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This paper is concerned with the positive solutions of the boundary-value problem

e’ —o(u) = -y,
u(0) =u(l) =0,

where ¢ is a small positive parameter and y is a positive constant. The nonlinear term
a(u) behaves like a cubic; it vanishes only at u = 0, where ¢'(0) > 0 and ¢”(0) < 0. This
problem arises in a study of phase transitions in a slender circular cylinder composed of an
incompressible phase-transforming material. Here, we determine the number of solutions to
the problem for any given 7, derive asymptotic formulas for these solutions, and show that
the error terms associated with these formulas are exponentially small, except for one critical
value of y. Our approach is again based on the shooting method used previously by Ou &
Wong (Stud. Appl. Math. 112 (2004), 161-200).

1 Introduction

In a recent article, Dai [4] established a model equation for a slender circular cylinder
composed of an incompressible phase-transforming material. He used the equation to
resolve a long standing issue concerning the modeling of dynamical phase transitions.
The model equation is

—1 390 35 1,

Wi = p7 0z + 7a°CrWzzzz — JAWzzu + gd T Wi = 0, (L.1)
where w is the axial displacement, p is the density, o is the stress, a is the radius of the
cylinder, Z is the vertical component in the cylindrical coordinate and c7 is the shear-wave
speed. For small a, equation (1.1) represents a singular perturbation problem. Here, we
shall consider only the time independent one-dimensional case. Upon an integration with
respect to Z, we obtain from (1.1)

3
—p o (E)+ ZazczTEZZ =D, (1.2)

where E = wz and D is a constant. Physically, E stands for the strain, and —D is the
given external force which is positive for a tension problem. In fact, equation (1.2) appears
frequently in papers concerning phase transitions. For instance, it can be found in Van
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FiGURE 1. The shape of a(u).

der Waals’ classic paper [13] on thermodynamic theory of capillarity. It can also be
considered as the equation for criterion of viscosity-strain gradient admissibility about
elastic material [1, p. 23] [2, 3, 8]. Mention should also be made of the well-known
Cahn-Hilliard equation. Its one dimensional form can be written as

e’ +gu)—a=0, 0<x<l, (1.3)

where a = fol g(u(x))dx, subject to fol u(x)dx = m and u,(0) = u,(1) = 0. It corresponds to
(1.2) with a displacement-controlled condition [7].

In this paper, we consider (1.2) with boundary conditions E = 0 at Z = 0 and 1.
A typical shape of the stress-strain function ¢(u) is shown in Figure 1. This boundary
value problem describes the physical model of a slender circular cylinder, composed of an
incompressible elastic material whose two ends are fixed to rigid bodies, subject to an axial
external force. These boundary conditions are very important for this type of problem.
They imply that all the solutions have to be nontrivial; moreover, they can result in
different bifurcation phenomena, and reduce the number of solutions. Recently, Dai and
Bi [5] have used them to construct the unique solution for the necking in a hyperelastic
rod. Our results give mathematical explanations of these physical phenomena.

By non-dimensionalizing (1.1), we can rewrite it as

o -
{au a(u) 7, 0<x<1, (14)

u(0) =u(1) =0,

where ¢ is a small positive parameter and y is a positive constant. The nonlinear term
a(u) behaves like a cubic; it vanishes at u = 0, where ¢’(0) > 0 and ¢”(0) < 0. Thus, o(u)
is of the form specified by the Van der Waals potential; see Figure 1, where y; and v, are,
respectively, the local minimum and local maximum of o (u). The value y¢ is determined by

/ " (6(5) = y0)ds = 0, (L5)

Uo1

where o(up1) = o (ug2) = o(up3) = 70, and up; < gy < uig3.
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In this paper, we shall determine the number of solutions to problem (1.4) for each given
value of y, and derive asymptotic formulas for these solutions as ¢ — 0, which hold uni-
formly for x in the entire interval [0, 1]. Furthermore, we shall demonstrate that the error
terms associated with these asymptotic approximations are exponentially small, except for
the case y = y,. It is found that as the external stress increases there are bifurcations from
one solution to three solutions and then to one solution. In the region where there are
three solutions, one solution has a sudden convexness in the middle, which indicates the
appearance of a neck. In a related paper by Garcia-Melian & Sabina de Lis [8], the authors
have also considered positive solutions to the problem: eu” + f(u) = 0, u(0) = u(1) = 0.
They allow f to be a rather general function, not just a cubic, but they provide asymptotic
solutions only in the neighborhoods of points where the maximum values of the solutions
are attained, i.e., the approximations are not valid in the entire interval [0, 1].

Our approach here is again based on the shooting method used by Ou & Wong [11, 12].
In this method, one first converts the boundary-value problem (1.4) into an initial-value
problem, and then chooses an initial value so that the solution of the initial-value problem
also satisfies the boundary conditions. Attention should be called to a highly cited article
[10] on the study of the number of solutions of equation (1.3) by transversality arguments.
Their main idea is to take the problem of counting solutions as an inverse problem and
then use Picard-Fuchs equations and transversality of level curves to get the number of
solutions. Compared with their approach, our method is easier to follow, and provides
explicit formulas for asymptotic solutions.

Since drawings can often illustrate much better than tedious calculations, we have
included in the following sections many graphs to explain our arguments.

2 The case 0 <y <y,
Suggested by the shooting method, we begin with the initial-value problem (IVP)

e’ —au) = =,
{u(O) =0, u'(0) =k, (2.1)

where k is a positive number since u is nonnegative. Except for the case when y = yq, the
equation ¢(u) = y has one and only one solution, which we denote by u;; ie., o(u;) = 7y.
For convenience, we introduce the notations

u 0
F(u) = /0 (a(s)—y)ds  and klz\/i / (a(s) — y) ds. (2.2)

(The argument given in this section works even in the case when y = y;.) Obviously,
F@) = 0 and F'(u) = o(u) — 7. Furthermore, with the properties of o(u), we have
F'(u1) =0, Fl(u) < 0if 0 <u < u; and F'(u) > O if u > uy. Therefore, F(u;) is negative,
and is a minimum of F(u). A typical shape of F(u) is shown in Figure 2. Multiplying both
sides of the differential equation in (2.1) by «/, and integrating from 0 to x, we obtain

g(u/)2 - /0 (o(s) — )ds + %kz — F(u) + gkz. (2.3)
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FIGURE 2. Sketch of F(u).

