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INSTRUMENTAL VARIABLES
METHODS WITH HETEROGENEITY
AND MISMEASURED INSTRUMENTS

KARIM CHALAK
University of Virginia

We study the consequences of substituting an error-laden proxy W for an instrument
Z on the interpretation of Wald, local instrumental variable (LIV), and instrumental
variable (IV) estimands in an ordered discrete choice structural system with hetero-
geneity. A proxy W need only satisfy an exclusion restriction and that the treatment
and outcome are mean independent from W given Z. Unlike Z, W need not satisfy
monotonicity and may, under particular specifications, fail exogeneity. For exam-
ple, W could code Z with error, with missing observations, or coarsely. We show
that Wald, LIV, and IV estimands using W identify weighted averages of local or
marginal treatment effects (LATEs or MTEs). We study a necessary and sufficient
condition for nonnegative weights. Further, we study a condition under which the
Wald or LIV estimand using W identifies the same LATE or MTE that would have
been recovered had Z been observed. For example, this holds for binary Z and there-
fore the Wald estimand using W identifies the same “average causal response,” or
LATE for binary treatment, that would have been recovered using Z. Also, under
this condition, LIV using W can be used to identify MTE and average treatment
effects for e.g., the population, treated, and untreated.

1. INTRODUCTION

Data on useful instrumental variables are often error-laden or unavailable. As a
result, researchers sometimes employ “proxies” for instruments. For example,
Acemoglu, Johnson, and Robinson (2001) use early settlers’ mortality rate as
an instrument in their study of the effects of institutions on income per capita.
To proceed, Acemoglu et al. (2001, pp. 1382-1383) combine data on mortality
rates for soldiers, bishops, and sailors from 17" — 19th century as “reasonable
estimates for settler mortality” and state that “combining data from a variety of
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sources will introduce measurement error in our estimates of settler mortality.”
As another example, in studying the returns to education, family background
variables such as parental education are often used as instruments (see e.g., refer-
ences in Card, 1999, pp. 1843-1844). However, reported parental schooling levels
are often error-laden (see e.g., Ashenfelter and Krueger, 1994, p. 1161 and the dis-
cussion in Card, 1999, p. 1826). As a third example, Hotz, McElroy, and Sanders
(2005), use miscarriage as an instrumental variable in estimating the effect of
teenage childbearing on socioeconomic attainment of teen mothers. Hotz, Mullin,
and Sanders (1997) refer to miscarriage as a “contaminated instrument” because
the group of women who miscarry may be an unknown “mixture of women who
experience random and non-random miscarriages.” Nevertheless, building on the
results in Horowitz and Manski (1995), they provide bounds, under restrictions on
the extent of contamination, on effects of teenage childbearing that are consistent
with the instrumental variable estimates in Hotz et al. (2005).

In the linear constant effect case, an instrument or an error-laden proxy for it
(e.g., with error at random) can be used to identify the constant causal effect. What
are the implications of substituting a proxy for an instrument on the interpretation
of the Wald (1940), local instrumental variable (LIV), and instrumental variable
(IV) (e.g., two stage least squares; TSLS) estimands in systems with hetero-
geneous effects? This paper studies this question in the context of an ordered
discrete choice structural system with heterogeneity thereby generalizing the
identification results from the homogenous constant effect case and clarifying
the scope of the methods of Wald, LIV, and IV using mismeasured instruments.
Specifically, this paper gives constructive conditions under which these methods
using a proxy identify the local or marginal treatment effects (LATEs or MTEs),
as well as average treatment effects e.g., for the population (ATE), treated (ATT),
and untreated (ATU), that would have been recovered had the instrument been ob-
served. Moreover, this paper gives weaker conditions under which these methods
identify weighted averages of these LATEs or MTEs with nonnegative weights.

To study the Wald and IV estimands using mismeasured instruments, we begin
by providing notions for an instrument vector Z and a proxy vector W for it.
In this paper, an instrument Z satisfies the assumptions imposed in Imbens and
Angrist (1994; thereafter IA), Angrist and Imbens (1995; thereafter AI), Angrist,
Imbens, and Rubin (1996, thereafter AIR), Heckman and Vytlacil (2005; there-
after HV), Heckman, Urzua, and Vytlacil (2006; thereafter HUV), and Heckman
(2010) for example. As these papers show, in systems with heterogeneous effects,
an instrument must satisfy structural and exogeneity assumptions stronger than
those required in the linear constant effect case for the methods of Wald and IV
to ensure full (point) identification of LATEs, MTEs, or a weighted average of
LATEs or MTEs (see also Manski and Pepper, 2000). Following the literature
(see e.g., definition 3 in AIR), we assume that Z (1) is exogenous, (2) satisfies
“monotonicity,” i.e., it induces receipt of treatment D in the same direction across
individuals, and (3) drives the outcome Y only via the treatment, an exclusion
restriction.
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A proxy W for Z is a vector associated with Z, and possibly driven by it,
that need only satisfy an exclusion restriction and that D and Y are mean
independent of W conditional on Z. Examples of possible proxies include an
error-laden measurement of Z, a measurement of Z with missing or imputed
observations, or a coarse (e.g., binary) coding for a multivalued Z. Importantly,
a proxy W can fail the assumptions imposed on Z and thus need not be an
instrument (e.g., according to definition 3 in AIR). In particular, W need not
satisfy “monotonicity” nor be a cause of the treatment. Further, W can fail mean
ignorability from potential outcomes and it can thus be endogenous, albeit this
requires particular specifications.

Using this notion of an instrument’s proxy, we build on the work of IA,
Al, AIR, HV, and HUV studying the methods of Wald, LIV, and IV using
instruments and extend their analysis to accommodate mismeasured instruments.
In particular, we show that the methods of Wald and LIV using a proxy W for an
instrument Z as well as the method of IV using a function g(W) of W identify
weighted averages of LATEs or MTEs. This is particularly troublesome if some
of the weights are negative since, unlike in the linear constant effect case, the sign
of the identified weighted average of LATEs or MTEs may then be the opposite of
the sign of some, or even all, of the underlying LATEs or MTEs. For the methods
of Wald and LIV, we give conditions under which the weights are nonnegative
if and only if W is intensity preserving for Z, a notion of dependence of Z on W
that we study. Similarly, for the method of IV (e.g., TSLS), we give conditions
under which the weaker property of mean quadrant dependence of g(W) on Z
is necessary and sufficient for nonnegative weights. For the methods of Wald,
LIV, and IV, we study the conditions for nonnegative weights and show, for
example, that these can hold in the presence of misclassification or classical
measurement error in coding Z. Further, we show that when W is value pre-
serving for Z, a restriction on the dependence of Z on W stronger than intensity
preservation, the method of Wald or LIV using W identifies LATEs or MTEs
that would have been recovered had Z been observed. We study this condition
and show that it can hold in the presence of misclassification or measurement
error in coding Z. In this case, substituting a proxy for an instrument in the
Wald or LIV estimand can be harmless for the identification of LATE or MTE
as well as weighted averages of MTE such as ATE, ATT, and ATU. When
multiple proxies are available, this provides the foundation for tests for proxy
validity.

The case of binary Z receives significant attention in the literature. For
example, in the “compliance problem” studied in AIR, the treatment D and the
treatment assignment Z are binary, and LATE is the average effect of the treat-
ment for the subpopulation of “compliers” who always comply with the treat-
ment assignment. We show that for binary Z, value preservation trivially holds,
and thus the methods of Wald and IV using any proxy for Z identify the same
“average causal response” discussed in Al, or LATE if D is binary, that would
have been recovered using Z. Thus, in this case, identification of LATE via the
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methods of Wald or IV is robust to certain types of instrument misclassification
and missing data.

On the one hand, this paper’s results suggest that researchers should cautiously
interpret estimates of causal effects obtained via the methods of Wald, LIV, or
IV (e.g., TSLS) using a proxy for an instrument. On the other hand, if economic
theory suggests an unobserved instrument Z, a researcher may make use of a
suitable proxy for it, that need not satisfy the instrument assumptions, to identify
the LATEs or MTEs that would have been identified had Z been observed, as well
as average treatment effects such as ATE, ATT, and ATU. Alternatively, under
weaker assumptions, a researcher may employ a proxy to recover an informative
weighted average of LATEs or MTEs. For example, a nonzero weighted average
of local effects provides evidence against the hypothesis that the treatment effect
is zero. Further, the sign of this weighted average is informative when the local or
marginal effects have common sign and the weights are nonnegative.

This paper is organized as follows. Section 2 states the data generation
assumptions. Section 3 studies the methods of Wald and LIV using a proxy for an
instrument. Section 4 studies the IV method using a proxy. Section 5 gives exam-
ples and reports Monte Carlo simulations and Section 6 concludes. Mathematical
proofs are gathered in Appendix B.

2. DATA GENERATION

This section states the main assumptions imposed in this paper. Following the
results in Vytlacil (2002, 2006), we work simultaneously with a structural system
and the Rubin Causal Model (Holland, 1986; AIR). In particular, the first assump-
tion defines the ordered discrete choice structural system we are concerned with
in this paper.

Assumption 1 (A.1). Data Generating Structural System: (i) Let Z, W, D, and
Y be random vectors or variables taking value respectively in Sz C R”, Sy C R¢,
Sp={0,1,...,J} with J finite, and Sy C R. (ii) Let a triangular structural system
S generate the random vectors Uy of countable dimension and Up = (Vy, ..., V)
such that —co=Vy < V| < Vo <--- < V; < Vj41 = oo with the distribution of
Vi, j =1,..., J, absolutely continuous. Let S generate the instrument Z, proxy
W, treatment D, and outcome Y such that

Y =r(D,Uy),
J
D=q(Z,Up)=Y j1{V; <v(Z) < Vi1},
Jj=0

where v, g, and r are unknown measurable functions! mapping respectively to
Sy CR, Sp, and Sy. Let E(|r(j,Uy)|) < oo for all j € Sp. Realizations of W,
D, and Y are observed, those of Up and Uy are not, and realizations of Z may be
unobserved.
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A.1(i) introduces the random variables. A.1(ii) imposes structure on the data
generation. In particular, A.1(ii) imposes exclusion restrictions ensuring that the
treatment D is structurally driven by Z but is not otherwise directly affected by the
proxy W. Similarly, the outcome Y is driven by D but is not otherwise directly
affected by Z or W. Given these restrictions, we define the potential treatment
D(z), z € Sz, and potential outcome Y (d), d € Sp, by

D(z)=¢q(z,Up) and Y(d)=r(d,Uy).

The random vectors Up and Uy reflect unobserved heterogeneity in the popu-
lation (e.g., across units or individuals). The assumption E(]Y (j)]) < oo for all
J € Sp ensures that average effects are meaningful and enables applying integra-
tion theorems.

Further, A.1(i7) restricts ¢ by imposing a threshold crossing form. To illustrate,
consider the case of binary treatment D (e.g., IA, AIR, HV) such as in the gener-
alized Roy model (HV; Heckman, 2010). In this case, J = 1 and ¢ reduces to

D =q(Z,Up) =1{VI =v(Z)} =l Fy,(V) < Fy,(D)} =1{U < P(2)},

where? U « Unif[0,1] and P(Z) = Pr(V; < v(Z)). The assumption that V;
is absolutely continuous simplifies the exposition and enables employing the
probability transform above. For binary D, we often find it convenient to employ
the representation D = 1{U < P} with scalar instrument P = P(Z).

More generally, we study the case in which an individual chooses “treatment”
J among the ordered alternatives 0,1, ..., J if v; < v(z) < v;j4; realizes. This
threshold crossing restriction implies the monotonicity assumption imposed in
e.g., IA and AL:

Forall z,7' € Sz either Pr[D(z) < D(z/)]=1lor Pr[D(z) > D (Z')] = 1.

