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A LOCAL GAUSSIAN BOOTSTRAP
METHOD FOR REALIZED VOLATILITY
AND REALIZED BETA

ULRICH HOUNYO
University at Albany, SUNY and CREATES

This article introduces a local Gaussian bootstrap method useful for the estimation of
the asymptotic distribution of high-frequency data-based statistics such as functions
of realized multivariate volatility measures as well as their asymptotic variances.
The new approach consists of dividing the original data into nonoverlapping blocks
of M consecutive returns sampled at frequency s (where h~! denotes the sample
size) and then generating the bootstrap observations at each frequency within a block
by drawing them randomly from a mean zero Gaussian distribution with a variance
given by the realized variance computed over the corresponding block.

Our main contributions are as follows. First, we show that the local Gaussian
bootstrap is first-order consistent when used to estimate the distributions of realized
volatility and realized betas under assumptions on the log-price process which fol-
lows a continuous Brownian semimartingale process. Second, we show that the local
Gaussian bootstrap matches accurately the first four cumulants of realized volatility
up to o (h), implying that this method provides third-order refinements. This is in
contrast with the wild bootstrap of Gongalves and Meddahi (2009, Econometrica
77(1), 283-306), which is only second-order correct. Third, we show that the lo-
cal Gaussian bootstrap is able to provide second-order refinements for the realized
beta, which is also an improvement of the existing bootstrap results in Dovonon,
Gongalves, and Meddahi (2013, Journal of Econometrics 172, 49-65) (where the
pairs bootstrap was shown not to be second-order correct under general stochas-
tic volatility). In addition, we highlight the connection between the local Gaussian
bootstrap and the local Gaussianity approximation of continuous semimartingales
established by Mykland and Zhang (2009, Econometrica 77, 1403-1455) and show
the suitability of this bootstrap method to deal with the new class of estimators intro-
duced in that article. Lastly, we provide Monte Carlo simulations and use empirical
data to compare the finite sample accuracy of our new bootstrap confidence intervals
for integrated volatility with the existing results.
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1. INTRODUCTION

Realized measures of volatility have become extremely popular in the last decade
as higher and higher frequency returns are available. Despite the fact that these
statistics are measured over large samples, their finite sample distributions are
not necessarily well approximated by their asymptotic mixed-Gaussian distribu-
tions. This is especially true for realized statistics that are not robust to market mi-
crostructure noise since in this case researchers usually face a trade-off between
using large sample sizes and incurring in market microstructure biases. This has
spurred an interest in developing alternative approximations based on the boot-
strap. In particular, Gong¢alves and Meddahi (2009) proposed bootstrap methods
for realized volatility whereas Dovonon et al. (2013) have studied the application
of the bootstrap in the context of realized regressions.

In this article, we propose and analyze a new bootstrap method for realized
measures which we term the local Gaussian bootstrap. In a univariate setting, the
new bootstrap approach consists of dividing the original data into nonoverlapping
blocks of M consecutive observations and then generating the bootstrap observa-
tions at each frequency within a block by drawing a random draw from a normal
distribution with mean zero and variance given by the realized variance over the
corresponding block. By construction, conditional on the observed data, the lo-
cal Gaussian bootstrap’s returns are homoscedastic within blocks. In practice, the
volatility of asset returns is highly persistent, implying that it is at least locally
nearly constant. Thus, we may expect the local Gaussian bootstrap to provide a
good approximation of the asymptotic distribution of high-frequency data-based
statistics. We focus on two realized measures: realized variance and realized re-
gression coefficients. The latter can be viewed as a smooth function of the realized
covariance matrix and, in this case, we extend the univariate idea and generate
bootstrap observations for the vector of intraday returns entering the regression
model. Specifically, we generate bootstrap observations on the vector of variables
of interest by drawing a random vector from a multivariate normal distribution
with mean zero and covariance matrix given by the realized covariance matrix
computed over the corresponding block.

We prove the first-order asymptotic validity of the local Gaussian bootstrap
method for realized volatility and realized regression coefficients under general
assumptions on the log-price process, allowing the latter to follow a continuous
Brownian semimartingale process with stochastic volatility of general nonpara-
metric form, which accommodates drift and leverage effects. Next, we consider
a model where we impose more restrictive assumptions on the data generating
process that rules out these effects. For this simplified model, we show that the
local Gaussian bootstrap yields higher-order asymptotic refinements.

Our findings for realized volatility are as follows: when M is fixed, the local
Gaussian bootstrap is asymptotically correct but it does not offer any asymptotic
refinements. More specifically, the first four bootstrap cumulants of the 7-statistic
based on realized volatility and studentized with a variance estimator that is based
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on a block size of M do not match the cumulants of the original z-statistic to
higher order (although they are consistent). Note that when M = 1, the new boot-
strap method coincides with the wild bootstrap of Gongalves and Meddahi (2009)
based on a N (0, 1) external random variable. As Gongalves and Meddahi (2009)
show, this is not an optimal choice, which is in line with our results. Therefore,
our result generalizes that of Gongalves and Meddahi (2009) to the case of a fixed
M > 1. For any finite values of M > 1, the rate of convergence of the local Gaus-
sian bootstrap and the normal approximation is the same. In such a situation, to see
whether we can still improve upon the existing first-order asymptotic theory (and
/or the wild bootstrap method of Gongalves and Meddahi, 2009) by relying on our
new local Gaussian bootstrap method, we follow Shao and Tu (1995) (cf. Section
3.3) and use the asymptotic relative bootstrap error as a criterion of comparison.
We show that under this criterion, for any fixed M > 3 the local Gaussian boot-
strap is better than the normal approximation. Whereas for any fixed M > 2, the
comparison between the local Gaussian bootstrap and the wild bootstrap method
of Gongalves and Meddahi (2009) favors the local Gaussian bootstrap.

When the block length M — oo, as h — 0 such that Mh — 0, (where Kl
denotes the sample size), we show that the local Gaussian bootstrap is able to
provide an asymptotic refinement. In particular, we show that the first and third
bootstrap cumulants of the 7-statistic converge to the corresponding cumulants at
the rate o (hl/ 2), which implies that the local Gaussian bootstrap offers a second-
order refinement. In this case, the local Gaussian bootstrap is an alternative to the
optimal two-point distribution wild bootstrap proposed by Gongalves and Med-
dahi (2009). More interestingly, our results also highlight that the local Gaussian
bootstrap is able to match the second and fourth order camulants up to o (), small
enough error to yield a third-order asymptotic refinement. This is in contrast to the
optimal wild bootstrap methods of Gongalves and Meddahi (2009), which cannot
deliver third-order asymptotic refinements. We also show that the local Gaussian
bootstrap variance is a consistent estimator of the (conditional) asymptotic vari-
ance of realized volatility. Then, we provide a proof of the first-order asymptotic
validity of the local Gaussian bootstrap method for unstudentized (percentile) in-
tervals. This is in contrast to the best existing bootstrap methods of Gongalves and
Meddahi (2009), which cannot consistently estimate the asymptotic variance of
realized volatility.

For the realized regression estimator, the local Gaussian bootstrap matches the
cumulants of the z-statistics through order o (hl/ 2) when M — oo. Thus, this
method can provide second-order refinements. This contrasts with the pairs boot-
strap studied by Dovonon et al. (2013), which is only first-order correct. In addi-
tion, we show that the local Gaussian bootstrap method can be used to estimate
the variance of smooth function of realized covariance matrix, in particular the
variance of realized beta. This is also an improvement of the existing bootstrap
results in Dovonon et al. (2013), where the pairs bootstrap cannot consistently es-
timate the asymptotic variance of smooth function of realized covariance matrix.
Our result provides an alternative to the recent wild blocks of blocks bootstrap
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method studied by Hounyo (2017) (see also Hounyo, Gongalves, and Meddahi,
2017), which is also a valid approach when estimating the asymptotic variance of
smooth function of realized covariance matrix. Note that, although the results in
Hounyo (2017) are derived under general assumption including the presence of
market microstructure noise, jumps and nonsynchronous observations, there are
no results about a possible higher-order correctness of their bootstrap method.

The structure of our local Gaussian bootstrap method can be related to the ideas
in Mykland and Zhang (2009). As these authors explain, one useful way of think-
ing about inference in the context of realized measures is to consider that returns
have constant variance and are conditionally Gaussian over blocks of consecutive
M observations. Roughly speaking, a high-frequency return of a given asset is
equal in law to the product of its volatility (the spot volatility) multiplied by a nor-
mal standard distribution. Mykland and Zhang (2009) show that this local Gaus-
sianity approximation of continuous semimartingales observed at high-frequency
is useful in deriving the asymptotic theory for the estimators used in this literature
by providing an analytical tool to find the asymptotic behaviour without calcula-
tions being too cumbersome. They also introduced a class of block-based estima-
tors. When observation times are equidistant, the block-based procedures of Myk-
land and Zhang (2009) have the advantage of yielding more efficient estimators by
increasing the size of the block (see also the related work of Renault, Sarisoy, and
Werker, 2017). We analyze the connection between the local Gaussian bootstrap
and the local Gaussianity approximation of continuous semimartingales observed
at high-frequency established by Mykland and Zhang (2009) and show the suit-
ability of our bootstrap method to deal with the new class of estimators introduced
in that article. In particular, we show how and to what extent the local Gaussianity
approximation of continuous semimartingales observed at high-frequency can be
explored to generate a valid bootstrap method for Mykland and Zhang’s (2009)
realized beta-type estimator. Our Monte Carlo simulations suggest that the new
bootstrap method we propose improves upon the first-order asymptotic theory in
finite samples and outperforms the existing bootstrap methods.

The rest of this article is organized as follows. In the next section, we first intro-
duce the setup, our assumptions and describe the local Gaussian bootstrap. In Sec-
tions 3 and 4 we establish the consistency of this method for realized volatility and
realized beta, respectively. Section 5 contains the higher-order asymptotic proper-
ties of the bootstrap cumulants. Section 6 provides a study of the local Gaussian
bootstrap in the context of Mykland and Zhang’s (2009) local Gaussianity frame-
work. Section 7 contains simulations. One empirical application is presented in
Section 8. We conclude in Section 9 by describing how the local Gaussian boot-
strap can be extended to a setting which allows for irregularly spaced data, non-
synchronicity, market microstructure noise and/or jumps in the log-price process.
Appendix A contains the tables with simulation results whereas Appendix B con-
tains the proofs of the main results. Last, online supplementary material provides
technical lemmas and the remaining proofs. Further details are provided at Cam-
bridge Journals Online.!

https://doi.org/10.1017/50266466618000129 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000129

364 ULRICH HOUNYO

2. FRAMEWORK AND THE LOCAL GAUSSIAN BOOTSTRAP

The statistics of interest in this article can be written as smooth functions of the
realized multivariate volatility matrix. In this section, we describe the theoretical
framework for multivariate high-frequency returns, as well as propose a new re-
sampling method—the local Gaussian bootstrap. Sections 3 and 4 will consider
in detail the theoretical properties of this method for the special cases of realized
volatility and realized beta, respectively.

We follow Mykland and Zhang (2009) and assume that the log-price process

/
X, = (X,(l), ey Xt(d)) of a d-dimensional vector of assets is defined on a proba-

bility space (L2, F, P) equipped with a filtration (F;),>0. We model X as a Brow-
nian semimartingale process,

t t
Xy :XO+/ Hsds +/ osdWs,t >0, (0]
0 0

where u = (u¢);>¢ is a d-dimensional predictable locally bounded drift vector,
W= (Wy)>0is d-dimensional Brownian motion and ¢ = (01)s>0 is an adapted
cadlag d x d locally bounded process such that X; = 0,0/ is the spot covariance
matrix of X at time 7.

We follow Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard
(2006) and assume that the matrix process o; is invertible and satisfies the fol-
lowing assumption

t t t
oy =O'()+/ asds—}—/ bdeS—f—/ vsdZ, 2)
0 0 0

where a, b, and v are all locally bounded, cadlag and adapted processes, with a
also being predictable, and Z is a vector Brownian motion independent of W.

The representation in (1) and (2) is rather general as it allows for leverage and
drift effects.” Assumption 2 of Mykland and Zhang (2009) or equation (1) of
Mykland and Zhang (2011) also impose a Brownian semimartingale structure on
the instantaneous covolatility matrix o . Equation (2) rules out jumps in volatility,
but this can be relaxed (see Assumption H1 of Barndorff-Nielsen et al., 2006 for
a weaker assumption on o).

The parameters of interest in this article are functions of the elements of the
integrated covariance matrix of X, i.e., the process

t
F,E/ Xyds, t €[0,1].
0

Without loss of generality, we let t = 1, define I’ =11 = fol 2.ds as the inte-
grated covariance of X over the period [0, 1], and we let I'y; denote the (k,[)-th
element of I'. Suppose we observe X over a fixed time interval [0, 1] at regular
time points t; = ih, for i =0,...,1/h, from which we compute 1/% intraday
returns at frequency #,
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ih ih

1

W= X =Xoo= [ dit [ odW i=1g 3)
(i—1)h (i—1)h h

where we will let yi ; to denote the i-th intraday return on asset k, k =1, ...,d.
Next, we introduce a new resampling method called the local Gaussian boot-
strap. To generate the local Gaussian bootstrap vector of returns, we only need
an estimator of the spot covariance matrix and a normal external random vec-
tor. Divide the fixed time interval [0, 1] into blocks, each of which containing M
high-frequency returns. For each block j =1,..., ﬁ, let é( /) be the realized
covolatility computed over the block j containing returns yiy—m,--.,YjM-

To be precise, é'(j) is such that CA‘(j)CA‘zj) = ﬁ Zf‘il yi+(j_1)Mylf+(j_1)M. Inside

each block j of size M (j =1,..., MLh), we generate the M vector of returns as
follows:

S =Cor (VAnt_uw ) fori =1, M, @)

where 77;‘+(j_1)M ~i.i.d.N(0, 1;) across (i, j), and Iz is a d x d identity matrix.
The local Gaussian bootstrap data-generating process (DGP) is motivated by the
toy model X; = fot osd Wy, where ¢ is independent to W and the volatility process
o 1s piecewise constant. Specifically, the volatility process o; is invertible and
such that for j =1,..., ﬁ,

or =0(j—1)mn, fort € ((j —1)Mh, jMh]. %

Under these assumptions,
Yi+(i-nymh = C(jy - (“/Zﬂi-i-(j—l)M), forl <i <M,

where #; 4 (j—1ym ~i.i.d.N(0, Iz) and C(jy = o(j—1)mn- Although (4) is motivated
by this very simple model, as we show in this article, the local Gaussian bootstrap
method remains valid more generally. In particular, its validity extends to the
general stochastic volatility models described by (1) and (2). In Section 6, we
will discuss the connection between the local Gaussian bootstrap and the local
Gaussianity framework recently analyzed by Mykland and Zhang (2009).

In this article, and as usual in the bootstrap literature, P* (E* and Var™) de-
notes the probability measure (expected value and variance) induced by the boot-
strap resampling, conditional on a realization of the original time series. In the
remainder of the article, we will need the following notation; v denotes a given
probability measure (it could be the true probability distribution P or an approxi-
mate probability measure O,y ). For a sequence of bootstrap statistics Z Z Ao Ve

write Z; ,, = op+ (1) in probability under v, or Z} ,, —P"0,as h — 0, in prob-
ability under v, if for any ¢ > 0, 6 > 0, limj—0 0 [P* (‘Z;‘l M’ > (S) > g] =0.
Similarly, we write Z; ,, = Op~ (1) as h — 0, in probability under v if for all
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& > 0 there exists a M, < oo such that limy,_¢9 v [P* (‘Z; M‘ > Mc) > g] =0.