This is a crucial equation, and we will use it throughout our analysis. First of all, we give
an interval of k which ensures the existence of the solution to IVP (2.1).

Lemma 2.1 Let us denote the solution to the IVP (2.1) by u(x,k).

(a) If k > ky, ie., F(u;) > —%kz, then u(x,k) is increasing for x > 0 and u(1,k) £ 0.

b) If 0 <k <k, ie, Flu) < —%kz, then u(x,k) is convex and has another intersection
with the x — axis other than at x = 0.

(¢) In the critical case when k = ki, we have F(uy) = —%k%. Let & = x/ Je for x € [0,1/2],
and write f(&) = u(x,k). Then

ffO—o(f)==y, 0<i<m, (24)

and

f0)=0,  £1(0)= k.

(From (2.2), it is clear that \/Ekl is a constant, independent of ¢.) Furthermore,
f(&)~uy—Ae™  as & — o, (2.5)
where A = Jo'(uy) and A is an explicitly given positive constant. (Note: ¢'(u1) > 0.)

Proof (a) If F(u;) > —%k?, then it is readily seen from (2.3) that 4(u)*> > 0. Since
u'(0,k) = k > 0 and u'(x, k) never vanishes, it follows that /(x,k) > 0 for x > 0. Therefore,
u(x, k) is increasing for x > 0. For such k, u(1,k) & 0.

(b) If F(uy) < —%k?, then it is obvious that the equation F(u) = —%k? has two roots
uo(k) and ug(k), ie.,

F(uo(k)) = F(u0) = =5k (26)

It is easy to see that ug(k) € (0,u;) and uy(k) € (u1,00); cf. Figure 3. Since u(x,k) is
continuous and (#/(x,k))* is nonnegative, the quantity on the right-hand side of (2.3) is
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also nonnegative, i.e., F(u) = —%kz. This means u(x, k) must be in [0, ug(k)]; for otherwise,
this quantity would be negative, which is impossible. This also implies that in this case,
the value ug(k) is never attained by the solution u(x, k). From the initial conditions in (2.1)
and the equation (2.3), there exist two points x = x¢ and x = xr with xo < xr, such that

u'(x0,k) =0, u(xo, k) = ug(k) € (0,uy) (2.7)

and
u(xt,k) =0, u'(x7,k) = —k. (2.8)

Therefore, the positive solution u(x, k) exists only in the interval [0, x7], and is symmetric
with respect to xo; again see Figure 3.

(¢) When F(u;) = —%k%, with & = x/ /e and u(x,k) = f(&), it is easily verified that f
satisfies (2.4). From (2.3), it can also be shown that

1/df\" !
3 (5) = [ o= 29)
We first prove that
0<f<uy (2.10)
and
lim f(&) = uy. (2.11)

Since f(0) = u(0,k;) = 0 and f'(0) = \/Ekl > 0, one readily sees that f(¢) < u; and
f'(&) > 0 for ¢ in a right neighborhood of 0. Assume to the contrary that there exists a
point n such that f(y) = u; and 0 < f(&) < u; for 0 < ¢ < 5. Define

f
V(f) = / (a(s) —y)ds = F(f) — F(u). (2.12)

Clearly, V(uy) = V'(u;) = 0 and V" (uy) = o’(u1) > 0. Since V(f) is sufficiently smooth, we
may write

V(f) = (wi = [V H(). (2.13)
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Furthermore, since f < u; and F(u) is decreasing in (0, u;), by (2.12) V(f) > 0 and H(f)
is a positive function. From (2.9), we obtain

df
(w1 — f)2H(f)

Integrating both sides from ¢ =0 to & = 5 gives

= de. (2.14)

(2.15)

/oul w — f)JZT / 4

which is not possible since the left-hand side is infinite while the right-hand side is finite.
Thus, we get (2.10). Now, assume lim f(£) = [ < uy. Letting # — oo in (2.15), we obtain
¢—00

R
o w—f)2H{)

which leads to the conclusion that I = uy, thus proving (2.11).
To derive the asymptotic behavior of f(&), we return to (2.14) and obtain

/f &, (2.16)
o (u1 —5)2H(s)

The integral on the left-side of (2.16) can be written as

f ds g 1 1 1
/0 (uy — s)/2H (uy) * 0 2 —s) <\/H(5) a \/H(u1)> &

U1 1 1 1
— - d
/f S —s) <\/H(s) W(m)) ’

Thus, we have

f ds 1 | | ) -
/0 =y 2ae 7 Int) = InCu = )T+ ¢ —d(f), 2.17)
where
uy 1 1
c=/0 <\/2V7(s)_(u1_s)i>ds’ (2.18)
Uy 1 1 1
d(f) = B s
v /f ﬁ(m—s)(m W) :
and

A= +/d'(u) = \/2H(uy).
Note that the last two integrals are well defined. Coupling (2.16) and (2.17), we obtain

f=u — uye’ce e,
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Since d(f) — 0 as & — oo, the result in (2.5) follows with 4 = u;e’. This completes the
proof of the lemma. O

From Lemma 2.1, it is clear that in order to make u(1,k) = 0, we have to choose k in
the interval (0,k;). The question that we face now is how to choose the initial value k so
that u(1,k) = 0. Recall that in Lemma 2.1, we have used xr to denote the first point on
the positive x-axis where u(x, k) vanishes, i.e., u(xr,k) = 0; see Figure 3. If x; = 1, then
our job is done. Let T'(k) stand for the length of the interval [0, x7]. In Figure 3, we also
have the point ug(k) € [0,u;] satisfying

uo (k) e,
/O (o(s) —y)ds = _Ek . (2.19)

It is readily seen that uy(k) — 0 as k — 0, and that ug(k) — u; as k — ky. Differentiating
both sides of (2.19) with respect to k shows that uy(k) > 0. From (2.3) and (2.19), we

obtain
du

Je
\/2 St () =) ds

In view of the symmetry of the graph of u(x), integrating the above equation from 0 to
ug(k) yields

= ds.

uo(k) du
T(k) = \2¢ / - ) (2.20)
0 fu (0(8) =) ds
The remaining work is to find the conditions on k such that T'(k) = 1.
Lemma 2.2
klir(l)l+ Tk)=0 (2.21)
klinkl T(k) = o0 (2.22)

Proof Since F(0) = 0 and F’(0) # 0, we can write F(u) = uG(u), where G(u) is a sufficiently
smooth function with G(0) = —y < 0. From (2.20), we have

ug(k)
_ JZ?/ du
0

JuG () — uo(k)G (uo(k))

T(k)

uo(k) du
2
ﬁ/o JFG) = F o))
uo (k) du 1o (k) du
ﬁ‘g/o JGO ) \@/0 JiG () — w0 (R)G (ao()

ug(k) du

o GO)u—uok))

e

Since ug(k) — 0 as k — 0, it follows that

tolk) du 22
2 = — k — 0.
o Joora iy g Ve Tl ek
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Note that the integral

uo(k) 1 1
ﬁg/o <\/F(u Mo(k))_\/G(O)(u—uo(k))>du

exists and the length of the integration interval tends to zero as k — 0, we have T'(k) —» 0
as k — 0, thus proving (2.21).