For example, in the compliance problem with binary Z and D, monotonicity
essentially rules out from the population “defiers” who systematically undertake
the opposite treatment than that assigned to them (see AIR). Further, Vytlacil
(2002, 2006) shows that monotonicity and “ignorability” of Z (discussed below)
are equivalent to the threshold crossing restriction on ¢ in A.1(ii) with Z indepen-
dent of potential outcomes and the random thresholds Up. Our next assumption
ensures this independence. We thus employ interchangeably the threshold cross-
ing structure in A.1(ii) and monotonicity>. We let L denote independence as in
Dawid (1979), with .} denoting dependence.

Assumption 2 (A.2). Exogeneity of Z: (Up,Uy) L Z.

A.2 ensures that Z is “ignorable,” {D(z),Y(d), z€ Sz andd € Sp} L Z , as
assumed in e.g., IA and AI*. Note that, under A.2, P(Z) is the propensity score,
P(Z)=Pr(D =1|2).
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2.1. Proxies for Instruments

We assume that the econometrician observes realizations of a proxy W for
Z whereas realizations of Z may be unobserved. A.1(ii) does not spec-
ify structural equations for W or Z, permitting several possibilities including
W =s(Z,Uy) or Z =5(W,Uz) with Uy and Uz random vectors of unob-
servables and s and 5§ unknown measurable functions mapping to Sy and Sz
respectively. However, we impose the following assumption on the proxy W.

Assumption 3 (A.3). Conditional Mean Independence® of D and Y from W
GivenZ: D 1,, W|Zand Y L,, W|Z.

A.3 ensures that W is irrelevant for predicting average D and Y given Z.
Similar “nondifferential” measurement error assumptions have been recently
employed in different contexts (see e.g. Mahajan, 2006; Lewbel, 2007; Hu,
2008). A.3 may fail if the error in coding Z relates systematically to D or Y.
If W =s(Z,Uyw) then (Z,D,Y) L Uy suffices for A.3. For example, Uy may
denote measurement or misclassification error occurring at random when record-
ing Z, a binary indicator for missing at random realizations of Z that W codes
e.g.by L ¢ Sz sothat W =ZUw + L(1 — Uyw), or a constant such that when W
is a coarse (e.g. binary) coding for a multivalued Z. Thus, A.3 allows for several
of the leading measurement error assumptions studied in the literature. Note that
A.3 implies that a function g(W) of W is also a proxy. For binary D = 1{U < P},
A.1-A3 givethat D L,, W|P andY L,, W|P, and thus A.3 holds using the scalar
instrument P = P(Z).

2.1.1. Comparison Between Instruments and Proxies. It is useful to compare
the assumptions imposed on instruments and proxies to clearly distinguish Z
and W. First, as discussed above, Z and W play different structural roles un-
der A.1. In particular, W need not structurally determine D or Y whereas Z
drives D and, through it, Y. Second, W need not satisfy the monotonicity as-
sumption imposed on Z. For instance, consider a binary instrument Z satis-
fying monotonicity, Pr[g(0, Up) < ¢(1,Up)] = 1, and suppose that the proxy
W =(0-Uw)Z+ Uw(1 — Z), with nondegenerate Uy taking value in {0, 1},
can randomly misclassify Z and satisfies A.3. Then, substituting for Z = %

w
in g gives the nonstructural equation D = q(ergw , U D) But W does not sat-

isfy monotomc1ty in this equation since Pr ¢ (252 0> Up) < q(l > Up)] #1
for w’ # w € Sy = {0,1}. Last, unlike for Z, we allow but do not require
that W is exogenous. In particular, given A.2 (Up,Uy) L Z, joint exogene-
ity of Z and W, (Up,Uy) L (Z,W), is equivalent to (Up,Uy) L W|Z (e.g.
Dawid 1979, lemma 4.3 and its converse). The latter condition is sufficient, but
not necessary, for A.3 to hold. Specifically, it is possible that A.3 holds and
Y(d) L W so that W fails mean ignorability from potential outcomes and is
therefore endogenous, (Up, Uy) £ W. However, this requires particular specifi-
cations ensuring that (Up, Uy) £ W|Z while A.3 holds, i.e., g(Z,Up) L,, W|Z
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andr(q(Z,Up),Uy) L,, W|Z. To illustrate these conditions, Appendix A studies
the linear random coefficients model and gives conditions under which an endoge-
nous proxy W (such that Y (d) L, W) satisfies A.3.

In a nutshell, a proxy W need not be an instrument. Specifically, W can fail
monotonicity. Also, under particular specifications, W can fail exogeneity.

3. THE METHODS OF WALD AND LIV USING MISMEASURED
INSTRUMENTS

For any z,z’ € Sz such that E(D|Z = z) # E(D|Z = 7), define a, ;, the Wald
estimand using Z evaluated at z and 7'

EY|Z=Z)—E(Y|Z=2)

E(D|Z=7)—-E(D|Z=2)

Oz,7
Similarly, for any w, w’ € Sy such that E(D|W = w) # E(D|W = w’), define
Buw.w» the Wald estimand using W evaluated at w and w’:

_EXY|W=uw)—EY|W =uw)
T E(D|W=uw)—E(DIW=w)

ﬁw,w/

Begin by considering the compliance problem (e.g. AIR) with binary treatment
D and instrument Z so that Sp = {0, 1} and Sz = {0, 1}. For instance, Z = 1 may
denote receiving financial aid and D = 1 joining a training program. Let

ag, = E[Y(1) =Y (0)|D(1) - D(0) = 1],

denote LATE, the average treatment effect for the subpopulation of “compliers”
who join the program if, and only if, they receive financial aid. Then, under
A.1-A.2, we have ap,1 = 0‘8,1 (see e.g. AIR) and thus the Wald estimand a(,;
identifies LATE a(";j 1+ When Z is unobserved, aq,; is not directly estimable.
However, data on a proxy W for Z may be available. For example, suppose
that a binary W codes Z, possibly with misclassification. Then provided that
E(D|Z=1)#E(D|Z=0)and Z Y W, we have

_EX|W=1)—EY|W=0)
foa= E(D|W = 1)— E(D|W = 0)
_ Z;lczo EY|Z=kW=1)fzw(k[1) —Z/l;o EY|Z =k, W =0)fzw(k|0)
Zzl:o E(D|Z =k, W =1) fzjw(k|1) —Z/l;o E(D|Z =k, W =0) fzw (k|0)
 Uaw(ID) = fzw (IO [E(Y|Z =)= EY|Z=0)] _

[ fawAID) = fzw 0] [E(DIZ =1)— E(D|Z=0)]

where the second equality obtains by A.3. Thus, the Wald estimand using the
proxy W identifies LATE, fo,1 = ag,. Importantly, W need not satisfy the
assumptions required for Z, e.g. monotonicity, as discussed in Section 2.1.1.
Instead, it suffices that DL,,W|Z, YL, W|Z, and Z £ W. We do not require

*
0,1 = Qg 1>
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other restrictions on the extent of misclassification. This relaxes the conditions in
AIR: any suitable proxy for Z can be used to identify LATE.

Another example arises when data on Z is missing. For instance, W may take
on three values corresponding to no aid (W = 0), being assigned aid (W = 1), and
missing financial aid information (W = 2). Then an analogous argument gives
that, under A.3 and provided that E(D|Z = 1) # E(D|Z =0) and fzjw (1|w") #
fziw(Lw), By, evaluated at any w,w’ € Sy identifies 0‘8,1' Interestingly, this
includes w’ = 2 which codes a missing realization of Z.

In showing that Sy 1 identifies a01 in the case of binary Z, we used the
equality under A.3 of the Wald estimands Po,1 and ag,1. More generally, in
interpreting the Wald and LIV estimands using W in the following subsec-
tions, we use Lemma B.1 in Appendix B which relates these estimands to Wald
and LIV estimands using Z. In particular, for discrete’ Z, Lemma B.1 shows
that, under A.3, B, . is a weighted average of a;_, ., for adjacent points
Zk—1, 2k € Sz. Similarly, for continuous scalar (x = 1) Z, we show that, under
A3, By.w is a weighted average of a(z) over Sz, where a(z) denotes the local
IV (LIV) estimand

LE(Y|Z=2)

a(z) = Cg%az,z+dz = (%E(D|Z —2 )
with E(D|Z =) and E(Y|Z = -) differentiable at z € S and 2 ZEMD|Z=2)#
0 (see e.g. Angrist, Graddy, and Imbens, 2000 (thereafter AGI) HYV; Heckman,
2010). Further, when W is a continuous scalar and E(D|W =) and E(Y|W =)
are differentiable at w € Sy with 5~ E(D|W = w) # 0, Lemma B.1 shows that,
under A.3, the LIV estimand using W

Bw) = aaw LE(Y|W =w)

35 E(DIW = w)’

is a weighted average of a(z) over Sz. Lemma B.1 does not assume A.1(ii)
or A.2.

Results interpreting the Wald estimand using a binary proxy W in the case
of binary D and either a binary Z or a continuous scalar Z such that Pr(D =
1|Z) = Z appear in the epidemiology literature (Herndn and Robins, 2006). Our
results encompass, but are not limited to, these cases. Here, we demonstrate that
W need not satisfy monotonicity and can, in particular structures, be endogenous.
Further, we allow for multivalued D throughout and for general vectors Z and W.
In addition to studying the Wald estimand, we study the interpretation of the LIV
and IV estimands using a proxy in discrete choice structural systems and show
that these estimands identify weighted averages of LATEs or MTEs. We study
necessary and sufficient conditions for nonnegative weights as well as a sufficient
condition for the Wald or LIV estimand using W to identify the LATE or MTE
(and to recover e.g. ATE, ATT, ATU) that would have been identified had Z been
observed.
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3.1. Interpretation of Wald and LIV Estimands Using a Proxy

We build on results in IA, Al, AGI, HV, and HUV studying identification of LATE
and MTE via the methods of Wald and LIV using an instrument Z and extend
these results to accommodate mismeasured instruments. First, we state a result
interpreting the Wald and LIV estimands using Z. This follows from arguments
similar to e.g. Al’s theorem 1, AGI’s theorem 3, and HUV.

THEOREM 3.1. Assume A.1-A.2. (a) Let z,7' € Sz with Pr[D(z) < D (/)] > 0

then
J !
ary =0, where al = Za}]“ E[Y()-Y(j—Dlv() <V, <v ()],
=1
. 2,7 Prv(@)<Vi<v(2)] 2,7 J 72,7
with = ZJ-’=,Pr[v(z)<V,~Sv(z/)]’ 0< " < 1, and Zl,':la)j =1.

(b) Setx =1 and let z € Sz. Let v be differentiable at z with %v(z) #+ 0 and let
E[Y(j)=Y(j—=DIV; = 1and fv;(-) be continuous at v(z) for all j € Sp\{0},
with fy;(v(2)) > 0 for some j € Sp\{0}. Then

J
a(x)=a*(z) where a*(z)=D wi(EY(j)—Y(ji—DIV;=v@)],
j=1

fr, 02)

. T wi(z) =
i fr 0@)’ O<wj(e) <l and 3 0;@)=1

with w;(2) =

Theorem 3.1(a) shows that the Wald estimand a;  is equal to a weighted
average of LATEs for subpopulations such that v(z) < V; < v( ! ) or D(z) <
Jj < D( ) For binary Z, Al refers to 0‘0 | as the “average causal response.”
If D is also binary, “0 | is LATE. For continuous scalar Z, part (b) shows that
the LIV estimand a(z) equals a*(z), a weighted average of MTEs. In particular,
for J =1, a(z) equals the MTE E[Y (1) — Y (0)|V] = v(z)], the treatment effect
for those indifferent toward receiving the treatment at instrument value z. Aver-
age treatment effects such as ATE, ATT, and ATU can be expressed as weighted
averages of E[Y (1) — Y (0)|V; = -] (see e.g. HV).