Finally, we write Z Z M —d 7 ash— 0,in probability under v, if conditional on
the sample, Z; ,, converges weakly to Z under P*, for all samples contained in
a set with probability converging to one under v.

3. RESULTS FOR REALIZED VOLATILITY

In this section, we introduce the statistics and CLT of interest as well as ana-
lyze the first-order asymptotic properties of the bootstrap. In particular, we review
some known (but nontrivial) asymptotic results that are relevant for introducing
the local Gaussian bootstrap method for realized volatility. Next, we study the
theoretical properties of this bootstrap method for realized volatility. Throughout
this section we letd = 1.

3.1. Existing Asymptotic Theory

To describe the asymptotic properties of realized volatility, we need to introduce
some notation. In the following we assume that 1 /M is an integer. For any ¢ > 0,
define the realized g-th order power variation as

1/Mh 2
RV q
Ry=Mh Y’ ( /- ) : (6)
=\ Mh

where RV, y = Z?ilyizﬂ i—h)M is the realized volatility over the period
[j—DMh, jMh] for j = 1,...,MLh. Note that when ¢ = 2, R, = RV =

ZIIL }11 yi2 (i.e., the realized volatility), and R» is not a function of M. Similarly,
for any g > 0, define the integrated power variation by

1
/agdu.
0
2

q/2
Finally, define cps g = E (M) where )(,%,1 has the standard 2 distribution

o

M

with M degrees of freedom, and note that ¢y , can be written as

(7

A (@)
e (2)" L5

M r(7)
where I' is the Gamma function.

For any bounded M, under (1) and (2) Mykland and Zhang (2009) (cf. equation
(58) in conjunction with Remark 8) show that as 7 — 0
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M|c —c?

1 _ ( M,2q M, )_

h—l( Rq—aq) S5 N(0, 1) - 1) 524, 8)
CM,q Cqu

under P, where —*' denotes stable convergence. An implication of (8) is that for
any bounded M, under (1) and (2) ash — 0

1

CM,q

R, -5 o4 9)

When M goes to infinity, a number of recent articles extends these asymptotic
results for block-based statistics in several directions, see, e.g., Jacod and Rosen-
baum (2013) (cf. equations (3.3), (3.4), (3.8), and (3.11)) and Li, Todorov, and
Tauchen (2017) (cf. Theorems 2 and 3). See also Jacod and Protter (2012) (cf.
Theorem 9.4.1) and Mykland and Zhang (2011) for similar results. In particular,
when M — oo as h — 0 such that Mh — 0, a sufficient assumption such that

Ry —P> o4, is (1) and (2). Hence, the consistency result in (9) still holds when M
goes to infinity by noting that for any ¢ > 0, ¢y, — 1 as M — co. As a result,
under (1) and (2), if M is fixed or M — oo as h — 0 such that Mh — 0, then as
h— 0,

. 1 P —
Vo ,u=2 mm - Vo =20% (10)

By combining the asymptotic results in (8) for ¢ = 2 and the consistency result
in (10), we obtain the feasible CLT result for realized volatility. Specifically, under
(1) and (2), if M is fixed or M — oo as h — 0 such that Mh — 0, thenas h — 0,
we get

Vi1 (Rz —?)

V VU_Z,h,M
To better understand how the CLT result in (11) holds for both M fixed and
M — oo, first note that with ¢ = 2, given (7), we have forany M > 0, cyr2 =1,

4 N, 1). an

M+2

M(CM’4—C?W’2)
cma =5 , hence ———

= 2. Then, let
M2

N/ (Rz — ?)
Th=——"+—/—""7", (12)
and notice that T -, is not a function of M. In particular, the CLT result for T -,
does not depend either on the condition M fixed or the condition M — oco. A

sufficient assumption to obtain T i) N(0,1)as h — 0is (1) and (2) (see, e.g.,
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Barndorff-Nielsen et al., 2006 (cf. Theorem 2.3), see also Jacod and Protter (2012)
(cf. equations (5.6.3) and (5.6.4)) for similar results). Finally, to complete the
picture, we write

h! (Rz —_2)
S S A
A o
Vaz,h,M

We can use the feasible asymptotic distribution result in (11) to build con-
fidence intervals for integrated volatility. In particular, a two-sided feasible

100(1 — &) % level interval for 62 is given by

ICFeas,1~a = (Rz —Z1-apon” % vg‘z,h,M, Ry+z1-gpon™ ' vg‘z,h,M) ;

13)

where 2142 is such that @ (Zl—a/2) =1—0a/2,and @ () is the cumulative dis-
tribution function of the standard normal distribution. For instance, zg.975 = 1.96
when o = 0.05. When the block size M is fixed such that M = 1, the result in
(11) is indeed well-known in the literature. This is equivalent to the CLT result
for realized volatility derived by Barndorff-Nielsen and Shephard (2002). In par-
ticular, ‘70'_2,}1,1 = %h_l zll i }ll y;1 . Notice that, when M > 1, the realized volatil-
ity RV using the blocking approach is the same realized volatility studied by
Barndorff-Nielsen and Shephard (2002), but the z-statistic is different because
IA/J-z, M changes with M. Under regular sampling schemes, one advantage of the
block-based estimator (given by (6)) is to improve efficiency by increasing the
size of the block, see, e.g., Mykland and Zhang (2009) and the recent work of
Renault et al. (2017).

3.2. Bootstrap Consistency

In this section, we show that the proposed local Gaussian bootstrap, described in
Section 2, is consistent when applied to realized volatility. Specifically, given (4)
withd =1, for j=1,...,1/Mh, we let

" RVim . ,
V(- =\ T3y MirG-vms L= Lo M, a4

where 77;‘+(j_1)M ~ 1i.d.N(0, 1) across (i, j). Note that this bootstrap method
is related to the wild bootstrap approach proposed by Gongalves and Meddahi

(2009). In particular, when M =1 andd =1, R‘;f[’M = y.2 this amounts to the wild

bootstrap based on a standard normal external random variable. As the results of
Gongalves and Meddahi (2009) show, this choice of #* is not optimal for infer-

ence on o2 because it does not replicate the higher order cumulants of RV up to
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1 (h 1/ 2). Instead, they propose a two-point distribution that matches the first three
cumulants up to o (hl/ 2) and therefore provides a second—order refinement. We

show that by replacing yj with the local average Y ' yields an asymptotically
valid bootstrap method for RV and can match the first four cumulants of RV
through order o (h) even when volatility is stochastic.

We define the bootstrap realized volatility estimator as follows:

1/h 1/Mh

=D =D RViy,
i=1 j=1

M .
where RV}, = >t yl.*f(j_l)M. Letting

2
_ LM
Z’M(; DM ="

it follows that R V* = X’ ™ RV, m. Hence, we can easily show that

1/Mh p
E*(R ZE( jWM)lejM_cMsz—Rz
j=1

Similarly, we have

/M
X
i ver () =i | 32 (G o
1/Mh 2 2
RV; X M+2 .
2 M * M 2
=Mh |:Z (M—jh) Var (]7):| = M(CM,4—CM,2) Ry = TVJ_Z,/’!,M‘
1 N e

j=1

Our next result studies the convergence of V*, - when M is either fixed or
a 9ty

M — oo as h — 0. We also provide a theoretical justification for using the local

Gaussian bootstrap to consistently estimate the distribution of /41 (Rz - 02).

THEOREM 3.1. Suppose (1), (2), and (4) hold. We have that

(a) For any fixed M > 0, as h — 0

X p M+2
Vg—z,h,M — v V- 2

Whereas, when M — oo as h — 0 such that Mh — 0, as h — 0
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(b) If M is fixed or M — 0o as h — 0 such that M = o(h_l/z), thenas h — 0,

P*( /MLH\/F(R;—Rz) 5x)—P(\/th(R2—?) < x)

in probability under P.

sup
xeR

— 0,

Part (a) of Theorem 3.1 shows that the local Gaussian bootstrap variance es-

timator V*—‘2 o’ without adjustment, is not consistent for Vg-z when the block
o

size M is finite. In particular, for fixed M (small) the local Gaussian bootstrap

variance converges in probability to MTJFZ V-, # V~,. The consistency of v o
g-,n,

towards V -, holds only when M — oco. This explains the presence of the scale

factor ,/ ML+2 in Mlﬁvh—l (R; — Rz), in order to restore consistency of the
local Gaussian bootstrap variance even when M is finite. Part (b) of Theorem
3.1 justifies using the local Gaussian bootstrap to estimate the entire distribu-

tion of vVA~! (Rz —ﬁ), thus to construct bootstrap unstudentized (percentile)

intervals for integrated volatility. Bootstrap percentile intervals are easier to im-
plement since they have the advantage of not requiring an explicit estimator of the
(conditional) asymptotic variance of R». Specifically, a 100 (1 — a) % symmetric
bootstrap percentile interval for integrated volatility based on the local Gaussian
bootstrap is given by

IChuerma = (Re=n"" b Ratn™"2pi_, ). (15)

where py_, is the 1 — a quantile of the bootstrap distribution of

M —1 * _
‘\/M—JrZVh (R; Rz)‘-
In the univariate context considered in this section, the estimator of Vg—2 is rather

simple? (it is given by a (scaled) version of Ry), but this is not necessarily the case
for other applications. For instance, for realized regression coefficients defined
by the Mykland and Zhang’s (2009) blocking approach the bootstrap percentile
method could be useful in that context. In general, when the variance estimator of
the statistic of interest is hard to compute, bootstrap percentile intervals are a very
attractive method in these cases. Although, the bootstrap percentile intervals are
simple to compute, they may not be necessarily very accurate unless the sample
size n is large (see, e.g., the discussion in Shao and Tu, 1995 (cf. Sect. 4.1.2) and
Gongalves, Hounyo, Meddahi, 2014 (cf. p. 682)). Next, we propose the follow-

ing consistent estimator of V' Y that allows us to form bootstrap studentized
g-,n,

(percentile-t) intervals:

M (cma—ciya)
SeMZ CM,4—Chyn R —2 M
o2, h,M M4 4 M+2

*
Ry,
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UMk ( pys \4/2
where for any g > 0, we let Ry = Mh Zl ( Mth) . In the following
j:

theorem, we provide a theoretical justification for using the bootstrap distri-

A ~12
bution of (V%V[h M) Vh=T(R; — R,) to estimate the entire distribution of
o-,n,

(v )_1/2JF(R2—?).

Va_z,h,M

THEOREM 3.2. Suppose (1), (2), and (4) hold. If M is fixed or M — o0 as
h — 0 such that M = o (h_l/z), thenas h — 0,

((F2) ™ ) ) = () (o) <)

in probability under P.

sup -0,

xeR

Theorem 3.2 also justifies constructing bootstrap percentile-z intervals. In par-
ticular, a 100 (1 —a) % symmetric bootstrap percentile- interval for integrated
volatility is given by

1C)ereati—a = (RZ —‘Il*—a”_m\/ Voo R2+‘17—a”_1/2\/ VJZ,h,M) . (16)

where g¢j_, is the (1—a)-quantile of the bootstrap distribution of

R —1/2
(V27,) VAT (R )
these results hold under general stochastic volatility models described by (1)
and (2), which allow for the presence of drifts and leverage effects under P. As
the proof of Theorem 3.2 shows, the asymptotic validity of the local Gaussian
bootstrap depends on the availability of a CLT result of R, and a law of large
numbers for Ry, which hold directly under the conditions of Theorem 3.2.

To see the gain from the new local Gaussian bootstrap procedure, one should
compare these results with those of Gongalves and Meddahi (2009). The results
in Theorem 3.1 are in contrast to the (i.i.d. and wild) bootstrap methods studied
by Goncalves and Meddahi (2009), which are only valid for percentile-¢ inter-
vals, i.e., when the statistic is normalized by its (bootstrap) standard deviation. In
the following, we denote Gongalves and Meddahi’s (2009) bootstrap intraday /-
period returns as yZ om- For the i.i.d. bootstrap, y;: GMm 18 obtained by resampling
iid. from {y; :i =1,...,1/h}. Whereas for the wild bootstrap, yZGM = yiv/,
where v are i.i.d. with moments given by u; = E* [v*|9. We can show that
the i.i.d. bootstrap variance estimator for the asymptotic variance of the realized
volatility studied by Gongalves and Meddahi (2009) is given by

. Once again, it is worth emphasizing that

1/h 1/h 1/h 2

_ _ P =7 ()2
vart (112 St | =07 it = (2] 30t (7)
i=1 i=1 i=1
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(see, e.g., part (al) of Lemma S.5 in the online supplement of Gongalves and
Meddahi, 2009) which is equal to V -, (i.e., the asymptotic conditional variance
of the realized volatility) only when the volatility is constant. Similarly, we can
show that the wild bootstrap variance estimator of the asymptotic variance of the
realized volatility is given by

1/h 1/h
* —_ * * * —_ P * * —a
Var*{ h 1/22yi,éM :</14_:“22) h! E yl-4 — (/14—,1122)-304,
i=1 i=1 _—
=Veom
17

(see, e.g., the remark before equation (6) in Gongalves and Meddahi, 2009.) Next,
using the best existing choice of v* (i.e., the optimal two-point distribution) sug-
gested in Proposition 4.5 of Gongalves and Meddahi (2009) yield

q q
= (§\/31+\/ﬁ) -p+(—§\/31—«/ﬁ) (1=p),

where p = % — ﬁ. Thus, we have

15 ~0.991, and pj ~ 1.217.

As aresult, in view of (17), Vgm becomes
Vom = 0.679- 64 £ V -,

This means that we would neither use the i.i.d. bootstrap nor the best existing
bootstrap method of realized volatility (i.e., the optimal two-point wild boot-
strap of Goncalves and Meddahi, 2009) to compute standard errors of statistics
based on functionals of R;. However, note that although the bootstrap methods
in Gongalves and Meddahi (2009) do not consistently estimate Vo, their boot-
strap methods are still asymptotically valid for bootstrap percentile-¢ intervals.
It is also possible to consistently estimate the asymptotic variance of R, by us-
ing the wild bootstrap of Gongalves and Meddahi (2009) with certain external
random variables. Specifically, given (17), we can show that a necessary condi-
tion for the consistency of the wild bootstrap variance in Gongalves and Meddahi
(2009) is to choose the external random variable v* such that u} — ,uzz = %
Unfortunately, it is easy to see that the latter does not deliver an asymptotic

refinement.
Although, the local Gaussian bootstrap method can be used to consistently es-
timate V-, when M — oo, we would like to note that for the local Gaussian

bootstrap, as for all blocking methods, there is an inherent trade-off at stake by
increasing the block size M. To gain further insight, let us consider a simplified
model d X; = adW; (i.e., the constant volatility model without drift), where y; ES

ahl/zv,-, with v; ~ 1.i.d. N(0,1), and 4> denotes equivalence in distribution. It
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2
is easy to see that for this model V -, = 204 V*2 = =20%1 Zl/Mh ( 2 )

where XI%/I j is ii.d.~ )(1%,[. A straightforward calculation shows that

452 1 M+2)(M?+9M +24
Blas(V2 ) L:O(—) andVar( 5 )—4Mh( +2)( j_ + )a4=0(Mh),
M M M M M>

see Lemma C1.3 in the online supplement to this article (Hounyo, 2018) for fur-
ther details. Then the bias of V* decreases with increasing M, whereas the

variance increases with i 1ncreas1ng M Hence, in order to pick up any biases due

to the blocking in our local Gaussian bootstrap procedure, one should choose M

very large. Of course, this comes with a cost: large variance of V* o It fol-
g

lows that the mean squared error of V* o is of order O (1/M2) + O (Mh).
o-,n,

Hence, to minimize it, one should pick M proportional to #~!/3, in which case

MSE (V* M) = O (h=?/3). However, the optimal block size for mean squared

error may be suboptimal for the purpose of distribution estimation; see Hall,
Horowitz, and Jing (1995). As a result, we will not pursue this approach here
and leave it for further research.

