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This paper is concerned with the positive solutions of the boundary-value problem

{
εu

′′ − σ(u) = −γ,

u(0) = u(1) = 0,

where ε is a small positive parameter and γ is a positive constant. The nonlinear term

σ(u) behaves like a cubic; it vanishes only at u = 0, where σ′(0) > 0 and σ′′(0) < 0. This

problem arises in a study of phase transitions in a slender circular cylinder composed of an

incompressible phase-transforming material. Here, we determine the number of solutions to

the problem for any given γ, derive asymptotic formulas for these solutions, and show that

the error terms associated with these formulas are exponentially small, except for one critical

value of γ. Our approach is again based on the shooting method used previously by Ou &

Wong (Stud. Appl. Math. 112 (2004), 161-200).

1 Introduction

In a recent article, Dai [4] established a model equation for a slender circular cylinder

composed of an incompressible phase-transforming material. He used the equation to

resolve a long standing issue concerning the modeling of dynamical phase transitions.

The model equation is

wtt − ρ−1σZ +
3

4
a2c2

TwZZZZ − 3

4
a2wZZtt +

1

8
a2c−2

T wtttt = 0, (1.1)

where w is the axial displacement, ρ is the density, σ is the stress, a is the radius of the

cylinder, Z is the vertical component in the cylindrical coordinate and cT is the shear-wave

speed. For small a, equation (1.1) represents a singular perturbation problem. Here, we

shall consider only the time independent one-dimensional case. Upon an integration with

respect to Z , we obtain from (1.1)

−ρ−1σ (E) +
3

4
a2c2

TEZZ = D, (1.2)

where E = wZ and D is a constant. Physically, E stands for the strain, and −D is the

given external force which is positive for a tension problem. In fact, equation (1.2) appears

frequently in papers concerning phase transitions. For instance, it can be found in Van

https://doi.org/10.1017/S095679250600670X Published online by Cambridge University Press

https://doi.org/10.1017/S095679250600670X


706 R. Wong and Y. Zhao

Figure 1. The shape of σ(u).

der Waals’ classic paper [13] on thermodynamic theory of capillarity. It can also be

considered as the equation for criterion of viscosity-strain gradient admissibility about

elastic material [1, p. 23] [2, 3, 8]. Mention should also be made of the well-known

Cahn-Hilliard equation. Its one dimensional form can be written as

εu′′ + g(u) − a = 0, 0 < x < 1, (1.3)

where a =
∫ 1

0 g(u(x))dx, subject to
∫ 1

0 u(x)dx = m and ux(0) = ux(1) = 0. It corresponds to

(1.2) with a displacement-controlled condition [7].

In this paper, we consider (1.2) with boundary conditions E = 0 at Z = 0 and 1.

A typical shape of the stress-strain function σ(u) is shown in Figure 1. This boundary

value problem describes the physical model of a slender circular cylinder, composed of an

incompressible elastic material whose two ends are fixed to rigid bodies, subject to an axial

external force. These boundary conditions are very important for this type of problem.

They imply that all the solutions have to be nontrivial; moreover, they can result in

different bifurcation phenomena, and reduce the number of solutions. Recently, Dai and

Bi [5] have used them to construct the unique solution for the necking in a hyperelastic

rod. Our results give mathematical explanations of these physical phenomena.

By non-dimensionalizing (1.1), we can rewrite it as{
εu′′ − σ(u) = −γ, 0 < x < 1,

u(0) = u(1) = 0,
(1.4)

where ε is a small positive parameter and γ is a positive constant. The nonlinear term

σ(u) behaves like a cubic; it vanishes at u = 0, where σ′(0) > 0 and σ′′(0) < 0. Thus, σ(u)

is of the form specified by the Van der Waals potential; see Figure 1, where γ1 and γ2 are,

respectively, the local minimum and local maximum of σ(u). The value γ0 is determined by∫ u03

u01

(σ(s) − γ0)ds = 0, (1.5)

where σ(u01) = σ(u02) = σ(u03) = γ0, and u01 < u02 < u03.
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In this paper, we shall determine the number of solutions to problem (1.4) for each given

value of γ, and derive asymptotic formulas for these solutions as ε → 0, which hold uni-

formly for x in the entire interval [0, 1]. Furthermore, we shall demonstrate that the error

terms associated with these asymptotic approximations are exponentially small, except for

the case γ = γ2. It is found that as the external stress increases there are bifurcations from

one solution to three solutions and then to one solution. In the region where there are

three solutions, one solution has a sudden convexness in the middle, which indicates the

appearance of a neck. In a related paper by Garcı́a-Melián & Sabina de Lis [8], the authors

have also considered positive solutions to the problem: εu′′ + f(u) = 0, u(0) = u(1) = 0.

They allow f to be a rather general function, not just a cubic, but they provide asymptotic

solutions only in the neighborhoods of points where the maximum values of the solutions

are attained, i.e., the approximations are not valid in the entire interval [0, 1].

Our approach here is again based on the shooting method used by Ou & Wong [11, 12].

In this method, one first converts the boundary-value problem (1.4) into an initial-value

problem, and then chooses an initial value so that the solution of the initial-value problem

also satisfies the boundary conditions. Attention should be called to a highly cited article

[10] on the study of the number of solutions of equation (1.3) by transversality arguments.

Their main idea is to take the problem of counting solutions as an inverse problem and

then use Picard-Fuchs equations and transversality of level curves to get the number of

solutions. Compared with their approach, our method is easier to follow, and provides

explicit formulas for asymptotic solutions.

Since drawings can often illustrate much better than tedious calculations, we have

included in the following sections many graphs to explain our arguments.

2 The case 0 < γ � γ1

Suggested by the shooting method, we begin with the initial-value problem (IVP)

{
εu′′ − σ(u) = −γ,

u(0) = 0, u′(0) = k,
(2.1)

where k is a positive number since u is nonnegative. Except for the case when γ = γ1, the

equation σ(u) = γ has one and only one solution, which we denote by u1; i.e., σ(u1) = γ.

For convenience, we introduce the notations

F(u) =

∫ u

0

(σ(s) − γ)ds and k1 =

√
2

ε

∫ 0

u1

(σ(s) − γ) ds. (2.2)

(The argument given in this section works even in the case when γ = γ1.) Obviously,

F(0) = 0 and F ′(u) = σ(u) − γ. Furthermore, with the properties of σ(u), we have

F ′(u1) = 0, F ′(u) < 0 if 0 < u < u1 and F ′(u) > 0 if u > u1. Therefore, F(u1) is negative,

and is a minimum of F(u). A typical shape of F(u) is shown in Figure 2. Multiplying both

sides of the differential equation in (2.1) by u′, and integrating from 0 to x, we obtain

ε

2
(u′)2 =

∫ u

0

(σ(s) − γ)ds +
ε

2
k2 = F(u) +

ε

2
k2. (2.3)
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Figure 2. Sketch of F(u).

This is a crucial equation, and we will use it throughout our analysis. First of all, we give

an interval of k which ensures the existence of the solution to IVP (2.1).

Lemma 2.1 Let us denote the solution to the IVP (2.1) by u(x, k).

(a) If k > k1, i.e., F(u1) > − ε
2
k2, then u(x, k) is increasing for x > 0 and u(1, k)� 0.

(b) If 0 � k < k1, i.e., F(u1) < − ε
2
k2, then u(x, k) is convex and has another intersection

with the x − axis other than at x = 0.