In the proof of Lemma 2.1(c), we have already shown that when k = k;, T (k) = co.
Since ug(k) — u; as k — ky and T'(k) is continuous with respect to k, the result in (2.22)
follows. O

From Lemma 2.2, we know that T'(k) varies between 0 and oo as k varies from O to k.
Our question is how many times T (k) can equal to 1 with different values of k.

Lemma 2.3 When k € (0,ky), T'(k) > 0.

Proof We set u = uy(k)t in (2.20), where t € [0, 1], and obtain
uo(k

T(k) = \/2¢ / \/ — _y)dsdt. (2.23)

o(k

Differentiating (2.23) with respect to ug(k), we get

w( uo(k — W (uo(k)t)
’%

du() “0

dt,
A (6 (s) — ) ds)

72

where .
W) = (e =1 =2 [ (@)= )ds
Straightforward differentiation of W (u) also gives
AW
du

Obviously, when u € (0,u;), ¢/(u) > 0 and a(u) —y < 0. Here, W'(u) > 0, W(ug(k)) —
W (up(k)t) > 0 for ug(k) > ug(k)t, and dT /duy > 0. Since duy/dk > 0, by the chain rule we
get dT(k)/dk > 0. O

=uo'(u) = (o(u) —7).

The above three lemmas lead to the following conclusion.

Proposition 1 When 0 < y < vy, the boundary-value problem (1.4) has one and only one
solution.

We denote by k¢ the value of k that satisfies T'(kg) = 1. From (2.20), we have

du

/uo(ko)
0 \/‘/\ltl(l)(ko) (O-(S) - “/) ds

T (ko) = /2¢ =1 (2.24)
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Now, we would like to derive an asymptotic formula for the solution to the boundary-value

problem (1.4) when 0 <y < 7.

Proposition 2 When 0 < y < yy, the asymptotic formula for the solution of the boundary-
value problem (1.4) is

u(x) =f (%) +f (7;) —u;+0 (e—*/@ﬁ)) . (2.25)

where f is given in (2.4) with initial conditions f(0) =0, f'(0) = \/Ekl, and /. = Ja'(uy).
Proof Using (2.13), we can rewrite (2.24) as

uo (ko) du 1

oV —wHwW —(n —u)PHuok) V2

Let t = u; —u and a = u; — ug(ko). Then we have

(2.26)

" dt 1
/a V() — a?h(a) \/;

where h(t) = H(u; —t) > 0 for any t € [0,u;]. Note that the quantity inside the square
root in (2.24) is positive. Therefore,

2h(t) — a’h(a) > 0
for t € (a,u;). Also note that

h0) = H(u;) = “/(2“‘) - ; 1) = — 2 ). (2.27)

From (2.20), it is clear that T is actually a function of ug(k). For any given uy(k) in the
interval (0,uy), T (ug(k)) = 0(\/5). Thus, if T (ug(ko)) = 1, a must tend to zero as ¢ — 0.
Let us now consider the function
. t*h(t) — a*h(a)

Y(t’a) - [2 _a2 s

which is positive and continuous in the interval (a,u;). Using ’'Hospital’s rule, we have
. a /
llm Y(t,a) = h(a) + Eh (a)

and
oY (t,a) 3

. / 1 "
ltgr; T Zh (a) + Zah (a).
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The left-hand side of (2.26) can now be written as

" dt
/a V(2 —a?)Y (t,a)
= \/h(a ) / \/t2 + Gi(a)

= mcosh_ *+G1( )

. dt
/a V12h(t) — a?h(a)

where

1 1 1
. _ _ d
1(a) . JP—a < JY@a)  \/ha) + "h’(a)> t (2.28)

o] 1
Aﬁz(ﬁ(am \ﬁ)d”o)

1 —1 uq _ 1
—h(a) T cos = 7}1(0) (ln +In 2) + o(1).

as a — 0. Note that

By (2.18), the last integral in (2.28) is equal to ﬁc. Thus

" dt _ ﬁ Ui
/a VD) —ah@) A (ln; +ln2) +/2c+ o(1) (2.29)

Coupling this equation with (2.26) yields
uy — uo(ko) = a = 0(e /Dy 456 0. (2.30)

The argument above gives an estimate for a. Next, we are going to approximate the error
between u(x, ko) and u(x, k).

First of all, we restrict x in the interval [0, %]. It is readily seen that at the boundary
x =0, u(x, ki) and u(x, ko) satisfy

u’(O, kl) > u’(O, k())

We assume that there exists a point n € (0,%) such that u(n, ki) = u(n,ky). Obviously,
u(x, ki) > u(x, ko) for x € (0,57) and

u'(n, ki) < u'(n. ko). (231)

Using the energy equation (2.3) associated with u(x, k) and u(x, ko), we have

u(x,kq)
(' (x,ky))* = / (a(s) — 7)ds + gkf (2.32)
0

NSRS

and

x,ko)
(W (x. ko) = /0 (0(s) —7) ds + %ké. (2.33)

NSRS
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Since ki > ko, u/(n,k1) > 0 and /(n, ko) > 0, we conclude from (2.32) and (2.33) that
u'(n, k1) > u'(n, ko),
which contradicts (2.31), thus

u(x, ki) > u(x, ko) for x € (0, ;] (2.34)

Let b be a point in the interval [0,u;). Correspondingly, we denote by xi,, and x, » the
points in the interval [0, %] such that u(xy,p, ko) = b and u(xy, p,k1) = b. From (2.32) and