To summarize, Theorems 3.1 and 3.2 provide a theoretical justification for us-
ing the local Gaussian bootstrap approach as an alternative to the existing boot-
strap methods proposed by Gongalves and Meddahi (2009). Compared with the
latter, there is no gain to using the local Gaussian bootstrap resampling method
when M = 1, since it boils down to the wild bootstrap of Gongalves and Meddahi
(2009) based on a N (0, 1) external random variable. However, our result in The-
orem 3.1 (even for M = 1) complements results in Theorem 3.1 of Gongalves and
Meddahi (2009).

It is worth stressing that Theorems 3.1 and 3.2 do not answer the following
question: Does the local Gaussian bootstrap help to gradually improve upon the
performance of the bootstrap method of Gongalves and Meddahi (2009) by mov-
ing for instance from M =1 to M =2 or from M =2 to M = 3, etc.? The
usual way of comparing the bootstrap to asymptotic theory-based inference or
more generally comparing two different asymptotically valid approximations of
the distribution of a given statistic is by means of Edgeworth expansions. In Sec-
tion 5.1, using a simpler model that rules out drift and leverage effects, and based
on Edgeworth expansions, we will show that the answer to this question is yes.

When M is fixed, the rate of convergence of both approximations (local Gaus-
sian bootstrap and the asymptotic theory-based) is the same. In such a situation,
we follow Shao and Tu (1995) and rely on the asymptotic relative bootstrap error
to quantify the magnitude of the bootstrap error relative to the error of the normal
approximation. We show that the asymptotic relative bootstrap error is a strictly
decreasing function of M, implying that one can improve upon the performance
of the bootstrap method of Gongalves and Meddahi (2009) (see also Figure 1)
by progressively increasing M. When M > 1, with M large, in addition to con-
sistently estimate the (conditional) asymptotic variance of realized volatility, we
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FIGURE 1. The asymptotic relative bootstrap error for the realized volatility estimator.

will see shortly (see Section 5.1) that one can also reduce the local Gaussian boot-
R —1,2 —
strap error in estimating P (‘ (Va-z b 1) Vh! (R2 - 02) < x) up toop (h).

More specifically, if the block length M — oo, as h — 0 such that Mh — 0,
then the local Gaussian bootstrap is an improvement of the best existing boot-
strap methods of Gongalves and Meddahi (2009). However, note that in contrast
to Gongalves and Meddahi (2009), our new bootstrap method requires the choice
of an additional tuning parameter, specifically the block size M.

4. RESULTS FOR REALIZED REGRESSION

Our aim in this section is to study the first-order asymptotic properties of the lo-
cal Gaussian bootstrap method in multivariate setting. In particular, we investigate
the validity of our approach for the estimator of the slope coefficient in a linear-
time regression model for the continuous martingale parts of two semimartin-
gales observed over the fixed time interval [0, 1] studied in Barndorff-Nielsen and
Shephard (2004a). To simplify the discussion, in the following, we consider the
bivariate case where d = 2 and look at results for assets k and /, whose ith high-
frequency returns are written as y; and yj;, respectively.

) Ny 0

X Cuy O
LetCp=|¢a I o e A r2 | be the Cholesky de-
W (Clk(j) Cugj) Tugy T - f_k’(-/)
Lk Kk (j)

composition of ﬁZf‘il Vit (i=1)MYiy(j—1yu- Given (4) with d = 2, for j =
1,...,1/Mh,andi =1,...,M,
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. Cok()E i (i
(y]i’i+(j_l)M) — fs D i+ 1)1% ,
YLit+(j=D)M mnk G-ty TG = Fkk( ; T i Gy
(18)
where
M M M

1 1 1
Tkk(/)—Mh Zm,m L TU(/)—Mh ZM:H, e U/(;)—Mhzykz+</ DM VLi+(j—=)M >
i=1

and ('7" A+(G-DM ) ~i.i.d.N(0, I»), with I a 2 x 2 identity matrix.
Mt (i—1)M

4.1. Barndorff-Nielsen and Shephard’s (2004a) Type Estimator

Under (1) and given our assumptions on x# and ¢ (Barndorff-Nielsen and
Shephard, 2004a (cf. equations (25) and (26)) in conjunction with, e.g., Jacod
and Protter, 2012), we have that

1/h 5 |
2 Vi — Jo Zkk,sds
1/h i=1

1/h )
Sp=vh! (vech (Z:)fi)f;) —vech (T)) =vh~U Y i —fol Zil,sds 2L N, 1)
i=l

i=1 i 1
Z Vi _fo le,sds
i=1

19)
and
1 1
2[0 k ds 2 Jo Zkk,s Zua,sds 2 zlgl,sds
=2 ) Ty Zursds i Sins Sisds + f; Zjy 4 2 Jy ZusZusds |- 20)
1
2[0 Eilsds 2 [y Zus T sds 2fo Ezzzsds
Barndorff-Nielsen and Shephard (2004a) propose the following consistent esti-
mator of IT:
1/h 1/h—1

. 1
11, = K inxl{ — Eh_l z (Xix;+1 +xi+1xz{) >

i=1 i=1
where
2 2/
Xi = (yk,i Vk,i Yl,i yl,i) .
Thus

T, = 1125, 25 (o, 1,,(,,;1)) , 1)
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where here d(d—;l) =3, since we let d =2. We consider a general class of nonlin-
ear transformations that satisfy the following assumption. Throughout we let V f,
(d x 1 vector-valued function) denote the gradient of f.
. . d(d+1) . . . . .
Assumption F. The function f : R™ 2~ — R is continuously differentiable with
V f (vech (I)) is nonzero for any sample path of T".

The corresponding statistics are defined as

' 1/h , . —1/2
Sep=vh=l| f|vech Zy,-y,- — f (vech (1)) | and Ty, = (Hf’h) Sths
i=1

where

1/h 1/h

[y, =V'f|vech Zy,-yl{ [,V f | vech Zy,-ylf LN Ily. (22)
i=1 i=1

In particular, we consider the question of estimating the integrated beta, i.e., the

parameter
1
Xkl sds
Buc = fﬂ# (23)
fO zkk,sds

Given (21) and by using the delta method, the asymptotic distribution of the real-
ized regression coefficient

1/h i

Buo= D k| Dvkivi (24)
i=1 i=1

obtained from regressing y;; on yi ; is

s
Ty =—22 2L N (O, 1), (25)

N
where

1/h -2

5= Zy,ii h—lg,;,k such that
i=1

<>

S =h1 (ﬁzk —,sz) ,

1/h 1/h—1

Epy = Z"éi - Z xXpixp,iv1 and xgi = yiivei — Buyi-
i=1 i=1
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The local Gaussian bootstrap version of Sy,;, is given by

1/h 1/h

St =Vh=U| f | vech Zyl-*yi*’ — f | vech Zyiyl{
i=l1 i=1

For the raw statistic
1/h

St =Spy=vh! Z (xf —xi),
i=1
where
* 2 2/
x = (Vi YL i) -
It is elementary (though somewhat tedious) to show that

E* (SZ,M) =0

and
-2 I I~ -2
[ 2Tk 20k Ui () )
I,y =Var® (SZ,M) =Mh | 20wy Tuc) Ty Tugy + Ty 20ug Tug)
=1 ~2 r A ~2
2%y 2L Ty 2L
(26)

(see Lemma C2.6 in Hounyo, 2018). Similarly, we denote the bootstrap analogue
of Tr,n, Pik, Sp.n, and Ty p by Tf"th,M’ Bles S;},h,M, and T/;‘,h,M, respectively. In
particular, we define

* 7 * —1/2 *
Tipm= (Hf,h,M) Stnmo

where
1/h 1/h
- v/ % %/ 7 * %/
%),y =V f|vech Zyl- i I, VS | vech Zyi i ,
i—1 i—1
with
2fs2 ofr I 2f#2.
1/Mh kk(j) kk(j)™ kI(j) ki(j)
% _ ok 1 o o %2 oy oty
005 = Mh 7 2050 By T iy + Tidtyy 280 i
j=l1 ) o o 2
) 2La Tl 2805
Ly 4% atug gy 2Pl + o Fuc )
o Mh Y Alaplug  Twplup +305;  4Tug Tug .
j=1 R £ooa 420
2 (rkl(j) + Tkkmrllm) 4Lk L) w Vit
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such that

f‘* = 1 i *2 f‘* = 1 i *2 f* = 1 i ¢ ]

kkG) = 17 4 lyk,i+(j—1)M’ 1G)Y = 31 4 lyl,i+(j—1)M’ kG = 317 4 1yk,i+<.f—1>M«V1,i+<.f—1>M~
= = =

We also let

1/h i

5 2
Bik = Zylf,i Zy;,iyZi’
i=1 i=1

2
. . St . 1/h o
S =V (B = Bu) » and T py = —EEE such that Vi, oy = (Zyz,% g,

vV V/ﬁf,h,M

i=1

with
1/h 1/h—1
Ak %2 * % * %k % Dx %2
B = D% = D Npikpasr and oy = vk = B
i=1 i=1

THEOREM 4.1. Suppose (1), (2), and (4) hold. Under Assumption F and the
probability distribution P, if M — oo as h — 0 such that M = o (h_l/z), then as
h — 0, the following hold

(a)

1/h 1/h
* * P
Hf,h,MEV’f vech E yivi | | Uhp VS| vech E yiyi — Iy,

i=1 i=1

where Iy = plim Var (Sf,h) , in particular
h—0
* % P
Var* (Spuu) — Vo,
. 1 -2
where Vg = p}}m%)Var (Spn) = (fo Ekk,sds) B, with
-
1
B =/ (E,%,,s + 215 Zik,s — 4Pk Zt,s Zik,s + 2512k 21%k,s> ds.
0
(b)

sup
xeR

P*(Staa %) = P (Spn < x)’ L0,
in particular

sup [ P* (8,01 < x) = P (S %) =5 0,
xeR Y
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(o)

sup

P (T = %) = P(Tra = 3)| 5 0,
xeR

in particular

sup | P* (Tﬁ*’h’M < x) —P(Tpn < x)’ L.
xeR

Theorem 4.1 justifies using the local Gaussian bootstrap to estimate the distri-
bution (and functionals of it such as the variance) of smooth function of realized
covariance matrix le i }1' iy, in particular the realized beta. This contrasts with
results in Dovonon et al. (2013) (cf. Theorem 5.1) where the traditional pairs
bootstrap is not able to mimic the score heterogeneity.

5. HIGHER-ORDER PROPERTIES

In this section, we investigate the asymptotic higher order properties of the boot-
strap cumulants. Section 5.1 considers the case of the realized volatility whereas
Section 5.2 considers the realized beta estimator as studied by Barndorff-Nielsen
and Shephard (2004a). The ability of the bootstrap to accurately match the cumu-
lants of the statistic of interest is a first step to showing that the bootstrap offers
an asymptotic refinement.

The results in this section are derived under the assumption of zero drift
and no leverage (i.e., W is assumed independent of ¢). As in Dovonon et
al. (2013), a nonzero drift changes the expressions of the cumulants derived
here. For instance, for the realized volatility, the effect of the drift on 7, is

Op (\/E) . While this effect is asymptotically negligible at first-order, it is not

at higher orders. See also the recent work of Hounyo and Veliyev (2016) (cf.
equation (3.8)) where an additional term shows up in the Edgeworth expan-
sions for the realized volatility estimator when the drift 4, is nonzero. The no
leverage assumption is mathematically convenient as it allows us to condition
on the path of volatility when computing the cumulants of our statistics. Al-
lowing for leverage is a difficult but promising extension of the results derived
here.

We introduce some notation. For any statistics 7, and T;*, we write x; (T})
to denote the j’* order cumulant of 7}, and icj* (Th*) to denote the corresponding
bootstrap cumulant. For j =1 and 3, x; denotes the coefficient of the terms of

order O (\/E) of the asymptotic expansion of x; (73), whereas for j =2 and 4,

x; denotes the coefficients of the terms of order O (k). The bootstrap coefficients
;cj*’ n.y are defined similarly.
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5.1. Higher Order Cumulants of Realized Volatility

Here, we focus on the ¢-statistic 7 -, , and the bootstrap ¢-statistic T* o defined
5 o-,n,
by

\/F (Rz — ,uz?)

Ty, = i : @7
V sz_z,h
where V- (/M ﬂz h~ zlwll yi, an
. Vh~' (RS — paRy)
TZ, = , 28)
o>,h, M *
o2.hM
where

( 1/Mh

M

o -1 @4 _ ﬁ‘z RVj.m wd

Vo= Z Mh Z ( ) Z (’7i+(j—1)M - H4>a
M=

such that 77, )y, ~ i.i.d N0, 1), g = E|5*|? for g > 0. Let o, = %

forany g, p > 0, and Ry ), = . We make the following assumption.

Rq
( Rp)q/p
Assumption H. The log price process follows (1) with x; = 0 and o, is indepen-

dent of W;, where the volatility o is a cadlag process, bounded away from
zero, and satisfies the following regularity condition:

1/h

lim —ol|=
h—0 0-’7: 0'@
for some r > 0 and for any #; and & suchthat 0 <& <y <h <& <
m<2h<--<Ciyp<myn<l

Assumption H is stronger than required to prove the CLT for R, and the first-
order validity of the local Gaussian bootstrap, but it is a convenient assumption
to derive the cumulants expansions of 7'~ , and T'%, o We note that Assump-

5 o-,h,
tion H was already used in Barndorff-Nielsen and Shephard (2003, 2004b) and
Gongalves and Meddahi (2009). Specifically, under Assumption H, Barndorff-

Nielsen and Shephard (2004b) show that for any g > 0, g —0d = 0(\/1;), where

/2

_ 1hf sh g

ol =pl=4/2 > ( Ik auzdu) , aresult on which we subsequently rely on to
(s—1)h

establish the cumulants expansion of 7~, .
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The following result gives the expressions of x; and K;‘ poy for j=1,2,3 and
4. We need to introduce some notation. Let

A= Mo — 124 /2_2\/5’
ta (p1a— 3’
6—3uopa+2u3
B — (16 =3uap mﬂz) 23
(ﬂ4 ,uz)
4 8 — uG— 226+ 2154
2= 3 :12,
pa (pa = p13)
ps —4pope+12p3 s — 6% =343
By = = — 12,
(/14_#2)
ps—pg 32
Cr=—7t="7.
Hy

THEOREM 5.1. Suppose (1) and (2) hold with 1 =0 and W independent of
o. Furthermore assume (4). Under Assumption H, conditionally on 6 and under
P, it follows that, as h — 0

(@)
Al
K1 (T(T2 h) Vhri+o0(h), withx) =— — 064,
> 2
7
5 (T(,’z,h) L+ hia+o(h), withky =(C1 — Az) o4+ ZAfGGZA,
K3 (Toz,h) \/EK3 +o(h), withis =(B; —3A1) 06,4,
) (Toz’h) = hics+0(h), with k4 = (Ba+3C) —6A2) 054+ (18A% —6A1B1) ol
(b)
ey (T = V! +op (), with k} _—ﬂR
o2 M 1,h,M 1,h,M , 6.4
(T = 14hid, p+o, (), withid , v =(Cp —A2) R 4+ZA2R2
02 M 2,h,M P ’ 2,h,M 1 8, 471 6,4°
3 (T;2 i M) «/EK3 noy Fop (), with K3 WM y =(B1 —=3A1) Re 4,
« (T”*-2 , M) = e}y pg 0, (), with kf, oy =(By+3C1 —64g) Ry 4 + (1847 =641 By ) RZ .

