b), and subtracting the (3.5c), we can get

(∂tγ
n,γn)+(K(pn

h)η
n,ηn)=(∂t pn−pn

t ,γn)−(K(pn
h)(q

n−Qhqn),ηn)

+((K(pn
h)−K(pn))qn,ηn)+(un−Πhun,ηn). (3.7)

Firstly, we note an inequality

−
‖γn−1‖2−‖γn‖2

2
≤−(γn,γn),

and

(K(pn
h)η

n,ηn)=‖K(pn
h)

1/2ηn‖2.

Secondly, we bound the right-hand side of relation (3.7), we know

|(∂t pn−pn
t ,γn)|=(∆t)−1

∣∣∣
(∫ tn

tn−1
(t−tn−1)ptt(·,s)ds,γn

)∣∣∣

≤
∫ tn

tn−1
‖ptt(·,s)‖ds‖γn‖≤C(∆t)2+‖γn‖2,

and

((K(pn
h)−K(pn))qn,ηn)≤C‖pn−pn

h‖‖ηn‖

≤C(‖pn−Qh pn‖+‖Qh pn−pn
h‖)‖ηn‖

≤C(‖γn‖2+‖pn−Qh pn‖2)+δ‖ηn‖2.

Combining the above analysis, we may obtain

‖γn‖2−‖γn−1‖2

2∆t
+‖K(pn

h)
1/2ηn‖2

≤
(γn−γn−1

∆t
,γn
)
+(K(pn

h)η
n,ηn)

≤C((∆t)2+‖γn‖2)+3δ‖ηn‖2+C(‖un−Πhun‖2+‖qn−Qhqn‖2+‖pn−Qh pn‖2),

where δ is a small constant and 3δ≤K∗/2. Using the properties (2.3b) and (2.4), we have

‖γn‖2−‖γn−1‖2

2∆t
+‖K(pn

h)
1/2ηn‖2≤C((∆t)2+h2k+2)+C‖γn‖2+3δ‖ηn‖2. (3.8)
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We next multiply both sides of (3.8) by 2∆t, and sum on n, n= 1,··· ,m, we have the
following error estimate by applying Gronwall’s Lemma and choosing the initial function
p0

h =Qh p0,

‖γm‖2+
m

∑
n=1

∆t‖K(pn
h )

1/2ηn‖2≤C((∆t)2+h2k+2),

that is to say,

‖pm
h −Qh pm‖+

( m

∑
n=1

∆t‖K1/2
∗ (qn

h−Qhqn)‖2
)1/2

≤C(∆t+hk+1).

From the above analysis, using the triangle inequality, we can obtain the error estimate
for the mixed finite-element method, seeing the following Theorem:

Theorem 3.1. Let (pn
h ,qn

h ,un
h)∈W h×Vh×Ṽh be the solution of the mixed finite-element equation

for n≥1. If p0
h =Rh p0, then there exists a positive C independent of h such that

‖pm−pm
h ‖+

( m

∑
n=1

∆t‖K1/2
∗ (qn−qn

h)‖
2
)1/2

≤C(∆t+hk+1). (3.9)

4 Two-grid method and error estimate for mixed finite-element

method

In this section, we shall present the main algorithm. To linearize the nonlinear equations,
we consider two grid scheme based on Newton iteration idea and correction technique,
Such nonlinear equations is only solved on the coarse grid and a fine grid approximation
is obtained by solving a linearized equations on the fine mesh. Then we correct the fine
grid approximation on the coarse grid. the method has three steps as follows:

Step 1: On the coarse grid TH, solve (pn
H ,qn

H,un
H)∈W H×V H×Ṽ H to satisfy the following

nonlinear system:

( pn
H−pn−1

H

∆t
,wH

)
+(∇·un

H,wH)=( f n,wH), ∀wH ∈W H, (4.1a)

(qn
H,vH)=(pn

H ,∇·vH), ∀vH ∈ Ṽ H, (4.1b)

(K(pn
H)q

n
H,vH)=(un

H,vH), ∀vH ∈V H. (4.1c)