(2.2), we get
e [ dt
X=4/= , 2.35
\/; /14'1 —u(x,ky) lzh ( )

where t and h(t) are defined in (2.26). Similarly, we obtam from (2.33)

&
X = +0 a2> 2.36
\/7 /uI —u(x,ko) tzh (\/g ( )

for 0 < x < Xy p. With x = xi, 5 in (2.35) and x = X, in (2.36), we have upon subtracting

(2.35) from (2.36)
S = Xkob — Xk b = 0 <\/§(12> . (237)

Since t?h(t) is bounded away from zero for t € [u; — b, u;], subtracting (2.35) from (2.36)
gives

u(x, ki) — u(x, ko) = O(a?) (2.38)
for 0 < x < x, . Note that

u(Xkyp — S, k1) = b = u(xyq b, ko)-
Since k; > ko, we obtain again from (2.32) and (2.33)
u’(xko,;, — S,kl) > L/(Xko’b,k()). (239)

Based on the argument similar to that for (2.34), one can readily show by using contra-
diction
u(x — s,ky) = u(x, ko) = b.
for xi,» < x < § since u(x, ko) is increasing in x € [0, 1].
Now let R(x) denote the difference between u(x — s,k;) and u(x, kg); i.e.,

R(x) = u(x — s,k1) — u(x, ko).

From the differential equation in (1.4), we have
R'(x) = u"(x—s,ky)—u"(x, ko)

= loutx — k) — otu(x k)] 0

The last inequality follows from the fact that o(u) is increasing for u € [0, u4].
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The convexity of R(x) implies that R'(x) is increasing, i.e., R'(x) = R'(xg,») > 0 from
(2.39). Since R(xy,) =0,

0 < R(x) < R(i) = u(; —s,k1> —u<;,k0)

for X, < x < 4. From(2.37), we have u(} —s,k1) = u(3,k1)+ O(a?). Recall from (2.7) that
up(k) denotes the maximum value of u(x, k). From (2.24), it follows that uy(kg) = u(%,ko);

see Figure 3. Since f(¢) = u(x,k), by Lemma 2.1(c) we have u(%,kl) =u + O(e_)'/(z\/g’).
By (2.30), we also have u(}, ki) — u(}, ko) = O(¢™*/ ™). Thus,

R(x) < [u@ —s,kl) —u(;,lq)] + M;kl) —u(;,koﬂ = 0(e V),

Again by (2.37), u(x — s,k;) = u(x,k;) + O(a?). On account of the definition of R(x), it
follows that

u(x, k) — u(x, ko) = O (¢7*/ D) (2.40)

for xk,» < x < 1. Coupling (2.38) and (2.40), we have
u(x, ki) — u(x, ko) = O(a) = O(efi./(z\ﬁ))

for all x € [0, %]. From (2.5), we already have

f <1J;) — u + 0 (e

when x € [0, %]; therefore, (2.25) is proved for x € [0, %]. In view of the symmetry of u(x),
(2.25) holds in the whole interval x € [0, 1]. O

3 The case y > vy,

When y > y,, the equation a(u) = y still has only one solution. We denote it again by uj,
i.e., a(u;) = 7. In this case, the functions ¢(u) and F(u) have almost the same properties as
those in the case when 0 < y < y1; see Figure 4 below. By following the same argument
as in Section 2, we obtain the following conclusion.

Proposition 3 When y > v, the boundary-value problem (1.4) has one and only one solution,
and the solution has the asymptotic formula

u(x) = f (jz) f (?‘) i+ 0 (D),

where f(&) is given in (2.4) with initial conditions f(0) =0, f'(0) = \/Ekl, and A = Jo'(uy).
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I
@0<y=vy By >,

FIGURE 4. Shape of F(u).

4 The case y; <7y <y

In this case, the equation ¢(u) = 7y has three solutions; see Figure 1. We denote them by
uy, uy and us; ie., o(u;) = o(uz) = a(uz) = y. Because of the definition of the yy, when
71 <7y < 7y it can be readily seen that

/ (o(s) — 7)ds > / (6(s) — )ds; 1)

see Figure 5. We let F(u) be defined as in (2.2). Obviously, F(0) = 0 and F'(u) = o(u) — .
However, F'(u) now has three zeros, namely, u;, u, and us. Since fu”]’ (a(s) —po)ds = 0
from (4.1), it follows that

F(u)) = /0 I (a(s) — 7)ds
< /0“1 (o(s) —y)ds + /mu3 (a(s) — y)ds = F(u3).

Therefore, F(u) has the typical shape shown in Figure 5. We can easily see from this figure
that the equation F(u) = —gkz has more than one root. As demonstrated in the proof
of the Lemma 2.1(b), here too only the first root uy(k) makes sense to have a positive
solution u(x) > 0. By following strictly the argument used in Section 2, one again reaches
the conclusion stated below.
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o (u)—y
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Uy uz U, .
0 : u
!
|
I
|
|
F (u) A :
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FIGURE 5. Graph of o(u) —y and F(u) for y; <7y < 9.

Proposition 4 When y; < y < 79, the boundary-value problem (1.4) has one and only one
solution, and the solution has the asymptotic formula

-t ()1 () o).

where f is given in (2.4) with initial conditions f(0) =0, f'(0) = \/Ekl, and A= Jo'(uy).

5 The case yp <y < 72

In this case, the equation a(u) = v still has three solutions uj, u, and u3. However, when
v0 < 7 < 72, the inequality corresponding to (4.1) becomes

/ " (6(9) = y0)ds < / " (6(5) = yo)ds. (5.1)

up us

Using (5.1), we have fu“f (a(s) —70)ds < 0, and the relationship between F(u;) and F(us)
becomes

Flu) = /0 (o(s) — 7)ds

> / (o(s) —y)ds + / V (a(s) — y)ds = F(u3).
0 uy
Therefore, F(u) has the typical shape shown in Figure 6.
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olu)—v
A

U1m U; Us

i | | I >
u
° | | | |
1 | | |
| I I
I I | I
| I | I
I I | I
F(u)ﬂ ! ' I '
I | ] I
| I | |
| I | |
| U | U3 [ Uz -
t T | T o
0
1 | | | G
| i I
_ERL N D |
2 I
E,2
K- - - - — - - — - - - — - > -
2 3

FIGURE 6. Graphs of a(u) —y and F(u) for yo <y <7,

By the argument given in the proof of Lemma 2.1(a) and (b), it can be shown that
in order to ensure the existence of a solution to (1.4), the initial value k must satisfy
—%sk2 > F(u3). Under this condition, the equation F(u) = —%skz has more than one
solution. Again by using the argument in the proof of Lemma 2.1(b), only the smallest
solution to the polynomial equation makes sense to have a nonnegative solution to the
boundary-value problem (1.4). As before, we denote it by ug(k), i.e., F(ug(k)) = —%skz. In
this case, we can readily see from Figure 6 that ug(k) € [0,u;] J(u5, us], where u5 is the
point that satisfies

/ % (6(s) = 7)ds = O, (5.2)

up
which can also be written as F(u;) = F(u5).
To determine the number of solutions to (1.4), we need know the behavior of T'(k).

