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Abstract. Ergodic optimization aims to describe dynamically invariant probability mea-
sures that maximize the integral of a given function. For a wide class of intrinsically
ergodic subshifts over a finite alphabet, we show that the space of continuous functions
on the shift space contains two disjoint subsets: one is a dense Gδ set for which all
maximizing measures have ‘relatively small’ entropy; the other is the set of functions
having uncountably many, fully supported ergodic maximizing measures with ‘relatively
large’ entropy. This result generalizes and unifies the results of Morris [Discrete Contin.
Dyn. Syst. 27 (2010), 383–388] and Shinoda [Nonlinearity 31 (2018), 2192–2200] on sym-
bolic dynamics, and applies to a wide class of intrinsically ergodic non-Markov symbolic
dynamics without the Bowen specification property, including any transitive piecewise
monotonic interval map, some coded shifts, and multidimensional β-transformations.
Along with these examples of application, we provide an example of an intrinsically
ergodic subshift with positive obstruction entropy to specification.
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1. Introduction
Ergodic optimization aims to describe properties of dynamically invariant maximizing
measures. In its most basic form, the main constituent components are: a continuous
map T of a compact metric space X; the space M(X, T ) of T-invariant Borel probability
measures endowed with the weak* topology; a continuous function f : X → R. Elements
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264 M. Shinoda et al

of M(X, T ) that attain the supremum

�T (f ) = sup
{∫

f dμ : μ ∈ M(X, T )

}
(1.1)

are called f-maximizing measures. The set of f -maximizing measures, denoted by
Mmax(f ), is non-empty and contains ergodic measures. For a given dynamical system
(X, T ), we aim to establish properties of elements of Mmax(f ) for a ‘typical’ f in a
Banach space of real-valued functions on X.

Earlier results in ergodic optimization, especially those by Hunt and Ott [24, 25]
and Bousch [4], suggested the possibility of maximizing measures for typical functions
being unique and supported on periodic orbits. It has been conjectured that for typical
dynamical systems and typical functions in suitable Banach spaces, the maximizing
measure is unique and supported on a periodic orbit. For a more precise statement known
as the TPO (typically periodic optimization) conjecture, see [27, Conjecture 4.11], [28,
Conjecture 7.3], and [45, Conjecture 1]. For results toward a resolution of this conjecture
in a variety of settings, see [3, 27, 28] and the references therein.

In ergodic optimization, the regularity of functions is crucial. For (X, T ) with some
expanding or hyperbolic behavior and a Hölder continuous f, the Mañé–Conze–Guivarc’h
lemma characterizes f -maximizing measures via their supports [4, 5, 18, 33]. The analysis
of functions in the space C(X) of real-valued continuous functions on X endowed with the
supremum norm ‖ · ‖C0 is completely different: the Mañé–Conze–Guivarc’h lemma is not
valid, but duality arguments are available.

Recall that dense Gδ sets are countable intersections of open dense subsets and a
property that holds for a dense Gδ set is said to be generic. For an expanding map
of the circle, Bousch and Jenkinson [6] proved that the maximizing measure is unique
and fully supported (charging any non-empty open set) for generic continuous functions.
Brémont [8] proved that if (X, T ) has the property that measures supported on periodic
orbits (closed orbit measures) are dense in M(X, T ) and the entropy function is upper
semicontinuous, then the maximizing measure is unique and has zero entropy for generic
continuous functions. For expanding maps of the circle, the Bowen specification property
[7] holds and so closed orbit measures are dense [40]. Moreover, the entropy function
is upper semicontinuous. Hence, the result of Brémont [8] applies together with that of
Bousch and Jenkinson [6]: the maximizing measure is unique, fully supported, has zero
entropy, and is not strongly mixing for generic continuous functions.

Morris [34] unified the result of Bousch and Jenkinson [6] and that of Brémont [8],
proving that for (X, T ) with the Bowen specification property and for a generic continuous
function, the maximizing measure is unique, fully supported, has zero entropy, and is not
strongly mixing [34, Corollary 2]. In contrast to Morris’s result, Shinoda [37, Theorem A]
proved that for a dense set of continuous functions on a topologically mixing Markov shift,
there exist uncountably many, fully supported ergodic maximizing measures with positive
entropy, which are actually Bernoulli and hence strongly mixing. For an analogous result
on expanding Markov interval maps with holes, see [38].
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1.1. Statements of the results. In the context of symbolic dynamics, our main result
below generalizes and unifies Morris’s result [34, Corollary 2] and Shinoda’s one [37,
Theorem A] concerning entropies and supports of maximizing measures for continuous
functions, to include a wide class of non-Markov shifts without the Bowen specifica-
tion property. For a subshift �, let htop(�) denote its topological entropy, and for a
shift-invariant Borel probability measure μ on �, let h(μ) denote its measure-theoretic
entropy. Let h⊥

spec(�) denote the obstruction entropy to specification on � (see §2.3).

THEOREM A. Let � be a subshift that satisfies h⊥
spec(�) < htop(�). For any

H ∈ [h⊥
spec(�), htop(�)), the following statements hold.

(a) The set RH = {f ∈ C(�) : h(μ) ≤ H for allμ ∈ Mmax(f )} is dense Gδ .
(b) For any f ∈ C(�) \ RH and any neighborhood U of f in C(�), there exists

g ∈ U such that the set {μ ∈ Mmax(g) : h(μ) > H } contains uncountably many,
fully supported ergodic measures.

Several remarks are in order on the meaning and the scope of Theorem A. First of all,
the condition h⊥

spec(�) < htop(�) together with the obstruction entropy to specification
was introduced by Climenhaga and Thompson in the series of papers [14–16] on the
thermodynamic formalism for dynamical systems with non-uniform specification. It
implies that for any H ∈ [h⊥

spec(�), htop(�)), the language L(�) of the shift space admits
a decomposition L(�) = CpGCs into a prefix Cp, a ‘good’ core G and a suffix Cs , such that
on a ‘fattened’ G, there is a specification and the exponential growth rate of the cardinality
of Cp ∪ Cs per word length does not exceed H. See §2.2 for a formal definition. The
condition h⊥

spec(�) < htop(�) implies the intrinsic ergodicity of � [15, Theorem C], that
is, the uniqueness of the measure of maximal entropy.

In the case where h⊥
spec(�) = 0, one can take H = 0. By Theorem A(a), the set

R0 = {f ∈ C(�) : h(μ) = 0 for allμ ∈ Mmax(f )} is dense Gδ , which in part generalizes
Morris’s result [34, Corollary 2]. By Theorem A(b), any f ∈ C(�) \ R0 is approximated
by another for which there exist uncountably many, fully supported ergodic measures with
positive entropy. This in part generalizes Shinoda’s result [37, Theorem A]. By virtue of the
constant H, analogous statements hold in the case h⊥

spec(�) > 0 as stated in Theorem A.
Theorem A does not assert the non-mixingness or Bernoulliness of the maximizing

measures. Combining an argument in the proof of [34, Corollary 2] with [36, Theorem
3.4], one can show that if closed orbit measures are dense in the space of ergodic measures,
then any maximizing measure of a generic continuous function is not strongly mixing.
We do not know if the uncountably many maximizing measures in Theorem A(b) are
Bernoulli.

As a consequence of the variational principle and the result of Jenkinson [27,
Theorem 3.7], the set C(�) \ RH is non-empty. It is difficult to exhibit a pathological
continuous function as in Theorem A(b) for which there exist uncountably many maximiz-
ing measures that are fully supported and have positive entropy. Trivial examples with this
property are functions that are homologous to a constant. The Mañé–Conze–Guivarc’h
lemma implies that any continuous function that is not homologous to a constant and has
a fully supported maximizing measure cannot be Hölder continuous.

https://doi.org/10.1017/etds.2025.10206 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2025.10206


266 M. Shinoda et al

The next theorem provides a sufficient condition for the density of such pathological
continuous functions. Let � be a subshift and let σ denote the left shift acting on �. We say
ergodic measures on � are entropy dense if for any non-ergodic measure μ ∈ M(�, σ),
any ε > 0, and any neighborhood U of μ in M(�, σ), there exists an ergodic measure
ν ∈ U such that h(ν) > h(μ) − ε. Clearly, the entropy density implies the density of
ergodic measures.

THEOREM B. Let � be a subshift with positive topological entropy and h⊥
spec(�) = 0.

Suppose that ergodic measures on � are entropy dense. Then, there exists a dense subset
D of C(�) such that for any f ∈ D , Mmax(f ) contains uncountably many fully supported
ergodic measures with positive entropy.