Step 2: On the fine grid Th, solve (pn
h ,qn

h ,un
h)∈W h×Vh×Ṽ h to satisfy the following linear

system:

( pn
h−pn−1

h

∆t
,wh

)
+(∇·un

h ,wh)=( f n,wh), ∀wH ∈W h, (4.2a)

(qn
h ,vh)=(pn

h ,∇·vh), ∀vH ∈ Ṽ h, (4.2b)

(K(pn
H)q

n
h+(K′(pn

H)(pn
h−pn

H)q
n
H,vh)=(un

h ,vh), ∀vH ∈V h. (4.2c)
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Step 3: On the coarse grid TH, solve (en
H,gn

H,zn
H)∈W H×V H×Ṽ H to satisfy the following

linear system:

( en
H−en−1

H

∆t
,wH

)
+(∇·zn

H,wH)=0, ∀wH ∈W H, (4.3a)

(gn
H,vH)=(en

H,∇·vH), ∀vH ∈ Ṽ H, (4.3b)

(K(pn
H)gn

H+K′(pn
H)(pn

h−pn
H)(q

n
h−qn

H)

+K′(pn
H)e

n
Hqn

H+
1

2
K′′(pn

H)(pn
h−pn

H)
2qn

H,vH)=(zn
H,vH), ∀vH ∈V H. (4.3c)

In our algorithm, the two grid solutions ( p̃n
h ,q̃n

h ,ũn
h)∈W h×V h×Ṽ h are defined as follows:

p̃n
h = pn

h+en
H, q̃n

h =qn
h+gn

H, ũn
h =un

h+zn
H.

In the following, we recall some results in work [12]. Firstly, we see the following
Lemma:

Lemma 4.1. Let (pn
h ,qn

h ,un
h)∈W h×V h×Ṽ h, we choose the initial function p0

h =Qh p0, then for
1≤n≤m and k≥1, there exists a positive constant C independent of h such that

‖Qh pm−pm
h ‖+

( m

∑
n=1

∆t‖K1/2
∗ (Qhqn−qn

h)‖
2
)1/2

≤C(hk+1+H2k+1+∆t),

‖pm−pm
h ‖+

( m

∑
n=1

∆t‖K1/2
∗ (qn−qn

h)‖
2
)1/2

≤C(hk+1+H2k+1+∆t).

Using the inverse estimates, we have

‖qn
H‖∞ ≤‖qn−qn

H‖∞+‖qn‖∞ ≤H−1‖qn−qn
H‖+C.

Adding (4.2a)-(4.2c) to (4.3a)-(4.3c), we have

( p̃n
h− p̃n−1

h

∆t
,wh

)
+(∇·ũn

h ,wh)=( f n,wh), (4.4a)

(q̃n
h ,vh)=( p̃n

h ,∇·vh), (4.4b)

(ũn
h ,vh)=(H ,vh), (4.4c)

where

H=K(pn
H)q̃

n
h+K′(pn

H)( p̃n
h−pn

H)q
n
H

+K′(pn
H)(pn

h−pn
H)(q

n
h−qn

H)+
1

2
K′′(pn

H)(pn
h−pn

H)
2qn

H.

Setting
ξn =Qh p− p̃n

h , γn =Qhqn− q̃n
h , σn =Πhun−ũn

h .
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Subtracting weak formulation (4.4a) from (3.4a), (4.4b) from (3.4b), and (4.4c) from (3.4c),
setting wh = ξn and vh = σn, vh =γn in the first, second and third equations respectively,
we have

(∂tξ
n,ξn)+(∇·σn,ξn)=(∂t pn−pn

t ,ξn),

(γn,σn)=(ξn,∇·σn),

(σn,γn)=(Πhun−un,γn)+(K(pn)qn,γn)−(H,γn).