(c) For j =1,2,3 and 4, phmic “h.m — Kjis nonzero if M is finite and it is zero if
h—0

M — ooash—)OsuchthatM:o(h_l/z).

Theorem 5.1 states our main findings for realized volatility. Part (a) of Theorem
5.1 is well known in the literature (see, e.g., Gongalves and Meddahi, 2009 (cf.
Theorem A.1) and Hounyo and Veliyev, 2016). These results are only given here
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for completeness. The remaining results in parts (b) and (c) are new. Part (b) gives
the corresponding results for the local Gaussian bootstrap. Part (c) shows that the
cumulants of 7 -, h and T— .y do not agree up to o (hl/ 2) when the block size

M is fixed (although they are consistent), implying that the bootstrap does not
provide a higher-order asymptotic refinement for finite values of M. The main
reason why the local Gaussian bootstrap is not able to match cumulants up to

o (h'/?) when M is finite is that plimR,,, — g, , does not always equal to zero.
h—0
See Remark 1 for further details. Nevertheless, when M — oo as & — 0 such that

Mh — 0, plimR, , —o0,4,, =0, then the bootstrap matches the first and third
h—0

order cumulants through order O (hl/ 2), which implies that it provides a second-

order refinement, i.e., the bootstrap distribution P* (T’f2 M < x) consistently
o-,n,

estimates P (Tg—2 = x) with an error that vanishes as o (hl/Z) (assuming the

corresponding Edgeworth expansions exist).* This is in contrast with the first-
order asymptotic Gaussian distribution whose error converges as O (h_l/ 2). Note
that Gongalves and Meddahi (2009) also proposed a choice of the external random
variable for their wild bootstrap method which delivers second-order refinements.
Our results for the bootstrap method based on the local Gaussianity are new. We
will compare the two methods in the simulation section.

Theorem 5.1 also shows that the new bootstrap method we propose is able to
match the second and fourth order cumulants of 7', h through order O (h) when

z,h,M’
consistently estimate the distribution of ’Ta-z n ‘ through order o (), in which case
the bootstrap offers a third-order asymptotic refinement (this again assumes that
the corresponding Edgeworth expansions of T* 2w exist, something we have not

attempted to prove in this article). If this is the case, then the local Gaussian boot-
strap will deliver symmetric percentile-¢ intervals for integrated volatility with
coverage probabilities that converge to zero at the rate o (k) . By contrast, the cov-
erage probability implied by the asymptotic theory-based intervals converge to
the desired nominal level at the rate O (k).

In the following remark, we rely on the formal second-order Edgeworth ex-

pansions of P (Tg—2 p S x) and P* (T‘f2 M < x) to gain further insight into the
’ o-,n,
property of the local Gaussian bootstrap for finite values of M.

Remark 1. Under the same conditions as in Theorem 5.1, we have
P (Tg—zjth < x) —P (Tg-z,h < x) =vh |:phlin0qh,M x)—q (x)] ¢(x)+op («/1_1) ,

where g (x) = — (K] + %K3 (x2 - 1)), q;l‘,M x)=- (Kl*jth + %K;’h’M (x2 - 1))
and ¢ (-) is the density (with respect to the Lebesgue measure) of the standard
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normal distribution on R. Parts (a) and (b) of Theorem 5.1 imply that, when M is
finite

o (eme N MEd
p}}gr})qh’M(x)—q(x)—((CM,4)3/2 1)q(x)—(m 1)€](X),

showing that the leading term of the bootstrap error is

Vh (Ay#iz) - l) q (x)¢ (x). Instead, the error of the normal approxima-

tion is equal to vAg (x)¢ (x) = O (hl/ 2) . Since both errors are of the same order
of magnitude the bootstrap does not offer a second-order refinement when M
is finite. However, in such a situation we can use for instance the asymptotic
relative bootstrap error as a criterion of comparison (see, e.g., Shao and Tu, 1995
(cf. Sect. 3.3)). For any x € R, and M > 1 we approximate the asymptotic relative
local Gaussian bootstrap error by

r(x,M)=

Plima—04; 5 (1) = (x) M+4 1'
q (x) M (M +2)

As a result, under the same conditions as in Theorem 5.1, r (x, M) is a function
that depends only on M, but not on x and o. It turns out that for any fixed M >
3, sup,cg |7 (x, M)| < 1. Thus, r (zo, M) < 1 for values of z, € R, where z, is
the a quantile of a standard normal distribution (for instance, when a = 0.05,
7o = 1.645), showing that the bootstrap critical values are at least as accurate
as those of the standard normal approximation. In addition, for any x € R, and
M > 1, r(x,M) is a strictly decreasing function of M, implying that increasing
the block size M decreases the asymptotic relative bootstrap error uniformly over
x (see Figure 1). This proves that the local Gaussian bootstrap improves upon the
performance of the bootstrap method of Gongalves and Meddahi (2009) (which
amountsto M =1).

Remark 2. We would like to highlight that results in Theorem 5.1 are stated
for the ¢-statistics 7 - 2 and T— (see (27) and (28)) but not for the ¢-statistic

defined in (11) and its bootstrap analogue However, under the same conditions as
in Theorem 5.1 but strengthened by piecewise constant assumption on the volatil-
ity process oy, it is easy to see that analogue results as in Theorem 5.1 hold true

. —1/2 — A —-1/2
for (Vg_2,h,M) NI (Rz —02) and (V;;VI},ZM) Vh="(R5 — Ry) under

P. More specifically, if the volatility process o, is invertible and satisfies (5) for
any sample path of ¢, then we can deduce that, when M — oo as h — 0, we also
have

P* (( *ZMhZM) - F(Rz R) < x) ((vn’z,h,M)il/z‘/hj(RZ —ﬁ) = X) =or (hl/z),
() <) () ()

2.hM
under P. The proof follows exactly the same line as the proof of Theorem 5.1.
For reasons of space we leave the details for the reader. When M — oo condition
(5) amounts almost to say that the volatility is constant (o; = o).

SX) =op(h),

https://doi.org/10.1017/50266466618000129 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000129

384 ULRICH HOUNYO

The potential for the local Gaussian bootstrap intervals to yield third-order
asymptotic refinements is particularly interesting because Gongalves and Med-
dahi (2009) show that their wild bootstrap method is not able to deliver such re-
finements. Thus, our method is an improvement not only of the Gaussian asymp-
totic distribution but also of the best existing bootstrap methods for realized
volatility in the context of no microstructure effects (where prices are observed
without any error).

5.2. Higher Order Cumulants of Realized Beta

In this section, we provide the first and third order cumulants of realized beta
estimator given in (24). These cumulants enter the Edgeworth expansions of the

one-sided distribution functions of Tg ; and Tﬂ*jth, ie., P* (Tﬂ*jth < x) and

P (Tﬁ,h < x), respectively. To describe the Edgeworth expansions, we need to
introduce additional notation. Let

. 1
Ap = /0 (Zkk,s Zi1,s + Bk E%k,x) ds,

!

'o\_

3 2 2 252 353
1= (zzkl,x +6Zkks Zhd,s Zat,s — 18Pk Zeks Tk s — OBtk Dk s Zt,s + 248k D s Zhts — 8Bk ka,x) ds,

=

2 2 52
(ka + ks Zit,s — ABik Zik,s Zrl,s + 2B ka,x) ds,

- 41‘710 Al
H| = and H .
B 2= 32
Similarly we let
1/Mh 1/Mh
Ao =MD Ty Tugy —BuMh D Th),
j=1 Jj=1

1/Mh

it —uh /Z: zrkl(J)+6Fkk(])rkl(J)rll(J) _18ﬂlkrkk(J)rkl(J)

1,haM — 5
iz 6ﬁlkrkk(J)F”(J)+24ﬁlk kk(])rkl(l) A k()

1/Mh
~ fo fn hon o YY)
By = Mh Z (rkl(j) + Tk Ty — 4B Uy Tra ) +2ﬁ1krkk(j))>
=
l/Mh

1/Mh S o
| 3Mh3 kl(j) +5Mh 3" Py Ty gy
B _ S A 1/Mh S
Rism == %n —19puMh > ) Fkkmrzfz(,) ~5puMh;C 11/M§k(,)rll(j> »
h.M +24ﬁ,thz kk(])rk,m —8ﬁ,thz rg,m
4Ar A* Lk
7% 0,h, M 'y 1,h,M -
Hl,h,M = — and Ho p,y = —an where 'y, = Zy,ii .
Uiiy/ By ar By m i=1

THEOREM 5.2. Suppose (1) and (2) hold with u = 0 and W independent of
0. Furthermore assume (4). Under Assumption H, conditionally on o and under
P, it follows that, as h — 0
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(a)
k1 (Tp,n) = Vhri 40 (\/E) , with :% (ﬁl - ﬁz) ,
k3 (Tp,n) = Vhrs+o (x/E) , with k3 =3H| —2H>.
(b)
kit (Th) = Vit o+ o, (VR), with 7, :% (ot = 00 + Iér}";’M :

, . . 1
x5 (Tﬁ*,h,M) = Vi3 ) o, (“/E) with i3, v = 3H{ j y = 2Hy j y +op (ﬁ)

(¢) For j =1 and 3, plimk! — kjis nonzero if M is finite and it is zero i
j.h,M ]
h—0 77
M — ocoash— OsuchthatM:o(h_l/z).

Theorem 5.2 shows that the cumulants of Tp j, » and Tﬁ*, n.m agree through

order O (ﬁ), which implies that the error of the bootstrap approximation
P* (Tﬁ*h u < x) to the distribution of T j as is of order o (\/ﬁ) Since the nor-

mal approximation has an error of the order O \/E) this implies that the local

Gaussian bootstrap is second-order correct. This result is an improvement over the
bootstrap results in Dovonon et al. (2013), who showed that the pairs bootstrap is
not second-order correct in the general case of stochastic volatility. Thus, for the
realized beta, the local Gaussian bootstrap is able to replicate the first and third

cumulants of ﬁlk through order o («/ﬁ) when M — oo. We conjecture that simi-

lar analysis at higher-order (possibly third-order asymptotic refinement) holds for
the realized beta estimator, but a full exploration of this is left for future research.

6. MYKLAND AND ZHANG'S (2009) LOCAL GAUSSIANITY
FRAMEWORK REVISITED

In this section, we discuss the connection between the local Gaussian bootstrap
and the local Gaussianity approximation of continuous semimartingales observed
at high-frequency established by Mykland and Zhang (2009) and show the suit-
ability of our bootstrap method to deal with the new class of estimators introduced
in that article.

6.1. Statistical Risk Neutral Measure

Suppose (1) and (2). As equation (3) shows, the intraday returns y; depend on the
drift «, unfortunately when carrying out inference for observations in a fixed time
interval the process u; cannot be consistently estimated. For most purposes it is
only a nuisance parameter. To deal with this, Mykland and Zhang (2009) propose
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to work with a new probability measure Q which is measure-theoretic equiva-
lent to P and under which there is no drift (a statistical risk neutral measure).
Specifically, we have that under Q, (cf. equations (7), (8), and (9) in Mykland and
Zhang, 2009)

dX; =, dW2, Xo = xo,

where W,Q is a O-Brownian motion such that

do L 1 /! -
logd—P:—/O o, ,u;dW,—E/Ot ,u;(a,at’) wedt

with

dWE =dW, + o u,dt.

Note that the process X; does not change from P to Q, but its distribution
changes. Mykland and Zhang (2009) pursue the analysis further and use the mea-

sure change idea but defined on the discretized observations X;j only, for which
the volatility is constant on each of the ﬁ nonoverlapping blocks of size M. Then

M is the number of high-frequency returns within a block so M < % Specifically,
consider the approximate measure termed Qy, u, satisfying Xo = xo and for each
j= 1,...,%, andfori=1,..., M,

Onm Onm
Yit(j—1)Mh = O(j—1)Mh (W(i—l)h+(j—1)Mh - Wih+(j—1)Mh) , (29)

where o(;_1)pmn is the value of o; at the beginning of the j-th block, the random

variables W(le’f‘; ht G—)Mh ™~ Wl%i’?j._ 1ymp Are independent across (i, j) for fixed

h, and W(le{‘; hi—tymn = Wi hig_l) Mh .is co.nditionallly normal with mean zero
and variance hl;, where I; is a d x d identity matrix. Notice that the process

WIQ"‘M is characterized on the sampling times only. It may not exist in continuous
time or for other ¢ than the sampling times. To formally define QO », we go
through two definitions (cf. Definitions 3 and 5 in Mykland and Zhang, 2009). In
particular, we first specify the time discrete process subject to measure change.

DEFINITION 1. Let

Ul(}}) :Xi}“

U.(z) =\ o, i [, Wlin, i [o,0lin ),
ih dt dt

Uin = (Ui(}})’ Ui(hz))’

fori=0,...,1/h. Here, the quantity % [o, W1, is a three-dimensional (d x d x d)
object (tensor) consisting of elements % [0(51’52), W(S3)]t, (s1=1,...,d,s0 =
1,...,d,s3=1,...,d). Similarly, % [o,0]; is a four-dimensional tensor with el-
ements of the form % [a (51.82) 0(53’S4)]t.
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Note that % [o, W], and % [o,0], are derivatives of quadratic variations, but
they are only observed at the time t = ih.

DEFINITION 2. Define the approximate measure Qy y recursively as follows:
(i) Uo has the same distribution under Qp m as under Q,

(ii) Fori >0, the conditional Qy, y-distribution of U((illl)h given Uy, ..., Uy is

given by (29), where Wl%f’_ﬂi) - Wi%h’M is conditionally normal with mean

zero and variance hl;, and
(iii) For i > 0, the conditional Qy m-distribution of Ul.(hz) given
Uo, ..., Uip, U((illl)h is the same as under Q.

It follows then that under Qj, », in each block j =1,..., Lh, we have

Yir(i—tymn =C(jy- (\/Zﬂi+(j—l)M)» forl <i<M, (30)

where #;(j—1ym ~i.i.d.N(0,17) and C(jy = o(j—1)mh-

The true distribution is P, but we may prefer to work with Qp y since their
calculations are much simpler (see, e.g., Section 6.2 where we derive results un-
der Qj,m). Afterwards we have to adjust results back to P using the likelihood
ratio (Radon—-Nikodym derivative) d Qj, a/d P. We emphasize that the article of
Mykland and Zhang (2009) consider a much more general framework when defin-
ing the approximate measure Qj u, allowing observations times to be irregularly
spaced (but nonrandom).

Remark 3. As pointed out in Mykland and Zhang’s (2009) Theorem 3, un-
der (1) and (2) the measure P and its approximation Qy, » are contiguous on the
observables. This is to say that for any sequence Ay p of sets, P(Ap py) — 0
if and only if Qp m(Ap,m) — 0. In particular, if an estimator is consistent un-
der Qp um, it is also consistent under P. Rates of convergence (typically h=1/2)
are also preserved, but the asymptotic distribution may change. More specifically,
when adjusting from Qj, y to P, the asymptotic variance of the estimator is un-
changed (due to the preservation of quadratic variation under limit operations),
while the asymptotic bias may change. It appears that a given sequence Zj y of
martingales will have exactly the same asymptotic distribution under Qj » and
P, when the Qj_y martingale part of the log likelihood ratio log(d P /d Qn.m)
has zero asymptotic covariation with Zj, j. In this case, we do not need to adjust
the distributional result from Qj, y to P. An important example where this is true
is Mykland and Zhang’s (2009) realized beta-type estimator, which we will study
in detail in Section 6.2.