(c) In the critical case when k = k1, we have F(u1) = − ε
2
k2

1 . Let ξ = x/
√
ε for x ∈ [0, 1/2],

and write f(ξ) = u(x, k). Then

f′′(ξ) − σ(f) = −γ, 0 < ξ < ∞, (2.4)

and

f(0) = 0, f′(0) =
√
εk1.

(From (2.2), it is clear that
√
εk1 is a constant, independent of ε.) Furthermore,

f(ξ) ∼ u1 − Ae−λξ as ξ → ∞, (2.5)

where λ =
√
σ′(u1) and A is an explicitly given positive constant. (Note: σ′(u1) > 0.)

Proof (a) If F(u1) > − ε
2
k2, then it is readily seen from (2.3) that ε

2
(u′)2 > 0. Since

u′(0, k) = k > 0 and u′(x, k) never vanishes, it follows that u′(x, k) > 0 for x > 0. Therefore,

u(x, k) is increasing for x > 0. For such k, u(1, k)� 0.

(b) If F(u1) < − ε
2
k2, then it is obvious that the equation F(u) = − ε

2
k2 has two roots

u0(k) and u∗
0(k), i.e.,

F(u0(k)) = F(u∗
0(k)) = − ε

2
k2. (2.6)

It is easy to see that u0(k) ∈ (0, u1) and u∗
0(k) ∈ (u1,∞); cf. Figure 3. Since u(x, k) is

continuous and (u′(x, k))2 is nonnegative, the quantity on the right-hand side of (2.3) is
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Figure 3. Case (b); graphs of F(u) and u(x).

also nonnegative, i.e., F(u) � − ε
2
k2. This means u(x, k) must be in [0, u0(k)]; for otherwise,

this quantity would be negative, which is impossible. This also implies that in this case,

the value u∗
0(k) is never attained by the solution u(x, k). From the initial conditions in (2.1)

and the equation (2.3), there exist two points x = x0 and x = xT with x0 < xT , such that

u′(x0, k) = 0, u(x0, k) = u0(k) ∈ (0, u1) (2.7)

and

u(xT , k) = 0, u′(xT , k) = −k. (2.8)

Therefore, the positive solution u(x, k) exists only in the interval [0, xT ], and is symmetric

with respect to x0; again see Figure 3.

(c) When F(u1) = − ε
2
k2

1, with ξ = x/
√
ε and u(x, k) = f(ξ), it is easily verified that f

satisfies (2.4). From (2.3), it can also be shown that

1

2

(
df

dξ

)2

=

∫ f

u1

(σ(s) − γ)ds. (2.9)

We first prove that

0 � f < u1 (2.10)

and

lim
ξ→∞

f(ξ) = u1. (2.11)

Since f(0) = u(0, k1) = 0 and f′(0) =
√
εk1 > 0, one readily sees that f(ξ) < u1 and

f′(ξ) > 0 for ξ in a right neighborhood of 0. Assume to the contrary that there exists a

point η such that f(η) = u1 and 0 < f(ξ) < u1 for 0 < ξ < η. Define

V (f) :=

∫ f

u1

(σ(s) − γ)ds = F(f) − F(u1). (2.12)

Clearly, V (u1) = V ′(u1) = 0 and V ′′(u1) = σ′(u1) > 0. Since V (f) is sufficiently smooth, we

may write

V (f) = (u1 − f)2H(f). (2.13)
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Furthermore, since f < u1 and F(u) is decreasing in (0, u1), by (2.12) V (f) > 0 and H(f)

is a positive function. From (2.9), we obtain

df

(u1 − f)
√

2H(f)
= dξ. (2.14)

Integrating both sides from ξ = 0 to ξ = η gives∫ u1

0

df

(u1 − f)
√

2H(f)
=

∫ η

0

dξ, (2.15)

which is not possible since the left-hand side is infinite while the right-hand side is finite.

Thus, we get (2.10). Now, assume lim
ξ→∞

f(ξ) = l � u1. Letting η → ∞ in (2.15), we obtain

∫ l

0

df

(u1 − f)
√

2H(f)
= ∞,

which leads to the conclusion that l = u1, thus proving (2.11).

To derive the asymptotic behavior of f(ξ), we return to (2.14) and obtain

∫ f

0

ds

(u1 − s)
√

2H(s)
= ξ. (2.16)

The integral on the left-side of (2.16) can be written as

∫ f

0

ds

(u1 − s)
√

2H(u1)
+

∫ u1

0

1√
2(u1 − s)

(
1√
H(s)

− 1√
H(u1)

)
ds

−
∫ u1

f

1√
2(u1 − s)

(
1√
H(s)

− 1√
H(u1)

)
ds.

Thus, we have

∫ f

0

ds

(u1 − s)
√

2H(s)
=

1

λ
[ln(u1) − ln(u1 − f)] + c − d(f), (2.17)

where

c =

∫ u1

0

(
1√

2V (s)
− 1

(u1 − s)λ

)
ds, (2.18)

d(f) =

∫ u1

f

1√
2(u1 − s)

(
1√
H(s)

− 1√
H(u1)

)
ds,

and

λ =
√
σ′(u1) =

√
2H(u1).

Note that the last two integrals are well defined. Coupling (2.16) and (2.17), we obtain

f = u1 − u1e
λce−λξe−d(f)λ.

https://doi.org/10.1017/S095679250600670X Published online by Cambridge University Press

https://doi.org/10.1017/S095679250600670X


A singularly perturbed BVP arising in phase transitions 711

Since d(f) → 0 as ξ → ∞, the result in (2.5) follows with A = u1e
λc. This completes the

proof of the lemma. �

From Lemma 2.1, it is clear that in order to make u(1, k) = 0, we have to choose k in

the interval (0, k1). The question that we face now is how to choose the initial value k so

that u(1, k) = 0. Recall that in Lemma 2.1, we have used xT to denote the first point on

the positive x-axis where u(x, k) vanishes, i.e., u(xT , k) = 0; see Figure 3. If xT = 1, then

our job is done. Let T (k) stand for the length of the interval [0, xT ]. In Figure 3, we also

have the point u0(k) ∈ [0, u1] satisfying

∫ u0(k)

0

(σ(s) − γ) ds = − ε

2
k2. (2.19)

It is readily seen that u0(k) → 0 as k → 0, and that u0(k) → u1 as k → k1. Differentiating

both sides of (2.19) with respect to k shows that u′
0(k) > 0. From (2.3) and (2.19), we

obtain
√
ε

du√
2
∫ u

u0(k)
(σ(s) − γ) ds

= ds.

In view of the symmetry of the graph of u(x), integrating the above equation from 0 to

u0(k) yields

T (k) =
√

2ε

∫ u0(k)

0

du√∫ u

u0(k)
(σ(s) − γ) ds

. (2.20)

The remaining work is to find the conditions on k such that T (k) = 1.

Lemma 2.2

lim
k→0+

T (k) = 0 (2.21)

lim
k→k1

T (k) = ∞ (2.22)

Proof Since F(0) = 0 and F ′(0)� 0, we can write F(u) = uG(u), where G(u) is a sufficiently

smooth function with G(0) = −γ < 0. From (2.20), we have

T (k) =
√

2ε

∫ u0(k)

0

du√
F (u) − F (u0(k))

=
√

2ε

∫ u0(k)

0

du√
uG (u) − u0(k)G (u0(k))

=
√

2ε

∫ u0(k)

0

du√
G(0)(u − u0(k))

+
√

2ε

∫ u0(k)

0

du√
uG (u) − u0(k)G (u0(k))

−
√

2ε

∫ u0(k)

0

du√
G(0)(u − u0(k))

.