Combining the above equations, adding the first and second equations, and reducing
the finally equation, using Taylor expansion, we can

( ξn−ξn−1

∆t
,ξn
)

=(∂t pn−pn
t ,ξn)−(Πhun−un,γn)

+(K(pn)(Qhqn−qn),γn)−(K(pn)Qhqn,γn)+(H,γn), (4.5)

using Taylor expansion, we can

K(pn)=K(pn
H)+K′(pn

H)(pn−pn
H)+

1

2
K′′(pn

H)(pn−pn
H)

2+
1

6
K′′′( p̄)(pn−pn

H)
3,

for Eq. (4.5), we have

(ξn−ξn−1

∆t
,ξn
)

=(∂t pn−pn
t ,ξn)−(Πhun−un,γn)−(K(pn

H)γ
n,γn)

+(K(pn)(Qhqn−qn),γn)+ J1+ J2+ J3, (4.6)

where J1, J2 and J3 are defined as follows

J1=(K′(pn
H)( p̃n

h−pn
H)q

n
H,γn)−(K′(pn

H)(pn−pn
H)Qhqn,γn)

+(K′(pn
H)(pn

h−pn
H)(q

n
h−qn

H),γ
n),

J2=
(1

2
K′′(pn

H)(pn
h−pn

H)
2qn

H,γn
)
−
(1

2
K′′(pn

H)(pn−pn
H)

2Qhq,γn
)

,

J3=−
(1

6
K′′′( p̄)(pn−pn

H)
3Qhqn,γn

)
,

where p̄ is between pn and pn
H.

We see the left term of Eq. (4.6),

J1 =(K′(pn
H)( p̃n

h−pn)qn
H+K′(pn

H)(pn−pn
H)q

n
H−K′(pn

H)(pn−pn
H)Qhqn

+K′(pn
H)(pn

h−pn
H)(q

n
h−Qhqn),γn)+K′(pn

H)(pn
h−pn

H)(Qhqn−qn
H),γ

n)

=(K′(pn
H)(Qh pn−pn−ξn)(qn−qn+qn

H),γ
n)

+(K′(pn
H)(pn

h−Qh pn+Qh pn−pn)(Qhqn−qn),γn)

+(K′(pn
H)(pn

h−Qh pn+Qh pn−pn)(qn−qn
H),γ

n)

+K′(pn
H)(pn

h−Qh pn+Qh pn−pn+pn−pn
H)(q

n
h−Qhqn),γn),
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and

J2=
(1

2
K′′(pn

H)(pn
h−pn

H)
2qn

H−
1

2
K′′(pn

H)(pn−pn
H)

2Qhqn,γn
)

=
(1

2
K′′(pn

H)(pn−pn
H)

2(qn
H−Qhqn),γn

)

+
(1

2
K′′(pn

H)(pn
h−pn)(2(pn−pn

H)+(pn
h−pn))qn

H,γn
)

,

we have

J2≤
(1

2
K′′(pn

H)(pn−pn
H)

2(qn
H−qn+qn−Qhqn),γn

)

+(K′′(pn
H)(pn

h−Qh pn)2qn,γn)+(K′′(pn
H)(pn

h−Qh pn)2(qn
H−qn),γn)

+(K′′(pn
H)(Qh pn−pn)2qn,γn)+(K′′(pn

H)(Qh pn−pn)2(qn
H−qn),γn)

+(K′′(pn
H)( p̃n

h−Qh pn)(pn−pn
H)(q

n
H−qn+qn,γn)

+(K′′(pn
H)(Qh pn−pn)(pn−pn

H)(q
n
H−qn+qn),γn).

Therefore, using Holder’s inequality, we take N∗ is the time step at which ‖ξm‖ achieves
its maximum values. From the above equation, we deduce that

‖ξn‖2−‖ξn−1‖2

2∆t
+‖K(pn

H)
1/2γn‖2

≤
(ξn−ξn−1

∆t
,ξn
)
+(K(pn

H)γ
n,γn)

≤‖(∂t pn−pn
t ,ξn)‖+δ‖γn‖2+C‖Πhun−un‖2+‖Qhqn−qn‖2

+C‖ξn‖2+C‖ξn‖‖γn‖‖qn−Qhqn‖∞+T1+T2+T3+T4, (4.7)

where T1, T2, T3 and T4 are defined as follows.
We will consider the last four terms of (4.7). The first of these can be bounded as

follows:

T1=C‖pn
h−Qh pn‖2‖qn‖2

∞+C‖Qh pn−pn‖2
∞‖qn−qn

H‖
2

+C‖pn
h−Qh pn‖2‖Qhqn−qn‖2

∞+‖Qh ph−pn‖2
∞‖Qhqn−qn‖2

+C‖pn
h−Qh pn‖2‖qn−qn

H‖
2
∞+‖Qh ph−pn‖2

∞‖Qh pn−pn‖2

+C‖pn
h−Qh pn‖2

∞‖q̃n
h−Qhqn‖2+‖Qh pn−pn‖2

∞‖qn
h−Qhqn‖2

+C‖pn−pn
H‖

2
∞‖qn

h−Qhqn‖2,

by Lemma 4.1 and the projection properties, we have

T1≤C[h2(k+1)+h2(k+1)‖qn−qn
H‖

2+h2(k+1)(hk+1+H2k+1+(∆t)2)2

+(hk+1+H2k+1+(∆t)2)2(H−1(Hk+1+∆t))2)]

+C[h2k+2+h−2(hk+1+H2k+1+(∆t)2)2+(H−1(Hk+1+∆t))2)]‖qn
h−Qhqn‖2
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≤C(h2k+2+H6k+2+(∆t)2)+Ch2(k+1)‖qn−qn
H‖

2

+C[h2k+2+h−2(hk+1+H2k+1+(∆t)2)2+(H−1(Hk+1+∆t))2)]‖qn
h−Qhqn‖2

≤C(h2k+2+H6k+2+(∆t)2). (4.8)

For T2,

T2=C‖(pn−pn
H)

2(qn
H−qn)‖2+C‖(pn−pn

H)
2(qn−Qhqn)‖2

+C‖(pn
h−Qh pn)2qn‖2+C‖(pn

h−Qh pn)2(qn
H−qn)‖2

+C‖(c)2qn‖2+C‖(Qh pn−pn)2(qn
H−qn)‖2

+C‖(pn
h−Qh pn)(pn−pn

H)(q
n
H−qn+qn)‖2

+C‖(Qh pn−pn)(pn−pn
H)(q

n
H−qn+qn)‖2,

we have

T2≤C‖pn−pn
H‖

4
∞‖qn

H−qn‖2+C‖pn−pn
H‖

2
∞‖pn−pn

H‖
2‖qn−Qhqn‖2

+C‖pn
h−Qh pn‖2

∞‖p̃n
h−Qh pn‖2+C‖pn

h−Qh pn‖4
∞‖qn

H−qn‖2

+C‖Qh pn−pn‖2
∞‖Qh pn−pn‖2+C‖Qh pn−pn‖4

∞‖qn
H−qn‖2

+C‖pn−pn
H‖

2
∞(‖p̃n

h−Qh pn‖2+C‖p̃n
h−Qh pn‖2

∞‖qn
H−qn‖2)

+C‖Qh pn−pn‖2
∞‖pn−pn

H‖
2+C‖Qh pn−pn‖2

∞‖pn−pn
H‖

2
∞‖qn

H−qn‖2,

we apply the above Lemma and the projection properties, thus

T2≤CH−4(Hk+1+∆t))4‖qn−qn
H‖

2+h2k+2H−2(Hk+1+∆t))4

+h−2(hk+1+H2k+1+(∆t)2)4+h−2d(hk+1+H2k+1+(∆t)2)4‖qn−qn
H‖

2

+h4k+4(C+‖qn−qn
H‖

2)+(hk+1+H2k+1+(∆t)2)2H−2(Hk+1+∆t))2

+
{

h−2(hk+1+H2k+1+(∆t)2)2+h2k+2
}

H−2(Hk+1+∆t))2‖qn−qn
H‖

2

+Ch2k+2(Hk+1+∆t))2≤C(h2k+2+H6k+2+(∆t)2), (4.9)

we can get estimate as to T3,

T3=C‖(pn−pn
H)

3Qhqn‖2≤C‖(pn−pn
H)‖

4
∞‖(pn−pn

H)‖
2

≤CH−4(Hk+1+∆t))6. (4.10)