Remark 4. In the particular case where the window length M increases with
the sample size A~" such that M = o(h~'/?), there is also no contiguity adjust-
ment (see Remark 2 of Mykland and Zhang, 2011). However, it is important
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to highlight that all results using contiguity arguments in Mykland and Zhang
(2009) apply only to the case with a bounded M. For the case M — oo, Myk-
land and Zhang (2011) use a different representation than (30). It should be
noted that throughout this article (in particular, in Section 6.2 where we de-
rive results under Qp p), we will focus only on the representation given in
(30) (see Definition 2). As a consequence, we would not assume that the ap-
proximate measure Qp y is contiguous to the measure P when M grows to
infinity.

It is easy to see that the idea of the local Gaussian bootstrap method introduced
by (4) is closely related to the structure of intraday returns y; under the approx-
imate measure Qp y with representation given by (30). In particular, the local
Gaussian bootstrap replaces Cy;) by its estimate c (j) and use the local Gaussian-
ity inherent in the semimartingale continuous time model driving X; to generate
the bootstrap observations. This relationship with Mykland and Zhang (2009),
suggests that our local Gaussian bootstrap approach may be applied very gen-
erally, in particular, for the new class of statistics introduced in that article. In
Section 6.2, we establish the first-order asymptotic validity of the local Gaus-
sian bootstrap for the realized beta estimator in the context of Mykland and
Zhang’s (2009) blocking approach. The full exploration of other block-based
statistics introduced in Mykland and Zhang (2009) is beyond the scope of this
article.

It is informative to stress that the existence of a possible contiguity relation
between Qj » and P is not a necessary condition to the validity of the local
Gaussian bootstrap approach. As we have already shown in Sections 3 and 4, the
local Gaussian bootstrap method remains asymptotically valid when M — oo,
i.e., a setting where we do not know whether the approximate measure Qj m
(with representation given by (30)) is contiguous to P. In such situations, for
the proof of the validity of the bootstrap the key aspect is that we have to pro-
ceed directly under the true probability measure P, without using any contiguity
arguments.

The following result is crucial in obtaining our bootstrap results only in the
context where those results are derived under the approximate measure Qp y
(which are the case of Theorems 6.2 and 6.3).

THEOREM 6.1. Let Z;, ,, be a sequence of bootstrap statistics. Given the
probability measure P and its approximation Qp ym, we have that

ZZ,M —P"0, as h — 0, in probability under P, if and only ifZZ,M -0, as
h — 0, in probability under Qp .

Theorem 6.1 provides a theoretical justification to derive bootstrap consistency
results under the approximate measure Qy p as well as under P. This may sim-
plify the bootstrap inference. We will subsequently rely on this theorem to estab-
lish the bootstrap consistency results, when necessary (see, e.g., Theorems 6.2
and 6.3).
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6.2. New Variance Estimator of Mykland and Zhang's (2009)
Realized Beta-Type Estimator and Bootstrap Consistency

We here study the realized beta in the context of Mykland and Zhang’s (2009)
blocking approach. Specifically, we complement the literature and provide a fea-
sible asymptotic CLT result and a theoretical proof of the first-order validity of
the local Gaussian bootstrap method for Mykland and Zhang’s (2009) realized
beta-type estimator. To obtain a feasible CLT result for the latter, we propose a
consistent estimator of its asymptotic (conditional) variance.

In this section, to establish our results, we consider a setting much simpler than
the general assumptions on the DGP in Section 4. More specifically, we use the
approach of Dovonon et al. (2013) (cf. Section 5.1) and suppose that ¢ is indepen-
dent of W, which in particular excludes the leverage effect. Allowing dependence
between ¢ and W in this section would complicate substantially our analysis.
When o is independent of W, it is possible for us to condition on the path of ¢
and then use the independence property of increments to compute the moments
of cross products of high-frequency returns. In the presence of correlation be-
tween ¢ and W, this approach breaks down, since we only have a martingale
difference sequence instead of the independence property. Providing a consistent
variance estimator of Mykland and Zhang’s (2009) realized beta-type estimator
in the presence of the leverage effect is an interesting question which we leave
for future research. However, it is worth emphasizing that contrary to Dovonon et
al. (2013), we do not need here to assume away the presence of drift, i.e., u; =0
for all . The main reason is because we can directly proceed under the approxi-
mate measure Oy y (we will see shortly how). In Dovonon et al. (2013), letting
#; = 0 is mathematically convenient to have mean zero high-frequency returns
when computing the moments of cross products of high-frequency returns. The
mean zero high-frequency returns property is obtained directly under the statisti-
cal risk neutral measure Qj, » without assuming that x; = 0.

Before introducing our results for Mykland and Zhang’s (2009) realized beta-
type estimator, we further discuss the results in Dovonon et al. (2013). Under the
assumption that 4; = 0 and ¢ is independent of W, we can simply write a high-
frequency return of a given asset as the product of its volatility (the spot volatility)
multiplied by a normal standard distribution under the true probability measure P.
Specifically, Dovonon et al. (2013) (cf. Section 5.1) assume that d X; = o;d W,
where ¢ is independent of W. Then, following Dovonon et al. (2013) (cf. equation
(5)), conditionally on o, for a given frequency of the observations, we can write

Vi = Biki Yii + Ui, 31)

where independently across i = 1,...,1/h, ui|yxi ~ N (0,V;), with V; =T}, —

1—2 . . . ih .

%, and Sy = ?’kkl’ , with T'j; = f(’i_l)h 1k (u)du. Notice that (31) only makes

sense in discrete time.?
As Dovonon et al. (2013) argue, the conditional mean parameters of realized re-

gression models are heterogeneous under stochastic volatility. This heterogeneity
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justifies why the pairs bootstrap method that they studied is not second-order ac-
curate.

Here we consider the general stochastic volatility model described by (1),
but we rule out the leverage effects. Given (30) (without assuming that u; =
0) high-frequency returns have similar representation but under Qp p. It fol-
lows that under Op,m. Yi,it+(j—tym = Cik(jy~ Ik it(j—tym and ypiy(j—1ym =
Cir(jyVhngiv(j—1ym + CuGyVhniv(j—nym, fori=1,...,Mand j=1,..., 717
where

Cik(jy O Nk,i+(j—1)M .
Cih= J s i (=DM = ATY ~i.i.d.N(, D),
v (Clk(j) Cugj) i G-hu Ni+(j—1)M ©,1)

I is a 2 x 2 identity matrix, C(;) is the Cholesky decomposition of X(;) =
C(j)CEj) with C(j) = o(j—1)mn. i.e., the value of o, at the beginning of the j-
th block. Under the approximate measure Qy » for the observables in the jth
block (j =1,..., ﬁ), the regression (31) becomes

VLi+ (=M = Bik(j) Yk,i+ (=M +Uip(j—1)M> (32)
where u; 4 (j—1ym|Yk,i+(j—1ym7 ~iid.N (0, V(j)) ,fori=1,...,M, with V(;, =

2 _ Cug
hCii(jy» and iy = ¢,

Tt Let us denote by fii(;) the ordinary least squares

(OLS) estimator of Sji(jy. To estimate the parameter given by S = fol Bik.sds,
Mykland and Zhang (2009) proposed to use ﬁvlk defined as follows,

1/Mh 1/Mh s M -1 u
Bk =Mh Z Pikijy = Mh Z (Zylg,i—&-(j—l)M) (Zyk,i+(j—l)My1,i+(j—1)M)~
j=1 j=1 \i=1l i=1

(33)

Note that the realized beta estimator discussed in Section 4.1 (see equations (23)
and (24)) and also studied among others by Dovonon et al. (2013) is a different
statistic than the term given by (33). Here, the realized beta estimator ﬁvlk is not
directly a least squares estimator, but is the result of the average of ,[;’lk( /)» the OLS
estimators for each block. Since under Qj_ s, the volatility matrix is constant in
each block j, implying consequently that the score is not heterogeneous and has
mean zero. This simplifies the asymptotic inference on Sy (), and on . It is
worth emphasizing that contrary to what we have observed in the case of the
realized volatility estimator in Section 3.1,° here when M = 1, the realized beta
estimator using the blocking approach becomes

1/h y
v 1,i
fu=h) ==,

i=1 ki

which is a different statistic than the statistic studied by Barndorff-Nielsen and
Shephard (2004a). But when M = h~!, both estimators are equivalent. However,
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as Mykland and Zhang (2011) pointed out, when M — oo with the sample size
h~!, the local approximation is good only when M = O(h~'/?). It follows then
that we are not comfortable to contrast Mykland and Zhang (2009) block-based
“realized beta” estimator asymptotic results with those of Barndorff-Nielsen and
Shephard (2004a) when M = kL. The first reason is that in this case (i.e., M =
h~"1) the local approximation is not accurate enough. The second and main reason
is that when M — o0, to the best of our knowledge we do not know whether the
approximate measure Oy y with representation given by (30) is contiguous to P.

Mykland and Zhang (2009) provide a CLT result for . In particular, we have
under P and Qp, u, as the number of intraday observations increases to infinity
(i.e.,if h — 0), by using Section 4.2 of Mykland and Zhang (2009), as h — 0, for
any 0 > 0 such that M > 2 (1+0) with M = O(1),

VhT (ﬂvlk - ﬁlk)

d

= N(0, 1), (34)
v Vi
where
M e 2
Vs = - ds.
P M=-2J (Zkk,s 'Blk’s) ’

In practice, this result is infeasible since the asymptotic variance Vﬁv depends on
unobserved quantities. Mykland and Zhang (2009) did not provide any consistent
estimator of V. One of our contributions is to propose a consistent estimator of
Vﬂv. To this end, we exploit the special structure of the regression model. To find

the asymptotic variance of realized regression estimator f;, we can write

Va1 (,bv’nc —,sz) = Mﬁl/ZM:h (;élk(j) - ﬁzk(j))-
j=1

Since ﬁvlk( ) are independent across j, it follows that

Vﬁ,h,M =Var (\/hTl (/;)lk —,Blk)) = M?*n 1%/[:}1 Var (/;’zk(j) - ﬁlk(j)). (35)

j=1

To compute (35), note that from standard regression theory, we have that under

Onm,

-1

M
5 2
Var (/J’zk(j) —ﬁlk(j)) =E (Zyk,iJr(j—l)M) Vi)
i—1
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which implies that

1/Mh

M -1
2 2
Vinu=Mh > E (zyk,i+(j—l)M) Vi) (36)
i=1

j=1

Note that we can contrast Vﬁv with equation (72) of Mykland and Zhang (2009). In

. d d
fact, we can write under Qj v, Zle y,?H_(j WM = hC,%k(j) 2?410124-(] nu =
thk(j))(j > Where v (j—1ym ~ i.i.d.N(0,1) and X M follow the standard y2
distribution with M degrees of freedom. Then for any integer M > 2 and con-
ditionally on the volatility path, by using the expectation of the inverse of a Chi
square distribution we have

M —1
l
> Vit =E W' Cgty = ——=h"'Cht,). BT
ki+(i=D)M () T =2t CRkG)
i=1 XJM

It follows then that

u 1/Mh
‘/v

_ Mh Cuh \
BhM ™ pr 0 Zl )
j:

Cik(j)

By using the structure of (36), a natural consistent estimator of Vﬁv YRS

-1

1/Mh | M
9 _ 2 ~2
= h Z (zyk i+(j— 1)M) (M— 1 Zui-i-(j—l)M)’ (38)

i=1

h<

where ﬁi+(j_1)M = YLi+(j—1)M —ﬂvlk(j)ykjiﬂj_])M (see Lemmas C3.13 and
C3.14 in Hounyo, 2018). Together with the CLT result (34), we have under P
and Qp u the feasible result

VE=T B — Pie)

M =
v Vinm

Next we show that the local Gaussian bootstrap method is consistent when
applied to ﬁvlk, i.e., the realized beta estimator given by (33). Recall (18), and let
ﬁvl’;(( i denote the OLS bootstrap estimator from the regression of yZ i+(j—1ym ON
y,:: i+ (—1)M inside the block j. The bootstrap realized beta estimator is

T

-4 N(0,1).

1/Mh

Bl =Mh Z Bikjy-
=1
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It is easy to check that ﬁvl’;{ — Bi = op+ (1), in probability under Onm and P,
where

1/Mh -1 um

i =Mh D E* (Zyk - 1)M) (ZyZ,i+<j—1)MyZi+<j—1)M)
j=1 i=1

The bootstrap analogue of the regression error u;i(j—1)» in model (32) is

thus ul+(j Wy = yl*H_(j M = Bik(j)yi i+(j—1ym» Whereas the bootstrap OLS

residuals are defined as ul+] Wy = yll+(j WM ﬁlk(j)yk ()M Thus,
conditionally on the observed vector of returns y;(j—1m, it follows that

i+(j—1)M|yk,i+(j—1)M ~i.id.N (0, V(j)), fori =1,...,M, where
Vin=hC3,.

) Q)
We can show that for fixed M,

Var (Vi B~ ) = M0

M — 2ﬂhM

Hence, for any fixed M, we would not use the local Gaussian bootstrap variance
estimator to estimate V. However, since we know the scaled factor AA}’—:;, this
does not create a problem if we adjust the bootstrap statistic accordingly. Our
next theorem summarizes these results.

THEOREM 6.2. Consider DGP (1), (2) and suppose (4) holds. Let M >
2 (140) for some 6 > 0 such that M is bounded, conditionally on o, as h — 0,
the following hold under Qp, m and P

(a)
Vinm=Var (\/F(ﬂvﬁc —ﬁvlk))
p M-l
M=-2F
()
reh P*( i 2‘/_(ﬁzk fi) < x)— P (V" (B —ﬁlk)>’ Lo

Part (a) of Theorem 6.2 shows that the bootstrap variance estimator is not
consistent for V’é when the block size M is finite. Note that for large M, but

* M—1 * .
bounded V; Snm - Vﬁ, (approximately) and ( = 2) V; 5 Vﬁ, for any
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M > 2 (149) for some ¢ > 0. Results in part (b) imply that the bootstrap realized
beta estimator has a first-order asymptotic normal distribution with mean zero and
covariance matrix V. This is in line with the existing results in the cross section
regression context, where the wild bootstrap and the pairs bootstrap variance es-
timator of the least squares estimator are robust to heteroskedasticity in the error
term.

Bootstrap percentile intervals do not promise asymptotic refinements. Next, we
propose a consistent bootstrap variance estimator that allows us to form bootstrap
percentile-f intervals. More specifically, we can show that the following bootstrap

variance estimator COIlSlStCIlﬂy estimates V; h M‘

i=1

VMh M -1 | M

5 % _ 2 %2 A%

G =M (zyk,iw—lw) (—M_l D - 1)M) 39)
j=1 \i=1

Our proposal is to use this estimator to construct the bootstrap 7-statistic, associ-
ated with the bootstrap realized regression coefficient £, . Let

. m(ﬁ;;—/zk)

be the bootstrap analogue of 7 ﬁ WM

(40)

THEOREM 6.3. Consider DGP (1), (2) and suppose (4) holds. Let M >
4 (2+0) for some 6 > 0 such that M is bounded, conditionally on o, as h — 0,
the following hold

Tﬂi‘h u >4 N(0,1), in probability, under On.m and P.

Note that when the block size M is finite the bootstrap is also first-order asymp-
totically valid when applied to the 7-statistic Tﬂ* (defined in (40) without any

scaled factor), as our Theorem 6.3 proves. This ﬁrst order asymptotic validity
occurs despite the fact that Vﬁ .y does not consistently estimate V; when M
is fixed. The key aspect is that we studentize the bootstrap OLS estimator with

Vﬁ,h,M (defined in (39)), a consistent estimator of Vﬁjth, implying that the

asymptotic variance of the bootstrap ¢-statistic is one.