Lemma 5.1 When yy <y < 7,

ll{l_r)r(l) T (k) =0, (5.3)

khjcl, T (k) = oo, (5.4)
and

khg{l} T (k) = oo, (5.5)
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where ki satisfies

3k = [0t = s = [ () = s = Fn) = F), (56)

and ks satisfies

_§k§ = /0 3 (o(s) — p)ds. (5.7)

Proof As before, T'(k) is defined in (2.20). When k — 0, we can prove (5.3) as we did in
Lemma 2.2. When k — k7, ug(k) — u; by (5.6), and

" du
lim T(k) = /2 .
klgl? ﬁ/() /ftz (g(s)—y)ds

Put V(u) = f” (o(s) —y)ds = F(u) — F(uy). Obviously, V(uy) = V'(uy) = 0 and V" (uy) =

up
o'(uy) > 0. Thus, we can write V(u) as

(5.8)

V() = (1 — u)*H(u), (5.9)

where H(u) is a positive function on [0,u;]. Inserting (5.9) into (5.8) gives

) “‘ du

When k — ki, ug(k) — u5 again by (5.6), and

lim T(k) =

& du
2
- ﬁ/o St (o(s) =) ds
. du u3 du
V2e + 2¢ '
/° () =) ds / Juy (o(s) = 7)ds

In the last equality, we have made use of the second equality in (5.6). Based on the
argument given above, we again have

“ du
V2
/ I (o) =) ds

4 du
- @/ w—u)JHW

and
“ du ”1 du
2¢ = /2¢ I S
ﬁ/O i (a(s) =) ds ﬁ/o = JHw
Therefore,
klirg T (k) = oo. (5.11)

Coupling (5.10) and (5.11) completes the proof of (5.4).
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Similarly, we can write [,' (a(s) — ) ds = (u3 — u)*H"(u) > 0. When k — ks, uo(k) — u;
by (5.7), and

lim T(k) = 2
kLnlgg 8/ ful; (a(s) —

= 00.

u3 du
\/E/o (uz — u)/H" (u)

O

When k € (0,k;), we can also verify T'(k) > 0 by following the argument in Lemma
2.3. Thus, the boundary-value problem (1.4) has only one solution when k € (0,k;), and
the approximate solution is given by

u(x) = f (j/;) +f (?) —uy +0(e /), (5.12)

where f satisfies (2.4) with initial conditions f(0) = 0, f'(0) = \/Elq, and 1y = Jo'(u;); see
Propositions 1 and 2.

Remark 1 When k € (ki,k3), uo(k) € (u5,u3). From the definition of T (k) in (2.20), we can
write T(k) as T (ug(k)). Indeed, (2.20) can be written as

T(uo(k)) = /26 / o du (5.13)
\/fuo(k (a(s)—7y)d

When k — ki, ug(k) — uy by (5.6). Thus, in view of (5.4), we have T(uo(k)) — oo as
ug(k) — u5. Similarly, (5.5) gives T (ug(k)) — oo as ug(k) — us. Note that T(uo(k)) is finite
and continuous when ug(k) € (uy,u3). From (2.20), we also have T(ug(k)) = 0(\/5) when
ug(k) € (uy,u3). Therefore, there exists ug(ko) in the interval (u5,u3) satisfying T (uo(ko)) = 1.
From (5.13), it follows that

[t L
\/ woko) (a(s)—7)ds \/27

Hence, ug(ko) — u5 or ug(ko) — uz as ¢ = 0.

Next, we give an estimate for ug(ko) —u5 when ug(ko) is in the right neighborhood of u5.

Lemma 5.2 When yy <7y <y, and ug(ko) is in the right neighborhood of us,
ug(ko) — uy = O(e /D) g5 g — 0, (5.14)

where Ay = Jo'(uy).
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Proof As before we denote by ko the value of k that satisfies T (k) = 1. Note that

/ (o(s) — )ds = / (o(s) — 7)ds + / " (o(s) = )ds.

o(ko) ug uo (ko)

Since le' (a(s) —y)ds = 0, we can write T (ko) as

uo(ko)
T (ko) = \/%/ du —1. (5.15)
o e

—)ds + [1%,, (0(s) — 7)ds

As in (5.9), we have
/ (o(s) — 7)ds = (u— u P H(u),

where H(u) is a smooth function. Again let t = u —u; and a = ug(kg) — u;. By the
mean-value theorem for integrals, we get

/ " (6(s) = 1)ds = aN(a),

o(ko)

where N(a) is a positive smooth function. Then, from (5.15) we obtain

a+us—uy dt 1
—_—_ = — (5.16)
—uy V2h(t) +aN(a)  +J2¢
where h(t) = H(t 4 uy). Note that
h0) = H(u) = = (2”1) _Ag
Let
R Y L.
—u VEh(t)  \/2h(0) )
Recall a — 0 as ¢ — 0. Clearly,
a+uy—uy 1 1
— dt =m+ o(1).
/ul ( VE2h(t) +aN(a)  +/t2h(0) + aN(a)> @
The left side of (5.16) can then be written as
a+u5—uy
: #—Fm—l—o(l). (5.17)

—w \/2h(0) + aN(a)

https://doi.org/10.1017/5095679250600670X Published online by Cambridge University Press


https://doi.org/10.1017/S095679250600670X

A singularly perturbed BVP arising in phase transitions 723

Now we concentrate on the first integral in (5.17), and obtain

i dt o oa+tuy—u

1 u
% _ - |sinh inh~! 1
w  /2H0) +aN(a) 770 "™ aN@mo ™ JaNa)ho)

1 4(a + u — uy)urh(0)

= ) In 4N (0) + o(1).
(5.18)
Inserting (5.18) into (5.17) yields
1 4(a + u; — u1)uih(0) _
) In aN(0) +m+o(l) = N (5.19)

Since the numerator in the logarithm tends to a finite number as ¢ — 0, it follows that
uo(ko) — s = a = 0(e™/CV)) as ¢ — 0. O

Remark 2 By following the above argument leading to (5.18) with a = ug(k) — u;, one can
show from (5.13) that for ug(k) in the right neighborhood of u;,

_ 2¢ up(k) — uy
T (up(k)) = 7o) In m + o(1).