Since u0(k) → 0 as k → 0, it follows that

√
2ε

∫ u0(k)

0

du√
G (0) (u − u0(k))

=
2
√

2ε
√
γ

√
u0(k) → 0 as k → 0.
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Note that the integral

√
2ε

∫ u0(k)

0

(
1√

F (u) − F (u0(k))
− 1√

G (0) (u − u0(k))

)
du

exists and the length of the integration interval tends to zero as k → 0, we have T (k) → 0

as k → 0, thus proving (2.21).

In the proof of Lemma 2.1(c), we have already shown that when k = k1, T (k) = ∞.

Since u0(k) → u1 as k → k1 and T (k) is continuous with respect to k, the result in (2.22)

follows. �

From Lemma 2.2, we know that T (k) varies between 0 and ∞ as k varies from 0 to k1.

Our question is how many times T (k) can equal to 1 with different values of k.

Lemma 2.3 When k ∈ (0, k1), T
′(k) > 0.

Proof We set u = u0(k)t in (2.20), where t ∈ [0, 1], and obtain

T (k) =
√

2ε

∫ 1

0

u0(k)√∫ u0(k)t

u0(k)
(σ(s) − γ) ds

dt. (2.23)

Differentiating (2.23) with respect to u0(k), we get

dT

du0
=

√
2ε

∫ 1

0

W (u0(k)) − W (u0(k)t)

2
(∫ u0(k)t

u0(k)
(σ(s) − γ) ds

)3/2
dt,

where

W (u) = u (σ(u) − γ) − 2

∫ u

0

(σ(s) − γ) ds.

Straightforward differentiation of W (u) also gives

dW (u)

du
= uσ′(u) − (σ(u) − γ) .

Obviously, when u ∈ (0, u1), σ
′(u) > 0 and σ(u) − γ < 0. Here, W ′(u) > 0, W (u0(k)) −

W (u0(k)t) > 0 for u0(k) > u0(k)t, and dT/du0 > 0. Since du0/dk > 0, by the chain rule we

get dT (k)/dk > 0. �

The above three lemmas lead to the following conclusion.

Proposition 1 When 0 < γ � γ1, the boundary-value problem (1.4) has one and only one

solution.

We denote by k0 the value of k that satisfies T (k0) = 1. From (2.20), we have

T (k0) =
√

2ε

∫ u0(k0)

0

du√∫ u

u0(k0)
(σ(s) − γ) ds

= 1. (2.24)
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Now, we would like to derive an asymptotic formula for the solution to the boundary-value

problem (1.4) when 0 < γ � γ1.

Proposition 2 When 0 < γ � γ1, the asymptotic formula for the solution of the boundary-

value problem (1.4) is

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O

(
e−λ/(2

√
ε)
)
. (2.25)

where f is given in (2.4) with initial conditions f(0) = 0, f′(0) =
√
εk1, and λ =

√
σ′(u1).

Proof Using (2.13), we can rewrite (2.24) as

∫ u0(k0)

0

du√
(u1 − u)2H(u) − (u1 − u0)2H(u0(k0))

=
1√
2ε

.

Let t = u1 − u and a = u1 − u0(k0). Then we have

∫ u1

a

dt√
t2h(t) − a2h(a)

=

√
1

2ε
, (2.26)

where h(t) = H(u1 − t) > 0 for any t ∈ [0, u1]. Note that the quantity inside the square

root in (2.24) is positive. Therefore,

t2h(t) − a2h(a) > 0

for t ∈ (a, u1). Also note that

h(0) = H(u1) =
σ′(u1)

2
=

λ2

2
, h′(0) = −σ′′(u1)

6
. (2.27)

From (2.20), it is clear that T is actually a function of u0(k). For any given u0(k) in the

interval (0, u1), T (u0(k)) = O(
√
ε). Thus, if T (u0(k0)) = 1, a must tend to zero as ε → 0.

Let us now consider the function

Y (t, a) =
t2h(t) − a2h(a)

t2 − a2
,

which is positive and continuous in the interval (a, u1). Using l’Hospital’s rule, we have

lim
t→a

Y (t, a) = h(a) +
a

2
h′(a)

and

lim
t→a

∂Y (t, a)

∂t
=

3

4
h′(a) +

1

4
ah′′(a).
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The left-hand side of (2.26) can now be written as

∫ u1

a

dt√
t2h(t) − a2h(a)

=

∫ u1

a

dt√
(t2 − a2)Y (t, a)

=
1√

h(a) + a
2
h′(a)

∫ u1

a

dt√
t2 − a2

+ G1(a)

=
1√

h(a) + a
2
h′(a)

cosh−1 u1

a
+ G1(a),

where

G1(a) =

∫ u1

a

1√
t2 − a2

(
1√

Y (t, a)
− 1√

h(a) + a
2
h′(a)

)
dt

=

∫ u1

0

1√
t2

(
1√

Y (t, 0)
− 1√

h(0)

)
dt + o(1)

(2.28)

as a → 0. Note that

1√
h(a) + a

2
h′(a)

cosh−1 u1

a
=

1√
h(0)

(
ln

u1

a
+ ln 2

)
+ o(1).

By (2.18), the last integral in (2.28) is equal to
√

2c. Thus∫ u1

a

dt√
t2h(t) − a2h(a)

=

√
2

λ

(
ln

u1

a
+ ln 2

)
+

√
2c + o(1) (2.29)

Coupling this equation with (2.26) yields

u1 − u0(k0) = a = O(e−λ/(2
√
ε)) as ε → 0. (2.30)

The argument above gives an estimate for a. Next, we are going to approximate the error

between u(x, k0) and u(x, k1).

First of all, we restrict x in the interval [0, 1
2
]. It is readily seen that at the boundary

x = 0, u(x, k1) and u(x, k0) satisfy

u′(0, k1) > u′(0, k0).

We assume that there exists a point η ∈ (0, 1
2
) such that u(η, k1) = u(η, k0). Obviously,

u(x, k1) > u(x, k0) for x ∈ (0, η) and

u′(η, k1) � u′(η, k0). (2.31)

Using the energy equation (2.3) associated with u(x, k1) and u(x, k0), we have

ε

2

(
u′(x, k1)

)2
=

∫ u(x,k1)

0

(σ(s) − γ) ds +
ε

2
k2

1 (2.32)

and

ε

2

(
u′(x, k0)

)2
=

∫ u(x,k0)

0

(σ(s) − γ) ds +
ε

2
k2

0 . (2.33)
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Since k1 > k0, u
′(η, k1) > 0 and u′(η, k0) > 0, we conclude from (2.32) and (2.33) that

u′(η, k1) > u′(η, k0),

which contradicts (2.31), thus

u(x, k1) > u(x, k0) for x ∈
(

0,
1

2

]
. (2.34)

Let b be a point in the interval [0, u1). Correspondingly, we denote by xk0 ,b and xk1 ,b the

points in the interval [0, 1
2
] such that u(xk0 ,b, k0) = b and u(xk1 ,b, k1) = b. From (2.32) and

(2.2), we get

x =

√
ε

2

∫ u1

u1−u(x,k1)

dt√
t2h(t)

, (2.35)

where t and h(t) are defined in (2.26). Similarly, we obtain from (2.33)

x =

√
ε

2

∫ u1

u1−u(x,k0)

dt√
t2h(t)

+ O

(√
ε

2
a2

)
(2.36)

for 0 � x � xk0 ,b. With x = xk1 ,b in (2.35) and x = xk0 ,b in (2.36), we have upon subtracting

(2.35) from (2.36)

s := xk0 ,b − xk1 ,b = O

(√
ε

2
a2

)
. (2.37)

Since t2h(t) is bounded away from zero for t ∈ [u1 −b, u1], subtracting (2.35) from (2.36)

gives

u(x, k1) − u(x, k0) = O(a2) (2.38)

for 0 � x � xk0 ,b. Note that

u(xk0 ,b − s, k1) = b = u(xk0 ,b, k0).