There is a wealth of examples of symbolic dynamics to which Theorem A or Theorem B
applies: piecewise monotonic maps [19], some coded shifts including S-gap shifts [32],
multidimensional β-transformations [9, 10], and so on. See §4 for more details on these
applications.

We will provide two examples of intrinsically ergodic subshifts to which Theorem A
applies but Theorem B does not. One is a subshift without the entropy density (see §4.2).
The other example is a subshift with positive obstruction entropy to specification, which is
stated as follows.

THEOREM C. For any integer N ≥ 3, there exists a subshift � on N symbols such that
(1/6) log(N − 1) ≤ h⊥

spec(�) ≤ log(N − 1) < htop(�).

Theorem C has an independent interest. Any transitive Markov shift is intrinsically
ergodic [35], and its obstruction entropy to specification is 0. As in §4, for example, there
are a number of intrinsically ergodic non-Markov shifts for which the obstruction entropy
to specification is 0. Intrinsically ergodic subshifts with positive obstruction entropy to
specification have received little attention and should be investigated further. Under the
hypothesis of Theorem A, measures whose entropy does not exceed the obstruction entropy
to specification play no role in search of measures of maximal entropy, but they do play
roles in problems concerning rare events not captured by measures of maximal entropy,
such as large deviations and multifractal analysis.

1.2. Structure of the paper. For proofs of parts (a) and (b) in Theorem A, we develop
ideas of Morris [34, Theorem 1.1, Corollary 2] and Shinoda [37, Theorem A], respectively,
both related to approximations of ergodic measures. On the one hand, a key observation is
that the assumption of the Bowen specification property in [34, Corollary 2] can actually
be weakened to the property that any ergodic measure can be approximated by another
with arbitrarily small entropy. On the other hand, a key ingredient in the proof of [37,
Theorem A] is the construction of paths of fully supported ergodic measures of positive
entropy in arbitrarily small neighborhoods of maximizing measures. This construction
relies on Sigmund’s result [42].

The rest of this paper consists of four sections. The most critical component is
Proposition 2.4 that provides two different kinds of approximations of ergodic measures in
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the weak* topology. The proof of Proposition 2.4 relies on the thermodynamic formalism
for subshifts with non-uniform specification [15] and the zero temperature limit [1]
summarized in §2. In §3, we combine results in §2 with part of the proof of [34,
Theorem 1.1] and a duality argument in [26] to complete the proofs of Theorems A and B.
In §4, we provide examples of application of these two theorems: any transitive piecewise
monotonic interval map; some coded shifts including S-gap shifts; some multidimensional
β-transformations. In §5, we prove Theorem C by ‘fattening’ S-gap shifts.

2. Preliminaries
This section contains preliminary results needed for the proof of Theorem A. In §2.1,
we begin by introducing basic terminologies in symbolic dynamics. In §2.2, we recall
the result of Climenhaga and Thompson [15] on the thermodynamic formalism for
subshifts with non-uniform specification. In §2.3, we introduce the obstruction entropy
to specification and in §2.4, recall the notion of ground states in zero temperature limit.
Section 2.5 states and proves Proposition 2.4 that is a key ingredient in the proofs of
Theorems A and B.

2.1. Subshift, word, language. Let A be a non-empty finite discrete set, called an
alphabet. A finite string w = w1w2 · · · wn of elements of A is called a word of length
n from A. For convenience, we introduce an empty word ∅ by the rules ∅w = w∅ = w for
any word w from A and ∅∅ = ∅. The word length of w from A is denoted by |w| and the
word length of the empty word is set to be 0. Let N denote the set of positive integers and
set N0 = N ∪ {0}.

Given a collection L of words from A and the empty word, we consider its decompo-
sition: collections of words Cp, G, Cs ⊂ L such that CpGCs = L. This means that every
word in L can be written as a concatenation of a prefix (from Cp), a ‘good’ core (from
G), and a suffix (from Cs). Given such a decomposition, we consider for every M ∈ N, the
following ‘fattened’ set of good words:

GM = {uvw ∈ L : u ∈ Cp, v ∈ G, w ∈ Cs , |u|, |w| ≤ M}.

Note that L = ⋃
M∈N GM . This gives a filtration of the language.

Let AN and AZ denote the one-sided and the two-sided Cartesian product topological
spaces of A, respectively. The topologies of these two spaces are metrizable with the
Hamming metric d: for distinct points x = (xi)i , y = (yi)i , d(x, y) = 2− min{|i| : xi �=yi }.
The left shift acts continuously on these spaces. A shift-invariant closed subset of AN or
AZ is called a subshift over the alphabet A, or a subshift on #A symbols. A language of a
subshift �, denoted by L(�), is the set of the empty word ∅ and words from A that appear
in some elements of �. For a subshift � and n ∈ N0, let Ln(�) denote the set of elements
of L(�) with word length n. For a subset D of L(�), put

Dn = D ∩ Ln(�).

Note that L0(�) = D0 = {∅}, the singleton consisting of the empty word.
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2.2. Thermodynamic formalism with non-uniform specification. Let � be a subshift and
let σ denote the left shift acting on �. For n ∈ N and w = w1 · · · wn ∈ Ln(�), define an
n-cylinder

[w] = {(xi)i ∈ � : xi = wi for i = 1, . . . , n}.
Let φ ∈ C(�) and let D ⊂ L(�). For n ∈ N, define

�n(D, φ) =
∑

w∈Dn

sup
[w]

exp Snφ,

where Snφ = ∑n−1
i=0 φ ◦ σ i , and put

h(D, φ) = lim sup
n→∞

log �n(D, φ)

n
.

In the case where φ ≡ 0, let us abbreviate h(D) = h(D, φ). Note that h(L(�)) equals
htop(�). The quantity h(L(�), φ) is called the topological pressure and denoted by P(φ).
The variational principle [43] asserts that

P(φ) = sup
{
h(μ) +

∫
φ dμ : μ ∈ M(�, σ)

}
.

Elements of M(�, σ) that attain this supremum are called equilibrium states for the
potential φ. Since (�, σ) is expansive, the entropy function μ ∈ M(�, σ) �→ h(μ) is
upper semicontinuous. So, (the minus of) the free energy μ ∈ M(�, σ) �→ h(μ) +∫

φ dμ is upper semicontinuous and equilibrium states always exist. The uniqueness is
an issue.

The Bowen specification property allows us to glue pieces of orbits together to form
one orbit. This property can be used to show the uniqueness of equilibrium states.
Since the Bowen specification property does not always hold for non-Markov shifts,
a number of weaker conditions have been introduced and their consequences have
been investigated (see [31] and the references therein). Climenhaga and Thompson [15]
introduced the following condition and, under it, proved that the measure of maximal
entropy is unique and satisfies a certain Gibbs property. We say a collection of words
G ⊂ L(�) has (W)-specification if there exists an integer t ≥ 0, called a gap size, such
that for all m ≥ 2 and all v(1), . . . , v(m) ∈ G, there exist w(1), . . . , w(m−1) ∈ L(�) such
that v(1)w(1)v(2)w(2) · · · w(m−1)v(m) ∈ L(�) and |w(i)| ≤ t for i = 1, . . . , m − 1.

THEOREM 2.1. [15, Theorem C] Let � be a subshift and let φ ∈ C(�) be Hölder
continuous. Suppose there exist collections of words Cp, G, Cs ⊂ L(�) such that
L(�) = CpGCs , and the following two conditions hold:
(a) GM has (W)-specification for all M ∈ N;
(b) the collections Cp, Cs satisfy

∞∑
n=1

�n(Cp ∪ Cs , φ)e−P (φ)n < ∞.

Then, the equilibrium state for the potential φ is unique and has the weak Gibbs property:
there exists K > 0 and for each M ∈ N, there exists KM > 0 such that for all n ∈ N and
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all w ∈ GM ∩ Ln(�), we have

KM ≤ μφ([w])
exp(−P(φ)n + sup[w] Snφ)

≤ K . (2.1)

Remark 2.2. More general potential functions than those in Theorem 2.1 were treated in
[15, Theorem C], but we will not need them in this paper.

2.3. Obstruction entropy to specification. For a subshift �, we define

h⊥
spec(�) = inf

{
h(Cp ∪ Cs) : L(�) = CpGCs and
GM has (W)-specification for all M ∈ N

}
, (2.2)

and call this number the obstruction entropy to specification on �. Note that
h⊥

spec(�) ≤ htop(�). By Theorem 2.1 with φ ≡ 0, the strict inequality h⊥
spec(�) < htop(�)

implies the intrinsic ergodicity of �.
As is evident from equation (2.2), the lower estimate of h⊥

spec(�) is much harder
than the upper one: to show h⊥

spec(�) = 0, we only have to exhibit for any ε > 0, one
decomposition for which h(Cp ∪ Cs) < ε, whereas to show h⊥

spec(�) ≥ c for some c > 0,
we must verify h(Cp ∪ Cs) ≥ c for any decomposition L(�) = CpGCs for which GM has
(W)-specification for all M ∈ N.