For ugy(k) in the left neighborhood of us, we follow the argument given in the proof of
Proposition 2. With the aid of (2.29), we also get

Tluo(k) = — | ;jg) In(us — uo(k)) + o(1),

where h(0) = ;a’(m). Recall that

lim  T(uo(k)) = oo, lim  T(uo(k)) = oo

ug(k)—u ug(k)—us3

and T (uo(k)) is finite for any given ug(k) € (u5,u3). Therefore, in view of its behavior near the
endpoints uy and us, T (up(k)) is decreasing in (uy,u5+9) and increasing in (u3—0, us), where
0 is independent of ¢. Furthermore, there exist two values of ug(k) satisfying T (uog(k)) = 1.
Since ug(k) is monotonic in k, there exist two values of k satisfying T(k) = 1. Thus, the
boundary-value problem (1.4) has two solutions when k € (ky,k3); see Figure 7.

To derive the asymptotic solution to the boundary-value problem (1.4) when ug(ko) €
(u3, u5 + 0), we have to introduce a function g.

Lemma 5.3 There exists a function g that satisfies

g'&)—oalg=—y, 0<i<om, (5.20)

g0)=u;, g 0)=0.
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T4

ks .
0 K
FIGURE 7. Graph of T(k) when yy <y < 7».
Moreover,
gé) ~u +Ce™t  as & — o, (5.21)

where C is a constant and, as in (5.14), 21 = Jo'(uy).

Proof Let & = | —x|/./z and g(&) = u(x,e). It is readily seen that g(¢) satisfies (5.20)
and g(0) = u5. The energy equation associated with (5.20) is

de \ 2 g g
3 (%) = [ eor=nis= [ o)~ as (522)

cf. (5.2). First, we show that u; < g < u5, g(o0) = uy and g'(£) < 0 in the whole interval
0 < & < oo. Assume on the contrary that g’'(£) > 0 in the right neighborhood of zero.
Then, there exists a point # such that u; < g(n) < u3 and ff;")(a(s) — 9)ds < 0, which
contradicts (5.22). Therefore, g'(¢) < 0 and uy < g < u; for ¢ in a right neighborhood of 0.

We assume there exists a point n* that g(n*) = u; and u; < g(&) < u; for 0 < & < n".
For convenience, we define V(g) = ugl (6(s) — 7)ds as before. Then V(g) = (g — u1)>H(g),
where H(g) is a positive function; see (2.12)-(2.14). From (5.22), we obtain

_dg
(ur —g)J2H(g)

To show that u; < g(&) < u; for all points &, we integrate both sides of (5.23) from & =0
to & =#" to obtain

= d¢. (5.23)

/ “ dg / " dé

g (w—g)2HEQ) Jo

which is not possible since the left-hand side is infinite while the right-hand side is finite.

Thus, u; < g(&) < u; on the whole interval 0 < & < co. By (5.22), g'(¢) never vanishes

when 0 < ¢ < oo; that is, g’(¢) < 0 when 0 < & < co. Now we assume élim 2(&) =n=u.
—00

From (5.23), we have

n d—g _
/u; (i —g) 2H(g)

which implies that n = u;.
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In order to determine the asymptotic behavior of g(&), we return to (5.23). Integration
on both sides of (5.23) gives

g ds
/u; N R (5.24)

The argument following (2.16) then shows that the integral on the left-hand side is equal
to

%[ln(u; ) — In(g — )] + p— q(g). (5.25)

where

" 1 1
b= /u; <4 /2V(S) N (u1 — S)/11> dS,

" 1 1 1
q(g) = / ( - )ds,
¢ 2 —s) \JHG)  JH{ur)
and 4y = /o’(u1). The last two integrals are well defined. Replacing the left-hand side of
(5.24) by (5.25), we obtain
g =uy + (u5 — uy)ePH e e ()

Since q(g) — 0 as & — 0, (5.21) follows with C = (u5 — uy)e'?. O

For convenience, we put

1_
ur(x) == f(\)/cg> +f(1\7§x) +g<2\[8x|) — 2uy. (5.26)

We now investigate the difference between uy(x) and u(x, ko) when ug(ko) € (u3, u5 + 0).

Lemma 5.4 When yo <y < y2 and ug(ko) € (u3,u; +9),

ur(x) — u(x, ko) = O(e /o), (5.27)
Proof First, let us restrict x to the interval [0, %]. Since ug(ko) is the maximum value of
u(x, ko), we have u(x,ko) € [0, ug(ko)]. Also, since u; < g < u; (see the proof of Lemma

5.3), by (2.5) and (2.10) we have ur(x) € [0,u5]. Let x; denote the point that satisfies
u(x1,ko) = uy. Then, as in (5.16),

o = \/? / b A
"V 2 ), /2h() + aN(a)

and

1 \/E uo(ko)—u1 dt
— — x = —_— - .
2 V2 /0 V2h(t) + aN(a)
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From (5.17), it is readily seen that

dt

0 dt ug (ko
/—ul \/t2h(t) + aN(a) - /0 /2h(t) + aN(a)’

Thus, x; ~ %. Since a — 0 as ¢ — 0, from the two equations above, we have

X1
— > ase—0

NG
and
1/2 — xq
NG
Since u(x, ko) is increasing for x € [0, %], u(x,ko) € [0,u1] when x € [0,x1] and u(x, ko) €
[uy, uo(ko)] when x € [xq, %].
When x € [0, x;], by strictly following the argument in Proposition 2 we obtain

u(x, ko) = f(\/xz> +f(ljgx) —uy + O(e /A, (5.28)

On account of (5.21), we also have g(|3 — x|/ /&) = w1 + O(e~"/*) when x € [0,x].
Thus, (5.27) holds in the interval x € [0, x{].
When x € [x, %], we show that

— 0 as ¢ — 0.