Since k1 > k0, we obtain again from (2.32) and (2.33)

u′(xk0 ,b − s, k1) > u′(xk0 ,b, k0). (2.39)

Based on the argument similar to that for (2.34), one can readily show by using contra-

diction

u(x − s, k1) � u(x, k0) � b.

for xk0 ,b � x � 1
2

since u(x, k0) is increasing in x ∈ [0, 1
2
].

Now let R(x) denote the difference between u(x − s, k1) and u(x, k0); i.e.,

R(x) := u(x − s, k1) − u(x, k0).

From the differential equation in (1.4), we have

R′′(x) = u′′(x − s, k1) − u′′(x, k0)

=
1

ε
[σ(u(x − s, k1)) − σ(u(x, k0))] � 0.

The last inequality follows from the fact that σ(u) is increasing for u ∈ [0, u1].
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The convexity of R(x) implies that R′(x) is increasing, i.e., R′(x) � R′(xk0 ,b) > 0 from

(2.39). Since R(xk0 ,b) = 0,

0 � R(x) � R

(
1

2

)
= u

(
1

2
− s, k1

)
− u

(
1

2
, k0

)

for xk0 ,b � x � 1
2
. From(2.37), we have u( 1

2
− s, k1) = u( 1

2
, k1)+O(a2). Recall from (2.7) that

u0(k) denotes the maximum value of u(x, k). From (2.24), it follows that u0(k0) = u( 1
2
, k0);

see Figure 3. Since f(ξ) = u(x, k), by Lemma 2.1(c) we have u( 1
2
, k1) = u1 + O(e−λ/(2

√
ε)).

By (2.30), we also have u( 1
2
, k1) − u( 1

2
, k0) = O(e−λ/(2

√
ε)). Thus,

R(x) <

[
u

(
1

2
− s, k1

)
− u

(
1

2
, k1

)]
+

[
u

(
1

2
, k1

)
− u

(
1

2
, k0

)]
= O

(
e−λ/(2

√
ε)
)
.

Again by (2.37), u(x − s, k1) = u(x, k1) + O(a2). On account of the definition of R(x), it

follows that

u(x, k1) − u(x, k0) = O
(
e−λ/(2

√
ε)
)

(2.40)

for xk0 ,b � x � 1
2
. Coupling (2.38) and (2.40), we have

u(x, k1) − u(x, k0) = O(a) = O
(
e−λ/(2

√
ε)
)

for all x ∈ [0, 1
2
]. From (2.5), we already have

f

(
1 − x√

ε

)
= u1 + O

(
e−λ/(2

√
ε)
)

when x ∈ [0, 1
2
]; therefore, (2.25) is proved for x ∈ [0, 1

2
]. In view of the symmetry of u(x),

(2.25) holds in the whole interval x ∈ [0, 1]. �

3 The case γ > γ2

When γ > γ2, the equation σ(u) = γ still has only one solution. We denote it again by u1,

i.e., σ(u1) = γ. In this case, the functions σ(u) and F(u) have almost the same properties as

those in the case when 0 < γ � γ1; see Figure 4 below. By following the same argument

as in Section 2, we obtain the following conclusion.

Proposition 3 When γ > γ2, the boundary-value problem (1.4) has one and only one solution,

and the solution has the asymptotic formula

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O

(
e−λ/(2

√
ε)
)
,

where f(ξ) is given in (2.4) with initial conditions f(0) = 0, f′(0) =
√
εk1, and λ =

√
σ′(u1).
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Figure 4. Shape of F(u).

4 The case γ1 < γ � γ0

In this case, the equation σ(u) = γ has three solutions; see Figure 1. We denote them by

u1, u2 and u3; i.e., σ(u1) = σ(u2) = σ(u3) = γ. Because of the definition of the γ0, when

γ1 < γ � γ0 it can be readily seen that

∫ u2

u1

(σ(s) − γ)ds �

∫ u2

u3

(σ(s) − γ)ds; (4.1)

see Figure 5. We let F(u) be defined as in (2.2). Obviously, F(0) = 0 and F ′(u) = σ(u) − γ.

However, F ′(u) now has three zeros, namely, u1, u2 and u3. Since
∫ u3

u1
(σ(s) − γ0)ds � 0

from (4.1), it follows that

F(u1) =

∫ u1

0

(σ(s) − γ)ds

�

∫ u1

0

(σ(s) − γ)ds +

∫ u3

u1

(σ(s) − γ)ds = F(u3).

Therefore, F(u) has the typical shape shown in Figure 5. We can easily see from this figure

that the equation F(u) = − ε
2
k2 has more than one root. As demonstrated in the proof

of the Lemma 2.1(b), here too only the first root u0(k) makes sense to have a positive

solution u(x) > 0. By following strictly the argument used in Section 2, one again reaches

the conclusion stated below.
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Figure 5. Graph of σ(u) − γ and F(u) for γ1 < γ � γ0.

Proposition 4 When γ1 < γ � γ0, the boundary-value problem (1.4) has one and only one

solution, and the solution has the asymptotic formula

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O

(
e−λ/(2

√
ε)
)
, (4.2)

where f is given in (2.4) with initial conditions f(0) = 0, f′(0) =
√
εk1, and λ =

√
σ′(u1).

5 The case γ0 < γ < γ2

In this case, the equation σ(u) = γ still has three solutions u1, u2 and u3. However, when

γ0 < γ < γ2, the inequality corresponding to (4.1) becomes∫ u2

u1

(σ(s) − γ0)ds <

∫ u2

u3

(σ(s) − γ0)ds. (5.1)

Using (5.1), we have
∫ u3

u1
(σ(s) − γ0)ds � 0, and the relationship between F(u1) and F(u3)

becomes

F(u1) =

∫ u1

0

(σ(s) − γ)ds

>

∫ u1

0

(σ(s) − γ)ds +

∫ u3

u1

(σ(s) − γ)ds = F(u3).

Therefore, F(u) has the typical shape shown in Figure 6.
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Figure 6. Graphs of σ(u) − γ and F(u) for γ0 < γ < γ2

By the argument given in the proof of Lemma 2.1(a) and (b), it can be shown that

in order to ensure the existence of a solution to (1.4), the initial value k must satisfy

− 1
2
εk2 � F(u3). Under this condition, the equation F(u) = − 1

2
εk2 has more than one

solution. Again by using the argument in the proof of Lemma 2.1(b), only the smallest

solution to the polynomial equation makes sense to have a nonnegative solution to the

boundary-value problem (1.4). As before, we denote it by u0(k), i.e., F(u0(k)) = − 1
2
εk2. In

this case, we can readily see from Figure 6 that u0(k) ∈ [0, u1]
⋃

(u∗
2, u3], where u∗

2 is the

point that satisfies ∫ u∗
2

u1

(σ(s) − γ)ds = 0, (5.2)

which can also be written as F(u1) = F(u∗
2).