When Z is unobserved o, and a(z) are not directly estimable. The next
Theorem demonstrates that the Wald or LIV estimand, S, or f(w), using a
proxy W for Z identifies a weighted average of LATEs or MTEs. For discrete
variables, we often simplify notation whenever multiple sub- or super-scripts
are used. For example, we denote by ay_1 the Wald estimand a;,_, , evalu-
ated at zzx_1,zx € Sz. Similarly, we sometimes write ak Lk instead of aZk ZE*
For z # 7/ € Sz, v(z) < v(z), and ZJ Priv(z) < V; < v ()] =0,
we let @’ , = 0. Similarly, for Zj 1 fv (v(z))—v(z) =0, we let a*(z) = 0.
Throughout the paper, for z € Sz, we write G (v (z)) = E{l{V; <v(@)}E[Y(j)—
YG-DIVil,j=1,...,J.
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THEOREM 3.2. Assume A.1-A.3 and let w, w’ € Sy with E(Y|W = w*) < 0o
for w* = w,w’. (a) Suppose that Sz = {z0,21,..., 2K} With Zx—1 < zj for k =
1,..., K. Then, provided E(D|W = w) # E(D|W = w’):

K
Bow =D w’" Oy g With
k=1
'uw,w’ _ [EDIZ=z) = E(D|Z = 25— Fziw 2k—11w) = Fzjw (zx—1|w")]
=
S E(DIZ =z5) — E(DIZ = z,-)][Fzjw (Zs—11w0) — Fzyw (z5-1]w)]

K
and Z,u;f’w/ =1.
k=1

(b.i) Set &k = 1 and suppose that Fzw (-|w) and Fzw (-|w") are absolutely contin-
uous with support Sz, v(-) is differentiable at a.e. (almost every) z € Sz, and
Fy,(v(")) and G;(v(-)), j = 1,...,J, are absolutely continuous on Sz. Then,
provided E(D|W = w) # E(D|W = w'):

ﬂw,w/:/ a*(@Q)u”" (z)dz,
Sz

I:(%E(D|Z = Z)] [Fz|W(Z|U)) — FZ|W(Z|U)/)]
Js, [ £ EDIZ = )| [F2w(s1w) = Fz (slw)] ds

and/,uw’")/(z)dzzl.
Sz

with u w,w’ (Z) =

(b.ii) In addition, set £ =1 and let w € B(w), a nonempty open subset of Sy, and
suppose that for all w* € B(w), E(Y|W = w*) < 00, Fzjw (-|w*) is absolutely
continuous with support Sz, %Fz|w(z|w*) exists for a.e. 7 € Sz, and there exist

integrable functions b, (-) on Sz such that ‘[(%E(Xlz = z)][%me(zlw*)] <
by (z) for X = D,Y and a.e. 7 € Sz. Then, provided %E(DlW =w) #£0:

Bw) = /S a*@u” (@)dz,

[(%E(DlZ = z)] [55 Fziw (zlw)]
and/ﬂ“’(z)dz=1-
I, [%E(mzzs)] Z Fzw(slw)]ds §z

with u*(z) =

Under A.1-A.3, Theorem 3.2 shows that the Wald estimand f,, ,, identifies

a weighted average of “average causal responses” a;_, , or a*(z), which in

turn are weighted averages of LATEs or MTEs with nonnegative weights Wk Lk

or wj(z). Thus, p, . identifies a weighted average of LATEs, with weights
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> ﬂ,’j*“’/wj.“”‘, or of MTEs with weights > 7_, 1" (2)e; (2). Similarly, the
LIV estimand f(w) identifies a weighted average of MTEs. We comment on
the conditions in Theorem 3.2. First, from the proof of Lemma B.1, we have
under A.3 that E(D|W = w’) — E(D|W = w) equals the denominator of the
weights ,uZ”w/ or u"'(z). Similarly, —-ZE(D|W = w) equals the denomi-
nator of x"(z). Requiring this difference or derivative to be nonzero permits
division by it and rules out uninformative proxies by ensuring that Z Y W.
Second, to simplify the exposition in Theorem 3.2(b), we let Fzjw(-|w*) for
w* = w,w’ in part (b.i) and for all w* € B(w) in part (b.ii) be absolutely
continuous (e.g., enabling integration by parts) with the same support® S as
that of Z to remove the complication associated with boundary terms. Similarly,
having Fy,(v(-)) and G;(v(-)) be absolutely continuous ensures under A.1-A.2
that E(X|Z =), X = D,Y, is absolutely continuous so that %E(XlZ =)
exists for a.e. z € Sz and is integrable. For example, this obtains if v(-) is
absolutely continuous and monotonic. Last, the regularity conditions in Theo-

rem 3.2(b.ii) enable interchanging the order of differentiation (a%) and integra-

tion in % sz [(%E(X|Z = z)] Fz1w (z|w)dz (see proof of Lemma B.1).

To illustrate Theorem 3.2, consider a binary D = 1{U < P} with scalar instru-
ment P = P(Z), so that E(D|P = p) = p. Here, v(p) = p and Fy;(-) and G;(-)
are absolutely continuous. Applying Theorem 3.2() using P, assumed continu-

ous with support Sp, gives

[Fpiw (plw) — Fpyw (plw’)]
fsp [FPIW(S|U)) - FP|W(SIw’)]ds P

ﬂw,w/ Z/S E[Y(l) _Y(O)IU = P]

0
> ow

Under the conditions of Theorem 3.2(b.ii)
and

Fpw(plw) exists for a.e. p € Sp

= Fpyw(plw)
— _ — 2w L PIW p
/f(w)—/SPE[Y(l) row = pp

The weights sum up or integrate to 1. For example, with a homogenous effect,
Puw.w = E[Y (1) — Y (0)]. Note that some of the weights can be negative. Thus,
with heterogeneous effects, f,, v or f(w) may be negative even when all the
LATEs or MTE:s are positive.

3.2. Nonnegative Weights

Next, we define a property that a proxy for an instrument may have and that can
ensure nonnegative weights. As discussed in the Introduction, when the LATEs or
MTEs have a common sign, this property ensures that the Wald or LIV estimand
using W recovers this sign.

DEFINITION 3.1. Intensity Preserving Proxy: Let Z and W be as in A.1(i).
For w,w’ € Sy, we say that the proxy W at (w,w’) is intensity preserving for
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the instrument Z if Fzyw(z|lw) > Fzyw(z|w') for all z € Sz or Fzw(zlw) <
Fziw (z|w") for all z € Sz. Further, provided %Fz|w(-|~) exists at w € Sy C R
and a.e. 7 € Sz, we say W at w is intensity preserving for Z if%FmW(dw) <0
fora.e.z € Sz or %sz(zlw) >0 forae. z€Syz.

Intensity preservation at (w, w’) is a stochastic dominance restriction. Similar
first-order stochastic dominance conditions have been assumed for a mismeasured
dependent variable in Abrevaya and Hausman (1999) and Hausman, Abrevaya,
and Scott-Morton (1998). For scalar proxy W and w < w’, we say W at (w, w’)
is positively (negatively) intensity preserving for Z if W being small increases
(decreases) the probability of Z being small. Positive (negative) intensity preser-
vation at w is the marginal analogue with %sz(zlw) <0 (% Fziw (zlw) > 0)
for a.e. z € Sz. When positive (negative) intensity preservation holds for all
w,w’ € Sy, w < w', or for all w € Sy, we drop the local qualifiers “at (w, w’)”
or “at w.”

A proxy W that fails the monotonicity assumption satisfied by Z in A.1 can be
intensity preserving for Z. For instance, in the example in Section 2.1.1 where W
may misclassify binary Z, W = (1 - Uw)Z 4+ Uw(1 — Z), W fails monotonicity
and is trivially intensity preserving for Z. More generally, Appendix A gives an
example for discrete (nonbinary) Z and a misclassified proxy W, that may code
the reverse or mirror image of Z, where W fails the monotonicity in A.1, and
possibly exogeneity, but is locally intensity preserving.

Next, we study sufficient conditions for intensity preservation. First, in the
scalar deterministic case, W = f(Z), monotonicity of f suffices for intensity
preservation but is not necessary, as shown via counterexample in the proof of
Proposition 3.3.

PROPOSITION 3.3. Let Z and W be as in A.1(i) with k = { = 1. Let
f:8z > Swand W = f(Z). Then f being a nondecreasing (nonincreasing)
monotonic function is sufficient but not necessary for W to be positively (nega-
tively) intensity preserving for Z.

Second, “positive likelihood ratio dependence” suffices for W to be positively
intensity preserving for Z:

fzw (2 0) fzw (2 w) < fzwz w) fzw (2, w)
forallz <z €Sz, w <w' € Sw.
Using this property, Proposition 3.4 gives conditions under which classical mea-

surement error yields an intensity preserving proxy. This follows from arguments
in Lehmann® (1966).

PROPOSITION 34. Let Z and W be as in A.1(i) with k = € = 1. Let
Uw be a random variable with logarithmically concave density function such
that Uy L Z and let W = Z + Uw. Then W is positively intensity preserving
for Z.
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Examples of log-concave or “strongly unimodal” density functions include
the normal, uniform, logistic, and exponential densities (see e.g. Bagnoli and
Bergstrom, 2005).

Last, if f(-) is a nondecreasing function on Sz and W at (w, w’), or at w, is
positively (negatively) intensity preserving for Z then W at (w, w’), or at w, is
positively (negatively) intensity preserving for f(Z). If f(-) is nonincreasing,
this implication holds with opposite signs (e.g. Shaked and Shanthikumar 1994,
Thm. 1.A.3(a)). For example, for nondecreasing f, W in Proposition 3.4 is also
positively intensity preserving for f (2).

To state necessary and sufficient conditions for nonnegative weights, we
employ the following condition, which imposes further structure on the effect of
scalar Z on D. A similar condition is employed e.g. in some of the results in IA
and AL

Assumption 4 (A.4). For Sz C R either Pr[D(z) < D (/)] =1forall z < 2/
in Sz or Pr[D(z) > D(Z/) | =1forall z <z’ in Sz. If, in addition, Pr[D(z) #
D(Z')] > Oforall z <z’ in Sz, we say that A.4 holds strictly.

A.4 holds when v(-) is monotonic. Under A.4, Z affects D in the same
direction at any values z < 7/ of Z, as may be the case in a training program
with Z denoting financial aid. We employ (strict) A.4 only to state sufficient
(and necessary) conditions for nonnegative weights. In particular, for scalar Z,
we make use of the fact that A.1, A.2, and (strict) A.4 ensure that E(D|Z = -)
is (strictly) monotonic over'® Sz. Note that strict A.4 is immediately satisfied
for binary D = 1{U < P} with instrument P = P(Z) and E(D|P = p) = p is
clearly strictly monotonic in p.

The following corollary to Theorem 3.2 shows that W being locally intensity
preserving for Z is sufficient (and necessary under strict A.4) for nonnegative
weights.

COROLLARY 3.5. (a) Under the conditions of Theorem 3.2(a) or (b.i) and
(strict) A4, 0 < u™" for k=1,..,K or 0 < p”"'(2) for a.e. z € Sz if (and
only if) W at (w,w’) is intensity preserving for Z. (b) Under the conditions of
Theorem 3.2(b.ii) and (strict) A.4, 0 < u(z) for a.e. z € Sz if (and only if) W at
w is intensity preserving for Z.

For example, for binary D with continuous instrument P = P(Z), Corol-
lary 3.5 gives that the weights x> (p) (or 4" (p)) are nonnegative if and only
if W at (w, w’) (or at w) is intensity preserving for P. In this case, the weights

T w0’ (pywi (p) or T Y(p)w;(p) on the MTEs are all nonnegative.