1 — —
u(x, ko) — g(‘z ﬁx}> = O(e /), (5.29)

Put u,(x) := g(|5 — x‘/\[ ). The energy equations for u(x, ko) and ug(x) are given by (2.33)
and (5.22). Let b be the point in the interval [ug, ug(ko)] such that b satisfies ¢’(h) = 0 and
a”(b) < 0; cf. Figure 6. Correspondingly, we let x,, and x,; denote the points in the
interval [x1, %] such that u(xy,p, ko) = ug(xgp) = b. From (2.33), we get

e [Uoko) du
o x=.,/2
2 2 /u(x,ko)—u1 \V4 t2h(t
where ¢ and h(t) are defined in (5.16). Similarly, from (5.22) we have

uz—ul
- —Xx= 5.31
\/7/u (x)—uy tzh ( )

g

+ 0(Jza), (5.30)

Subtracting (5.31) from (5.30) yields

/uo(ko)—u1 uy—uy
+ O(a)
(xko)—uy \/ tzh g (x)—ug tzh (532)

ug(x)—uy ug(ko)—u dt
= / + / +0(a) = 0.
u(x,ko)—uy [21’!([) us—1 tzh(t)

2

Since t%h(t) is bounded away from zero for t € [b — uy,ug(ko) — u1] and ug(ko) — u5 = a,
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the second integral on the right-hand side of (5.32) is O(a) and the first integral gives
u(x, ko) — ug(x) = O(a) (5.33)

for x € [Xk,p, %]. Let x = xy,p in (5.30) and x = x, in (5.31). Then, subtracting (5.31)
from (5.30) gives

5= Xigh — Xgp = 0(\/§a). (5.34)
Note that ug(xk,p — ) = b = u(Xk,p, ko). Since ug(ko) > u3, from (2.33) and (5.22) we have

U (Xkg.pr ko) > Uy (Xkp — S)-

Thus, using the argument following (2.39), we obtain u(x, ko) < ug(x —s) for x € [x1, Xk, p].
Define R(x) as the difference between u(x, ko) and u,(x — s); ie.,

R(x) = ug(x — 5) — u(x, ko).

From the differential equation in (1.4), we have

R" = uy(x—s)—u"(x,ko)

= é[a(ug(x —5)) — o(u(x, kg))] = 0.

The last inequality follows from the fact that o(u) is increasing for u € [ug, b]. Thus, R'(x)
is increasing and R'(x) < R'(xk,») < 0. Since R(xy,») = 0 and R'(x) <0,

0 = R(xiyp) < R(x) < R(x1) = ttg(x1 — 5) — uy = O(e~ /) (5.35)

for x; < x < xy,5. To demonstrate the O-estimate in (5.35), we note that u,(x; —s) =
ug(x1)+O(a) from (5.34), and that ug(x;) = u; +O0(e*/*?) from (5.21). Again, by (5.34),
Ug(x — s) = ug(x) + O(a). Therefore, by coupling (5.33) and (5.35), we obtain (5.29). Note
that by (2.5), f(x//e) = u1 +0(a) and f((1 — x)//e) = u1 + O(a) when x € [xi, 1] Hence,
(5.27) holds when x € [x1, %].

We have now proved (5.27) when x € [0, %]. Because of the symmetry of u(x), (5.27) in
fact holds in the whole interval x € [0, 1], and we can write the asymptotic formula for
the u(x, ko) when ug(ko) € (uy,u5 +0) as

1

u(x, ko) = f (%) +f <1:ﬁx> tg <2\_[8x’> —2u; +0 (67’1‘/(4\@) . (536)

where f is defined in (2.4) with initial conditions f(0) = 0 and f'(0) = ,/eki, g is defined
in (5.21) with initial conditions g(0) = u3 and g’(0) = 0, and 4y = Jo"(uy). O

When ug(ko) € (u3 — 0,u3), F(uz) < F(ug(ko)) < 0 and F'(u3z) = 0. The rest of work is
easy, and we just follow what we have done in the proof of Proposition 2 and get the
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asymptotic formula for the solution to (1.4)

1-— ; .

u(x) = f (%) +f <\ﬁx> — Uy + 0 (e 72/, (5.37)

where f is given in (2.4) with initial conditions f(0) = 0 and f'(0) = /eks, and where

Ay = Jo'(u3). Note that, as in Lemma 2.1(c), by (5.7) \ﬁk3 is a constant, independent of &.
From the argument above, we can make the following conclusion.

Proposition 5 When yy < y < 7,2, the boundary-value problem (1.4) has three different
solutions, and the asymptotic formulas for the three solutions are given by (5.12), (5.36) and
(5.37).

6 The case y =y,

In this case, the equation o(u) = 7y has two solutions. We denote them by u; and uj in
order to be consistent with the notations in Section 5. We still use F(u) for the integral
fO” (o(s) —y)ds; F(u) has the typical shape shown in Figure 8 below. Again, we define
V(u) = [, (a(s) —y)ds. Note that V(ur) = V'(ur) = V"(u1) = 0. Thus, we can write V(u)
as

V(u) = (uy — u)’ H(u), (6.1)

where H(u) is a positive smooth function. We also note that ¢'(u;) = 0. Hence, 4; = 0
and we will no longer have the exponentially small error terms as in the previous cases;
see, e.g., (5.12) and (5.36). Since most of the arguments in this section are similar to those
used in Section 5, we just outline our proofs briefly and omit the details.

By the argument in the proof of Lemma 2.2, we have ll{l_r% T (k) = 0. Moreover, we know

that T'(k) > 0 when k € (0,k;). Therefore , there exits only one ko satisfying T'(kg) = 1
and ug(kg) — u; as ¢ — 0; see the statement following (2.27). Again, we wish to use the
solution to the problem (2.1) when k = k; to approximate the solution to (1.4) when
ko € (0,ky). First, we investigate the behavior of the solution to (2.1) when k = k;.