2.4. Entropy in zero temperature limit and continuity of equilibrium states. Let � be a
subshift and let f ∈ C(�). We say μ ∈ M(�, σ) is a ground state for the potential f if
there exists a net (μβ)β≥0 in M(�, σ) such that:
• μβ is an equilibrium state for the potential βf for all β ≥ 0;
• μβ → μ in the weak* topology as β → ∞.
The term ‘ground state’ has been borrowed from statistical mechanics as an analogy: since
the parameter β may be viewed as the inverse of temperature, taking the limit β → ∞ is
called the zero temperature limit [1].

For the reader’s convenience, we include a proof of the next lemma on the zero
temperature limit and the continuity of equilibrium states, which can be found in [1], for
example.

LEMMA 2.3. Let � be a subshift and let μ ∈ M(�, σ) be a ground state for the potential
f ∈ C(�). Let (μβ)β≥0 be a net in M(�, σ) such that μβ is an equilibrium state for the
potential βf for all β ≥ 0, and μβ → μ in the weak* topology as β → ∞. Then, μ is
f-maximizing, and satisfies

h(μ) = sup{h(ν) : ν ∈ Mmax(f )} = max{h(ν) : ν ∈ Mmax(f )}
and

lim
β→∞ h(μβ) = h(μ).

Moreover, if μβ is the unique equilibrium state for the potential βf for all β ≥ 0, then
β �→ μβ is continuous.
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Proof. For all β ≥ 0, we have h(μβ) + β
∫

f dμβ ≥ h(μ) + β
∫

f dμ. Dividing both
sides by β > 0 and letting β → ∞ yields

∫
f dμβ → ∫

f dμ = �σ (f ). Hence, μ is
f -maximizing. Since Mmax(f ) is closed, the supremum in the statement of the lemma is
attained.

The upper semicontinuity of the entropy function gives lim supβ→∞ h(μβ) ≤ h(μ). If
there were ν ∈ Mmax(f ) such that h(μ) < h(ν), then for all sufficiently large β > 0, we
would have

h(ν) + β

∫
f dν = h(ν) + β

∫
f dμ > h(μβ) + β

∫
f dμβ ,

in contradiction to the assumption that μβ is an equilibrium state for the potential
βf . Finally, we claim lim infβ→∞ h(μβ) ≥ h(μ), for otherwise, we would reach a
contradiction by applying the same argument to a subsequence of (μβ)β≥0.

Let β0 ≥ 0. Let (μβn)n∈N be any convergent subsequence of (μβ)β≥0 such that
βn → β0 as n → ∞. Let μ denote the limit measure. Since the pressure continuously
depends on the potential [43] and the entropy function is upper semicontinuous, we have

P(β0f ) = lim
n→∞ P(βnf ) = lim

n→∞

(
h(μβn) + βn

∫
f dμβn

)
≤ h(μ) + β

∫
f dμ

and, therefore, μ = μβ0 , which completes the proof of the continuity.

2.5. Two approximations of ergodic measures. The next proposition is a key ingredient
in the proof of Theorem A.

PROPOSITION 2.4. Let � be a subshift that has a language decomposition
L(�) = CpGCs such that h(Cp ∪ Cs) < htop(�) and GM has (W)-specification for all
M ∈ N. For each μ ∈ M(�, σ) that is ergodic and satisfies h(μ) > h(Cp ∪ Cs), the
following statements hold.
(a) For any δ > 0 and any open subset U of M(�, σ) that contains μ, there exists an

ergodic measure ν ∈ U such that h(ν) < δ.
(b) For any open subset V of M(�, σ) that contains μ, there exists a Lipschitz

continuous function f : � → R such that:
(i) for any β ≥ 0, there exists a unique equilibrium state for the potential βf ,

which has the weak Gibbs property, denoted by μβf ;
(ii) β ∈ [0, ∞) �→ μβf ∈ M(�, σ) is continuous and injective;

(iii) for all sufficiently large β > 0, we have μβf ∈ V and h(μβf ) converges as
β → ∞ to a constant in (h(Cp ∪ Cs), htop(�)].

Proposition 2.4 provides two different kinds of approximations of ergodic measures
with entropy greater than h(Cp ∪ Cs). In statement (a), the measure μ is approximated
in the weak* topology by measures with arbitrarily small entropy. In statement (b), μ is
approximated in the weak* topology by a ground state with positive entropy in the zero
temperature limit.
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COROLLARY 2.5. Let � be a subshift that satisfies h⊥
spec(�) < htop(�). If h⊥

spec(�) ≤
H < htop(�), then for any μ ∈ M(�, σ) that is ergodic and satisfies h(μ) > H , the
following statements hold.
(a) For any open subset U of M(�, σ) that contains μ and for any δ > 0, there exists

ν ∈ U that is ergodic and satisfies h(ν) < δ.
(b) For any open subset V of M(�, σ) that contains μ, there exists a homeomorphism

t ∈ [0, 1] �→ νt ∈ V onto its image such that for any t ∈ [0, 1], νt is ergodic, fully
supported, and satisfies h(νt ) > H .

Proof. Part (a) follows from Proposition 2.4(a). Since measures with the weak Gibbs
property in equation (2.1) are fully supported, part (b) follows from Proposition 2.4(b).

Corollary 2.5(a) will be used in the proof of Theorem A(a) to show the density of
ergodic measures with arbitrary small entropy. Corollary 2.5(b) will be used in the proof
of Theorem A(b) to deduce the abundance of paths of fully supported ergodic measures
with positive entropy.

The rest of this subsection is entirely dedicated to a proof of Proposition 2.4. We begin
by approximating ergodic measures with sufficiently large entropy with a collection of
cylinders.

LEMMA 2.6. Let � be a subshift, let μ ∈ M(�, σ) be ergodic with positive entropy,
and let f1, . . . , fm be a finite collection of elements of C(�). For any ε ∈ (0, h(μ)),
there exists N ∈ N such that for each integer k0 ≥ N , there exists a subset Pk0 =
Pk0(μ, f1, . . . , fm, ε) of Lk0(�) such that for every w ∈ Pk0 , we have

e−k0(h(μ)+ε) ≤ μ([w]) ≤ e−k0(h(μ)−ε) (2.3)

and

max
x∈[w]

max
1≤
≤m

∣∣∣∣Sk0f
(x)

k0
−

∫
f
 dμ

∣∣∣∣ < ε. (2.4)

Moreover, we have

1
2e(h(μ)−ε)k0 ≤ #Pk0 ≤ e(h(μ)+ε)k0 . (2.5)

Furthermore, if w1 · · · wk0+1 ∈ Pk0+1, then w1 · · · wk0 ∈ Pk0 .

Proof. Since the collection of 1-cylinders in � generates the Borel sigma-algebra of �, it
follows from the Shannon–McMillan–Breiman theorem and the Birkhoff ergodic theorem
that for μ-almost every x ∈ �, we have

lim
k0→∞

log μ([x1 · · · xk0 ])
k0

= −h(μ)

and

lim
k0→∞

Sk0f
(x)

k0
=

∫
f
 dμ for 1 ≤ 
 ≤ m.
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For each x ∈ � for which the above two equalities hold, let N(x) ∈ N denote the minimal
integer such that

sup
k0≥N(x)

∣∣∣∣ log μ([x1 · · · xk0 ])
k0

+ h(μ)

∣∣∣∣ < ε

and

sup
k0≥N(x)

max
1≤
≤m

∣∣∣∣Sk0f
(x)

k0
−

∫
f
 dμ

∣∣∣∣ <
ε

2
.

There exist a Borel set �0 ⊂ � and N ∈ N such that μ(�0) = 1/2 and N(x) = N for all
x ∈ �0. For an integer k0 ≥ N , we set

Pk0 = {w ∈ Lk0(�) : [w] ∩ �0 �= ∅}. (2.6)

For each w ∈ Pk0 , we have equations (2.3) and (2.4). From equation (2.3) we obtain
equation (2.5). The last assertion of Lemma 2.6 is a direct consequence of the definition
of Pk0 in equation (2.6).

Given a subshift � that has a language decomposition L(�) = CpGCs with
h(Cp ∪ Cs) < htop(�) and an ergodic measure μ ∈ M(�, σ) with h(μ) > h(Cp ∪ Cs),
we would like to apply Lemma 2.6 and connect elements of Pk0 with a uniform gap size
to construct a subshift, and implement the thermodynamic formalism in §2.2. However,
elements of Pk0 cannot be connected since they may be out of the good core G. To fix this
point, we use the next lemma that extracts words in G of length approximately k0 from
many elements of Pk0 .