To determine the number of solutions to (1.4), we need know the behavior of T (k).

Lemma 5.1 When γ0 < γ < γ2,

lim
k→0

T (k) = 0, (5.3)

lim
k→k1

T (k) = ∞, (5.4)

and

lim
k→k3

T (k) = ∞, (5.5)
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where k1 satisfies

− ε

2
k2

1 =

∫ u1

0

(σ(s) − γ)ds =

∫ u∗
2

0

(σ(s) − γ)ds = F(u1) = F(u∗
2), (5.6)

and k3 satisfies

− ε

2
k2

3 =

∫ u3

0

(σ(s) − γ)ds. (5.7)

Proof As before, T (k) is defined in (2.20). When k → 0, we can prove (5.3) as we did in

Lemma 2.2. When k → k−
1 , u0(k) → u1 by (5.6), and

lim
k→k−

1

T (k) =
√

2ε

∫ u1

0

du√∫ u

u1
(σ(s) − γ) ds

. (5.8)

Put V (u) =
∫ u

u1
(σ(s) − γ)ds = F(u) − F(u1). Obviously, V (u1) = V ′(u1) = 0 and V ′′(u1) =

σ′(u1) > 0. Thus, we can write V (u) as

V (u) = (u1 − u)2H(u), (5.9)

where H(u) is a positive function on [0, u1]. Inserting (5.9) into (5.8) gives

lim
k→k−

1

T (k) =
√

2ε

∫ u1

0

du

(u1 − u)
√
H(u)

= ∞. (5.10)

When k → k+
1 , u0(k) → u∗

2 again by (5.6), and

lim
k→k+

1

T (k) =
√

2ε

∫ u∗
2

0

du√∫ u

u∗
2
(σ(s) − γ) ds

=
√

2ε

∫ u1

0

du√∫ u

u1
(σ(s) − γ) ds

+
√

2ε

∫ u∗
2

u1

du√∫ u

u1
(σ(s) − γ) ds

.

In the last equality, we have made use of the second equality in (5.6). Based on the

argument given above, we again have

√
2ε

∫ u∗
2

u1

du√∫ u

u1
(σ(s) − γ) ds

=
√

2ε

∫ u∗
2

u1

du

(u − u1)
√
H(u)

= ∞

and
√

2ε

∫ u1

0

du√∫ u

u1
(σ(s) − γ) ds

=
√

2ε

∫ u1

0

du

(u1 − u)
√
H(u)

= ∞.

Therefore,

lim
k→k+

1

T (k) = ∞. (5.11)

Coupling (5.10) and (5.11) completes the proof of (5.4).
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Similarly, we can write
∫ u

u3
(σ(s) − γ) ds = (u3 − u)2H∗(u) > 0. When k → k3, u0(k) → u3

by (5.7), and

lim
k→k3

T (k) =
√

2ε

∫ u3

0

du√∫ u

u3
(σ(s) − γ) ds

=
√

2ε

∫ u3

0

du

(u3 − u)
√
H∗(u)

= ∞.

�

When k ∈ (0, k1), we can also verify T ′(k) > 0 by following the argument in Lemma

2.3. Thus, the boundary-value problem (1.4) has only one solution when k ∈ (0, k1), and

the approximate solution is given by

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O

(
e−λ1/(2

√
ε)
)
, (5.12)

where f satisfies (2.4) with initial conditions f(0) = 0, f′(0) =
√
εk1, and λ1 =

√
σ′(u1); see

Propositions 1 and 2.

Remark 1 When k ∈ (k1, k3), u0(k) ∈ (u∗
2, u3). From the definition of T (k) in (2.20), we can

write T (k) as T (u0(k)). Indeed, (2.20) can be written as

T (u0(k)) =
√

2ε

∫ u0(k)

0

du√∫ u

u0(k)
(σ(s) − γ) ds

. (5.13)

When k → k+
1 , u0(k) → u∗

2 by (5.6). Thus, in view of (5.4), we have T (u0(k)) → ∞ as

u0(k) → u∗
2. Similarly, (5.5) gives T (u0(k)) → ∞ as u0(k) → u3. Note that T (u0(k)) is finite

and continuous when u0(k) ∈ (u∗
2, u3). From (2.20), we also have T (u0(k)) = O(

√
ε) when

u0(k) ∈ (u∗
2, u3). Therefore, there exists u0(k0) in the interval (u∗

2, u3) satisfying T (u0(k0)) = 1.

From (5.13), it follows that

∫ u0(k0)

0

du√∫ u

u0(k0)
(σ(s) − γ) ds

=
1√
2ε

.

Hence, u0(k0) → u∗
2 or u0(k0) → u3 as ε → 0.

Next, we give an estimate for u0(k0) − u∗
2 when u0(k0) is in the right neighborhood of u∗

2.

Lemma 5.2 When γ0 < γ < γ2 and u0(k0) is in the right neighborhood of u∗
2,

u0(k0) − u∗
2 = O(e−λ1/(2

√
ε)) as ε → 0, (5.14)

where λ1 =
√
σ′(u1).
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Proof As before we denote by k0 the value of k that satisfies T (k) = 1. Note that

∫ u

u0(k0)

(σ(s) − γ)ds =

∫ u

u1

(σ(s) − γ)ds +

∫ u1

u0(k0)

(σ(s) − γ)ds.

Since
∫ u1

u∗
2

(σ(s) − γ)ds = 0, we can write T (k0) as

T (k0) =
√

2ε

∫ u0(k0)

0

du√∫ u

u1
(σ(s) − γ)ds +

∫ u∗
2

u0(k0)
(σ(s) − γ)ds

= 1. (5.15)

As in (5.9), we have ∫ u

u1

(σ(s) − γ)ds = (u − u1)
2H(u),

where H(u) is a smooth function. Again let t = u − u1 and a = u0(k0) − u∗
2. By the

mean-value theorem for integrals, we get

∫ u∗
2

u0(k0)

(σ(s) − γ)ds = aN(a),

where N(a) is a positive smooth function. Then, from (5.15) we obtain

∫ a+u∗
2−u1

−u1

dt√
t2h(t) + aN(a)

=
1√
2ε

, (5.16)

where h(t) = H(t + u1). Note that

h(0) = H(u1) =
σ′(u1)

2
=

λ2
1

2
> 0.

Let

m =

∫ u∗
2−u1

−u1

(
1√
t2h(t)

− 1√
t2h(0)

)
dt.

Recall a → 0 as ε → 0. Clearly,

∫ a+u∗
2−u1

−u1

(
1√

t2h(t) + aN(a)
− 1√

t2h(0) + aN(a)

)
dt = m + o(1).

The left side of (5.16) can then be written as

∫ a+u∗
2−u1

−u1

dt√
t2h(0) + aN(a)

+ m + o(1). (5.17)
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Now we concentrate on the first integral in (5.17), and obtain

∫ a+u∗
2−u1

−u1

dt√
t2h(0) + aN(a)

=
1√
h(0)

[
sinh−1 a + u∗

2 − u1√
aN(a)/h(0)

+ sinh−1 u1√
aN(a)/h(0)

]

=
1√
h(0)

ln
4(a + u∗

2 − u1)u1h(0)

aN(0)
+ o(1).