The last term in (4.7) can be bounded by the inverse assumption,

T4=C‖ξn‖‖γn‖‖qn−qn
H‖. (4.11)

Combing Eq. (4.7) and the above analysis, where δ≤K∗/2, we now multiply the equation
by 2δt and sum from n= 1 to M, M≤ N. When choosing M= N∗, where N∗ is the time
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step at which ‖ξn‖ achieves its maximum values. Using approximation properties and
Theorem 3.1, we have

‖ξN∗
‖2−‖ξ0‖2+

N∗

∑
n=1

∆t‖K(pn
H)

1/2γn‖2

≤C∆t2+δ
N∗

∑
n=1

∆t‖γn‖2+Ch2k+2(‖u‖2
L∗+‖q‖2

L∗)+C
N∗

∑
n=1

∆t‖ξn‖2+G1+G2, (4.12)

where L∗= l2((0,T),Wk+1
4 ), G1 and G2 are defined by Eqs. (4.8)-(4.11),

G1=C
N∗

∑
n=1

∆t(h2k+2+H6k+2+(∆t)2),

by Theorem 3.1 and the inverse assumption (2.5), we obtain

G2=
N∗

∑
n=1

∆t‖ξn‖‖γn‖‖qn−qn
H‖∞

≤K∗‖ξN∗
‖
( N∗

∑
n=1

∆t‖γn‖2
)1/2( N∗

∑
n=1

∆t‖qn−qn
H‖

2
∞

)1/2

≤K∗‖ξN∗
‖
( N∗

∑
n=1

∆t‖γn‖2
)1/2

(H−1(Hk+1+∆t)).

For k≥1, H and ∆t can be chosen sufficiently small so that

G2≤1/2‖ξN∗
‖2+K∗/8

N∗

∑
n=1

∆t‖γn‖2,

choosing p̃0
h =Qh p0, from Gronwall Lemma, we see that for ∆t and H sufficiently small,

we have
‖ξN∗

‖≤C(hk+1+H3k+1+∆t).

Combing the above analysis, taking M=N∗, we deduce that

‖ξM‖+
( M

∑
n=1

∆t‖K1/2
∗ σn‖2

)1/2
≤C(hk+1+H3k+1+∆t).

Applying the triangle inequality and approximation properties, we obtain the following
Theorem,

Theorem 4.1. Let ( p̃n
h ,q̃n

h ,ũn
h)∈W h×V h×Ṽ h be the solution of the two-grid method for (4.1a)-

(4.3c), if we choose the initial function p̃0
h =Qh p0, then there exists a positive C independent of h

such that

‖pm− p̃m
h ‖+

( m

∑
n=1

∆t‖K1/2
∗ (qn− q̃n

h)‖
2
)1/2

≤C(hk+1+H3k+1+∆t). (4.13)
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5 Numerical example

In this section, we shall demonstrate the efficiency of our algorithm for nonlinear reaction
diffusion problems. we consider the following nonlinear parabolic problem:





pt−∇·(K(p)∇p)= f (x,t), (x,t)∈Ω× J,

p(x,0)=0, (x,t)∈Ω×{t=0},

(K(p)∇p)·ν=0, (x,t)∈∂Ω× J,

(5.1)

where Ω=[0,1]2, t∈ [0,T],

K(p)=

(
p 0
0 p

)
,

and f (x,t) is suitably chosen such that the exact solution is p(x,t)=t2(x2
1(x1−1)2+x2

2(x2−
1)2).

The domain Ω is uniformly divided by the triangulations of mesh size H and h, for
the sake of simplicity, time step τ= 1.0e−4, T= 1.0e−1, In Table 1, we can find that the
two grid methods and Newton iterative have the same accuracy, but Two grid methods
have much less cost time than Newton iterative, since we just have to solve a small scale
nonlinear problem. This phenomenon shows that two grid algorithm is a very effective
algorithm when it comes to deal with the nonlinear problems. In Table 2, we present
numerical results for error estimate of ‖pn− p̃n

h‖, ‖qn−q̃n
h‖V and ‖un−ũn

h‖V , respectively.
The numerical results confirm our theoretical expectation. As shown in Figs. 1 and 2, we
can see the exact solution p and the two grid solution p̃h where h = 1/64, in Figs. 3-5,
we can observe that error of two grid solution p̃h,q̃h,ũh varied with time where h=1/64.
From the Figs. 6-8, we can find the error are satisfied in our two grid method.