LEMMA 2.7. Let � be a subshift that has a language decomposition L(�) = CpGCs

with h(Cp ∪ Cs) < htop(�). Let μ ∈ M(�, σ) be ergodic with h(μ) > h(Cp ∪ Cs).
Let f1, . . . , fm be a finite collection of elements of C(�). If ε ∈ (0, h(μ)) is
sufficiently small, then for any M ≥ 1, there exist an integer k ≥ M and a subset
Qk = Qk(μ, f1, . . . , fm, ε) of Gk such that

log #Qk

k
> h(μ) − ε (2.7)

and

max
x∈[v]

max
1≤
≤m

∣∣∣∣Skf
(x)

k
−

∫
f
 dμ

∣∣∣∣ < ε for all v ∈ Qk . (2.8)

Proof. Set h(μ) = (h(μ) − h(Cp ∪ Cs))/2. Let M ≥ 1 and

ε ∈ (0, min{h(μ),
√

h(μ)/2, 3
√

h(μ), 1/3}).
Let N ∈ N be given by Lemma 2.6. For each k0 ≥ N , let Pk0 = Pk0(μ, f1, . . . , fm, ε3)

be the subset of Lk0(�) given by Lemma 2.6. We may assume N is sufficiently large so
that

#(Cp
n ∪ Cs

n) ≤ e(h(Cp∪Cs )+ε3)n for n ≥ N . (2.9)
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For each w ∈ Pk0 , we fix a decomposition

w = p(w)c(w)s(w), p(w) ∈ Cp, c(w) ∈ G, s(w) ∈ Cs .

These three words can be the empty word. For a, b ∈ N0 with a + b ≤ k0, define

Qp
k0

(a) = {w ∈ Pk0 : |p(w)| = a} and Qs
k0

(b) = {w ∈ Pk0 : |s(w)| = b}.
We set

Qk0(a, b) = Qp
k0

(a) ∩ Qs
k0

(b).

The language decomposition L(�) = CpGCs implies Pk0 = ⊔
a,b∈N0,a+b≤k0

Qk0(a, b).
We construct a subset of Pk0 that has a definite fraction in exponential scale and consists

of words with relatively short prefixes in Cp and suffixes in Cs . By equation (2.9), for
a = N , . . . , k0, we have

#{p(w) : w ∈ Pk0 , |p(w)| = a} ≤ eh(Cp∪Cs )+ε3)a .

By equation (2.3) with ε replaced by ε3, for each w ∈ Pk0 with |p(w)| = a,

#{v ∈ Lk0−a(�) : p(w)v ∈ Pk0} ≤ μ([p(w)])
min{μ([p(w)v]) : v ∈ Lk0−a(�) : p(w)v ∈ Pk0}

≤ e−a(h(μ)−ε3)

e−k0(h(μ)+ε3)
≤ e(k0−a)h(μ)+2ε3k0 .

Multiplying these two estimates yield

#Qp
k0

(a) ≤ e(h(Cp∪Cs )+ε3)ae(k0−a)h(μ)+2ε3k0

≤ e(h(μ)+3ε3)k0e−2h(μ)a for a = N , . . . , k0.

Since ε < min{√h(μ), 1/3}, for all sufficiently large k0, we have

k0∑
a=�ε2k0/h(μ)�

#Qp
k0

(a) ≤ e(h(μ)+3ε3)k0

k0∑
a=�ε2k0/h(μ)�

e−2h(μ)a ≤ e(h(μ)−ε2)k0 . (2.10)

Similarly, by the last assertion of Lemma 2.6 and equation (2.5) with ε replaced by ε3, for
b = 0, . . . , k0 − N , we have

#{p(w)c(w) : w ∈ Pk0 , |s(w)| = b} ≤ #Pk0−b ≤ e(h(μ)+ε3)(k0−b).

By equation (2.9), for each b = N , . . . , k0 and each w ∈ Pk0 with |s(w)| = b,

#{v ∈ Cs
b : p(w)c(w)v ∈ Pk0} ≤ e(h(Cp∪Cs )+ε3)b.

If k0 ≥ 2N , then multiplying these two estimates yield

#Qs
k0

(b) ≤ e(h(μ)+ε3)(k0−b)e(h(Cp∪Cs )+ε3)b

= e(h(μ)+ε3)k0e−2bh(μ) for b = N , . . . , k0 − N .
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Since ε < min{√h(μ), 1/3}, for all sufficiently large k0 ≥ 2N , we have

k0−N∑
b=�ε2k0/h(μ)�

#Qs
k0

(b) ≤ e(h(μ)+ε3)k0

k0∑
b=�ε2k0/h(μ)�

e−2bh(μ) ≤ e(h(μ)−ε2)k0 . (2.11)

Let A be the alphabet of �. By equation (2.9),

k0∑
b=k0−N+1

#Qs
k0

(b) ≤
k0∑

b=k0−N+1

(#A)k0−be(h(Cp∪Cs )+ε3)b

≤ (#A)N
k0∑

b=k0−N+1

eh(Cp∪Cs )b ≤ N(#A)Neh(Cp∪Cs )k0 . (2.12)

Combining equations (2.10), (2.11), (2.12) and the first inequality in equation (2.5) with ε

replaced by ε3, and then using ε < min{ 3
√

h(μ), 1}, for all sufficiently large k0 ≥ 2N , we
have

�ε2k0/h(μ)�−1∑
a,b=0

#Qk0(a, b) ≥ #Pk0 −
k0∑

a=�ε2k0/h(μ)�
#Qp

k0
(a) −

k0∑
b=�ε2k0/h(μ)�

#Qs
k0

(b)

≥ 1
2
e(h(μ)−ε3)k0 − 2e(h(μ)−ε2)k0 − N(#A)Neh(Cp∪Cs )k0

≥ e(h(μ)−2ε3)k0 .

Moreover, since ε <
√

h(μ)/2 and k0 ≥ 2, there exist a0, b0 ∈ N0 such that
a0 + b0 ≤ 2ε2k0/h(μ) ≤ k0/2 ≤ k0 − 1 and

#Qk0(a0, b0) ≥ e(h(μ)−2ε3)k0

(ε2k0/h(μ))2 . (2.13)

We now set

k = k0 − a0 − b0 and Qk = {c(w) : w ∈ Qk0(a0, b0)}.
For all sufficiently large k0 ≥ 2N , by ε < min{h(μ), 1/2}, we have

M ≤
(

1 − ε

h(μ)

)
k0 <

(
1 − 2ε2

h(μ)

)
k0 ≤ k ≤ k0, (2.14)

and from equations (2.9) and (2.13),

#Qk ≥ #Qk0(a0, b0)

#Cp
a0#Cs

b0

> e(h(μ)−ε)k0 .

Since k ≤ k0, rearranging this inequality yields equation (2.7).
Let f1, . . . , fm be a finite collection of elements of C(�). For any v ∈ Qk , there exist

u ∈ Cp
a0 , w ∈ Cs

b0
such that uvw ∈ Qk0(a0, b0). Fix y ∈ [uvw]. For all 1 ≤ 
 ≤ m, we have∣∣∣∣Skf
(σ

a0y)

k
− Sk0f
(y)

k

∣∣∣∣ ≤ a0 + b0

k
‖f
‖C0 ≤ 2ε2k0

h(μ)k
‖f
‖C0 ,
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and by equation (2.4) with ε replaced by ε3,∣∣∣∣Sk0f
(y)

k
−

∫
f
 dμ

∣∣∣∣ ≤ k0ε
3

k
+ k0 − k

k
‖f
‖C0 .

Combining these two inequalities and using k/k0 ≥ 1 − 2ε2/h(μ) in equation (2.14), we
have∣∣∣∣Skf
(σ

a0y)

k
−

∫
f
 dμ

∣∣∣∣ <
k0ε

3

k
+ k0 − k

k
‖f
‖C0 + 2ε2k0

h(μ)k
‖f
‖C0 <

ε

2
(2.15)

provided ε is sufficiently small depending on μ and f1, . . . , fm. Since each f
 is uniformly
continuous, if k0 is sufficiently large, then for all x ∈ [v] and 1 ≤ 
 ≤ m, we have∣∣∣∣Skf
(x)

k
− Skf
(σ

a0y)

k

∣∣∣∣ <
ε

2
. (2.16)

Combining equations (2.15) and (2.16), we obtain equation (2.8).

We are in a position to complete the proof of Proposition 2.4.