3.3. Identification of Treatment Effects Using a Proxy

This section studies conditions under which the Wald or LIV estimand using W
identifies the LATE or MTE that would have been identified had Z been observed.

https://doi.org/10.1017/50266466615000390 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466615000390

82 KARIM CHALAK

The next definition gives a property that a proxy may have and that suffices for
this identification result.

DEFINITION 3.2. Value Preserving Proxy: Let Z and W be as in A.1(i). For
z € Sz and w,w’ € Sy, we say that the proxy W at (w,w') is value preserving
for the instrument Z at z if Fzyw(s|w) = Fzjw(s|w’) for every s € Sz\{z} and
Fziw (z|lw) # Fzw (z|w). Further, for k =€ =1, z € Sz and w € Sy, we say
that W at w is value preserving for Z at 7 if %me(sho) =yd(s —z) for all
s € Sz where y is a nonzero constant and d(-) is the Dirac delta function.

A discrete W at (w, w’) is value preserving for discrete Z at zx—1 if W being
equal to w as opposed to w’ is uninformative about the likelihood of Z being equal
to s € Sz except for when Z equals zx—j or zx, ie., fziw(s|w) = fziw(s|w’)
for every s € Sz\{zk—1,2zx} and fzw(s|lw) # fzw(slw’) for s € {zx—1,zx}-
Thus, Fzjw (-|w) can exceed Fzw(-|w’) only at zx_1, since Fzw (-|w’) catches
up with Fzw(-|w) at zx. This trivially holds for binary Z with Fzjw (zolw) #
Fz 1w (zolw"). W at w being value preserving for Z at z is the marginal analogue
with a%szy(slw) = 0 for s # z and having an impulse at s = z. We give an
example shortly. Note that if W at (w, w’) (or at w) is value preserving for Z at
z then W at (w, w’) (or at w) is intensity preserving for Z. However, a positively
intensity preserving proxy W at w may be value disrupting for Z at z, for all
w e Sy and z € Sz (e.g., let Z and W be as in Proposition 3.4 with classical
measurement error and (Z, Uw) jointly normal). The next proposition gives an
example of an error-laden proxy W for possibly unobserved Z with Sy = Sz
such that for all z € Sz, W at z is value preserving for Z at z.

PROPOSITION 3.6. Let Z and W be asin A.1(i) withk =€ =1. Let Z and V
be identically distributed random variables with a continuous density on the sup-
port Sz and let € be a random variable taking value in {0, 1} with Pr(e = 0) > 0.
LetZ L (V,e)andV L e andlet W =(1—¢€)Z+€V. Then, forall z € Sz, W at
z is value preserving for Z at z.

In Proposition 3.6, W codes Z correctly with a nonzero probability or as the
realization of an independent and identically distributed V. Note that this allows
for Pr(e =0) =1 and W = Z. An and Hu (2012) study the related assumption that
the probability of truthful reporting in self-reported survey data is nonzero and
discuss examples. Appendix A gives another example in which a discrete proxy
W, that may code the reverse of Z, fails monotonicity (and can be endogenous)
but is intensity and value preserving at certain points.

Corollary 3.7 gives conditions under which the Wald or LIV estimand using
W identifies the LATE and MTE that would have been recovered had Z been
observed.

COROLLARY 3.7. (a) Under the conditions of Theorem 3.2(a), if W at
(w, w") is value preserving for Z at zx—1 then B, v = a;_; - (b) Assume the con-
ditions of Theorem 3.1(b) with v(-) continuously differentiable at 7 and that the
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conditions of Theorem 3.2(b) hold for each element of a sequence {F§|W 1)}es0
such that Tli_I)I})%Fglw(slw) = %sz(slw) forall s € Sz. If W at w is value
preserving for Z at z then f(w) = a*(2).

To illustrate Corollary 3.7, let the instrument P = P(Z) and its error-laden
proxy W be as in Proposition 3.6. Then, for all p € Sp, W at p is value
preserving!! for P at p. Corollary 3.7 gives that for binary treatment, the LIV
estimand using W, f(.), identifies MTE, i.e., f(p) = E[Y (1) = Y(0)|U = p].
Building on the results of HV, we can identify various average effects using f(p).

In particular, when Sy is the unit interval, integrating f(p) identifies the average
treatment effect:

1
ATE = E[Y (1)~ Y (0)] = /0 B(p)dp.

Similarly, since P and W are identically distributed (see proof of Proposition 3.6),
the average treatment effects for the treated and untreated are also identified by:

1
ATT = E[Y(1) = Y(0)|D = 1] = /O B(p)(1 - FW(P))ﬁdPs and

1
ATU=E[Y()-Y(O)D=0]= /O ﬁ<P>Fw(p)a+—vv>d”'

Thus, in this case, several average effects can be recovered using the proxy W for
P(2).

4. THE METHOD OF IV USING MISMEASURED INSTRUMENTS
Researchers often employ IV methods such as TSLS to identify causal effects.
Consider a function g(Z) of the instrument, with g : Sz — Sz C R. The IV esti-
mand S5 is given by:

Cou(Y, 8(2))

Cov(D,§(2))

The choice g(Z) = E(D|Z) corresponds to TSLS. Theorem 2 of IA demonstrates

that for binary D, discrete Z, and g(-) monotonic, ﬂé identifies under A.1, A.2,
and A.4 a weighted average of a;_, ,, k =1, ..., K, with nonnegative weights.
Theorem 2 of Al generalizes this result to multivalued D in the case of TSLS.

B =

HYV shows that for binary D, ﬁ§ is a weighted average of marginal treatment
effects and note that E(g(Z)|E(D|Z) > m) being monotonic in m suffices for
nonnegative weights. HUV extends the analysis in HV to accommodate multival-
ued D in ordered and unordered choice models.

We build on, and extend, these results to interpret the IV estimand ,Ba, using a
function g(W) of a proxy W. We show that, under our assumptions, ,b’é’v identifies
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a weighted average of LATEs or MTEs and study necessary and sufficient condi-
tions for nonnegative weights. The results obtain by noting that A.3 and the law
of iterated expectations give

Cov(Y,g(W)) _ Coov(Y,E(g(W)|2)) _ pEGOND
Cov(D,g(W)) ~ Cov(D,E(g(W)|Z)) "* ’

By =
E(g(W)I) :
and, under A.1-A.2, 8, is a weighted average of LATEs or MTE:s.

4.1. Interpretation of the IV Estimand Using a Proxy

The next result extends the results in e.g., IA and Al to study the method of IV
using a function of a proxy W for Z. Throughout this subsection, we let g : Sy —
S¢ € R and write g(Z) = E[g(W)|Z] and g(Z) = g(Z) — E(g(2)).

THEOREM 4.1. Assume A.1-A.3 and that Cov(D, g(W)) is finite and nonzero
and Cov (Y, g(W)) is finite. (a) Suppose that S7 = {z0, 21, ..., 2k } With zx—1 < 2k
fork=1,..,K. Then

K
g g
By = Z¢k aZ—l,k>
k=1
with

[E(D|Z=z)—E(D|Z=z-1)1EE(Z)|Z > zx) Pr(Z > zx)
SK_E(DIZ =2)— E(D|Z = z2m—1)EE(Z)Z > z2) Pr(Z > zm)

K
and Zqﬁ,‘f =1.
k=1

(b) Set k = 1 and suppose that v(-) is differentiable at a.e. 7 € Sz and that Fz(-),
Fy,(v(")), and Gj(v(")), j =1,..., J, are absolutely continuous on Sz. Then

¢ =

By = /S a* (2)$8 (2)dz,

with

[ZE(DIZ=2)IEE(Z)Z 2 2)Pr(Z > z)
Js,IZE(DIZ =m)IE(Z(Z)|Z > m)Pr(Z > m)dm

$%(2) =

and P4 (z)dz=1
Sz

Theorem 4.1 shows that ﬁﬁ, is a weighted average of Wald estimands aj—_1 k
for discrete Z or LIV estimands a(z) for scalar continuous Z, which in turn
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are weighted averages a;_, , or a*(z) of LATEs or MTEs with nonnegative
weights wf_l’k or w;(z) respectively. For example, for binary D = 1{U < P},

E(D|P = p) = p and Theorem 4.1(b) using a continuous instrument P gives

E(g(Z)|P > p)Pr(P > p)
Js, E@Z)|P > m)Pr(P > m)dm

B, :/S E[Y(1) = Y(0)|U = p]

The weights ¢,§ or ¢8(z) sum or integrate to one but can be negative. Thus,
ﬂﬁ, may be negative even when all the underlying LATEs or MTEs are positive.
We now study a property that is useful in ensuring nonnegative weights.

DEFINITION 4.1. Mean Quadrant Dependence: Let Z and W be as in A.1(i).
We say that W is positively (negatively) mean quadrant dependent on Z if
EW|Z >2) > (L)EW) forall z € Sy.

We say that W is mean quadrant dependent on Z if W is either positively or
negatively mean quadrant dependent on Z. A special case of Proposition 4.2 gives
that if W is positively (negatively) intensity preserving for Z then W is positively
(negatively) mean quadrant dependent on Z.

PROPOSITION 4.2. Let Z and W be as in A.1(i) withk =€ =1 and g :
Sw = Sg € R with E(g(W)) < oo. If g(-) is nondecreasing and W is positively
(negatively) intensity preserving for Z then g(W) is positively (negatively) mean
quadrant dependent on Z. If g(-) is nonincreasing, this implication holds with
opposite Signs.

The next result relates mean quadrant dependence to monotonic functions and
classical measurement error.

COROLLARY 4.3. Let Z and W be as in A.1(i) withk =€ =1 and Uy be a
random variable such that Uy L, Z. For f : Sz = Sy CRlet W = f(Z)+Uw.
Then f being a nondecreasing (nonincreasing) monotonic function suffices but is
not necessary for W to be positively (negatively) mean quadrant dependent on Z.

It follows that for classical measurement error Uy L Z, W = Z 4 Uy is pos-
itively mean quadrant dependent on Z. Monotonicity of f is sufficient for mean
quadrant dependence but is not necessary, as shown via counterexample in the
proof of Corollary 4.3.

A corollary to Theorem 4.1 gives a necessary and sufficient condition for non-
negative weights.

COROLLARY 4.4. Under the conditions of Theorem 4.1(a) or (b) and (strict)
A4,0< gbffor k=1,..,K or0 < ¢8(z) for a.e. z € Sz if (and only if) g(W) is
mean quadrant dependent on Z.

Thus, under A.1-A.4, g(W) being mean quadrant dependent on Z ensures

that ¢ or ¢¢(z) are all positive and thus that the weights ijzl ¢,§w;‘_1’k or
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ijzlc,ég (z)wj(z) on the underlying LATEs or MTEs are all positive!2. For

example, for binary D and instrument P = P(Z), the weights ¢,f or ¢8(p) are
all nonnegative if and only if g(W) is mean quadrant dependent on P.

Theorem 4.1 and Corollary 4.4 encompass previous results for the special case
ﬁ§ in which W = Z and g(Z) = g(Z). For example, theorem 2 of IA with binary
D supposes that g(-) is monotonic in discrete Z and theorem 2 of Al with mul-
tivalued D considers the TSLS case g(Z) = E(D|Z) with discrete Z, which,
under A.1, A.2, and A.4, immediately gives that g(-) is monotonic. In these cases,
Corollary 4.3 gives that g(Z) is mean quadrant dependent on Z, ensuring non-
negative weights. Also, note that for binary Z, ﬂfv is equal to the “average causal
response” 0‘8,1 , or LATE for binary D.