(5.18)

Inserting (5.18) into (5.17) yields

1√
h(0)

ln
4(a + u∗

2 − u1)u1h(0)

aN(0)
+ m + o(1) =

1√
2ε

. (5.19)

Since the numerator in the logarithm tends to a finite number as ε → 0, it follows that

u0(k0) − u∗
2 = a = O(e−λ1/(2

√
ε)) as ε → 0. �

Remark 2 By following the above argument leading to (5.18) with a = u0(k) − u∗
2, one can

show from (5.13) that for u0(k) in the right neighborhood of u∗
2,

T (u0(k)) =

√
2ε

h(0)
ln

u0(k) − u1

u0(k) − u∗
2

+ o(1).

For u0(k) in the left neighborhood of u3, we follow the argument given in the proof of

Proposition 2. With the aid of (2.29), we also get

T (u0(k)) = −
√

2ε

h̃(0)
ln(u3 − u0(k)) + o(1),

where h̃(0) = 1
2
σ′(u3). Recall that

lim
u0(k)→u∗

2

T (u0(k)) = ∞, lim
u0(k)→u3

T (u0(k)) = ∞

and T (u0(k)) is finite for any given u0(k) ∈ (u∗
2, u3). Therefore, in view of its behavior near the

endpoints u∗
2 and u3, T (u0(k)) is decreasing in (u∗

2, u
∗
2+δ) and increasing in (u3 −δ, u3), where

δ is independent of ε. Furthermore, there exist two values of u0(k) satisfying T (u0(k)) = 1.

Since u0(k) is monotonic in k, there exist two values of k satisfying T (k) = 1. Thus, the

boundary-value problem (1.4) has two solutions when k ∈ (k1, k3); see Figure 7.

To derive the asymptotic solution to the boundary-value problem (1.4) when u0(k0) ∈
(u∗

2, u
∗
2 + δ), we have to introduce a function g.

Lemma 5.3 There exists a function g that satisfies

g′′(ξ) − σ(g) = −γ, 0 < ξ < ∞, (5.20)

g(0) = u∗
2, g′(0) = 0.
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Figure 7. Graph of T (k) when γ0 < γ � γ2.

Moreover,

g(ξ) ∼ u1 + Ce−λ1ξ as ξ → ∞, (5.21)

where C is a constant and, as in (5.14), λ1 =
√
σ′(u1).

Proof Let ξ =
∣∣ 1
2

− x
∣∣/√

ε and g(ξ) = u(x, ε). It is readily seen that g(ξ) satisfies (5.20)

and g(0) = u∗
2. The energy equation associated with (5.20) is

1

2

(
dg

dξ

)2

=

∫ g

u∗
2

(σ(s) − γ)ds =

∫ g

u1

(σ(s) − γ)ds; (5.22)

cf. (5.2). First, we show that u1 < g � u∗
2, g(∞) = u1 and g′(ξ) � 0 in the whole interval

0 < ξ < ∞. Assume on the contrary that g′(ξ) > 0 in the right neighborhood of zero.

Then, there exists a point η such that u∗
2 < g(η) < u3 and

∫ g(η)

u∗
2

(σ(s) − γ)ds < 0, which

contradicts (5.22). Therefore, g′(ξ) � 0 and u1 < g < u∗
2 for ξ in a right neighborhood of 0.

We assume there exists a point η∗ that g(η∗) = u1 and u1 < g(ξ) < u∗
2 for 0 < ξ < η∗.

For convenience, we define V (g) =
∫ g

u1
(σ(s) − γ)ds as before. Then V (g) = (g − u1)

2H(g),

where H(g) is a positive function; see (2.12)-(2.14). From (5.22), we obtain

dg

(u1 − g)
√

2H(g)
= dξ. (5.23)

To show that u1 < g(ξ) < u∗
2 for all points ξ, we integrate both sides of (5.23) from ξ = 0

to ξ = η∗ to obtain ∫ u1

u∗
2

dg

(u1 − g)
√

2H(g)
=

∫ η∗

0

dξ,

which is not possible since the left-hand side is infinite while the right-hand side is finite.

Thus, u1 < g(ξ) < u∗
2 on the whole interval 0 < ξ < ∞. By (5.22), g′(ξ) never vanishes

when 0 < ξ < ∞; that is, g′(ξ) < 0 when 0 < ξ < ∞. Now we assume lim
ξ→∞

g(ξ) = n � u1.

From (5.23), we have ∫ n

u∗
2

dg

(u1 − g)
√

2H(g)
= ∞,

which implies that n = u1.
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In order to determine the asymptotic behavior of g(ξ), we return to (5.23). Integration

on both sides of (5.23) gives

∫ g

u∗
2

ds

(u1 − s)
√

2H(s)
= ξ. (5.24)

The argument following (2.16) then shows that the integral on the left-hand side is equal

to

1

λ1
[ln(u∗

2 − u1) − ln(g − u1)] + p − q(g), (5.25)

where

p =

∫ u1

u∗
2

(
1√

2V (s)
− 1

(u1 − s)λ1

)
ds,

q(g) =

∫ u1

g

1√
2(u1 − s)

(
1√
H(s)

− 1√
H(u1)

)
ds,

and λ1 =
√
σ′(u1). The last two integrals are well defined. Replacing the left-hand side of

(5.24) by (5.25), we obtain

g = u1 + (u∗
2 − u1)e

pλ1e−λ1ξe−q(g)λ1 .

Since q(g) → 0 as ξ → 0, (5.21) follows with C = (u∗
2 − u1)e

λ1p. �

For convenience, we put

uL(x) := f

(
x√
ε

)
+ f

(
1 − x√

ε

)
+ g

(∣∣ 1
2

− x
∣∣

√
ε

)
− 2u1. (5.26)

We now investigate the difference between uL(x) and u(x, k0) when u0(k0) ∈ (u∗
2, u

∗
2 + δ).

Lemma 5.4 When γ0 < γ < γ2 and u0(k0) ∈ (u∗
2, u

∗
2 + δ),

uL(x) − u(x, k0) = O(e−λ1/(4
√
ε)). (5.27)

Proof First, let us restrict x to the interval [0, 1
2
]. Since u0(k0) is the maximum value of

u(x, k0), we have u(x, k0) ∈ [0, u0(k0)]. Also, since u1 � g � u∗
2 (see the proof of Lemma

5.3), by (2.5) and (2.10) we have uL(x) ∈ [0, u∗
2]. Let x1 denote the point that satisfies

u(x1, k0) = u1. Then, as in (5.16),

x1 =

√
ε

2

∫ 0

−u1

dt√
t2h(t) + aN(a)

and

1

2
− x1 =

√
ε

2

∫ u0(k0)−u1

0

dt√
t2h(t) + aN(a)

.
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From (5.17), it is readily seen that∫ 0

−u1

dt√
t2h(t) + aN(a)

∼
∫ u0(k0)−u1

0

dt√
t2h(t) + aN(a)

.

Thus, x1 ∼ 1
4
. Since a → 0 as ε → 0, from the two equations above, we have

x1√
ε

→ ∞ as ε → 0

and
1/2 − x1√

ε
→ ∞ as ε → 0.

Since u(x, k0) is increasing for x ∈ [0, 1
2
], u(x, k0) ∈ [0, u1] when x ∈ [0, x1] and u(x, k0) ∈

[u1, u0(k0)] when x ∈ [x1,
1
2
].