Table 1: Error and CPU time of the two-grid method and Newton iterative.

H h Newton iterative Two grid method
1/2 1/8 5.7106e-5 7.1483s 5.7106e-5 4.3311s
1/4 1/64 7.2401e-6 534.0673s 7.2401e-6 337.2160s
1/8 1/256 1.9980e-6 42390.6423s 1.9980e-6 17778.5854s

Table 2: Error of the two-grid method.

H h ‖pn− p̃n
h‖ ‖qn− q̃n

h‖V ‖un−ũn
h‖V

1/2 1/8 5.7106e-5 4.4046e-4 3.0359e-7
1/4 1/64 7.2401e-6 5.7064e-5 3.9089e-8
1/8 1/256 1.9980e-6 1.4427e-5 1.0155e-8
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Figure 1: The exact solution pT=1.0e−1, h=1/64, τ=1.0e−4.

Figure 2: Two grid solution p̃hT=1.0e−1, h=1/64, τ=1.0e−4.

Figure 3: Error of Two grid solution p̃hT=1.0e−1, h=1/64, τ=1.0e−4.
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Figure 4: Error of Two grid solution q̃hT=1.0e−1, h=1/64, τ=1.0e−4.

Figure 5: Error of Two grid solution ũhT=1.0e−1, h=1/64, τ=1.0e−4.

Figure 6: order of Two grid solution p̃hT=1.0e−1, τ=1.0e−4.
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Figure 7: order of Two grid solution q̃hT=1.0e−1, τ=1.0e−4.

Figure 8: order of Two grid solution ũhT=1.0e−1, τ=1.0e−4.

6 Conclusions and extensions

In this paper, we present an algorithm of the two-grid method for nonlinear reaction-
diffusion equations discretized by expanded mixed finite element methods. The key
feature of the two-grid method is that we use the Newton iteration idea on the fine
grid and correction technique on the coarse grid. Our algorithm improve the error
estimate for the application of the two-grid method. It is shown theoretically that
coarse space can be extremely coarse and preserve asymptotically optimal-order esti-
mates for the expanded mixed finite element method discretization error as long as
the error satisfy O(hk+1+H3k+1+∆t). Furthermore, we can also obtain the error of
O(hk+1+H3k+3−d/2+∆t) by expanding the algorithm to d-dimension (d ≥ 2) space, As
a result, solving such a large class of non-linear equation will not be much more diffi-
cult than solving single linearized equation. Computational results for the approaches
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described here are also provided. Moreover, we shall discuss the case of that both the
coefficient matrix function K and f are non-linear.

Acknowledgments

The author would like to thank the referees for the helpful suggestions. This work is sup-
ported by National Natural Science Foundation of China (Grant Nos. 91430104, 11271145,
11371073, 11371074, 11571053, 11401054), and the Natural Science Foundation for Distin-
guished Young Scholars of Hunan Province (Grant No. 13JJ1020).

References

[1] F. BREZZI, JR. J. DOUGLAS AND L. D. MARINI, Two families of mixed finite element for second
order elliptic problems, Numerische Mathematic, 47 (1985), pp. 217–235.

[2] F. BREZZI AND M. FORTIN, Mixed and Hybrid Finite Element Methods, Springer-Verlag,
1991.

[3] R. E. EWING, R. D. LAZAROV AND J. WANG, Superconvergence of the velocity along the Gauss
lines in mixed finite element methods, SIAM J. Numer. Anal., 28 (1991), pp. 1015–1029.

[4] Y. HE AND J. LI, Convergence of three iterative methods based on the finite element discretization
for the stationary Navier-Stokes equations, Comput. Methods Appl. Mech. Eng., 15 (2009), pp.
1351–1359.