Proof of Proposition 2.4(a). Let μ ∈ M(�, σ) be ergodic with h(μ) > h(Cp ∪ Cs). Let
U be an open subset of M(�, σ) that contains μ. Let f1, . . . , fm be a finite collection of
elements of C(�) and let ε ∈ (0, h(μ)) be such that{

ν ∈ M(�, σ) : max
1≤
≤m

∣∣∣∣
∫

f
 dν −
∫

f
 dμ

∣∣∣∣ < 3ε

}
⊂ U . (2.17)

By Lemma 2.7, if ε is sufficiently small, then there exists an arbitrarily large integer k and
a subset Qk = Qk(μ, f1, . . . , fm, ε) of Gk for which equations (2.7) and (2.8) hold. Pick
v ∈ Qk . If � is one-sided, define

� = {vw(1)vw(2)vw(3) · · · ∈ � : |w(j)| ≤ t for j ∈ N}.
If � is two-sided, define

� = {x = · · · vw(−2)vw(−1)vw(0)vw(1)v · · · ∈ � : |w(j)| ≤ t for j ∈ Z, [x0] ⊃ [v]}.
In other words, � is the set of points in � whose symbol sequences are alternate
concatenations of v and elements of L(�) with word lengths not exceeding t. Since the
gap size t for the specification of G is independent of k, the topological entropy of the
subshift �̃ = ⋃∞

n=0 σn� converges to 0 as k → ∞.
Let x ∈ �. We have x = v(1)w(1)v(2)w(2) · · · or x = · · · w(−1)v(0)w(0)v(1) · · · , and

[x0] ⊃ [v0] according to whether � is one-sided or two-sided, where v(j) ∈ Qk and
|w(j)| ≤ t . From equation (2.8), for all j, we have

max
x∈[v(j)w(j)]

max
1≤
≤m

∣∣∣∣S|v(j)w(j)|f
(x) − |v(j)w(j)|
∫

f
 dμ

∣∣∣∣ ≤ |v(j)|ε + 2|w(j)| · ‖f
‖C0

≤ 2|v(j)w(j)|ε.
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The last inequality holds for all sufficiently large k. It follows that there exists N ≥ 1 that
is independent of x ∈ � such that for all n ≥ N , we have

max
1≤
≤m

∣∣∣∣Snf
(x)

n
−

∫
f
 dμ

∣∣∣∣ < 3ε.

We obtain the same estimate for all x ∈ �̃ and all sufficiently large n ≥ N . Consequently,
for any measure ν ∈ M(�̃, σ |�̃), we have

max
1≤
≤m

∣∣∣∣
∫

f
 dν −
∫

f
 dμ

∣∣∣∣ < 3ε.

By the Krein–Milman theorem, the same inequality remains valid for all ν ∈ M(�̃, σ |�̃).
Together with equation (2.17), we obtain M(�̃, σ |�̃) ⊂ U . It follows that U contains a
shift-invariant ergodic measure with arbitrarily small entropy. The proof of Proposition
2.4(a) is complete.

Proof of Proposition 2.4(b). Let μ ∈ M(�, σ) be ergodic with h(μ) > h(Cp ∪ Cs). Let
V be an open subset of M(�, σ) that contains μ. Let f1, . . . , fm be a finite collection of
elements of C(�) and let ε ∈ (0, h(μ)/3) be such that{

ν ∈ M(�, σ) : max
1≤
≤m

∣∣∣∣
∫

f
 dν −
∫

f
 dμ

∣∣∣∣ < 3ε

}
⊂ V . (2.18)

By Lemma 2.7, if ε is sufficiently small, then there exists an arbitrarily large integer k and
a subset Qk = Qk(μ, f1, . . . , fm, ε) of Gk for which equations (2.7) and (2.8) hold. We
take a subset Q′

k of Qk such that h(μ) − 3ε < (1/k) log #Q′
k < htop(�) − ε. Let t ≥ 0 be

a gap size for the (W)-specification of G. If � is one-sided, then define

� = {v(1)w(1)v(2)w(2)v(3)w(3) · · · ∈ � : v(j) ∈ Q′
k , |w(j)| ≤ t for j ∈ N}.

If � is two-sided, then define

� = {x = · · · w(−1)v(0)w(0)v(1) · · · ∈ � : v(j) ∈ Q′
k , |w(j)| ≤ t for j ∈ Z, x ∈ [v0]}.

In other words, � is the set of points in � whose symbol sequences are alternate
concatenations of elements of Q′

k and that of L(�) with word lengths not exceeding
t. Since the topological entropy of the subshift �̃ = ⋃∞

n=0 σn� is strictly smaller than
htop(�), �̃ is a proper subset of �. Define f : � → R by

f (x) = − min{d(x, y) : y ∈ �̃},
where d denotes the Hamming metric on � (see §2.1).

We claim that f is Lipschitz continuous. Indeed, for any pair x, y of distinct points
in �, take i0, i1, i2 ∈ N with d(x, y) = 2−i0 , f (x) = −2−i1 , f (y) = −2−i2 . If i1 ≤ i0

or i2 ≤ i0, then i1 = i2 and so f (x) − f (y) = 0. Otherwise, |f (x) − f (y)| = |2−i1 −
2−i2 | < 2−i0+1 = 2d(x, y). The Lipschitz continuity of f implies

sup
n∈N

max{Snf (x) − Snf (y) : xi = yi for i = 1, . . . , n} < ∞. (2.19)
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By virtue of equation (2.18), the same argument as in the proof of Proposition 2.4(a)
shows M(�̃, σ |�̃) ⊂ V . Clearly, �σ (f ) = 0 and, hence, any f -maximizing measure
belongs to M(�̃, σ |�̃). If ε is sufficiently small and k is sufficiently large, then

htop(�̃) ≥ h(μ) − 4ε > h(Cp ∪ Cs). (2.20)

Let ν0 ∈ M(�̃, σ |�̃) be an ergodic measure of maximal entropy for the subshift �̃. Note
that

lim sup
n→∞

sup
x∈�

Snf (x)

n
= sup

x∈�

lim sup
n→∞

Snf (x)

n
= �σ (f ) = 0.

Combining this with equation (2.20), for all β ≥ 0, we get

h(Cp ∪ Cs) + β · lim sup
n→∞

sup
x∈�

Snf (x)

n
= h(Cp ∪ Cs) < htop(�̃)

= h(ν0) = h(ν0) +
∫

βf dν0 ≤ P(βf ).

This estimate implies

∞∑
n=1

�n(Cp ∪ Cs , βf )e−P (βf )n < ∞.

By Theorem 2.1, the equilibrium state for the potential βf is unique, denoted by μβf , and
has the weak Gibbs property in equation (2.1). This verifies condition (i).

The continuity of the map β ∈ [0, ∞) �→ μβf ∈ M(�, σ) follows from Lemma 2.3.
To prove the injectivity of the map, let 0 ≤ β1 < β2 and suppose μβ1f = μβ2f by
contradiction. Since f is non-positive and non-constant, we have P(β1f ) > P (β2f ). By
the weak Gibbs property of μβ1f , μβ2f , and equation (2.19), there exists a constant K ≥ 1
such that for all n ≥ 1, w ∈ Gn, and x ∈ [w], we have

K−1 ≤ exp(−P(β1f )n + β1Snf (x))

exp(−P(β2f )n + β2Snf (x))
≤ K .

This is equivalent to

|(β1 − β2)Snf (x) − n(P (β1f ) − P(β2f ))| ≤ C (2.21)

for some constant C > 0 independent of n, w, x. By the ergodicity of ν0, equation (2.20),
and

∫
f dν0 = 0, one can use the set Qk(ν0, f , δ) given by Lemma 2.7 for a sufficiently

small δ > 0 and a sufficiently large k ∈ N to show that for all sufficiently large n ∈ N, there
exists w ∈ Gn such that supx∈[w] |(1/n)Snf (x)| < δ. This and equation (2.21) together
imply P(β1f ) = P(β2f ), which is a contradiction, and thus verifies condition (ii).

By Lemma 2.3, any ground state for the potential f belongs to Mmax(f ) and so belongs
to M(�̃, σ |�̃). By Lemma 2.3 and equation (2.20), we obtain limβ→∞ h(μβf ) = h(ν0) =
htop(�̃) > h(Cp ∪ Cs), which verifies condition (iii). The proof of Proposition 2.4(b) is
complete.

https://doi.org/10.1017/etds.2025.10206 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2025.10206


278 M. Shinoda et al

3. On the proofs of Theorems A and B
We are almost ready to proceed to proving the main results on ergodic optimization. After
recalling some functional analytic ingredients in §3.1, we complete the proof of Theorem A
in §3.2. In §3.3, we complete the proof of Theorem B.