When x ∈ [0, x1], by strictly following the argument in Proposition 2 we obtain

u(x, k0) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O(e−λ1/(4

√
ε)). (5.28)

On account of (5.21), we also have g(
∣∣ 1
2

− x
∣∣/√

ε) = u1 + O(e−λ1/(4
√
ε)) when x ∈ [0, x1].

Thus, (5.27) holds in the interval x ∈ [0, x1].

When x ∈ [x1,
1
2
], we show that

u(x, k0) − g

(∣∣ 1
2

− x
∣∣

√
ε

)
= O(e−λ1/(4

√
ε)). (5.29)

Put ug(x) := g(
∣∣ 1
2

− x
∣∣/√

ε). The energy equations for u(x, k0) and ug(x) are given by (2.33)

and (5.22). Let b be the point in the interval [u1, u0(k0)] such that b satisfies σ′(b) = 0 and

σ′′(b) < 0; cf. Figure 6. Correspondingly, we let xk0 ,b and xg,b denote the points in the

interval [x1,
1
2
] such that u(xk0 ,b, k0) = ug(xg,b) = b. From (2.33), we get

1

2
− x =

√
ε

2

∫ u0(k0)−u1

u(x,k0)−u1

du√
t2h(t)

+ O(
√
εa), (5.30)

where t and h(t) are defined in (5.16). Similarly, from (5.22) we have

1

2
− x =

√
ε

2

∫ u∗
2−u1

ug(x)−u1

dt√
t2h(t)

. (5.31)

Subtracting (5.31) from (5.30) yields

∫ u0(k0)−u1

u(x,k0)−u1

du√
t2h(t)

−
∫ u∗

2−u1

ug(x)−u1

dt√
t2h(t)

+ O(a)

=

∫ ug(x)−u1

u(x,k0)−u1

dt√
t2h(t)

+

∫ u0(k0)−u1

u∗
2−u1

dt√
t2h(t)

+ O(a) = 0.

(5.32)

Since t2h(t) is bounded away from zero for t ∈ [b − u1, u0(k0) − u1] and u0(k0) − u∗
2 = a,
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the second integral on the right-hand side of (5.32) is O(a) and the first integral gives

u(x, k0) − ug(x) = O(a) (5.33)

for x ∈ [xk0 ,b,
1
2
]. Let x = xk0 ,b in (5.30) and x = xg,b in (5.31). Then, subtracting (5.31)

from (5.30) gives

s := xk0 ,b − xg,b = O(
√
εa). (5.34)

Note that ug(xk0 ,b − s) = b = u(xk0 ,b, k0). Since u0(k0) > u∗
2, from (2.33) and (5.22) we have

u′(xk0 ,b, k0) > u′
g(xk0 ,b − s).

Thus, using the argument following (2.39), we obtain u(x, k0) < ug(x− s) for x ∈ [x1, xk0 ,b].

Define R(x) as the difference between u(x, k0) and ug(x − s); i.e.,

R(x) := ug(x − s) − u(x, k0).

From the differential equation in (1.4), we have

R′′ = u′′
g(x − s) − u′′(x, k0)

=
1

ε
[σ(ug(x − s)) − σ(u(x, k0))] � 0.

The last inequality follows from the fact that σ(u) is increasing for u ∈ [u1, b]. Thus, R′(x)

is increasing and R′(x) � R′(xk0 ,b) < 0. Since R(xk0 ,b) = 0 and R′(x) < 0,

0 = R(xk0 ,b) < R(x) < R(x1) = ug(x1 − s) − u1 = O(e−λ1/(4
√
ε)) (5.35)

for x1 � x � xk0 ,b. To demonstrate the O-estimate in (5.35), we note that ug(x1 − s) =

ug(x1)+O(a) from (5.34), and that ug(x1) = u1 +O(e−λ1/(4
√
ε)) from (5.21). Again, by (5.34),

ug(x − s) = ug(x) + O(a). Therefore, by coupling (5.33) and (5.35), we obtain (5.29). Note

that by (2.5), f(x/
√
ε) = u1 +O(a) and f((1 − x)/

√
ε) = u1 +O(a) when x ∈ [x1,

1
2
]. Hence,

(5.27) holds when x ∈ [x1,
1
2
].

We have now proved (5.27) when x ∈ [0, 1
2
]. Because of the symmetry of u(x), (5.27) in

fact holds in the whole interval x ∈ [0, 1], and we can write the asymptotic formula for

the u(x, k0) when u0(k0) ∈ (u∗
2, u

∗
2 + δ) as

u(x, k0) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
+ g

(∣∣ 1
2

− x
∣∣

√
ε

)
− 2u1 + O

(
e−λ1/(4

√
ε)
)
, (5.36)

where f is defined in (2.4) with initial conditions f(0) = 0 and f′(0) =
√
εk1, g is defined

in (5.21) with initial conditions g(0) = u∗
2 and g′(0) = 0, and λ1 =

√
σ′(u1). �

When u0(k0) ∈ (u3 − δ, u3), F(u3) < F(u0(k0)) < 0 and F ′(u3) = 0. The rest of work is

easy, and we just follow what we have done in the proof of Proposition 2 and get the
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asymptotic formula for the solution to (1.4)

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u3 + O

(
e−λ2/(2

√
ε)
)
, (5.37)

where f is given in (2.4) with initial conditions f(0) = 0 and f′(0) =
√
εk3, and where

λ2 =
√
σ′(u3). Note that, as in Lemma 2.1(c), by (5.7)

√
εk3 is a constant, independent of ε.

From the argument above, we can make the following conclusion.

Proposition 5 When γ0 < γ < γ2, the boundary-value problem (1.4) has three different

solutions, and the asymptotic formulas for the three solutions are given by (5.12), (5.36) and

(5.37).

6 The case γ = γ2

In this case, the equation σ(u) = γ has two solutions. We denote them by u1 and u3 in

order to be consistent with the notations in Section 5. We still use F(u) for the integral∫ u

0
(σ(s) − γ)ds; F(u) has the typical shape shown in Figure 8 below. Again, we define

V (u) =
∫ u

u1
(σ(s) − γ)ds. Note that V (u1) = V ′(u1) = V ′′(u1) = 0. Thus, we can write V (u)

as

V (u) = (u1 − u)3H(u), (6.1)

where H(u) is a positive smooth function. We also note that σ′(u1) = 0. Hence, λ1 = 0

and we will no longer have the exponentially small error terms as in the previous cases;

see, e.g., (5.12) and (5.36). Since most of the arguments in this section are similar to those

used in Section 5, we just outline our proofs briefly and omit the details.

By the argument in the proof of Lemma 2.2, we have lim
k→0

T (k) = 0. Moreover, we know

that T ′(k) > 0 when k ∈ (0, k1). Therefore , there exits only one k0 satisfying T (k0) = 1

and u0(k0) → u1 as ε → 0; see the statement following (2.27). Again, we wish to use the

solution to the problem (2.1) when k = k1 to approximate the solution to (1.4) when

k0 ∈ (0, k1). First, we investigate the behavior of the solution to (2.1) when k = k1.

Lemma 6.1 When γ = γ2 and k = k1, we let ξ = x/
√
ε and f(ξ) = u(x, k). Then

f′′(ξ) − σ(f) = −γ, 0 < ξ < ∞, (6.2)

and

f(0) = 0, f′(0) =
√
εk1.