HUYV provides another decomposition for the IV estimand using a function
of instruments in an ordered discrete choice model and show that it identifies a
weighted average of marginal treatment effects. The next result builds on HUV’s
analysis to provide an interpretation for IV estimands using a function of proxies
for instruments. Here, we consider general vectors Z and W. We let Sy; denote
the support of V; for j =1,..., J.

THEOREM 4.5. Assume A.1-A.3 and suppose Cov(D, g(W)) is finite and
nonzero and Cov (Y, g(W)) is finite then

J
Bl = E[vf ) E[Y () =¥ (i = DIv,]]
j=1
J
=3 [ @ B[ =vG=D1Y, =] 0o,
J=1""Y
with
98
vi ) = /) and

zjj=1 fsv/, 19j~€'(l))fvj (v)dv
19;}(1)) = E[g(Z)ll) < V(Z)]Pl'(l) < U(Z))’

and ZJ'levaj wjg(v)fvj(v)dl) = 1. Further, 0 < l,Ujg(l)) for all v € Sy;, j =
1,....,J, if and only if E[g(Z)|v < v(Z)] does not change sign for all v € Sy.,
j=1,...,J.

Theorem 4.5 shows that the IV estimand using a function of a proxy is a
weighted average of marginal treatment effects for individuals indifferent between
treatments j — 1 and j. Note that under A.1-A.2, we may impose the normaliza-
tion v(z) = E(D|Z = z) without loss of generality by corollary 1 of Vytlacil
(2006). Thus, under strict A.4, v(z) = E(D|Z = z) is strictly monotonic over
Sz C R, and it suffices for nonnegative weights that E[g(Z)|z < Z] does not
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change sign for all z € Sz or, by the law of iterated expectations, that g(W) is
mean quadrant dependent on Z. When W = Z, Theorem 4.5 reduces to, or com-
plements, previous results in the literature, e.g., in HV with binary D and HUV
with multivalued D and thresholds possibly depending on exogenous covariates.

5. EXAMPLES AND SIMULATIONS

To illustrate this paper’s results, consider the case of a binary treatment D (e.g.,
training program) and outcome Y (e.g., wage) with randomized Z (e.g., finan-
cial aid). In particular, consider a version of the generalized Roy model (see e.g.,
HUYV) where

Y0)=0+Uy, Y(1)=0+6+U;, and D=1{—-[Y(1)-Y(0)] < —A+7yZ},

with coefficients 8 = 1, 6 = 0.2, 1 =2, and y = 1. Here, an individual selects
into treatment if his/her payoff Y (1) — Y (0) exceeds the cost 4 net of financial
aid y Z. We let the joint distribution of (Up, U1) be normal with zero means, unit
variances, and covariance p = 0.5.

We begin by considering the case of a discrete exogenous instrument Z that
takes value in {0, 1,2} with probability cp, c1, and ¢, respectively (Z is binary if
¢ = 0). For instance, Z denotes zero financial aid (Z = 0), partial financial aid
covering tuition (Z = 1), or full financial aid covering tuition and living expenses
(Z =2). Here, the LATE az‘,z, is given by

al  =EY()=Y0) |-2+yz<—[Y()=Y(O)] < —1+77]
H(=A+y7 +0)—p(=A+yz+9)
O(=A+y7 +0)—D(=A+yz+9)’

=0+

where ¢ and @ are the standard normal pdf and cdf respectively and where we
make use of Y(1) —Y(0) ~ N(J, 1) along with the properties of the truncated
normal distribution. The econometrician observes realizations of D and Y and
those of an error-laden proxy that codes the information in Z coarsely. First, we
consider the proxy W; that records only whether individuals are offered any finan-
cial aid (W; = 1) or none (W = 0) but that misclassifies this information when
the binary indicator Uy equals 1, with Pr(Uy = 1) =m :

Wi =[1-1{Z =0}](1 — Uy)+1{Z = 0}Uy.

Second, we consider the proxy W, that records only whether individuals are
offered partial aid (W, = 1) or not (W, = 0) but that is misclassified when Uy =1,
with probability m:

Wo=1{Z=1}(1-Uy)+[1 - 1{Z = 1}]Uy.

We maintain that (Up, U;) L (Z,Uw) and Uy L Z. Applying Theorem 3.2 with
W = Wj, h = 1,2, gives'? that the Wald estimand ,Bg | 1s a weighted average of
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LATEs a(’;’] and af’zz

EQWi=D=EXWi=0) _ .
E(DIWy = )= E(DIW, =0) _ “1%0. Kiaia

For binary Z (c; = 0), Wi = W, which we denote by W, and the closer m is to 0
or 1 (the further m is from 0.5) the closer is W to coding the financial aid infor-
mation Z perfectly. Nevertheless, for m # 0.5 (or W Y Z), fo,1 = aa 1> 1.e., the
Wald estimand using W identifies the same LATE that would have been recovered
using Z. Table 1 reports the median bias (MBias) and interquartile range (IQR)
(statistics are computed over 1000 replications in all the simulations) of Wald
plug-in estimators'* ap,1 and ﬁo 1 with ¢g = 0.45 and ¢; = 0.55. In (small) finite
samples, [V-based estimators may fail to have moments and thus MBias and IQR
may be more informative than the average bias (ABias) and standard deviation
(SD). Although our focus here is on identification rather than estimation or finite
sample behavior of estimators, the simulations in this section help shed light on
features of the Wald and LIV estimators. For instance, the IQR of o, and ﬁA’o, 1
decrease as the sample size n increases. Further, the IQR of ﬂA(),l increases as m
approaches 0.5. In general, ABias and SD behave relatively similarly to MBias
and IQR respectively as the sample size increases in our simulations .

When Z takes value in {0, 1,2}, calculating Fzjw, (z|w) for z=0,1 and v =
0, 1 shows that W is intensity preserving for Z (note that, in the special case of
m =0, W1 is a monotonic function of Z and therefore W is intensity preserving
for Z by Proposition 3.3) whereas W, is intensity disrupting for Z and thus either
,u% or ,u% is negative. In particular, unlike in the constant effect case, ﬁ(%,l in this

h _—
Poi =

TABLE 1. Identification of LATE in a Generalized Roy Model with Misclassified

Binary IV.
0‘6,1 =1.398 ap,1 = 1.398 Bo,1 =1.398
ao,1 Bo,1

n m MBias IQR MBias IQR
500 0.05 0.009 0.638 0.033 0.783
0.1 0.001 0.676 —0.022 0.860
0.15 —0.033 0.717 —0.018 1.014
1000 0.05 —0.005 0.485 —0.006 0.582
0.1 0.003 0.437 0.024 0.605
0.15 —0.005 0.455 —0.016 0.644
2000 0.05 0.004 0.350 0.008 0.368
0.1 —0.0002 0.354 —0.002 0.434
0.15 —0.0001 0.324 0.008 0.484
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example has the opposite sign than that of both local effects 0‘5,1 and O‘T,z- The
simulation results in Table 2 demonstrate these examples, with co = ¢; = 0.3 and
¢y = 0.4, and reports the median bias (relative to each estimator’s probability
limit), and IQR of the Wald estimators .1, ﬁo 1> and ﬁo

Suppose instead that Z is continuous, Z ~ N(0,1) (e. g., the logarithm of con-
tinuous financial aid). In this case, MTE is given by

a* () =EY()—-Y©0) |-[Y()-Y(O)]=—-A+yzl=41—yz.
Consider two proxies W3 and Wy for Z
Wi=Z+Uy and Wi=(1—€)Z+¢€V.

The first proxy W3 suffers from classical measurement error Uy ~ N (0,02)
whereas the second proxy Wy is as in Proposition 3.6, where V ~ N (0, 1) and
€ is binary with Pr(e = 1) = m. We maintain that (U1, Uy), Z, Uy, V, and € are
jointly independent. Proposition 3.4 gives that W3 is intensity preserving for Z
and it can be shown (we omit the calculation for brevity) that

(=yo2(6= D) +ws)
(02 (r>+1)+1)

where we sometimes denote the LIV estimand using W3 by 3 (w30 %) to empha-
size that it depends on ¢ 2. Moreover, Proposition 3.6 gives that for all z, Wy at z
is value preserving for Z at z so that the LIV estimands a(z) using Z and S4(z)
using W4 evaluated at z both equal a*(z). Table 3 demonstrates these results and

El

B3 (w3|02) = /,uw3 (a*()dz=1—y

TABLE 2. Identification of LATE in a Generalized Roy Model with Misclassified

Discrete IV.
ag | =1.398 ag,1 = 1.398 Bl =0.896 B3| =—0.041
af,=0.476 ao, 1 By 1 B3
n m MBias IQR MBias IQR MBias IQR
500 0.05 0.026 0863  —0.0003 0370 —0.001  1.138
0.1 0.025  0.850 0.009 0417 0013 1229
0.15 —0.018 0908  —0.023 0529  0.091  1.484
1000 0.05 —0.049 0602  —0.006 0.261 0.014  0.865
0.1 —0.011  0.605  —0.004 0290 0028  0.941
0.15 0020  0.601  —0.002 0341  —0011  1.043
2000 0.05 0.015  0.440 0.00003  0.195 0.006  0.534
0.1 —0.016 0429  —0.007 0224 0005 0617
0.15 —0.006 0440  —0.014 0258 0032  0.730
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TABLE 3. Identification of MTE in a Generalized Roy Model with Mismeasured
Continuous IV.

B5(1.510.1) = 0.6

a*(1.5) =05 a(1.5)=0.5 p3(1.5]0.5) = 0.8 Ba(1.5)=0.5
£3(1.5]1)=0.9
a(1.5) B3(1.5) Ba(1.5)

n o2 m MBias IQR  MBias IQR MBias IQR
500 0.1 0.05 —-0.016 0.728 —0.044 0.728 —0.026 0.741
0.5 0.1 0.009 0.775 0.020 0.922 0.027 0.865

1 0.15 —0.011 0.734 —0.007 1.044 0.013 0.887

1000 0.1 0.05 —0.001 0.494 —-0.014 0.507 0.003 0.543
0.5 0.1 —0.004 0.514 —-0.014 0.634 0.003 0.550

1 0.15 0.001 0.500 —0.031 0.739 —0.012 0.598

2000 0.1 0.05 0.005 0.389 —0.025 0.371 —0.001 0.396
0.5 0.1 —0.003 0.364 —0.053 0.459 —0.001 0.405

1 0.15 —-0.019 0.376 —0.039 0.516 —0.018 0.431

reports the median bias (relative to each estimator’s probability limit) and IQR
of the LIV estimators a(z), ﬁ3(w3) and ﬁ4(w4) at z = w3 = wg4 = 1.5. Other
values yield qualitatively comparable!'® large sample results. These LIV estima-
tors employ local quadratic kernel estimators using the rule of thumb bandwidth!”
(see e.g., Fan and Gijbels, 1996, p. 111) to estimate the derivatives of the condi-
tional means in the numerators and denominators of a(z), f3(w3) and B4(w4).
Here, the IQR of a(z), ﬁ3 (w3) and ﬁ4(w4) decrease as n increases and the IQR
of B4(w) generally increases as m increases.

6. CONCLUSION

This paper provides a notion for a proxy vector W for an instrument vector Z in an
ordered discrete choice structural system with heterogeneous effects and studies
the implications of substituting W for Z on the interpretation of the Wald, LIV,
and IV estimands. The proxy need only satisfy an exclusion restriction and that the
treatment and outcome are mean independent of the proxy given the instrument.
Unlike the instrument, the proxy need not satisfy “monotonicity” nor drive the
treatment and it may, under particular specifications, be endogenous. For exam-
ple, W could code Z with error, with missing observations, or coarsely. We build
on, and extend, the analysis in e.g., IA, Al, HV, and HUV to accommodate proxies
for instruments. We show that the methods of Wald and LIV using a proxy and the
method of IV using a function of a proxy identify weighted averages of LATEs
or MTEs. We study necessary and sufficient conditions for nonnegative weights,
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demonstrating for example that misclassification or classical measurement error
in coding Z can yield nonnegative weights. Further, we provide a sufficient condi-
tion for the Wald or LIV estimand using W to identify the same local or marginal
effects, or weighted averages of these, that would have been recovered using Z.
We study this condition and show that it can hold when the proxy codes the instru-
ment values with measurement error or misclassification. Because this condition
trivially holds for binary instruments, the Wald or IV estimand using any proxy for
a binary instrument identifies the “average causal response,” or LATE for binary
treatment. Further, this condition permits employing the LIV estimand using W
to identify MTE and average effects such as ATE, ATT, and ATU.