7. MONTE CARLO RESULTS

In this section we assess by Monte Carlo simulation the accuracy of the feasible
asymptotic theory approach of Mykland and Zhang (2009). We find that this ap-
proach leads to important coverage probability distortions when returns are not
sampled too frequently. We also compare the finite sample performance of the
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new local Gaussian bootstrap method with the existing bootstrap method for real-
ized volatility proposed by Gongalves and Meddahi (2009).

For integrated volatility, we consider two data generating processes in our simu-
lations. First, following Zhang, Mykland, and Ait-Sahalia (2005), we use the one-
factor stochastic volatility (SV1F) model of Heston (1993) as our data-generating
process, i.e.,

dXt = (ﬂ —v,/2)dt+0‘,dB,
and
dv, =k (a —v)di+y (v)'/>dw,,

where v, = 0,2, B and W are two Brownian motions, and we assume
Corr(B, W) = p. The parameter values are all annualized. In particular, we let
u =0.05/252,x =5/252,00 =0.04/252, y = 0.05/252, p = —0.5.

We also consider the two-factor stochastic volatility (SV2F) model analyzed
by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008) and Gongalves and
Meddahi (2009), see also the recent work of Hounyo and Varneskov (2017),
where’

dX; = udt+o:dBgy,
oy =s-exp (o, +p171: + fatar),
drty = ay11,dt +d By,
dty = aptdt + (1 + ¢p12)d Boy,
corr (dW;,dB1;) = @1, corr (AW;,dBa;) = 3.

We follow Huang and Tauchen (2005) and set x = 0.03, fo = —1.2, f; = 0.04,
pr=1.5,a1 =—-0.00137,a; = —1.386, ¢ =0.25, 1 = p2 = —0.3. We initialize
the two factors at the start of each interval by drawing the persistent factor from

its unconditional distribution, 719 ~ N (0, %) and by starting the strongly mean-
reverting factor at zero.

For integrated beta, the design of our Monte Carlo study is roughly identical to
that used by Barndorff-Nielsen and Shephard (2004a), and Dovonon et al. (2013)
with a minor difference. In particular, we add a constant drift component to the
design of Barndorff-Nielsen and Shephard (2004a). Here we briefly describe the
Monte Carlo design we use. We assume that dX (1) = o (t)dW (¢) + ud (t), with

o (t)o' (t) = X (t), where

_(En® @) _ (@ o) _(m
>0= (221 (1) =22 (r)) B (azll (1) 03 (1) ) and s = (m)
and 012 (1) = o1 (t) o2 (¢t) p (t) . As Barndorff-Nielsen and Shephard (2004a), we

let 02(1) = o2V (1) + 0 2P (1), where for s = 1,2, dot® (1) = —As (67 (1) —
&)dt +a)sal(s)(t)\/ﬂdbs(t), where b; is the i-th component of a vector of
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standard Brownian motions, independent from W. We let 11 = 0.0429, & =
0.110, w; =1.346, 1, =374, & =0.398, and wp = 1.346. Our model
for azz(t) is the GARCH(1,1) diffusion studied by Andersen and Bollerslev
(1998):  do3(t) = —0.035(c3(t) — 0.636)dt + 0.23653(t)db3(t). We follow
Barndorff-Nielsen and Shephard (2004a), and let p(r) = (¢ —1)/(>*® +
1), where x follows the GARCH diffusion: dx(t) = —0.03(x(¢) — 0.64)dt +
0.118x(t)db4(t). Finally, we let u; = up = 0.03.

We simulate data for the unit interval [0, 1]. The observed log-price process
X is generated using an Euler scheme. We then construct the /-horizon returns
vi = Xin — X(i—1)n based on samples of size 1/h.

Tables 1 and 2 give the actual rates of 95% confidence intervals of integrated
volatility and integrated beta, computed over 10,000 replications. Results are pre-
sented for five different samples sizes: 1/h 576, 288, 96, 48, and 12, correspond-
ing to “2.5-minute”, “S-minute”, “15-minute”, “half-hour”, and “2-hour” returns.

TABLE 1. Coverage rates of nominal 95% CI for integrated volatility and inte-

grated beta
Integrated volatility Integrated beta
SVIF SV2F
Raw Log Raw Log Raw
M CLT Boot CLT Boot CLT Boot CLT Boot M CLT Boot
1/h=12
1 85.44 98.49 90.08 97.86 80.38 96.62 86.17 96.24 2 83.58 95.67
2 85.56 9731 90.31 96.80 80.43 94.70 86.27 94.73 3 87.57 94.98
3 85.71 96.46 90.84 96.08 80.34 93.77 85.89 93.70 4 89.15 94.81
4 85.88 96.20 90.97 95.93 80.34 92.88 85.52 92.89 6 90.65 94.47
12 86.11 94.84 91.27 94.87 77.66 88.89 81.65 86.97 12 90.46 93.62
1/h =48
1 92.04 98.55 9351 97.71 88.28 97.09 90.93 96.67 3 92.36 95.65
2 92.10 97.28 93.59 96.50 88.13 95.63 91.08 95.48 4 92.69 95.29
4 92.20 96.40 93.80 95.80 88.16 94.55 91.10 94.53 8 9291 94.71
8 92.33 95.60 93.88 95.18 87.89 93.32 90.33 93.20 12 92.62 93.75
48 92.74 95.06 94.22 95.04 81.83 86.63 82.92 84.57 48 91.61 92.45
1/h =96
1 9335 97.94 94.09 97.10 90.20 97.06 92.10 96.66 3 92.60 95.51
2 93.43 96.78 93.99 96.06 90.37 95.84 92.24 95.67 4 93.12 95.01
4 93.47 95.78 94.03 95.61 90.46 94.70 92.09 94.83 8 93.78 94.81
8 93.50 95.26 94.09 95.32 90.07 93.81 91.75 94.01 12 93.79 94.55
96 93.42 94.80 94.35 94.87 81.93 84.61 82.79 83.60 96 91.97 92.36
1/h =288
1 94.57 97.09 94.61 96.25 93.39 97.44 93.96 96.76 3 93.81 95.72
2 94.56 96.00 94.61 95.67 93.51 96.35 93.95 95.95 4 94.73 95.61
4 94.62 95.48 94.67 95.36 93.50 95.57 93.98 95.28 8 94.92 95.45
8 94.55 95.26 94.81 95.19 93.43 95.06 93.82 94.75 12 94.65 94.99
288 94.46 94.78 94.84 94.99 82.43 83.86 83.34 83.53 288 90.08 90.33
1/h =576
1 94.53 96.12 94.75 95.84 94.19 96.96 94.49 96.52 3 93.93 95.58
2 94.57 95.53 94.68 95.41 94.17 96.23 94.52 95.78 4 94.49 95.36
4 94.74 95.15 94.70 95.16 94.32 95.59 94.56 95.45 8 9451 94.88
8 94.67 95.08 94.72 94.96 9422 95.38 94.46 95.16 12 94.48 94.86
576 94.58 94.85 94.76 94.92 82.01 82.37 82.05 82.32 576 87.09 87.09

Notes: CLT-intervals based on the Normal; Boot-intervals based on our proposed new local Gaussian bootstrap
(percentile-7 intervals); M is the block size used to compute confidence intervals. 10,000 Monte Carlo trials with
999 bootstrap replications each.
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TABLE 2. Coverage rates of nominal 95% intervals for integrated volatility and integrated beta using the optimal block size

Integrated volatility

SVIF SV2F
Raw Log Raw Log
n M* CLT iidB WB Boot CLT iidB WB Boot M* CLT iidB WB Boot CLT iidB WB Boot
12 3.75 86.44 93.66 87.42 96.51 90.79 96.11 88.35 96.07 3.84 80.42 90.82 79.41 93.21 86.70 9343 80.41 93.35
48 5.37 90.89 94.62 93.98 95.76 92.31 95.45 94.71 95.35 5.75 85.40 92.77 89.98 93.63 87.59 94.15 90.82 93.80
96 5.86 93.01 94.67 94.38 95.29 93.68 95.48 94.85 95.11 5.81 88.94 94.05 92.01 94.28 90.48 94.28 93.11 94.21
288 5.66 94.49 94.70 94.98 95.05 94.60 94.86 94.81 94.96 5.94 93.32 94.85 94.18 95.02 93.62 94.99 94.36 94.90
576 5.82 94.50 94.54 94.51 94.95 94.58 94.65 94.66 94.98 6.06 94.08 94.89 94.47 95.19 94.38 94.90 94.81 95.03

Integrated beta

n M* CLT PairsB Boot
12 3.62 88.49 93.60 95.16
48 4.96 92.87 93.96 94.85
96 5.60 93.70 94.98 94.62
288 5.76 94.55 94.75 94.98
576 5.79 94.25 94.72 94.64

Notes: CLT-intervals based on the Normal; iidB-intervals based on the i.i.d. bootstrap of Gongalves and Meddahi (2009); WB-wild bootstrap based on Proposition 4.5 of Gongalves and
Meddahi (2009); Boot-intervals based on our proposed new local Gaussian bootstrap (percentile-¢ intervals); PairsB-intervals based on the pairs bootstrap of Dovonon et al. (2013); M* is
the optimal block size selected by using the Minimum Volatility method. 10,000 Monte Carlo trials with 999 bootstrap replications each.
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In Table 1, for each sample size we have computed the coverage rate by increasing
the block size, whereas in Table 2 we summarize results by selecting the optimal
block size. We also report results for confidence intervals based on a logarithmic
version of the statistic T(}gzh y and its bootstrap version.

In our simulations, boo’ts’trap intervals use 999 bootstrap replications for each
of the 10,000 Monte Carlo replications. We consider the studentized (percentile-t)
symmetric bootstrap confidence interval method computed at the 95% level.

As for all blocking methods, to implement our bootstrap methods, we need
to choose the block size M. We follow Politis, Romano, and Wolf (1999) and
Hounyo et al. (2017) and use the Minimum Volatility Method. Although the block
length M that results for this approach may be suboptimal for the purpose of dis-
tribution estimation (in the context of realized volatility) as we do in our applica-
tion, it is readily accessible to practitioners, typically performs well, and allows
meaningful comparisons of the local Gaussian bootstrap and asymptotic normal
theory-based methods. Here we describe the algorithm we employ for a two-sided
confidence interval.

Algorithm. Choice of the block size M by minimizing confidence interval
volatility

(1) For M = My;uq1 to M = My, compute a bootstrap interval for the parameter
of interest (integrated volatility or integrated beta) at the desired confi-
dence level, this resulting in endpoints I Cps 1o, and I Cpy yp.

(i1) For each M compute the volatility index V Ij; as the standard deviation of
the interval endpoints in a neighborhood of M. More specifically, for a
smaller integer [, let V Iy equal to the standard deviation of the endpoints
{ICM—l,low eres 1CM+1,low} plus the standard deviation of the endpoints

{ICM—l,up, e, ICM—i-l,up}v i.e.,

l l

1 - -
Viy= m Z (ICM+i,low - ]Clow)2+ m iz (ICM+i,up - Icup)z,

_ . ; _

where IClow = 337 i ICMitow and IC,, =
1 1

21+1 Zi=_1 ICM+i,up'

(iii) Pick the value M* corresponding to the smallest volatility index and report
{1Cwm+ 10w ICr= up} as the final confidence interval.

One might ask what is a selection of reasonable Mg, and Mp;e? In our
experience, for a sample size 1/h = 576, the choices Myq;1 = 1 and Mp;q = 12
usually suffice, for the samples sizes : 1/h = 576, 288, 96, and 48, we have used
Myman =1 and Mp;; = 12. For results in Table 2, we used / = 2 in our simulations.
Some initial simulations (not recorded here) show that the actual coverage rate of
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the confidence intervals using the bootstrap is not sensitive to reasonable choice
of [, in particular, for/ = 1,2, 3.

Starting with integrated volatility, the Monte Carlo results in Tables 1 and 2
show that for both models (SV1F and SV2F), the asymptotic intervals tend to un-
dercover. The degree of undercoverage is especially large, when sampling is not
too frequent. It is also larger for the raw statistics than for the log-based statis-
tics. The SV2F model exhibits overall larger coverage distortions than the SVIF
model, for all sample sizes. When M = 1, the local Gaussian bootstrap method is
equivalent to the wild bootstrap of Gongalves and Meddahi (2009) that uses the
normal distribution as the external random variable. One can see that the boot-
strap replicates their simulations results. In particular, the Gaussian bootstrap in-
tervals tend to overcover across all models. The actual coverage probabilities of
the confidence intervals using the Gaussian bootstrap are typically monotonically
decreasing in M, and does not tend to decrease very fast in M for larger values of
sample size.

A comparison of the local Gaussian bootstrap with the best existing bootstrap
methods for realized volatility8 shows that, for smaller samples sizes, the confi-
dence intervals based on the Gaussian bootstrap are conservative, yielding cov-
erage rates larger than 95% for the SV1F model. The confidence intervals tend
to be closer to the desired nominal level for the SV2F than the best bootstrap
proposed by Gongalves and Meddahi (2009). For instance, for the SV1F model,
the Gaussian bootstrap covers 96.51% of the time when 47~ = 12 whereas the
best bootstrap of Gongalves and Meddahi (2009) does only 87.42%. These rates
decrease to 93.21% and 80.42% for the SV2F model, respectively.

We also consider intervals based on the i.i.d. bootstrap studied by Gongalves
and Meddahi (2009). Despite the fact that the i.i.d. bootstrap does not theoretically
provide an asymptotic refinement for two-sided symmetric confidence intervals,
it performs well.

While none of the intervals discussed here (bootstrap or asymptotic theory-
based) allow for M = h~1, we have also studied this setup which is nevertheless
an obvious interest in practice. For the SV1F model, results are not very sensitive
to the choice of the block size, whereas for the SV2F model coverage rates for in-
tervals using a very large value of block size (M = h™!) are systematically much
lower than 95% even for the largest sample sizes. When M = h~!, the realized
volatility R, using the blocking approach is the same realized volatility studied

by Barndorff-Nielsen and Shephard (2002), but the estimator of integrated quar-
h='42
h—1

ticity using the blocking approach is R%. This means that asymptotically we

2
replace fol oltdt by ( fol a,zdt) , which is only valid under constant volatility. By

2
Cauchy-Schwarz inequality, we have ( fol a,zdt> < fol otdt, it follows then that

we underestimated the asymptotic variance of the realized volatility estimator.
This explains the poor performance of the theory based on the blocking approach
when the block size is too large.
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For the realized beta, we see that intervals based on the feasible asymptotic pro-
cedure using Mykland and Zhang’s (2009) blocking approach and the bootstrap
tend to be similar for larger sample sizes whereas, at the smaller sample sizes,
intervals based on the asymptotic normal distribution are quite severely distorted.
For instance, the coverage rate for the feasible asymptotic theory of Mykland and
Zhang (2009) when A~! = 12 (cf. h~! = 48) is only equal to 88.49% (92.86%),
whereas it is equal to 95.17% (94.84%), for the local Gaussian bootstrap (the
corresponding symmetric interval based on the pairs bootstrap of Dovonon et
al. (2013) yields a coverage rate of 93.59% (93.96%), better than Mykland and
Zhang (2009) but worse than the local Gaussian bootstrap-based interval). Our
Monte Carlo results also confirm that for a good approximation, a very large block
size is not recommended.