(Note: by (5.6),
√
εk1 is a constant.) Furthermore,

f(ξ) = u1 + O(
1

ξ2
) as ξ → ∞. (6.3)

Proof We use the same argument as that presented in the proof of Lemma 2.1(c). However,

instead of (2.13), V (x) here is given by (6.1). Thus, the formula corresponding to (2.17)
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Figure 8. Graphs of σ(u) − γ and F(u) for γ = γ2.

becomes

∫ f

0

ds

(u1 − s)3/2
√

2H(s)
=

√
2√

H(u1)

(
1√

u1 − f
− 1

√
u1

)
+ c − d(f),

where

c =

∫ u1

0

(
1√

2V (s)
− 1

(u1 − s)3/2
√

2H(u1)

)
ds

and

d(f) =

∫ u1

f

1√
2(u1 − s)3/2

(
1√
H(s)

− 1√
H(u1)

)
ds.

Note that both c and d(f) are well defined. Thus, (6.3) is proved. �

Next, we derive the asymptotic formula for the solution to (1.4) when k0 ∈ (0, k1).

Lemma 6.2 When γ = γ2 and k0 ∈ (0, k1), the asymptotic formula for the solution to (1.4)

is

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O(ε), (6.4)

where f is given in (6.2) with initial conditions f(0) = 0 and f′(0) =
√
εk1.

Proof As in the proof of Proposition 2, we let t = u1 − u and a = u1 − u0(k0). Using (6.1),
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we have from (2.24) ∫ u1

a

dt√
t3h(t) − a3h(a)

=

√
1

2ε
, (6.5)

instead of (2.26), where h(t) = H(u1 − t) > 0 and h(0) = −σ′′(u1)/3 > 0.

The left-hand side of (6.5) can be written as

∫ u1

a

dt√
t3h(a) − a3h(a)

+

∫ u1

a

(
1√

t3h(t) − a3h(a)
− 1√

t3h(a) − a3h(a)

)
dt, (6.6)

As a → 0, the first term in (6.6) is equal to

1√
h(a)

∫ u1

a

dt√
t3 − a3

=
1√
ah(a)

∫ ∞

1

dt√
t3 − 1

+ o(1)

=
2Γ (7/6)

√
π

Γ (2/3)
√
ah(a)

+ o(1),

(6.7)

and the second term is equal to

∫ u1

a

(
1√

t3h(t) − a3h(a)
− 1√

t3h(a) − a3h(a)

)
dt = m + o(1), (6.8)

where

m =

∫ u1

0

(
1√
t3h(t)

− 1√
t3h(0)

)
dt.

A combination of (6.5), (6.6), (6.7) and (6.8) gives

2Γ (7/6)
√

π

Γ (2/3)
√
ah(0)

+ m + o(1) =

√
1

2ε
;

see the sentence following (6.5). Therefore,

a = O(ε) as ε → 0.

From here on, we follow the proof of Proposition 2 to reach the conclusion (6.4). �

When k ∈ (k1, k3), u0(k) ∈ (u1, u3). The argument in Remark 1 shows that there exists

u0(k0) satisfying T (u0(k0)) = 1 in the right neighborhood of u1 and in the left neighborhood

of u3. Furthermore, u0(k0) → u1 or u0(k0) → u3 as ε → 0.

Now we wish to give an estimate for u0(k0)−u1 when u0(k0) is in the right neighborhood

of u1.

Lemma 6.3 When γ = γ2 and u0(k0) is in the right neighborhood of u1,

u0(k0) − u1 = O(ε) as ε → 0. (6.9)

Proof As in the proof of Lemma 6.2, we first let t = u1 − u and a = u1 − u0(k0) to get
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(6.5). Then, we again write the left-hand side of (6.5) in the form given in (6.6). However,

since a is negative here, the first term in (6.6) becomes

1√
h(a)

∫ u1

a

dt√
t3 − a3

=
1√

−ah(a)

∫ 1

−∞

dt√
1 − t3

+ o(1)

=
πΓ (1/3)

Γ (5/6)
√

−ah(a)
+ o(1).

(6.10)

The second term in (6.6) is still given by (6.8). From (6.10) and (6.8), we obtain

πΓ (1/3)

Γ (5/6)
√

−ah(0)
+ m + o(1) =

√
1

2ε
. (6.11)

Thus, a = O(ε) as ε → 0 and (6.9) is proved. �

From (6.11), we note that in the right neighborhood of u1,

T (u0(k)) =

√
2επΓ (1/3)

Γ (5/6)
√

(u0(k) − u1)h(0)
+

√
2εm + o(

√
ε).

By following the argument in the proof of Proposition 2, we can also get the behavior of

T (u0(k)) in the left neighborhood of u3 given by

T (u0(k)) = −
√

2ε

h̃(0)
ln(u3 − u0(k)) + o(1).

The same argument in Remark 2 then shows that there exist two values of k satisfying

T (k) = 1, and the boundary-value problem (1.4) has two solutions when k ∈ (k1, k3).

Finally, we derive the asymptotic formula for the boundary-value problem (1.4) when

u0(k0) is in the right neighborhood of u1.

Lemma 6.4 When γ = γ2 and u0(k0) is in the right neighborhood of u1, the asymptotic

formula for the solution to (1.4) is

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u1 + O(ε), (6.12)

where f is given in (6.2) with initial conditions f(0) = 0 and f′(0) =
√
εk1.

Proof As in the proof of Lemma 5.4, we again denote by x1 the point satisfying u(x1, k0) =

u1. For x ∈ [0, x1], we have u(x, k0) ∈ [0, u1]. By following strictly the argument in

Proposition 2, one can show that (6.12) holds in the interval [0, x1]; see also (5.28). For

x ∈ [x1,
1
2
], we have u(x, k0) ∈ [u1, u0(k0)]. From (6.9), 0 � u(x, k0)−u1 � u0(k0)−u1 = O(ε).

Moreover, for any given x in the interval [x1,
1
2
], f(x/

√
ε) = u1 +O(ε) and f((1 −x)/

√
ε) =

u1 + O(ε). Thus, (6.12) holds for x ∈ [0, 1
2
]. By the symmetry of u(x, k0), (6.12) holds for

all x ∈ [0, 1]. �
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Figure 9. Bifurcations when σ(u) = 1
3
u3 − 3u2 + 8u.

When u0(k0) is in the left neighborhood of u3, the argument in Section 5 gives the

asymptotic formula

u(x) = f

(
x√
ε

)
+ f

(
1 − x√

ε

)
− u3 + O

(
e−λ2/(2

√
ε)
)
, (6.13)

where f is given in (2.4) with initial conditions f(0) = 0 and f′(0) =
√
εk3, and where

λ2 =
√
σ′(u3); see also (5.37).

Summarizing the results above, we have the following conclusion

Proposition 6 When γ = γ2, the boundary-value problem (1.4) has three different solutions,

and the asymptotic formulas for the three solutions are given by (6.4), (6.12) and (6.13).

7 Conclusions

From the results presented above with different values of the external force γ, the whole

deformation process of elastic rod with two fixed ends subjected to a tensile stress can

be described. In summary, there are four states: a low-strain state, a transition state, a

two-strain state and a high-strain state; see Figure 9. Our results agree with the physical

phenomena observed in experiments; see Dai & Bi [5] and Dai & Cai [6] and the

references therein.

In this paper, the material which we have considered is incompressible elastic. Actually,

our method can be applied to other incompressible phase-transforming materials once

some description of stress-strain function σ(u) in (1.4) is given. Moreover, besides Dirichlet

conditions, Neumann conditions which correspond to “free ends” in physics can also be

dealt with by using our method [12, p. 190].
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