3.1. Functional analysis. The proof of Theorem A(b) relies on the result of Israel [26,
§V], who proved an approximation theorem about tangent functionals to convex functions
and used it for lattice systems in statistical mechanics to prove the existence of a dense
set of continuous interactions for which there exist uncountably many ergodic equilibrium
states. Below, we recall his result and some other auxiliary ones.

For a Banach space V with a norm ‖ · ‖, let V ∗ denote the set of real-valued bounded
functionals on V. For each μ ∈ V ∗, let ‖μ‖ denote the norm

‖μ‖ = sup{|μ(f )| : f ∈ V , ‖f ‖ = 1}.
Let �, μ ∈ V ∗. We say:
• μ is tangent to � at f ∈ V if μ(f ) ≤ �(f + g) − �(f ) holds for all g ∈ V ;
• μ is bounded by � if μ(f ) ≤ �(f ) holds for all f ∈ V ;
• � is convex if �(tf + (1 − t)g) ≤ t�(f ) + (1 − t)�(g) holds for all f, g ∈ V , and

t ∈ [0, 1].
The following is a version of the theorem of Bishop and Phelps [2].

THEOREM 3.1. [26, Theorem V.1.1] Let V be a Banach space, and let � ∈ V ∗ be convex
and continuous. For any μ0 ∈ V ∗ that is bounded by �, any f0 ∈ V , and any ε > 0, there
exist μ ∈ V ∗ and f ∈ V such that μ is tangent to � at f, and

‖μ − μ0‖ ≤ ε and ‖f − f0‖ ≤ 1
ε
(�(f0) − μ0(f0) + s),

where s = sup{μ0(g) − �(g) : g ∈ V } ≤ 0.

For a continuous map T of a compact metric space X, the functional �T ∈ C(X)∗ given
by equation (1.1) is convex and continuous. The next lemma characterizes maximizing
measures in terms of �T . Recall that the set of real-valued bounded linear functionals on
C(X) can be identified with the set of (finite) signed Borel measures on X by the Riesz
representation theorem.

LEMMA 3.2. [8, Lemma 2.3] Let T be a continuous map of a compact metric space X and
let f ∈ C(X). A bounded linear functional μ ∈ C(X)∗ is tangent to �T at f if and only if
μ belongs to M(X, T ) and is f-maximizing.

If T is a continuous map of X, then for any μ ∈ M(X, T ), there exists a
unique Borel probability measure bμ on M(X, T ) such that bμ(Me(X, T )) = 1 and
μ = ∫

Me(X,T )
ν dbμ(ν), where Me(X, T ) denotes the set of elements of M(X, T ) that

are ergodic. We call bμ the barycentre of μ. Put

supp(bμ) =
⋂

{F : F ⊂ M(X, T ), closed, bμ(F ) = 1}.
Since M(X, T ) has a countable base, we have bμ(supp(bμ)) = 1.
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LEMMA 3.3. Let T be a continuous map of a compact metric space X.
(a) If there exists a constant C ≥ 0 such that h(ν) ≤ C for all ν ∈ supp(bμ), then

h(μ) ≤ C.
(b) Let f ∈ C(X), μ ∈ Mmax(f ). Then, supp(bμ) is contained in Mmax(f ).

Proof. Part (a) is a consequence of the Jacobs theorem [43]. For a proof of part (b), see
[37, Proposition 6], for example.

The next lemma asserts that the barycentre map μ �→ bμ from M(X, T ) to the set of
Borel probability measures on M(X, T ) is isometric.

LEMMA 3.4. [26, Corollary IV.4.2] Let T be a continuous map of a compact metric
space X. For all μ1, μ2 ∈ M(X, T ), we have

‖bμ1 − bμ2‖ = ‖μ1 − μ2‖.

3.2. Proof of Theorem A. Let � be a subshift with h⊥
spec(�) < htop(�) and suppose

h⊥
spec(�) ≤ H < htop(�). For each n ∈ N, define

On =
{
μ ∈ Me(�, σ) : 0 ≤ h(μ) < H + 1

n

}

and

Un = {f ∈ C(�) : Me(�, σ) ∩ Mmax(f ) ⊂ On}.
Clearly, the set RH in Theorem A is contained in

⋂∞
n=1 Un. Conversely, let f ∈ ⋂∞

n=1 Un.
The entropy of any ergodic measure in Mmax(f ) does not exceed H and by Lemma 3.3,
the entropy of any non-ergodic measure in Mmax(f ) does not exceed H either. Hence, we
obtain RH = ⋂∞

n=1 Un.
By the upper semicontinuity of the entropy function, On is an open subset of Me(�, σ).

From Corollary 2.5(a), On is a dense subset of Me(�, σ). By [34, Theorem 1.1], Un is an
open and dense subset of C(�). Therefore, RH is dense Gδ as required in Theorem A(a).

To prove Theorem A(b), pick f0 ∈ C(�) \ RH . By Lemma 3.3(a), there exists an
ergodic measure λ ∈ Mmax(f0) with h(λ) > H . Let ε ∈ (0, 1/2) and put

R =
{
ν ∈ M(�, σ) :

∫
f0 dν ≥ �σ (f0) − ε2

}
.

By Corollary 2.5(b) applied to λ, there exists a homeomorphism t ∈ [0, 1] �→ νt ∈ R ∩
Me(�, σ) onto its image such that νt is fully supported and satisfies h(νt ) > H for all
t ∈ [0, 1]. Let m denote the Lebesgue measure on [0, 1] and define a Borel probability
measure m̂ on Me(�, σ) by

m̂(·) = m{t ∈ [0, 1] : νt ∈ ·}.
We have m̂(R ∩ Me(�, σ)) = 1. Put μ0 = ∫

Me(�,σ)
ν dm̂(ν). Then, μ0 belongs to R and

is bounded by �σ as an element of C(�)∗. Note that bμ0 = m̂. By Theorem 3.1, there exist
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f ∈ C(�) and μ ∈ C(�)∗ such that μ is tangent to �σ at f, and

‖μ − μ0‖ ≤ ε and ‖f − f0‖C0 ≤ 1
ε

(
�σ (f0) −

∫
f0 dμ0

)
≤ ε. (3.1)

By Lemma 3.2, μ belongs to M(�, σ) and is f -maximizing.
Take an open subset U of M(�, σ) such that supp(bμ) ⊂ U and bμ0(U \ supp(bμ)) < ε.

Since Me(�, σ) is a metric space, it is a normal space. By the Urysohn lemma, there exists
a function g ∈ C(M(�, σ)) such that ‖g‖C0 = 1, g ≡ 0 on M(�, σ) \ U , and g ≡ 1 on
supp(bμ). We have

bμ0(supp(bμ)) > bμ0(U) − ε > bμ0(g) − ε ≥ bμ(g) − 2ε

≥ bμ(supp(bμ)) − 2ε = 1 − 2ε > 0.

To deduce the third inequality, we have used ‖bμ − bμ0‖ = ‖μ − μ0‖ ≤ ε from
Lemma 3.4 and the first inequality in equation (3.1). Since bμ0 is non-atomic, it follows
that the set {νt : t ∈ [0, 1], νt ∈ supp(bμ)} contains uncountably many elements, which
belong to Mmax(f ) by Lemma 3.3. Since f0 ∈ C(�) and ε ∈ (0, 1/2) are arbitrary, the
proof of Theorem A(b) is complete.

3.3. Proof of Theorem B. Let � be a subshift that satisfies h⊥
spec(�) = 0 and suppose

that ergodic measures on � are entropy dense. Recall that

R0 = {f ∈ C(�) : h(μ) = 0 for all μ ∈ Mmax(f )},
and let f ∈ R0. There exists an ergodic measure μ ∈ Mmax(f ) with h(μ) = 0. From the
entropy density and the affinity of the entropy function, μ is approximated in the weak*
topology by ergodic measures with positive entropy. Taking these approximating measures
and repeating the argument in the proof of Theorem A(b) in §3.2, one can show that f
is in the closure of functions for which there exists a maximizing measure with positive
entropy. Hence, R0 has empty interior. Then, the desired statement is a direct consequence
of Theorem A(b).

4. Examples and applications
In this section, we provide examples of non-Markov symbolic dynamical systems to which
Theorem A or Theorem B applies.