Lemma 6.1 When y =y, and k = ky, we let & = x/.[e and f(&) = u(x,k). Then

ffO—=alf)y==y 0<i<o, (6.2)

and

f0)=0,  f(0)= feki.
(Note: by (5.6), \/Ekl is a constant.) Furthermore,

fé&)=u + O(é) as & — oo. (6.3)

Proof We use the same argument as that presented in the proof of Lemma 2.1(c). However,
instead of (2.13), V(x) here is given by (6.1). Thus, the formula corresponding to (2.17)
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FIGURE 8. Graphs of a(u) —y and F(u) for y = y,.

becomes
f ds ﬁ 1
= —d
/0 (w1 — sy J2HG)  JH(ur) <¢u1 7 f) Femdd),

where

M 1 1 d

T /0 (FV@) - s)wzﬁzmun) ’
and

X “ 1 1 1

d(f) —/f T ( e mn) s

Note that both ¢ and d(f) are well defined. Thus, (6.3) is proved. O

Next, we derive the asymptotic formula for the solution to (1.4) when ko € (0, k1).

Lemma 6.2 When y = vy, and ko € (0,ky), the asymptotic formula for the solution to (1.4)

is
u(x) = f (%) e (IJEX) —u +0(e), (6.4)

where f is given in (6.2) with initial conditions f(0) =0 and f'(0) = \/Ekl.

Proof As in the proof of Proposition 2, we let t = u; —u and a = uy — ug(ko). Using (6.1),
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we have from (2.24)

/ 4« _JL (6.5)
a  A/Bh(t) — a*h(a) 2e
instead of (2.26), where h(t) = H(u; — t) > 0 and h(0) = —¢"(u1)/3 > 0.
The left-hand side of (6.5) can be written as
1
/ / dt, (6.6)
B3h( a) a’h(a) t*h(t) — a’h(a) \/t3h(a) —a*h(a)

As a — 0, the first term in (6.6) is equal to

+ o(1)

1 dt
JT(a)/a N \/W / ﬁ (6.7)
_ 2OOE g

r/3)Jah@

and the second term is equal to

1 1
_ = 1 .
/a <\/t3h(t) —adh(a)  +/th(a) — a3h(a)> dt = m +o(l), (65)

where

w (o i
:/0 <«/t3h(t) - \/t3h(0)> at

A combination of (6.5), (6.6), (6.7) and (6.8) gives

m +m+o(l) = 2%;
see the sentence following (6.5). Therefore,
a=0(e) as ¢ — 0.
From here on, we follow the proof of Proposition 2 to reach the conclusion (6.4). O

When k € (ky,ks3), ug(k) € (ug,u3). The argument in Remark 1 shows that there exists
ug(ko) satisfying T (ug(ko)) = 1 in the right neighborhood of u; and in the left neighborhood
of u3. Furthermore, ug(kg) — uy or ug(kg) — uz as ¢ — 0.

Now we wish to give an estimate for ug(ko) —u; when ug(ko) is in the right neighborhood
of uy.

Lemma 6.3 When y =y, and uy(ko) is in the right neighborhood of uy,

ug(ko) — uy = O(e) as ¢ — 0. (6.9)

Proof As in the proof of Lemma 6.2, we first let t = u; —u and a = u; — ug(ko) to get
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(6.5). Then, we again write the left-hand side of (6.5) in the form given in (6.6). However,
since a is negative here, the first term in (6.6) becomes

1 Uar
J—ah(a) /_oo NIEE ot (6.10)
_ M + o(1).

(5/6)—ah(a)

The second term in (6.6) is still given by (6.8). From (6.10) and (6.8), we obtain

1 /“' dt
Jha) Jo P —d?

nl(1/3) B \/T
—F(5/6) —ah(0) +m+o(l) = % (6.11)
Thus, a = O(¢) as ¢ — 0 and (6.9) is proved. O

From (6.11), we note that in the right neighborhood of uy,

_ V2erl (1/3)
Tk = 7576 oty =iy Y2+ O

By following the argument in the proof of Proposition 2, we can also get the behavior of
T (uo(k)) in the left neighborhood of u3 given by

2e

In(uz — ug(k)) + o(1).

The same argument in Remark 2 then shows that there exist two values of k satisfying
T (k) = 1, and the boundary-value problem (1.4) has two solutions when k € (kq, k3).

Finally, we derive the asymptotic formula for the boundary-value problem (1.4) when
ug(ko) is in the right neighborhood of ;.

Lemma 6.4 When y = y, and ug(ko) is in the right neighborhood of uy, the asymptotic
formula for the solution to (1.4) is

u(x) = f (j/CE) e (IJ;) —ui + 0(e), (6.12)

where f is given in (6.2) with initial conditions f(0) =0 and f'(0) = \/Ekl.

Proof As in the proof of Lemma 5.4, we again denote by x; the point satisfying u(xy, ko) =
uy. For x € [0,x;], we have u(x,ko) € [0,u;]. By following strictly the argument in
Proposition 2, one can show that (6.12) holds in the interval [0, x{]; see also (5.28). For
X € [xy, %], we have u(x, ko) € [uy, ug(ko)]. From (6.9), 0 < u(x, ko) —u; < ug(ko) —u; = O(¢).
Moreover, for any given x in the interval [x1, %], f(x/\/e) = u1+0(e) and f((1—x)/\fe) =
uy + O(¢). Thus, (6.12) holds for x € [0, %]. By the symmetry of u(x,kg), (6.12) holds for
all x € [0, 1]. O
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llulleo

FIGURE 9. Bifurcations when o(u) = Ju® — 3u? 4 8u.

When ug(ko) is in the left neighborhood of u3, the argument in Section 5 gives the
asymptotic formula

u(x) = f (%) +f <1\7gx> — Uy + 0 (212N, (6.13)

where f is given in (2.4) with initial conditions f(0) = 0 and f’(0) = ,/eks, and where
Ay = Jo'(u3); see also (5.37).

Summarizing the results above, we have the following conclusion

Proposition 6 When y = y,, the boundary-value problem (1.4) has three different solutions,
and the asymptotic formulas for the three solutions are given by (6.4), (6.12) and (6.13).

7 Conclusions

From the results presented above with different values of the external force y, the whole
deformation process of elastic rod with two fixed ends subjected to a tensile stress can
be described. In summary, there are four states: a low-strain state, a transition state, a
two-strain state and a high-strain state; see Figure 9. Our results agree with the physical
phenomena observed in experiments; see Dai & Bi [5] and Dai & Cai [6] and the
references therein.

In this paper, the material which we have considered is incompressible elastic. Actually,
our method can be applied to other incompressible phase-transforming materials once
some description of stress-strain function o(u) in (1.4) is given. Moreover, besides Dirichlet
conditions, Neumann conditions which correspond to “free ends” in physics can also be
dealt with by using our method [12, p. 190].
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