[5] QINGFANG LIU AND YANREN HOU, A two-level finite element method for the Navier-Stokes
equations based on a new projection, Appl. Math. Model., 34(2) (2010), pp. 383–399.

[6] YANREN HOU AND KAITAI LI, Postprocessing fourier Galerkin method for the Navier-Stokes equa-
tions, SIAM J. Numer. Anal., 47(3) (2009), pp. 1909–1922.

[7] Y. CHEN AND Y. HUANG, A multilevel iterate correction method for solving nonlinear singular
problems, Natural Science Jounal of Xiangtan Univ., 16 (1994), pp. 23–26 (in Chinese).

[8] Y. CHEN, Y. HUANG AND D. YU, A two-grid method for expanded mixed finite-element solution
of semilinear reaction-diffusion equations, Int. J. Numer. Meth. Eng., 57 (2003), pp. 193–209.

[9] Y. CHEN, H. LIU AND S. LIU, Analysis of two-grid methods for reaction-diffusion equations by
expanded mixed finite element methods, Int. J. Numer. Meth. Eng., 69 (2007), pp. 408–422.

[10] Y. CHEN, P. LUAN AND Z. LU, Analysis of two-grid methods for nonlinear parabolic equations by
expanded mixed finite element methods, Adv. Appl. Math. Mech., 1 (2009), pp. 1–15.

[11] L. P. CHEN AND Y. CHEN, Two-grid method for nonlinear reaction-diffusion equations by mixed
finite element methods, J. Sci. Comput., 47 (2011), pp. 383–401.

[12] C. N. DAWSON AND M. F. WHEELER, Two-grid methods for mixed finite element approximations
of non-linear parabolic equations, Contemporary Mathematics, 180 (1994), pp. 191–203.

[13] C. N. DAWSON, M. F. WHEELER AND C. S. WOODWARD, A two-grid finite difference scheme
for non-linear parabolic equations, SIAM J. Numer. Anal., 35 (1998), pp. 435–452.

[14] JR. J. DOUGLAS, R. E. EWING AND M. F. WHEELER, The approximation of the pressure by
a mixed method in the simulation of miscible displacement, RAIRO, Analyse Numérique, 17
(1983), pp. 17–33.

[15] P. S. HUYAKORN AND G. F. PINDER, Computational Methods in Subsurface Flow, Aca-
demic Press, New York, 1983.

https://doi.org/10.4208/aamm.2015.m1370 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2015.m1370


774 S. Liu and Y. P. Chen / Adv. Appl. Math. Mech., 9 (2017), pp. 757-774

[16] Y. HUANG, ZH. SHI, T. TANG AND W. XUE, A multilevel successive iteration method for non-
linear elliptic problems, Math. Comput., 73(246) (2004), pp. 525–539.

[17] Y. HUANG AND W. XUE, Convergence of finite element approximations and multilevel lineariza-
tion for Ginzburg-Landau model of D-wave superconductors, Adv. Comput. Math., 17 (2002), pp.
309–330.

[18] F. MILNER, Mixed finite element methods for quasilinar second-order elliptic problems, Math. Com-
put., 44 (1985), pp. 302–320.

[19] J. MURRAY, Mathamatical Biology, 2nd edn, Springer, New York, 1993.
[20] P. A. RAVIART AND J. M. THOMAS, A mixed finite element method for 2nd order elliptic problems,

Math. Aspects of the Finite Element Method, Lecture Notes in Math., 606 (Springer, Berlin,
1977), pp. 292–315.

[21] L. WU AND M. B. ALLEN, A two-grid method for mixed finite-element solution of reaction-
diffusion equations, Numerical Methods for Partial Differntial Equations, 15 (1999), pp. 317–
332.

[22] J. XU, A novel two-grid method for semilinear equations, SIAM J. Sci. Comput., 15 (1994), pp.
231–237.

[23] J. XU, Two-grid discretization techniques for linear and non-linear PDEs, SIAM J. Numer. Anal.,
33 (1996), pp. 1759–1777.

https://doi.org/10.4208/aamm.2015.m1370 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2015.m1370