The results of this paper complement those in Chalak and White (2011)
who distinguish between an instrument and its proxy in linear systems with
homogeneous effects (see also Heckman 1996, p. 460) and results in Schen-
nach, White, and Chalak (2012; SWC) who show that, in a triangular system
of nonseparable structural equations with continuous Z, D, and Y, the LIV esti-
mand using Z recovers a specific weighted average marginal effect. SWC study
estimating this LIV estimand (and weighted averages of it) when Z is observed
or using two or more proxies for unobserved!® Z. Several extensions of this
paper’s results are of interest including developing a test for the hypotheses of
zero or nonnegative causal effect of the treatment when only a proxy for an
instrument is available and developing a test for proxy validity based on the
result that multiple proxies for an instrument can be used to over-identify the
same LATE, MTE, or weighted averages of these. Another extension studies
the implications of using proxies on the asymptotic behavior of the Wald, LIV,
and IV estimators (see e.g., theorem 3 in TA). Last, it is of interest to build on
this paper’s results, which relate the Wald, LIV, and IV estimands using proxies
to LATEs or MTEs, to study bounding causal effects under restrictions on the
measurement error in coding Z. We leave studying these extensions for future
research.

NOTES

1. 1{A} = 1 if A is true and equals O otherwise.

2. Throughout, for generic random vectors X and X5, we denote the cumulative distribution func-
tion (cdf) for X and the cdf for X conditional on X5 = xp by Fx, () and Fx,|x, (-|x2) respectively.
We denote the corresponding probability density or mass functions (pdf) by fx, (-) and Ix,1x, (-]x2).

3. See also Klein (2010) who approximates the bias of estimators for marginal and related treat-
ment effects resulting from local random departures from monotonicity and Small and Tan (2007)
who study a “stochastic monotonicity” condition.

4. In turn, ignorability (and thus A.2) implies that Y (D(z)) L, Z and D(z) L, Z forall z € Sz.
These last conditions permit identifying the average effects of Z on D and Y and suffice for the Wald
or LIV estimands to recover LATE or MTE when Z is observed (see the proof of Theorem 3.1 below).
For simplicity, we employ the stronger condition A.2.

5. A.1(i7) assumes that treatment receipt and response are individualistic since these only depend
on one’s variables (see e.g., Manski, 2013). A.1(ii) does not restrict an individual’s proxy from de-
pending on others’ instrument values. Strengthening A.1(i7) to impose individualistic proxies gives
the “stable unit treatment value assumption” (see e.g. Rubin, 1986; AIR).
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6. We let L, denote mean independence and write X1 L, Xo|X3 if E(X{]|X2,X3) = E(X1|X3)
provided these means exist. We let £, denote mean dependence.

7. A discrete scalar Z can be used to code a discrete instrument vector of finite dimension.

8. The analysis may be adapted to let Z|W = w* for w* = w, w’ in part (b.i) and for all w* € B(w)
in part (b.ii) have the same support Sz, , which need not equal Sz, and then considering the integrals
over Sz, .

9. Lehmann (1966) studies necessary and sufficient conditions for Z being positively regression
dependent on W or, equivalently, W being positively intensity preserving for Z.

10. For discrete Z, we can order the elements of Sz such that E(D|Z = -) is monotonic over Sz.
11. From the proof of Proposition 3.6, % Fz1w (slz) = —Pr(e = 0)(s — z) where it may
be convenient to interpret the Dirac delta function &(-) such that lim, ¢ [ % F éIW (slz)ds =

%sz(slz)ds = [ —Pr(e = 0)6(s — z)ds = —Pr(e = 0) (see e.g., Bracewell, 1986).

12. In Theorem 4.1(a), we note that if E(g(W)|Z > z;,) = E(g(W)) for all z;, € Sz\{zx} and
E(§(W)IZ = z) # E(g(W)), then B, = af_, ;.

13. We slightly adjust the notation for the weights given that the proxies are binary here.

14. The Wald estimator using discrete Z or W replaces the conditional expectations in the numerator
and denominator of the Wald estimand with sample averages.

15. Here, the asymptotic variance of the IV estimator using binary W (which equals ﬁAo, 1) is

proportional to % (see e.g., Theorem 3 in IA). Since W is Bernoulli distributed, it can be

shown that Var (W) — % and Cov(D,W) = 0asm — %

16. For instance, at different z = w,4 values, the median biases of a(z) and ﬁ4 (wy4) vary relatively
similarly and, in general, the larger m is the more the IQR of ﬁ4 (w4) exceeds that of a(z).

17. We leave studying LIV estimators and optimal bandwidth choice to other work in order to keep
a sharp focus here on identification of MTE using mismeasured instruments.

18. Here we study the consequences of substituting one proxy W for Z on the interpretation of Wald,
LIV, and IV estimands in a discrete choice structural system. Because the setup and goals of SWC and
this paper are different, the assumptions imposed on proxies differ accordingly. For example, SWC
require two proxies for unobserved Z given by W, = Z + Uy, h = 1,2, with unobserved U; and Uy
satisfying assumptions including U, L Z and E(U{|Z, U,) = 0. We don’t require this here; instead it
suffices that one proxy W satisfies A.3.

19. If desirable, one can ensure that D takes value in {0, ..., J} by reparametrizing this example such
that D =0Z +a+ v and Y =6(D —a) + € where a is a constant (e.g., set a = 3 if v =0 and J takes
value in {—1,0, 1}). The remaining analysis holds true.

20. For example, if ¢ takes value in {1, 2, 3}, for Pr(Uwy =u, d =v) = pyy, put pg; = 11*2, P02 = %7
P03 = 3. P11 = P12 = 3. and pi3 = 5. Then E@3|Uw) = E(9) = ¢’ and Cov(§, Uw) = 165

21. For example, if symmetric J|Uy takes value in {1,2,3} then E(5|Uyw ) = 2 and the skewness
E@S|Uw) =0 whereas E@|Uy =u) = ﬁ with p, =Pr(6 = 1|Uy =u) =Pr(0 =3|Uw = u).
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APPENDIX A. A Proxy Violating the Instrument
Assumptions

It is useful to compare the assumptions imposed on instruments and proxies to clearly
distinguish Z and W. For this, we provide examples in which a locally intensity and value
preserving proxy W that satisfies A.3 fails the instrument assumptions satisfied by Z.
In particular, W fails monotonicity in A.1. Further, under particular specifications, W fails
mean ignorability from potential outcomes and it therefore fails A.2. This demonstrates
that W need not be an instrument. Nevertheless, the method of Wald using W can identify
a local treatment effect.

To illustrate, consider the training program example with Z, Sz = {0, 1, 2, 3}, denot-
ing the financial aid level. The econometrician does not observe realizations of Z but
only those of its misclassified proxy W = (1 — Uwy)Z + Uy (3 — Z) that satisfies A.3.
Here, nondegenerate Uy takes value in {0, 1} and W codes Z correctly when Uy = 0
and its reverse (or mirror image) 3 — Z when Uy = 1. Let D = ¢(Z, Up) denote join-
ing the training program (or the number of courses completed), and suppose that Z
satisfies monotonicity so that for all z,z’ € Sz either Pr[qg(z, Up) < q(z/,Up)] =1 or
Prig(z,U D) > q(z,Up)] = 1. Substituting for Z in g gives the nonstructural equation
D= q( = 23U , U D) and W fails monotonicity in this equation since for all w # w’ € Sy,

Pr [q(%, Up)<q ("1’_235“‘:" Up)] # 1. Further, it can be verified that W at (0, 3) or
(1,2) is intensity preserving for Z whereas W at e.g., (0, 1) or (0, 2) is intensity disrupting
for Z. Similarly, W at (1,2) is value preserving for Z at 1 whereas W at (0, 1) is value
disrupting for Z at e.g., 0. It follows from Corollary 3.7 that, under A.1-A.3, the Wald
estimand f31 > using W identifies the LATE or “average causal response” a.} 2 which would
have been recovered using the Wald estimand a1 » had Z been observed. For these results,
we do not restrict the structural equations for Y and D apart from exclusion restrictions
and monotonicity.
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Next, we construct examples in which A.2 and A.3 hold but W is endogenous. For
simplicity, we consider the linear random coefficient model for Y :

Y=r(D,Uy)=0D+¢€¢ with D=¢g(Z,Up) and W =s(Z,Uy),

where (Up, Uy, Uwy)LZ and (@, €) are functions of Uy. Given A.2, A.3 then requires that
for all (z, w) in the support of (Z, W)

E(D|Z=z,W =w)=E[q(z,Up)] and

E(Y|Z=2z,W=w)=E[0q(z,Up)I+ E(e), @
and we examine cases in which Y(d) £, W, so that W is endogenous, and for some
w e Sw:

E[Y()|W =w]l=E@d+¢€|W =w) #dE)+ E(e). 2)

For this random coefficient model, a proxy that satisfies conditions (1) and (2) respects
A.3 but is nevertheless endogenous. For example, consider the proxy W = (1 —Uw)Z +
Uw (3 — Z) for Z described above and suppose that g is also linear with integer random
coefficients ¢ and v that depend on Up:

D=q(Z,Up)=6Z+0o.

Provided that 6 does not change sign, Z satisfies monotonicity (and strict A.4 if ¢ is also
nonzero) whereas W fails monotonicity as discussed above!?. Given Up,Uy,Uy)LZ
and letting E(e|Uw) =0 and E(v|0, Uy) = 0, we have

w—2z

E(D|Z=z,W =w)=zE@|Uy = ,

( | : U)) ‘ (l (3—22))

EY|Z=2,W =w)=zE@5|Uy = ——*), and
_ —w) = L SN
“ 0=z W (3-22)"

Cov(Y(d),W)=Cov[0d+¢,Z+ (3—-2Z)Uyw]=d(B3—-2E(Z))Cov(0,Uy).
Provided E(Z) # % (and d # 0), conditions (1) and (2) then obtain if for all u,, € {0, 1}

EQ\Uw =uy) = E©0), E@|Uw =uy) = E(9), and
E@\Uw =0)#E@|Uy =1). 3

A very simple example in which these restrictions hold arises when 89 = ¢, a nonzero
constant, and E(6|Uw) = E(J) but?0 Cov (@, Uyw) # 0. Other simple examples obtain
by letting the expectations in (3) denote moments of the distribution of J. For instance,
let the measurement error Uy alter the distribution of J but preserve its symmetry. For
example, if E(0|Uy) =0and § = 52 then E(00|Uw) = 0 since the skewness of 6|Uyy is
zero, and it suffices that Uy relates to the variance of J, E(Q|Uy =0) < E@|Uw = 1).
Alternatively, to ensure monotonicity for Z, let the support of symmetric J|Uy be positive
with E(0|Uw) = E(6) and set 0 = %(%ﬁ/w))} so that the skewness E (0J|Uw) =0
but?! E@Q|U w =0) < E(@|Uy = 1). In these examples, the average treatment effect is
higher when Z is misclassified.
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In summary, in these examples the proxy W satisfies A.3, fails monotonicity in A.1, and
W at e.g., (1,2) is intensity preserving for Z and value preserving for Z at 1. Further, W
can be endogenous, albeit this requires particular specifications.