Overall, all methods behave similarly for larger sample sizes, in particular the
coverage rate tends to be closer to the desired nominal level. The local Gaussian

TABLE 3. Summary statistics

Days Trans n N
1 Aug 11,303 96 118
2Aug 13,873 96 145
3Aug 13,205 96 138
4 Aug 16,443 96 172
S5Aug 16,212 96 169
8Aug 18,107 96 189
9Aug 18,184 96 190
10 Aug 15,826 96 165
11 Aug 15,148 96 158
12 Aug 12432 96 130
15Aug 12,042 96 126
16 Aug 10,128 96 106
17 Aug 9,104 96 95
18 Aug 15,102 96 158
19 Aug 11,468 96 120
22 Aug 10,236 96 107
23 Aug 11,518 96 120
24 Aug 10,429 96 109
25 Aug 9,794 96 102
26 Aug 9,007 96 94
29 Aug 10,721 96 112
30 Aug 9,131 96 96
31 Aug 10,724 96 112

“Trans” denotes the number of transactions,
n the sample size used to compute the re-
alized volatility, and sampling of every Sth
transaction price, so the period over which
returns are calculated is roughly 15 minutes.
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bootstrap performance is quite remarkable and outperforms the existing methods,
especially for smaller samples sizes (h~! = 12 and 48).

8. EMPIRICAL RESULTS

As a brief illustration, in this section we implement the local Gaussian bootstrap
method with real high-frequency financial intraday data, and compare it to the
existing feasible asymptotic procedure of Mykland and Zhang (2009). The data
consist of transaction log prices of General Electric (GE) shares carried out on the
New York Stock Exchange (NYSE) in August 201 1. Before analyzing the data we
have cleaned the data. For each day, we consider data from the regular exchange
opening hours from time stamped between 9:30 a.m. till 4 p.m. Our procedure for
cleaning data is exactly identical to that used by Barndorff-Nielsen et al. (2008).
We detail in Appendix A the cleaning we carried out on the data.

We implemented the realized volatility estimator of Mykland and Zhang (2009)
on returns recorded every S transactions, where S is selected each day so that there
are 96 observations a day. This means that on average these returns are recorded
roughly every 15 minutes. Table 3 in the Appendix provides the number of trans-
actions per day, and the sample size used. Typically each interval corresponds to
about 131 transactions.

This choice is motivated by the empirical study of Hansen and Lunde (2006),
who investigate 30 stocks of the Dow Jones Industrial Average, in particular they
have presented detailed work for the GE shares. They suggest to use 10 to 15
minutes horizon for liquid assets to avoid the market microstructure noise effect.
Hence the main assumptions underlying the validity of the Mykland and Zhang
(2009) block-based method and our new bootstrap method are roughly satisfied
and we feel comfortable to implement them on this data. To implement the real-
ized volatility estimator, we need to choose the block size M. We use the Mini-
mum Volatility Method described in Section 7 to choose M.
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Days in August 2011 (GE)

FIGURE 2. 95% Confidence Intervals (CI’s) for the daily o2, for each regular exchange opening
days in August 2011, calculated using the asymptotic theory of Mykland and Zhang (CI's with bars),
and the new wild bootstrap method (CI's with lines). The realized volatility estimator is the middle of
all CI’s by construction. Days on the x-axis.
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We consider bootstrap percentile-7 intervals, computed at the 95% level.
The results are displayed in Figure 2 in the appendix in terms of daily 95%
confidence intervals (CIs) for integrated volatility. Two types of intervals are
presented: our proposed new local Gaussian bootstrap method and the fea-
sible asymptotic theory using the Mykland and Zhang (2009) blocking ap-
proach. The realized volatility estimate R, is in the center of both confi-
dence intervals by construction. A comparison of the local Gaussian boot-
strap intervals with the intervals based on the feasible asymptotic theory us-
ing Mykland and Zhang (2009) block-based approach suggests that both types
of intervals tend to be similar. The width of these intervals varies through
time. However, there are instances where the bootstrap intervals are wider
than the asymptotic theory-based interval. These days often correspond to
days with large estimated volatility. We consider whether this is due to jumps
and have implemented the jumps test using the blocked bipower variation of
Mykland, Shephard, and Sheppard (2012). We have found no evidence of jumps
at 5% significance level for these two days. The figures also show a lot of vari-
ability in the daily estimate of integrated volatility.

9. CONCLUDING REMARKS

In this article, we propose the local Gaussian bootstrap as a method of inference
for statistics that are smooth functions of the realized multivariate volatility ma-
trix. We show the first-order asymptotic validity of this new bootstrap method
for realized volatility and realized regression coefficients. We use Monte Carlo
simulations and derive higher order expansions for cumulants to compare the ac-
curacy of the bootstrap and the normal approximations at estimating confidence
intervals for integrated volatility and integrated beta. Based on these expansions,
we show that the local Gaussian bootstrap provides second-order refinements for
the realized beta, whereas it provides a third-order asymptotic refinement for real-
ized volatility. This is an improvement of the existing bootstrap results. Our new
bootstrap method also generalizes the wild bootstrap of Gongalves and Meddahi
(2009). Monte Carlo simulations suggest that the local Gaussian bootstrap im-
proves upon the first-order asymptotic theory in finite samples and outperforms
the existing bootstrap methods for realized volatility and realized betas.

An important assumption we make throughout this article is that asset prices are
observed at regular time intervals and without any error (so that markets are fric-
tionless). If prices are nonequidistant (irregularly spaced (but nonrandom)) and
non-noisy, results in Mykland and Zhang (2009) show that a contiguity argument
holds and the same variance estimators of the realized covariation measures re-
main consistent. Consequently, the same 7-statistics as those considered here can
be used for inference purposes. In this case, we can rely on the same local Gaus-
sian bootstrap ¢-statistics to approximate their distributions. Recently, Renault et
al. (2017) show that irregular sampling invalidates the advantage of the block-
based estimator (given by (6)) to achieve efficiency asymptotically by increasing
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the size of the block. We conjecture that in such a situation, the local Gaussian
bootstrap method may lose its higher-order refinement property. When the obser-
vation times are possibly random but predictable, we expect that a natural way
to preserve the higher-order correctness property of the local Gaussian bootstrap
would consist in replacing in equation (14) (the bootstrap DGP), the spot real-
ized volatility estimator by another estimator of the spot volatility (appropriately
scaled) which can get arbitrarily close to the nonparametric bound, similar to that
of Renault et al. (2017) (see also the related work of Kristensen, 2010).

The case of noisy data is much more challenging because in this case the re-
alized covariation measures studied in this article are not consistent estimators of
their integrated volatility measures. In the context of inference with noisy data,
the noise robust measures based on a pre-averaging approach (a different kind of
blocking method) of Podolskij and Vetter (2009) and Jacod et al. (2009) exploit
the locally constant approximation of stochastic volatility. In particular, in these
articles, the latent semimartingale is itself given a locally constant approxima-
tion. Therefore, we conjecture that contiguity results can be found under com-
mon types of noise. However, for the bootstrap, it is worth emphasising that we
have to distinguish two cases: The nonoverlapping pre-averaging based estima-
tors as in Podolskij and Vetter (2009), and the overlapping pre-averaging estima-
tors as in Jacod et al. (2009). For the latter, the local Gaussian bootstrap would
not be valid, since the pre-averaged returns are very strongly dependent because
they rely on many common high-frequency returns. A different bootstrap method
such as the wild blocks of blocks bootstrap studied by Hounyo et al. (2017) (see
also Hounyo, 2017) will be appropriate. But we conjecture that, when the pre-
averaging method is applied on nonoverlapping intervals (as in Podolskij and
Vetter, 2009; Gongalves et al., 2014), the local Gaussian bootstrap method re-
mains valid. However, it is important to highlight that in this case, we should
apply the local Gaussian bootstrap method to the pre-averaged returns, instead of
the raw returns. Since in the presence of noise, the nonoverlapping pre-averaged
returns remain asymptotically Gaussian and conditionally independent, which is
not the case for noisy high-frequency raw returns.

Another promising extension would be to allow for jumps in the log-price pro-
cess. Following the initial draft of this article, Dovonon, Gongalves, Hounyo,
and Meddahi (2018) generalize the local Gaussian bootstrap method and use it
for jump tests. In particular, instead of the local Gaussian bootstrap observations
within a given block will have a normal distribution with variance equal to the
realized variance over the corresponding block. They propose to generate the
bootstrap observations with normal distribution, but now with a variance given
by a local jumps-robust realized measure of volatility, for instance the local block
multipower variation estimator, similar to that of Mykland et al. (2012).

We also supposed in the multivariate framework that prices on different as-
sets are observed synchronously. If prices are nonsynchronous, different robust
measures (e.g., Hayashi and Yoshida, 2005 covariance estimator) are required.
Another important extension is to prove the validity of the Edgeworth expansions
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derived here and to provide a theoretical optimal choice of the block size M for
confidence interval construction. The extension of the local Gaussian bootstrap to
these alternative estimators and test statistics is left for future research.

NOTES

1. Readers may refer to the supplementary material for this article as Hounyo (2018), available at
Cambridge Journals Online (journals.cambridge.org/ect).

2. However, for the higher-order asymptotic properties of the bootstrap cumulants in Section 5 we
do require the absence of leverage and drift effects.

3. Note that even in the simple univariate context, estimators of integrated quarticity ¢# (and thus
of Va-z) can have very poor finite sample properties see, e.g., Andersen, Dobrev, and Schaumburg
(2014).

4. Recently, Hounyo and Veliyev (2016) rigorously justify the Edgeworth expansions for realized
volatility derived by Gongalves and Meddahi (2009). As a consequence the cumulants expansions
of TU-2 A exist under our assumptions. Our focus in parts (b) and (c) of Theorem 5.1 is on using
formal ,expansions to explain the superior finite sample properties of the new local Gaussian bootstrap
theoretically (see, e.g., Mammen, 1993; Davidson and Flachaire, 2001; Gongalves and Meddahi,
2009 for a similar approach). This approach does not seek to determine the conditions under which
the relevant expansions are valid.

5. The underlying data generating process is in continuous time while one observes a discrete time
sample of the process.

6. Where the realized volatility estimator R, using Mykland and Zhang’s (2009) blocking approach
with M =1, is the same realized volatility studied by Barndorff-Nielsen and Shephard (2002).

7. The function s-exp is the usual exponential function with a linear growth function splined in at
exp(xg)

high values of its argument: s-exp(x) = exp(x) if x < xg and s-exp(x) = —==2— if x > x,,
,/xo—x(% +x2 ?
with xg = log(1.5).
8. The wild bootstrap based on Proposition 4.5 of Gongalves and Meddahi (2009).
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APPENDIX A

This appendix is organized as follows. First, we detail the cleaning we carried out on the
data. Second, we report simulation results. Finally we report empirical results.

Data cleaning

In line with Barndorff-Nielsen, Hansen, Lunde, and Shephard (2009) we perform the
following data cleaning steps:

(i) Delete entries outside the 9:30 pm and 4 pm time window.

(i) Delete entries with a quote or transaction price equal to be zero.
(iii) Delete all entries with negative prices or quotes.

(iv) Delete all entries with negative spreads.

(v) Delete entries whenever the price is outside the interval [bid —2 s spread ; ask + 2
spread].

(vi) Delete all entries with the spread greater than or equal to 50 times the median spread
of that day.

(vii) Delete all entries with the price greater than or equal to 5 times the median mid-quote
of that day.

(viii) Delete all entries with the mid-quote greater than or equal to 10 times the mean
absolute deviation from the local median mid-quote.

(ix) Delete all entries with the price greater than or equal to 10 times the mean absolute
deviation from the local median mid-quote.

We report in Table 1 below, the actual coverage rates for the feasible asymptotic theory
approach and for our bootstrap methods. In Table 2 we summarize results using the optimal
block size by minimizing confidence interval volatility. Table 3 provides some statistics of
GE shares in August 2011.
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APPENDIX B: Proofs

. .. o M2

Proof of Theorem 3.1 part (a). Given the definitions of V M CM " =Ry, ey a =55

and V* =2R4, we can deduce that V* =M +2 Vo The consistency results
2.h,M o%h.M’

follow dlrectly by noting that if M is ﬁxed or M — oo as h — 0 such that Mh — 0, then
as h — 0, we have

VU_Z,h,M - VO'_Z =op (1)’
and when M — oo, M+2 — 1.

Proof of Theorem 3.1 part (b). We show that, if M is fixed or M — oo as h — 0 such
that M2h — 0, then as h — 0,

sup ’P* (T’f;v[z < x) —P (TMZ < x) -0,
reR o, h,M o, h,M
MzZ /h 7MZ —
in probability under P, where T: M M+2 (R —Rz) and T? Y
1/Mh
h—1 (Rz -0 ) To this end, let T*MhZ = 2. 2}, where
o°.h, i

M
* —1 ® % *
g=\ Y (RVJ-’M E (RVLM))‘

1/Mh 1/Mh . p
Note that E*{ > z =0,and Var*{ > z¥ )=V, — V -,. Moreover, since
=1 = ] o, h,M o
z’f, s z’f M e conditionally independent, by the Berry—Esseen bound, for some small

0 > 0 and for some constant C > 0 (which changes from line to line),

* [ 7+MZ _ _
sl (72, <) -0 (V)|

which converges to zero in probability under P for any M > 1 such that M ~ Ch™% with
o €[0,1/2), as h — 0. Indeed, we have that

1/Mh
/ . 240
%j

s

1/Mh 246
2 Z; £ (RV}))
j=1
M # —(2+9) / * " 240
=2 Z E RVJFM‘
Jj=1
M 249
245 _ 1/M
oMY E e S
“\M+2 M —~ ’
j:
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where the inequality follows from the C, and the Jensen inequalities. Then, given the
definitions of cp7,2(2+4) and Ro(244), we can write

1/Mh 249

+0 M 2 )
Z E’ j 52(—M+2) cu20rM h2 Ro4)
M o\F 1
J
<C 2 pirme+d) - p .
( [T 2) CM,2(2+0) er 2010 2+

Note that for any 0 > 0, M > 1 such that M ~ Ch~* with a € [0,1/2), as h — O,
246

3 ; P 5679
(MLH) =0(1), §-a(48) > 0, ob—=Ropig > 72 = 0p (1), and
cM,2(2+9) —> 1. Thus, results follow, in particular, we have

1/Mh

>

+o

146
o= OP( pmal+o) 2, 2(2+5))
j=1

ZOP(I)‘

. . _ . 1 . K
To be precise, for a bounded M (i.e., o = 0), the consistency result WRZ(ZM) -

622+ = Op (1) follows from Mykland and Zhang (2009). Whereas when M — oo,
in particular for a € (0,1/2), the consistency result still holds since as M — oo,
cm,2(2+0) — 1 and using, e.g., Jacod and Rosenbaum (2013) (cf. equations (3.8) and
(3.11)) or the recent work of Li, Todorov, and Tauchen (2017) (cf. Theorems 2 and 3), we
have Ry(2+4) —P> 62(2+0) See also Theorem 9.4.1 of Jacod and Protter (2012) for similar
result.

~ MZ ! (Rz_az) d ~
Proof of Theorem 3.2. Given that 7~ =——— 7 5 N(0,1), it suffices that
a%hM Vo2
T*MZ _ N h_l(R*_R2) d

— N(0, 1) in probability under P. Let
o2 ,h, M V*g/IZ
Vo e2nm

T*MZ —
o2hM Vb 'R —Ry)
o M VMZ v *MZ '
M+2 Vo M o2 M

and note that

*

T*MZ _ g oL M
o ,h,M o2.h,M \7’EMZ o2.h,M
o2.h,M
where V% VMZ - and V- o are defined in the main text whereas 7*MZ
o2 h M o2 hM M o2,h,M

is defined in the proof of Theorem 3.1. Theorem 3.1 proved that H *-2 M % N(,1)
o”,
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V-

. . . 2 P .
in probability under P. Thus, it suffices to show that 1\/10.‘/71’1\2/2 — 1 in proba-
M+2 " 5 M

bility under P. In particular, we show that (1) Bias*( y*MZ ) =0, and (2)

M+2 a2,h,M

Var* ( WE= V*;VIhZM) — 0, in probability under P. Notice that by definition, we have

1/Mh 2

. M G\ (RViu M .

