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In this paper we provide a simple formula for the expected time for a random recursive
tree to grow to a given height.

1. Introduction

A tree is a connected graph that has no cycles. A tree on the vertex set {0,1,...,n} is
called a recursive tree (or an increasing tree) if it is rooted at vertex 0 and the vertices on
the path from O to each vertex i + 0 form an increasing sequence. Let Q, denote the set of
recursive trees on the vertex set {0,1,...,n} and observe that [Q,| = n!. We will study the
random sequence of recursive trees {T, : n > 0} that evolves according to the following
rules: let Ty € Q) be the trivial tree, consisting of the vertex O; thereafter, let T; € Q; be
obtained by selecting one of the vertices of T;_; with equal probability and attaching i
to it as its descendant. T,, so produced, is uniformly distributed on Q,. In Figure 1 we
present an element of Qs which we can interpret as the result of selecting, in order, the
vertices 0, 1, 0, 1, 3.

In this paper we are interested in capturing, if only roughly, the rate of growth of
random recursive trees. As is customary, the depth of a vertex v in a rooted tree is the
length of the path from the root to v. The height of a rooted tree is the maximum of
the depths of its vertices. Given a sequence of random recursive trees {T, : n > 0} and a
positive integer L, let

7;, = min{n : the height of T, = L}.

In other words, 7, is the first time when the tree has height L. Let hy(t) = 1 for t € R and,
for k > 2, let

hi(t) = exp(/othkl(s) ds), teR. (1.1)
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Figure 1. This is one of the 120 possible elements of Qs. The vertices were selected in this order: 0, 1, 0, 1, 3.

We will prove the following theorem.
Theorem 1.1. For each k > 1, E(ti) = h(1).

Recursive trees and related structures have been used by Gastwirth [5] and Gastwirth
and Battacharya [6] to model pyramid schemes and chain letters, and by Najock and
Heyde [15] to model the family trees of preserved copies in ancient manuscripts.

A number of diverse investigations of recursive trees have been carried out. Various
aspects of the distance between pairs of vertices in recursive trees have been studied by
Moon [14], Szymanski [19], Mahmoud [10], Dobrow [3], and Neininger [16]. Kuba and
Panholzer [9] have found the distribution of the number of descendants of a vertex. Su,
Feng and Hu [18] have found the distribution of the number of branches of a given
size and the distribution of the length of a random climb. The study of random climbs
on recursive trees was initiated by Meir and Moon [12, 13]. Mahmoud and Smythe [11]
have studied the distribution of leaves in rooted subtrees of recursive trees. Janson [§]
has found, among other things, the distribution of the vertex degrees, establishing their
asymptotic normality. Tetzlaff [20] has explored the effect of an avalanche on a recursive
tree, that is, the removal of a subtree from a uniformly chosen vertex. Panholzer [17]
has investigated the size of the ancestor tree and the size of the minimal spanning tree
of p nodes selected uniformly from recursive trees. Devroye [2] has noted the connection
between recursive trees and records. Recursive trees are related to the Stirling numbers,
and probabilistic properties of the Stirling numbers have been studied by Feller [4],
Harper [7], and Charalambides and Singh [1].

2. The proof of Theorem 1.1

Proof. Given an integer k > 1, let c(iy, ia,.. ., k) denote the number of recursive trees on
with vertex set {0,1,...,i; + i + - + ix} with i; vertices in generation j, 1 < j < k. Some
easy calculations show, for example, that ¢(1,2) = 1 and ¢(2, 1) = 3. This function satisfies
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the recursive formula:

c(it,in, i3, ..., k) = iy — Lo, 3, .., dk) + ire(in, o — 1,3, ..., k)

+ixcliy, in, i3 — Looyik) + -+ ik—1c(in, i, i — 1).

Of course,

P(t11 > m) = P(depth of T, <k + 1)
number of trees in Q,, with depth less than k + 1
m!

_ Zi1+‘“+ik:m C(il, ey lk)

m!

>

from which it follows that
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From the estimate
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we conclude that the generating function
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has infinite radius of convergence in each ;.
For 1 < j <k, let gj(t) = hy—j+1(1 —1t). By (1.1), g;(1) = 1 and
gi(t) = —gj(t)gj+1(2).

Let
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Since f(1) = E(t+1), it is enough to show that f(1) = hy1(1).
We begin by noting that

[oe)
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= A(t) + B(1).
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By (2.1),
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By a change of variables, this can be expressed as
o0
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Recall that g (t) = hy(t) = 1 for all t € R; consequently, by (2.2),

k
dtHgf“ —(182(t) + bags(1) + + k184(1)) H
from which it follows that
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Consequently f'(t) = A(t) + B(t) = g1(t)f (¢). Since f(0) =

£(t) = exp ( /0 21(s) ds)
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1 1
f(1>=exp( /0 gl(s)ds) =exp( /0 hk(s)ds) = (1),

as was to be shown. ]

and
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