APPENDIX B. Mathematical Proofs

Proof of Theorem 3.1. (@) Similar to the proof of theorem 1 in Al let p;(z) = 1{V; <
v(2)}=1{j < D(z)} forz e Sz and j € SpU{J 41}, then pp(z) =1 and py41(z) =0
for z € S7. A.1 and A.2 then give

J
EY|Z=2)=EY (D) =E{ > [pj@ —pjs1@IY())
Jj=0
J
= Elpo()Y O+ D E{pj @Y (j) =Y (j = DI} = Elps+1(Q)Y ()]
j=1
J
=EYO)]+ > E{pj@LY()H—-Y(i-DI}.
j=1

A.land Pr[D(z) < D (2') ] > O ensure that v(z) < v(z’) and p;(z) — p;(z) equals 0 or 1
w.p.1 forall j € Sp, thus

J
E(Y|1Z=7)-E(Y|Z=2) =Z ) =P @Y () =Y =D}

~

=D E[Y(j)—-Y(i—-DIv@ < V; <v ()] Priv(z) < Vj <v (2)1.

Similarly, under A.1, D(z) = ijzo[ﬂj (2) = pj+1(2)]j and given A.2 we have

J
E(DIZ=7)-E(D|IZ=2)=E[D()-D()] =D Prlv(z) < V; <v(d)].
j=1
Pr[D(z) < D (2’)] > 0O ensures that ZJ 1 Pr[v(z) < Vj <v(Z’)] > 0 and therefore we
have o, ./ = a;’z,. It is immediate that 0 < wjz Z < 1and Z/.le cojz SR
(b) A1-A2, pi(2) = 1{ Vi < v(z)}, and the law of iterated expectations give

J
E(IZ=2)=EYO1+ > E{1{V; <v@}[Y() - Y (j - T}
j=1
—E[Y(O)HZ/ E[Y()) =Y (= DIV} =] fy, @)dv
= E[Y(O)]—i—ZGj(v(z)).

j=1

https://doi.org/10.1017/50266466615000390 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466615000390

MISMEASURED INSTRUMENTS 97

Since v(-) is differentiable at z and E[Y (j)—Y(j —1)|V; =-] and fv, () are continuous
at v(z), it follows from the Lebesgue differentiation theorem that (see e.g., footnote 53 in
Heckman (2010) and apply the chain rule)

J
CEMZ=0= Y E[Y() =Y (= DIV =v@] 1, 0@) v,
j=1

A similar derivation gives that

J J v(2) J
E(D|Z:z)=ZPr(Vj 5v(z))=Z/ f\/j(“)dDEZFV_,'(”(Z))
j=1"7% j=1

j=1

with ZE(D|Z =z) = zle v, (v(2) £ v(2). Since Zv(z) # 0 and fy, (v(2)) > O for
some j € Sp\{0}, a(z) = a*(z). Clearly, 0 < wj(z) < I and ij=l wj(z) = 1. n

In proving Theorem 3.2, we employ the following Lemma which shows that 8, ,,» and
f(w) are weighted averages of a;,_, 7, or a(z), with necessary and sufficient condition for
nonnegative weights. This result does not require A.1(i7), A.2, or A.4. For the remainder
of this Appendix, if E(D|Z =z) = E(D|Z =Z/) for z,z' € Sz it is convenient to define
a, » = c for some constant ¢ < 00, and similarly if (%E(D|Z =z)=0weleta(z)=c
for some constant ¢’ < oo. The definitions of ,u;f’w/, 1% (2), and 1% (z) are given in
Theorem 3.2.

LEMMA B.1. Assume A.1(i) and A.3 and let w,w’ € Sy with E(Y|W = w*) < oo
for w* = w,w’. (a) Suppose that S7 = {z0,21,...,2K} With zj—1] < zx fork=1,..., K,
E(Y|Z = zx) < oo for all zj, € Sz, and that, for all zj_1,zx € Sz, if E(D|Z = zx) =
E(D|Z = zj_1) then E(Y|Z = zx) = E(Y|Z = z_1). Then, provided E(D|W = w) #
E(D|W = w’), we have

K K
’ /
ﬁw,m’ = E ,UZ)’U) Ok—1,k> with E ,U/I{D’w =1L
k=1 k=1

(b.i) Set k = 1 and suppose that Fzw (-|w) and FZ|W(-|w/) are absolutely continuous
with support Sz, E(D|Z = -) and E(Y|Z = -) are absolutely continuous on Sz, and that
forall z € Sz, if ZE(D|Z =2z)=0then ZE(Y|Z =z) =0. Then, provided E(D|W =
w) # E(D|W = '), we have

ﬁw,w’:/ a@u”" (2)dz,  with / w”" (2)dz = 1.
Sz s

z
(b.ii) In addition, set { = 1 and assume the regularity conditions in part (b.ii) of
Theorem 3.2. Then, provided aiE(DlW =w) # 0, we have

w
B(w) =/ a(@)u®(R)dz, with / u®()dz=1.
Sz Sz
(c) Further, suppose that in (a) and (b) E(D|Z = 7) is (strictly) monotonic over Sz. Then
0< ﬂz)’w fork=1,...,K or0 < ,uw’“’/(z)for a.e. 7 € Sz if (and only if) W at (w, w")
is intensity preserving for Z. Also, 0 < u™ () for a.e. 7 € Sz if (and only if) W at w is
intensity preserving for Z .
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Note that A.1 and A.2 ensure that E(D|Z = zz) = E(DlZ = zx—1) implies E(Y|Z =
zx) = E(Y|Z = z3—1) or that a%E(D|Z =z) = 0 implies 2 2;E(Y|Z =z) = 0. Further,
(strict) A.4 ensures that E(D|Z = z) is (strictly) monotonic over Sz, in which case W at
(w, w") (or at w) being intensity preserving for Z is sufficient (and necessary) for nonneg-
ative weights.

Proof of Lemma B.1. (a) By A3

K
EY|\W=w)= > EY|Z=2zm)fzw&mlw).

m=0

Thus, we have

K
E(Y|W=w)—EY|W=w)= Zfzwv Znlw) = fz1w @mlw)] E(Y|Z = z)

K
Z faw (enlw) = fzw @nlw)] [E(YVIZ = z2,) = E(Y|Z =z20)]

I
M= i

[fziw (zmlw') = Fziw mlw)] Z[Emz =)~ E(Y|Z =z )]
k=1

5
i

Il
Mw

K
[EY|Z =z1)— E(Y|Z = z—1)] |:Z [fziw (zm]w) _fZ|W(Zm|w)]:|

m=k

x~
Il

ak—1k [E(DIZ = z2) — E(D|Z = zk-) | [Fzyw Gi—1lw) — Fzjw (zx—1]w”) ]

I
M=

w
I
-

where we use f7w (zolw) =1— Z,Ifl:l fz\w (zm|w) in the second equality and that, for
all zx_1,2k € Sz, E(D|Z = z) = E(D|Z = zj—1) implies E(Y|Z =zx) = E(Y|Z =
Zk—1) With ap_1 x = c in the last equality. A similar derivation gives
K
E(DIW =w')— E(DIW =w) = > [E(D|Z =z;) — E(D|Z = ;)]
k=1

x [Fziw (zk—11w) = Fzyw (zk—11w")].

E(DIW = ) # E(DIW = w) gives By = S u ar_1x. Clearly,
’
St =1
(b.i) By A.3, we have

E(Y|W =w) =/S EYIW=w,Z =2)fzjw(z|lw)dz :/s E(Y|Z =2) fz1w (zlw)dz.
VA zZ

Integration by parts applies over Sz since E(Y|Z =), Fz;w(-|w), and FZ|W(-|w’) are

absolutely continuous on Sz and gives

E(YIW=uw')-EY|W=u) :/s EX|Z=2)[fziw (zlw) = fzw zlw)]dz
z

=E{Y|Z=2) [FZIW (z|w/) - Fz|W(Z|w)]|§
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- [ [Zeoiz=a] 1w ) - Fzwicio)a:

:/ a(z)[ E(DIZ—Z)][FZ|W(ZIU>) Fziw (zlw’)]dz,

with z and 7 the (possibly infinite) infimum and supremum over Sz and since forall z € Sz,
(%E(D|Z =z) =0 implies O%E(Y|Z =7) =0 with a(z) = ¢’. A similar derivation gives

E (DIW =w') = E(DIW =) =/S [(%E(DIZ =z)] [Fziw zlw) = Fzjw (zlw) ] dz.
VA

Since E(DIW = w') # EDIW = w), Byu» = fsza(z),u“”“’/(z)dz with
Js, 4 (@)dz =1.
(b.ii) Since £ E(D|Z =z) =0implies £ E(Y|Z =z) =0 witha(z) =’ forall z € Sz,

0 0 0
?E(YIW—U)) [E(YIZ—Z)FZW(ZIw)\ —/ [;E(Y|Z=Z)} FZ|W(Z|U))dZ]
Sz Loz

— —/ a(z)[ E(D|Z —z)] = Fyw Gz,

where the interchange of integral and derivative follows from e.g., Corbae, Stinchcombe,
and Zeman (2009, Thm. 7.5.17) or Bartle (1966, Cor. 5.9). Similarly,

0 0 0
%E(Dlw =w)= _/Sz [6 E(D|Z—Z)] [—Fz|w(z|w):|dz

Since 0wE(D|W =w) # 0, we have f(w) = sz a(z)u® (z)dz with fs 1P (2)dz = 1.

(¢) Since E(D|Z = 7) is (strictly) monotonic over Sz, 0 < ,uw w' fork=1,...,K or
0<u® w’ (z) for a.e. z € Sz if (and only if) either Fzw (zlw) > Fzjw (z|w’) for all z €
Sz or Fzjw(zlw) < FZ|W(z|w’) for all z € Sz. Similarly, 0 < % (z) for a.e. z € Sy
if (and only if) either =
z€8z.

RIS 2= Fz 1w (zlw) <0 for ae. z € Sz or awFZ|W(Z|w) > 0 for a.e.

Proof of Theorem 3.2. (a) The result obtains from Lemma B.1 and Theorem 3.1
since, fork =1,..., K, a1} = a,’: 1k if E(D|Z = z1) # E(D|Z = zj,—1) and we let
af 1k = =0 0therw1se (b) We demonstrate the result for (b.ii). A similar argument applies
in (bi). Since Fy, (v()) and Gj(v(")), j = 1,..., J, are absolutely continuous on Sz, so
are E(D|Z =") and EY|Z= ) From Lemma B.l,

0 0 0
%E(D|W =w)= —/SZ |:aZE(D|Z—Z)] |:7FZ|W(Z|w)i|dZ

From Theorem 3.1 and since v(-) is differentiable at a.e. z € Sz, the chain rule gives that
for a.e. z € Sz (see e.g., Leoni 2009, Cor. 3.49),

J J
) o [r@ )
azE(D'ZZZ)Zj;az/_OO fvj(v)dv=§fvj(v(z))&v(z)«
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Similarly, Lemma B.1, Theorem 3.1, and the chain rule give

ﬂE(Y|W:w):—/ 3E(YIZ—z)i| [in|W(z|w)]dz
ow Sz L

-, Zaz/ E[Y() =¥ (= DIV; = o] fy, ©)dv

X [inwv(le)] dz
ow

J
=_/ SE[Y(H-Y(i-DIV; =V(Z)]fvj(v(z))iu(z)
Sz | j=1 o2

X [ai Z|W(z|w)] dz

=—/(z@[ E@M—@]Pzﬁwﬁmﬂa,

where we use a*(z) = 0 if ij=1 fv;(v(2)) %v(z) =0, z € Sz, in the last equality. Since
S EDIW =w) £0. f(w) = [g, a* )" ()dz. -

Proof of Proposition 3.3. Let f : Sz — Sy be a nondecreasing monotonic function
then

0 if f(z)<w
Fziw(zlw) =Pr(Z <zIW=w)=c€0,1] if f(z)=w .
1 if f(z)>w

Then, for all w, w’ € Sy with w < w’ and all z € Sz, we have

0 if f(z)<w<w’
0 < Fzjw (zlw) — Fzw (zlw') = cel0,1] ifw< fz)<w .
1-¢, ' e[0,1] if w<w <f(z)

Also, we have that for all w € Sy C R, aw

%F ziw (|-) exists. A symmetric argument applies for f a nonincreasing monotonic
function.