*MZ * J> J> _
Vorum =425 cM.a M Z( ) ( Mh ) and 3775 Voo = Ve

It follows that
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1/Mh 2
2 RVj.u R . X
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M oz M \?
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then given (B.1), the definitions of ¢ 2, cp,4, cp,8 and Rg, we can write

P L2 2 1/Mh
M M CM4—C
* *MZ _ 2 > M,2 2. 2 4
Var (M+2V02h M) (—M+2) M (7@”4 ) (Mh) (LM,g—LMA) > vy

j=1

2 . _ 2 2
. M of €M 4 CM,2 i 2
_(_M+2) M (7@”’4 ) (Mh) (cp,8 =31 4) R

(M N\ (2 2(M+2)(M+4)(M+6)—M(M+2)2R
_(M+2) (M+2) M2 s
= 0p (Mh) = 0

in probability under P, as long as Mh — 0 as h — 0, which completes the proof of
Theorem 3.2.

https://doi.org/10.1017/50266466618000129 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466618000129

410 ULRICH HOUNYO
Proof of Theorem 5.1. Part (a) follows under our assumptions by using Theorem A.1
of Gongalves and Meddahi (2009). The proof of part (b) uses the same technique as in

the proof of Theorem A.3 in Gongalves and Meddahi (2009). In particular, the first four
cumulants of T"i2 M are given by (e.g., Hall, 1992 (cf. p. 42)):

W)
w) (& (12,,)

W) 3E (12, e, ) w2 (e ()
T, M) £ (12, ) E (15,,) -3 (8 (12, )
e (12, )@ (rs, )r-o(e(r,,)"

Our goal is to identify the terms of order up to Op(h) in the asymptotic expansions of
these four cumulants. We will first provide asymptotic expansions through order O () for

the first four moments of T*i2 M by using a Taylor expansion. For a fixed value &, a
o sty

=£ (73,
=£ (7
=£ (12,
==

second-order Taylor expansion of f(x) = (1 +x)7%/2 around 0 yields f(x) =1— —x +
%(% + 1)x2 + 0(x3). We have that for any fixed integer k,

—k/2
*k _ o=k * L (h3/2
T ™= SZhM(1+[U2hM) +0p (h77)
_ _r xk * * . 3/2
2hM 2fS2hMU2,h,M+ ( +l)hS2hMU2hM+0P Uy
=T* 4+ 0p(h?).

o2, h,M

Fork = 1,...,4, the moments of 7** up to order 0(h3/ 2) are given by (To be strictly

o2.h,M

rigorous, we should be taking expected value of T*f M rather than of T*k o See,
e.g., Hall (1992) (cf. p. 72) or Gongalves and Meddahl (2009) (cf. p. 302) for similar
approach).

* * \/E * * *2
E (Tz;z,h,M)ZO_TE (S ZhMU’Z,h,M)'i_ghE ( ZhMUath)

* *2 * *2 * * *2 *2
E (TJ—2’h,M) —VhE (S2hMU-2hM)+hE (S2hMU2hM)

15

* %3 * %3 * *3 * *3 *2
E (TJZ,h,M) E (S ZhM) \/— E (S ZhMUath) ?hE (S ZhMUath)

* *4 *4 *4 * *4 *2
E (T‘;Z’h’M) E* (S 4 - NﬁE (S 1, MU—Z’h’M)—HhE (S 4 MU’Z,/,,M)’

where we used E* (S* N ) =0and E* (S*2 Y ) = 1. By Lemma C1.2 in Hounyo
a2,h, a2.h,
(2018), we have that
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E* (th ) - 1+«/E((c1 —Ay) Rg,4+C2R§,4)+Op(h2),
3
( ):\/E(Bl —§A3) Re4+Op(h*'%),
*4 _ _ _ 2 2
E* T 2 hM =3+4+h((By—2D1+3E1)Rg 4+ (3E> 2D2)R654 + Op(h7).

Thus x (T”“2 .\ M) =—vh % Rg 4, this proves the first result. The remaining results
o sty

follow similarly.

For part (c), results follows by noting that _qR‘i — ¢4 in probability under P. For
fixed M, use results in Section 4.1 of Myklang and Zhang (2009), whereas when M — oo
use Jacod and Rosenbaum (2013) (cf. equations (3.8) and (3.11)).

Proof of Theorem 4.1. We prove results for f (z) = z; the delta method implies the result
for nonlinear f.

Part (a). Result follows from Theorem 3 of Li et al. (2017) by noting the following: First
1/Mh
the elements of ITj, h.y are all of the form of Mh Z Fkl(;)rk/l/(]) Second, since X is

continuous in our framework, the truncation in equatlon (3.1) of Liet al. (2017) is useless:
one may use a threshold v, = oo which reduce to our definition of I';( ).
Part (b). Given the definition of S ;; > We have

1/Mh M 1/Mh

S =V 32 3 (s = s0w) =7 2 | = (S )|
j=1 i=1 1 Li=1
. d(d+1)
The proof follows from showing that for any 1 € R™2 such that

2= 1, super PP R < x) — oGy (#MA)) £ 0, where o=

M M
— * * * * 1/Mh ~*
Vh li’|:‘in+(j_l)M—E (Iin+(j_l)M)i|.N0te that, £* (3 )—Oand

Var* (Z}l /Al/lh ~"‘) = /ll_lh ut Koo by part (a). Thus, by Katz’s (1963) Berry—Essen

Bound, for some small & > O and some constant C > 0 which changes from line to line,
1/Mh 1/Mh

sup | P* Zx <x| -0/ (A1) <CZE| *|2+e
xeR

Next, we show that Zl/Mh E* |)E;.“ |2t = op(1). We have that
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ooy UME | M 2te
2+ep, =5 * *
<2FhTIT Y UEN D i mm
=1 =t
\/Mh M

2+r

(2+L)
< 22+€Ch M1+8 Z ZE
j=1i=1

l+(]—1)M’

where the first inequality follows from the C, and the Jensen inequalities; the second
inequality uses the Cauchy—Schwarz inequality and the fact that ’A = 1; and the third
inequality uses the C; inequality. We let |z|2 (z z) for any vector z. Then, we have

1/Mh \/Mh M d I+e/2
Z E*|x} Z ZE* ZZ()’k i+ G=DMYLi4 (- l)M)
j=1 i=1  lx=11=1
\/Mh M
(2+r 1 2te
<Ch M Z ZE }ykz+(] I)My[l+(f I)M}
j=1 i=1
20 & Zte
< Ch ‘ ‘ @+e) pr24e Z }rkl(j)‘
—,_/ =1
—o0(1)
- rre g 1B 24e
STE x| % 5 & ~ ~ ~
+ChT E* g onf |7 MP Y | T Tugy — T,
_— —
=0(1) =t
/M 24e
<ChIM™“*Mn > [‘szm) ’ } =op(l),
=o(1) j=1
=0p(1)

where the second and third inequalities follow from the C, inequality, the third inequality
uses in addition the definition of y,’; i+(j_1)My;‘i+(j_l)M. Finally, the last inequality and
the consistency follow from Minkowski inequality, Lemma C2.4 in Hounyo (2018) and the

fact that for any M such that M ~ Ch~%* with o € (O, 2(1;-4-3)) ) haMlte 0,ash — 0.

Part (c). Given that Tj, i) N (O, Id(d+l)), it suffices that Th*M i> N (O, Id(d+1)) in
2 ’ 2
probability under P. Next, note that from Lemma C2.5 in Hounyo (2018)
~ P*
I,y —1j 4 — 0,

in probability under P. In addition, both H M and H hM are nonsingular in large samples
with probability approaching one, as & — 0. Then, using results in parts (a) and (b) of
Theorem 4.1, it follows that

i TN V- 2N V- VRN Vo
Th,M:(Hh,M) (Hh,M) (Hh,M) Sh,M%N O,Id(d2+|) R

P* d*
—>1d(d+1) —N|0.740+1
2

in probability- P.
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Proof of Theorem 5.2. Part (a) follows under our assumed conditions by using Theorem
5.2 of Dovonon et al. (2013). The proof of part (b) use the same technique as in the proof of
Theorem A.3 in Gongalves and Meddahi (2009). Given equation (C2.1) and Lemma C2.10
in Hounyo (2018), we may decompose

Tg hov = Spnm (1 +vh (UZ,h,M +Ug pnm+Op (\/E)))_m-

Hence, for any fixed integer k, we have that

T =S (1 —«/ﬁg (ﬁ;,h,M+U:jﬂjth)) +0pe () =T}y g+ Op ().
For k = 1,2, 3, the moments of Tﬂ*, oM e given by

E” (iﬁ*IZM) :E*( ﬁhM) ‘/— E” ( ﬁhMUﬂhM) ‘/— E” ( ﬂhMU4ﬂhM)
The first and third cumulants of Tﬂ hom e given by
<t (T5nm) =E* (T.m)

5 (Fw) = £ (57300) =38 (5530 ) E* (T +2[ £ (F0)] -
By Lemma C2.9 in Hounyo (2018), we deduce

Jh r 1/Mh 1/Mh
. s . PO
E* (TE,h,M) ~an Mh Z Fk](j) +3Mh Z Ty Uiy Ly
Bow | = j=1
Jh M 1/Mh 1/Mh
R . . R PO
= | =3BuMh 3 Tuaiy Ty = Budh 37 Ty Ty
Bh L j=1 j=1
Jh r 1/Mh 1/Mh 1/Mh
n a 2 n 2 a 02 2 a
~—=7 | ~6BuMh D" Tuaiyy Ty = 2BuMh 37 Ty Tugy +8BMh Y, Ty Tuacyy
Byw | j=1 j=1 j=1
r h 1/Mh
Vh g ZAnr
T hiMh 3 T Py —4biMh Z By | +Vh——=20—
M| j=1 \/Bh M2t 1VA;
Jh 1/Mh 1/Mh 1/Mh
3 e Ao A & 22
— = | 3Mh D Ty +5Mh 7 Tueyy Tuey gy = 19huMb Y Ty T
h.M Jj=1 j=1 Jj=1

N 1/Mh 1/Mh 1/Mh
0 -2 - n2 2 a n3 -3
— Gy | ~SBuMh 2 Ty Fuey +24B5 M 3 Ty Ty =8BicMh D~ Ty |-
h.M j=1 j=1 j=1

The result follows since we can write

A% D *
Ao Aam | Rinm

E* (T* ) +
B.hM 1/h *3/2 M ’
V BZ Mzzil y]%l ZB

where ’&0 nM> AT nM> Bh y and R 1Ly are defined in the main text. The remaining
results follow similarly. For part (c), apply Theorem 3 of Li et al. (2017).
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Proof of Theorem 6.1. For any ¢ > 0, 0 > 0, letting Ay, py = {P* (‘Z; M’ > 5) > g},

we have that Z; ,, —P"0,as h - 0, in probability under P, if for any ¢ > 0, 6 > 0,
limy,_,o P (Ah,[l/;) = 0. This is equivalent to limy_,0 Qp p (Ap,m) = 0, since for any
sequence By, s of sets, P(By, p) — 0if and only if Oy p(Bp,p) — 0 (ie., P and Oy
are contiguous). It follows then that Z Z M= P*0,as h — 0, in probability under Qp p.

The inverse follows similarly.
Proof of Theorem 6.2. For part (a), the proof follows the same steps as the proof of Vﬁv M
which we explain in the main text, in particular, given the definition of ﬁ;}(, we have that

=Var® (\/F(ﬁvﬁ —ﬁlk))

1/Mh

= M?h Z Var* (ﬂv;;((j) —ﬂvlk(j))

j=1

%
Vﬁ,h,M

1/Mh M -1

2 * 2% %
=M°h D E* [ [ 2 —1ym Vi
= i=1

1/Mh 2
_M2h /Z(Cll(j)) _M—IAV
M-=2 i Ckk(j) M—=2 B.hM

then the result follows, given Lemma C3.13 in Hounyo (2018) or part (a4) of Lemma C3.14
in Hounyo (2018).
1/Mh

For part (b), we have ./ %—jvh—l (ﬂvl*;( —ﬁvlk) = Z] z’fﬁv, where
j:

>

-1

M—2 M M
* - *2 * *
SET —M_IM‘/’_Z Zyk,i+(j—l)M Zyk,i+(j—l)M”i+(j—l)M

i=1 i=1
Note that E* (z’f‘ ﬁ) =0, and that
Js
1/Mh
M =2 A P
* * - * . . .
j:

by part (a) moreover, since ZT P ZT/Mh i are conditionally independent, by the Berry—

Esseen bound, for some small ¢ > 0 and for some constant C > 0,

M=z —
P( =1 h l(ﬂlk—ﬁlk)ix)—Q)(‘fﬁv)

WM 24e

sup <C Z E*|z%
xeR j=1

ip
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1/Mh 244
Next, we show that > E*|z* =0p (1). We have that

j=I iB
1/Mh s Mo\ 5g /MR M @49y 2+o
DEe = (ﬁ) (Mﬁ) 2 E (Z>*ki+(_f-nM) D Vi G-nmHisG-nm
j=1 j=1 i=1 i=1

= (82) " (S e ),

j=1

it follows then by using Cauchy—Schwarz inequality that

u 2(240)

D Vi GmmH G

i=l

W —2(249)
2
£ (A;'fB;) = E"(Z%w(;—l)M) E
i=1

A 240 240

1
S l ag 2
< 1oy aoioM T Ty Vi

240

A - 2 :
| IV Lik(j)
:m(2+5>b§4,4(2+6) fk(-)_ T() ’

j J

where the second inequality used parts (al) and (a2) of Lemma C3.15 in Hounyo (2018)
and 42249y = E 0>+ with v ~ N (0, 1. Finally, given the definition of Rg 5.5, we

can write
1/Mh 246 M—_2 ) . ; 1/Mh G 240
% | % — 5 s 1(j)
E* |zt < (_) ﬂ2(2+5)b§ MEOpIHS )
j; ip ] M,4(2+9) ]; Crx(j)
M—2\% 1 M—1\7
- 7 - )
= (—_1) H2e+0)b i 40240) (T) by orscm—1,246M ORI Ry 545
| M—_2\%
J . 5 -
=0pl h2b? R [ b . .
P ( M.4(2+0) ( M ) M. 2+5CM 1,2+0)
=op(1).

Since for any 0 > 0, uz249) = E |D|2(2+§) < A < oo where v ~ N (0, 1), moreover as
h =0, cpp—1249 = O1), by a4y = O(1), by 245 = O (1) and by using Lemma
C3.14 in Hounyo (2018) we have Rg 24 5= Op (1).

Proof of Theorem 6.3. Let

W =t VRN B~ B VRN B =B

ngh’M B vV Vﬁ,h,M B vV V,g,h,M ,

and note that

v
f.hM

%9
f.hM

* _ *
Tpnn = B
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where V* is defined in the main text. Theorem 6.2 proved that HE WM i> N(0,1) in

[} I

probability. Thus, it suffices to show that v -V i) 0 in probability under Qj p

p.h,M p.h,M
and P. In particular, we show that (1) Bias™ (\73‘ ) =0, and (2) Var* (Vi‘ ) g
p.h,M p.h,M

0. The result follows directly by using the bootstrap analogue of parts (al), (a2) and (a3)
of Lemma C3.13 in Hounyo (2018).
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