4.1. Piecewise monotonic maps and their coding spaces. We say T : [0, 1] → [0, 1] is
a piecewise monotonic map if there exist finitely many non-degenerate closed subintervals
I1, . . . , Ik of [0, 1] with disjoint interiors such that

⋃k
j=1 Ij = [0, 1], and the restriction

of T to the interior of Ij is strictly monotone and continuous for every 1 ≤ j ≤ k. The
intervals Ij are called monotonic pieces of T. Given a piecewise monotonic map T with k
monotonic pieces I1, . . . , Ik , let XT = ⋂∞

n=0 T −n(
⋃k

j=1(Ij \ ∂Ij )) and define π : XT →
{1, . . . , k}N by T n(π(x)) ∈ I(π(x))n+1 \ ∂I(π(x))n+1 for every n ≥ 0. The closure of π(XT )

in the full shift space {1, . . . , k}N is a subshift, called the coding space of T and denoted
by �T . Notice that π ◦ T |XT

= σ ◦ π , where σ denotes the left shift acting on �T . We say
T is transitive if there is x ∈ [0, 1] such that {T n(x) : n ≥ 0} is dense in [0, 1]. It is easy
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to see that if T is transitive, then π is injective. If, moreover, T has positive topological
entropy, then htop(�T ) > 0.

Continuous topologically mixing piecewise monotonic maps and their coding spaces
have the Bowen specification property (see e.g. [9]), while piecewise monotonic maps
with discontinuities and their coding spaces rarely have that. Typical examples of such
maps are as follows:
• (the (α, β)-transformation) Tα,β(x) = βx + α − �βx + α� (α ∈ [0, 1), β > 1);
• (the (−β)-transformation) T−β(x) = −βx + �βx� + 1 (β > 1).
The map T0,β is called the β-transformation. From the general result of Buzzi
[9, Theorem 1.5] it follows that: for each fixed α ∈ [0, 1) the set of β > 1 for which
�Tα,β has Bowen’s specification property is of zero Lebesgue measure; the set of β > 1
for which �T−β has Bowen’s specification property is of zero Lebesgue measure.

PROPOSITION 4.1. If T : [0, 1] → [0, 1] is a transitive piecewise monotonic map with
positive topological entropy, then h⊥

spec(�T ) = 0.

The original idea in our proof of Proposition 4.1 is due to Climenhaga [12]. We will
use a Markov diagram [19], a directed graph whose vertices are closed subsets of the
coding space. For the rest of this subsection, let T : [0, 1] → [0, 1] be a transitive piecewise
monotonic map with positive topological entropy and k monotonic pieces. In what follows,
we use the notation [·] to denote cylinders in the coding space �T . Let C be a non-empty
closed subset of �T such that C ⊂ [i] holds for some i ∈ {1, . . . , k}. We say a non-empty
closed subset D of �T is a successor of C if there exists j ∈ {1, . . . , k} such that
D = [j ] ∩ σC. If D is a successor of C, we write C → D. We set D0 = {[1], . . . , [k]},
and define D1, D2, . . . by the recursion formula

Dn+1 = Dn ∪ {D : D is a successor of some C ∈ Dn}.
We set

D =
∞⋃

n=0

Dn.

The directed graph (D, →) is called a Markov diagram associated with �T .
For a set C ⊂ D, let �C denote the set of paths C1 → C2 → · · · that contains infinitely

many edges and all whose vertices are contained in C. We define a map � : �D →
{1, . . . , k}N as follows. For each vertex C1 or each path C1 → · · · → Cn in the diagram
(D, →), define

(C1 · · · Cn) = x1 · · · xn ∈ {1, . . . , k}n,

where xi ∈ {1, . . . , k} and Ci ⊂ [xi] for i = 1, . . . , n. For (Cn)
∞
n=1 ∈ {1, . . . , k}N, define

�((Cn)
∞
n=1) ∈

∞⋂
n=1

[(C1 · · · Cn)].
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Note that �D is a Markov shift over the countably infinite alphabet D, �(�D) = �T , and
� is a semiconjugacy between the left shift on �D and σ : �T → �T . The next lemma
follows from [20, Theorems 10, 11].

LEMMA 4.2. [23, pp. 224, 226] There exist a subset C of D and a finite subset F of C
such that:
(a) for any pair (C, C′) of vertices in C, there is a path that leads from C to C ′;
(b) C ∈ C and C → D imply D ∈ C;
(c) �({(Cn)

∞
n=1 ∈ �C : C1 ∈ F}) = �(�C) = �T .

Proof of Proposition 4.1. Let C be a subset of D and F ⊂ C be a finite set for which the
conclusion of Lemma 4.2 holds. Let H > 0 and let N > (4/H) log 2 be an integer with
F ⊂ DN . We now define Cp, G, Cs ⊂ L(�T ) by

Cp = {∅},

G = {∅} ∪
∞⋃

n=1

{(C1 · · · Cn) : C1 → · · · → Cn, C1, Cn ∈ DN ∩ C},

Cs = {∅} ∪
∞⋃

n=1

{
(C1 · · · Cn) : C1 → · · · → Cn

C1 ∈ DN+1, Ci ∈ C \ DN for 1 ≤ i ≤ n

}
.

Let w ∈ L(�T ) \ {∅}. By Lemma 4.2(c), there exists (Cn)
∞
n=1 ∈ �C such that

�((Cn)
∞
n=1) ∈ [w] and C1 ∈ F . Set i0 = sup{1 ≤ i ≤ |w| : Ci ∈ DN }. Since

C1 ∈ F ⊂ DN , we have i0 ≥ 1. Set u = (C1 · · · Ci0) and v = (Ci0+1 · · · C|w|). By
Lemma 4.2(b), we have u ∈ G, v ∈ Cs and w = uv, which implies L(�T ) ⊂ CpGCs =
GCs . The reverse inclusion is obvious.

For each M ∈ N, by the finiteness of #DM+N and Lemma 4.2(a), there exists tM ∈ N

such that for any pair of vertices in DM+N ∩ C, there is a path not containing more
than tM edges and leading from one vertex to the other. Let u, v ∈ GM . By the above
definition of G, there exist two paths C1 → · · · → C|u| and D1 → · · · → D|v| such that
C|u| ∈ DM+N ∩ C and D1 ∈ DN ∩ C. Hence, there is a path C|u| → · · · → D1 not
containing more than tM edges, which implies that GM has (W)-specification with gap
size tM .

Notice that for all q ∈ N, the number of paths starting at each vertex in D \ DN not
containing more than qN edges and all whose vertices are contained in D \ DN does
not exceed 2q (see the proof of [20, Corollary 1(i)]). Hence, for each integer n = (q −
1)N + r with q, r ∈ N, q ≥ 2, 0 ≤ r ≤ N − 1, we have (q − 1)N ≤ n < qN and #Cs

n ≤
2q#DN+1. If n is sufficiently large, then

log #Cs
n

n
≤ q log 2

n
+ log #DN+1

n
≤ 2 log 2

N
+ H

2
< H .

Since H > 0 is arbitrary, h⊥
spec(�T ) = 0 holds.

By Proposition 4.1, if T is a transitive piecewise monotonic interval map with positive
topological entropy, then h⊥

spec(�T ) = 0. The entropy density for �T follows from the
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density of shift-invariant closed orbit measures in the space of ergodic measures [39,
Proposition 3.1]. The latter condition is equivalent to the density of T-invariant closed
orbit measures in the space of ergodic measures [44, Theorem A]. The density of closed
orbit measures has been verified for a wide class of transitive piecewise monotonic maps
with positive topological entropy (see e.g. [21–23, 39, 41]). Hence, Theorem B applies to
the coding spaces of these piecewise monotonic maps. It has been conjectured that the
density of closed orbit measures holds for any transitive piecewise monotonic map with
positive topological entropy [23].

4.2. Coded shifts. Let A be a finite subset of N. Let A0 denote the singleton consisting
of the empty word ∅. For each n ∈ N, let An denote the set of words from A with word
length n. Put A∗ = ⋃∞

n=0 An. Let H be a countable subset of A∗ that contains the empty
word. The coded shift �H generated by H is the two-sided subshift whose language is

{w(1)w(2) · · · w(k) : w(1), . . . , w(k) ∈ H, k ∈ N},
where {·} denotes the closure under the operation of passing to subwords.

The coded shift �H has the following natural language decomposition
L(�H) = CpGCs for which GM has (W)-specification for all M ∈ N:

Cp =
∞⋃

n=1

isn(H),

G =
∞⋃

k=1

{w(1) · · · w(k) : w(1), . . . , w(k) ∈ H}, (4.1)

Cs =
∞⋃

n=1

i
p
n (H),

where isn (respectively i
p
n ) denotes the map that extracts the last (respectively the first) n

symbols of a word w ∈ A∗, and satisfies isn(w) = ∅ if |w| < n (respectively i
p
n (w) = ∅ if

|w| < n). When H is a finite set, clearly h(Cp ∪ Cs) = 0 holds, and �H is a sofic shift
[30]. Every transitive sofic shift is a coded shift [32, §13.5].