To show that monotonicity of f is not necessary for intensity preservation, suppose that
Sz =1{0,1,2,3} and that P(Z =z) = % forz=0,1,2,3. Let W =1{Z =1o0r Z =3}.
We have Fzw (z|lw) = Zizo Pr(Z = k|W = w), and by Bayes’ theorem

Fziw (zlw) < 0 for a.e. z € Sz, provided

Pr(W =w|Z =k)Pr(Z =k)
>3 _oPt(W =w|Z=m)Pe(Z=m)

Pr(Z =k|W =w) =

Thus, Fzw (010) = % > 0=FzwO[1), Fz)w(1]0) = % =Fziw(1), Fziw (2|0) =1 >
% = Fziw(2|1), and Fzw (3|0) =1 = Fz;w (3|1) and W is positively intensity preserving
for Z. u
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Proof of Proposition 3.4. The result follows from Lehmann (1966, Example 12). H

Proof of Corollary 3.5. The result follows from Lemma B.1(c) since A.1-A.2 and
(strict) A.4 ensure that E(D|Z = -) is (strictly) monotonic over Sz C R. n

Proof of Proposition 3.6. Forall z € Sz and w € Sy, Z L (V,e)and V L € give

Fwiz(w|z) =Pr(W < w|Z=2)=Pr((1—€)Z+€V <w|Z=27)=Pr((1 —€)z+€V < w)
=Pr(z < w)Pr(e =0)+Pr(V < w)Pr(e = 1)

Pr(V <w)Pr(e =1) ifw<z
Pr(e =0)+Pr(V <w)Pr(e =1) ifz<w’

It follows that

fwiz(wlz) = fy (w)Pr(e = 1) forall z € Sz and w € Sy \{z}.

Similarly, for all w € Sy, Z L (V,e) and V L € give V L (¢, Z), and we have
Fy(w)=Pr(W < w)=Pr((1—€)Z+¢€V <w)

Z/S Pr(Z <wle=0,Z=2)Pr(e =0|Z =2) fz(2)dz
zZ
+/ Pr(V <wle=1,Z=27)Pr(e = 1|Z =2) fz(z)dz
Sz

=Pr(e = 0)/ Pr(z < w) fz(z2)dz+Pr(V < w)Pr(e = 1)/ fz(z)dz
Sz Sz
=Pr(e =0)Pr(Z < w)+Pr(V < w)Pr(e = 1) = Fz(w),
since Z and V are identically distributed. Thus, for all z € Sy and s € Sz\{z}, we have

Jwiz@l)fz(s) — fv(@)Pre =1)fz(s)
fw (@) a fz(@)

It follows that, for all z € Sy and s € Sz,

fziw (sl2) =

=Pr(e =1)fz(s).

Pr(e = 1)Fz(s) ifs <z

Fw (s12) =Pr(e = 1) Fz(s) +Pr(e =0)H(s —2) = [Pr(s —0)+Pr(e = 1)Fz(s) ifz<s’

where H(v) = (1) gg z v is the Heaviside step function. Thus, 2 30 Fz1w (sl2) = —Pr(e =

0)d(s —z) forall z € Sy and s € Sz (see e.g., Bracewell 1986, p. 72), with Pr(e =0) > 0.l

Proof of Corollary 3.7. (a) Since Fzjw (zm|w) = FZ|W(zm|w’) for all z, # zx—1

and Fzw (25— 1|w) # Fz)w (zg—1lw’), we have in Theorem 3.2 that upy ©" _ 0 for all
m#kand p ww =1, and thus S, v = S K_ | uiy an*1 Lm = @3_1 ¢~ (b) The result

obtains from Theorem 3.2(b) by considering the limit as 7 — 0 of the integrals involving
a F |W(9|u)) Under the conditions of Theorem 3.1(b) and with v(-) continuously dif-

ferentrable at z, 62 S E(D|Z = -) is continuous at z. Thus, by the “sifting property” of the
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Dirac delta function (e.g., Bracewell 1986, p. 75; Li and Racine, 2007, p. 679)

0 0 0
E(D|W = = lim — —E(D|Z = —F7 d
ow (Dl ©) rln() Sz |:6z (D1 s)][aw le(st)] y

=_/ [3E(D|Z=s)i|yé(s—z)ds=—V3E(D|Z=Z)7EO-
s, 0z 0z

imilar ,; =) is continuous at z an the sifting propert
Similarly, 5~ E(Y|Z d by the sifting property

0 0 0
%E(YIW =w)= _/Sz [a—zE(YlZzs)] yo(s —z)ds = —y a—zE(YIZ=z).

Since (%E(D|Z =7) #0, Theorem 3.1 then gives f(w) = a(z) = a*(2). n

Proof of Theorem 4.1. By A.3 Cov(Y, g(W)) = Cov(Y, g(Z)) and Cov(D, g(W)) =
Cov(D, g(2)). (a) Theorem 2 of IA gives that

K
[E(Y|Z=2)—E(Y|Z =211 f2(z1)&(zn)
1 h=k

M=

Cov(Y,g(2)) =

~
Il

Il
M =

a1k E(DIZ=2z1) — E(D|Z = 2x-1)IE@(2)|1Z > z1) Pr(Z = 1),

~
I
-

since, for k = 1,..., K, Theorem 3.1(a) gives ay_ix = a;_l ¢ if E(DIZ = zp) #
E(D|Z = z—1) and we let a_, , = 0 otherwise. Similarly,

K
Cov(D,2(Z)) = D_IE(D|Z =zm) — E(D|Z = 2y DIE@(Z)|Z > 2m) Pr(Z > zm).

m=1

Since Cov(D, g(W)) # 0, we have ,BgW = Z,le ¢l§al:—l,k' Clearly, 21521 ¢,‘§ =1

(b) From the proof of Theorem 3.2, E(X|Z =-), X =Y, D is absolutely continuous on
Sz. Further, E(g(Z)|Z > 2)Pr(Z > z) = —fzzg'(s)fz(s)ds is absolutely continuous on
S7. Integration by parts and arguments similar to the proof of Theorem 3.2 give (see also
Theorem 4 in AGI or Appendix C in HUV)

COD(Y,é(Z))=COD(E(YIZ),E’(Z))=E[E(YIZ)§(Z)]=/ E(Y|Z =2)§(2) fz(2)dz
z
Z

d
Z—/SZ [a—ZE(HZ:z)]

Z
— E(Y|Z=2) / §(5) f2(s)ds
z

X |:/Zzg(s)fz(s)ds:| dz

J
= [ | ZEr D=y G =01 =v@] £y 0@ £
Sz i1 ’ 4
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z
g ds | d
x[ [ #6)12(5) s} :
:/ a*(z) [iE(D|Z :z):| E(E(2)|Z > 2)Pr(Z > 7)dz,
Sz 0z

with z and z the (possibly infinite) infimum and supremum over Sz and since we let
a*(z) =0if ij=1 1 (v(z))a%v(z) =0 for z € Sz. Similarly,

Cou(D,3(2)) = /

[iE(D|Z = m)] E(E(2)|Z > m)Pr(Z > m)dm.
Sz L0z

Thus, B}, = s, #* @¢8 (2)dz with [, ¢S (2)dz = 1. ]

Proof of Proposition 4.2. Under positive intensity preservation, for all z € Sz and
w € Sy, Pr(Z < z|W = w) is nonincreasing in w. Lemmas 4 and 1(v) in Lehmann (1966)
give that, forall z € Sz and w € Sy, Pr(Z < z|W < w) > Pr(Z < z) or equivalently Pr(W >
w|Z > z) > Pr(W > w). Let g be nondecreasing then Theorem 1.A.3(a) and property 1.A.7
in Shaked and Shanthikumar (1994) give that Pr(g(W) > m|Z > z) > Pr(g(W) > m) for all
z€ Sz andm € Sg and thus E(g(W)|Z > z) > E(g(W)) for all z € Sz. Similar arguments
apply for g nonincreasing or negative intensity preservation. n

Proof of Corollary 4.3. Since Uy Ll,, Z, we have E(W|Z > z) — E(W) =
E(f(Z)|Z = z) — E(f(Z)). Let f be nondecreasing, Proposition 3.3 gives that f(Z) is
positively intensity preserving for Z. By Proposition 4.2, it follows that f(Z), and thus W,
are positively mean quadrant dependent on Z. A similar argument applies for nonincreas-
ing f. The counterexample in Proposition 3.3 gives a nonmonotonic f such that f(Z) is
positively intensity preserving for Z and thus, by Proposition 4.2, f(Z), and therefore W,
are positively mean quadrant dependent on Z. n

Proof of Corollary 4.4. Under A.1, A.2, and (strict) A.4, E(D|Z = z) is (strictly)
monotonic over Sz. Then, 0 < ¢,§ fork=1,...,K or0 < ¢8(z) fora.e. z € Sz if (and only
if) E(§(Z)|Z > z) does not change sign over Sz, or, by the law of iterated expectations
and g(Z) = E[g(W)|Z] — E[g(W)], if (and only if) g(W) is mean quadrant dependent
on Z. n

Proof of Theorem 4.5. By A.3 Cov (Y, g(W)) =Cov (Y, g(Z)) = E(Y§(Z)). We have

J
Cov(Y,g(W) =E(Y§(2))=E | §(2) > Y(j)) [1{V; <v(2D)} -1{Vj31 <v(D)}]
j=0

V-

Il
=}

E[gO1{V; <v@}E[Y()IZ, V)]
J

5

[§@D1{Vj11 <v(D}E[Y(NHIZ, Vj41]]

E[EE@HV; <v@NV]E[Y(DIV]]

Il
.M\

I ~
5 L

[E[D1{Vit1 <v( D}V ] E[YDIVis1]].
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where we apply the law of iterated expectations in the third and fourth equalities and A.2
in the fourth equality. Let

95 ) = E[§@2)1{V; <v(D)}IV} = v] = E[§(Z)lo < v(2)]Pr( < v(2)),

where we use A.2 in the last equality. Then

J
Coo(V, W) = D E[vf (V;) E(YDIV) | = E[951 (Vit) E (Y (D)
j=0

=E[9§ (V) E(Y (0)|Vo)]

J
+DE [ﬂ_f’(vj)E [Y() =Y = DIV)] = E[95 (Vi) EQY (DI Vi)
j=1

J
- Z/s PEEX () =Y (= DIV, = u} f,0)dv,
j=1"7°Y

since 9§ (Vo) =99, (Vy11) =0. Similarly,

J J
Con(D,5(W) = EDE2) = > E[0£()G=G=0)] = 3 [ 0f @)y, @
j=1"°Yj

j=1

Dividing the two expressions gives the expression for ﬂ‘ﬁv. Clearly,
ijzl vaj I//Jg(l))f\/j (v)dv = 1. The weights l//Jig(v) >0forallv e Sy, j=1..J, if and

only if E[§(Z)1{v <v(Z)}] < Oforallv € Sy;, j =1,...,J, or E[§(Z)1{o < v(Z)}] 2 0
forallv € Sy, j=1,....J. u
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