Coded shifts with countably infinite generators are sources of interesting examples.
Well-known examples are S-gap shifts [32] and the Dyck shift [29]. As shown below, there
exist intrinsically ergodic coded shifts for which the entropy density fails. For more details
on coded shifts, see [14, 30].

4.2.1. S-gap shifts. Let S be an infinite subset of N0. An S-gap shift [32] is a two-sided
subshift on {1, 2} defined by the rule that the number of 2 terms between consecutive 1
terms is an integer in S. To be more precise, for a ∈ A and n ∈ N, let an denote the n-fold
concatenation of a and put a0 = ∅, the empty word. The S-gap shift is the coded shift
generated by {2n1: n ∈ S} ∪ {∅}. Generic S-gap shifts do not have the Bowen specification
property [14, §3.3]. The topological entropy of the S-gap shift is log λ, where λ is the
unique solution to the equation 1 = ∑

n∈S x−n−1 (see [32, Exercise 4.3.7]). The natural
decomposition equation (4.1) immediately gives #Cp

n = 1 = #Cs
n for all n ∈ N, and so the
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obstruction entropy to specification is 0. Hence, Theorem A applies to any S-gap shift.
Since ergodic measures on any S-gap shift are entropy dense [17], Theorem B applies to
any S-gap shift.

4.2.2. Coded shifts without the entropy density. Kucherenko et al [30, Example 1]
considered a coded shift � on {1, 2} generated by {1i2i : i ∈ I } ∪ {∅}, where I is an
infinite subset of N. The natural decomposition equation (4.1) implies h(Cp ∪ Cs) = 0
and 0 = h⊥

spec(�) < htop(�), and so Theorem A applies. Theorem B does not apply since
ergodic measures are not dense in M(�, σ) and, consequently, the entropy density fails.
Indeed, if both 1 and 2 appear in x ∈ � infinitely many times, then we have

lim
n→∞

1
n

#{0 ≤ i ≤ n − 1: xi = 1} = 1
2

,

provided the limit exists. For a ∈ {1, 2}, define a∞ ∈ {1, 2}Z by (a∞)i = a for all
i ∈ Z, and for x ∈ �, let δx denote the unit point mass at x. From the above observation
and the Birkhoff ergodic theorem, it follows that any non-ergodic measure of the form
(1 − t) · δ1∞ + t · δ2∞ , t ∈ (0, 1/2) ∪ (1/2, 1) cannot be approximated by ergodic ones.

4.3. Multidimensional β-transformations. Let � be a subshift. We say
w = w1 · · · w|w| ∈ L(�) is a left constraint if there exists v ∈ L(�) such that
w2 · · · w|w|v ∈ L(�) and wv /∈ L(�). A right constraint is defined analogously. Let
C
, Cr denote the collections of left constraints, right constraints, respectively. If � is
topologically transitive, then C
, Cr form a complete list of obstructions to specification
[11, Theorem 1.6(1)]. Combining [11, Theorems 1.1, 1.4, 1.6] yields the following
statement.

PROPOSITION 4.3. Let � be a subshift.
(a) Suppose � is topologically transitive. If h(C
 ∪ Cr ) < htop(�), then h⊥

spec(�) <

htop(�) holds and Theorem A applies.
(b) Suppose � is one-sided and topologically exact: for any w ∈ L(�) \ {∅}, there exists

N ∈ N such that σN [w] = �. If h(C
) < htop(�), then h⊥
spec(�) < htop(�) holds

and Theorem A applies.

Proposition 4.3(b) applies to many of the piecewise affine transformations investigated
by Buzzi [9]. These are maps on [0, 1)d , d ∈ N given by T (x) = Bx + b mod Z

d , where
B : Rd → R

d is an expanding linear map and b ∈ R
d . The coding space �T of T is defined

as in the case of piecewise monotonic maps in §4.1, using the collection of maximal open
subsets of (0, 1)d on which T (x) − Bx is constant. Buzzi showed that h(C
) < htop(�T )

and that �T is topologically exact if either: (i) all eigenvalues of B exceed 1 + √
d in

absolute value; or (ii) B, b have all integer entries. Since the maps with d = 1 are almost the
β-transformations, the maps with d ≥ 2 are called multidimensional β-transformations.

For the coding spaces of multidimensional β-transformations, little is known when the
obstruction entropy specification is 0, or when the entropy density holds and Theorem B
applies.
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5. Subshifts with positive obstruction entropy to specification
This last section is devoted to Theorem C. In §5.1, we introduce fat S-gap shifts by
modifying the definition of S-gap shifts. In §5.2, we complete the proof of Theorem C
by showing that any fat S-gap shift on N symbols, N ≥ 3 has positive obstruction entropy
to specification.

5.1. Fat S-gap shifts. Let S be an infinite subset of N0. A fat S gap shift is a two-sided
subshift on {1, . . . , N}, N ≥ 2 defined by the rule that the lengths of the words between
consecutive 1 terms are integers in S. More precisely, the fat S-gap shift �S,N on N symbols
is the coded shift generated by

H = {w1: w ∈ {2, . . . , N}n, n ∈ S} ∪ {∅}. (5.1)

Note that �S,2 is nothing but an S-gap shift, whose obstruction entropy to specification
is 0.

For all S ⊂ N0 and N ≥ 2, we clearly have �S,N ⊃ {2, . . . , N}Z and, thus,
htop(�S,N) ≥ log(N − 1). The next lemma asserts that this inequality is strict if N ≥ 3.

LEMMA 5.1. For any infinite set S ⊂ N and any integer N ≥ 3, we have

htop(�S,N) > log(N − 1).

Proof. The original idea of the proof of this lemma is due to Climenhaga [13]. For
ease of notation, we set ln = #Ln(�S,N). The radius of convergence of the power series
F(x) = ∑∞

n=1 lnx
n equals e−htop(�S,N). For k, n ∈ N, we set

Ak
n = #{w(1) · · · w(k) : w(1), . . . , w(k) ∈ H \ {∅}, |w(1)| + · · · + |w(k)| = n}.

Then, it is not difficult to prove the following properties:
(i)

∑∞
k=1 Ak

n ≤ ln;
(ii) A1

n = (N − 1)n−1 if n − 1 ∈ S and A1
n = 0 otherwise;

(iii) Ak+

n = ∑n−1

m=1 Ak
n−mA


m for k, 
 ∈ N.
We introduce a power series Fk(x) = ∑∞

n=1 Ak
nx

n. Then property (iii) gives
Fk(x) = Fk−1(x)F1(x) = · · · = F1(x)k . For all x ≥ 0, we have

∞∑
k=1

F1(x)k =
∞∑

k=1

Fk(x) =
∞∑

n=1

∞∑
k=1

Ak
nx

n ≤ F(x),

where the last inequality follows from property (i). Let x0 denote the unique positive
solution to the equation

N − 1 =
∑
n∈S

((N − 1)x)n+1 for 0 < x <
1

N − 1
.

By property (ii), we have

F1(x0) =
∞∑

n=1

A1
nx

n
0 = 1

N − 1

∑
n∈S

((N − 1)x0)
n+1 = 1,
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which implies that F(x0) diverges. Hence, the radius of convergence of F(x) does not
exceed x0 and we obtain htop(�S,N) ≥ log x−1

0 > log(N − 1), as required.

5.2. Proof of Theorem C. Let S = {2n : n ∈ N} and let N ≥ 3 be an integer. We consider
the fat S-gap shift � = �S,N . Lemma 5.1 gives htop(�) > log(N − 1). Applying the
natural decomposition of coded shifts in equation (4.1), we immediately get h(Cp ∪ Cs) =
log(N − 1) and, hence, htop(�) > log(N − 1) ≥ h⊥

spec(�).
Let L(�) = C̃pG̃C̃s be an arbitrary decomposition such that G̃M has (W)-specification

for all M ∈ N. The definition of � gives w1w ∈ L(�) for all w ∈ {2, . . . , N}∗. For each
w ∈ {2, . . . , N}∗ \ {∅}, we fix a decomposition

w1w = p(w1w) · c(w1w) · s(w1w), p(w1w) ∈ C̃p, c(w1w) ∈ G̃, s(w1w) ∈ C̃s .

Since 1 appears in w1w only once, it appears in only one of the three words p(w1w),
c(w1w), s(w1w), which can be the empty word ∅. We will use the following simple
estimates on word lengths for r ∈ {p, s}:

0 ≤ |r(w1w)| ≤ |w| if 1 does not appear in r(w1w); (5.2)
|w| + 1 ≤ |r(w1w)| ≤ 2|w| + 1 if 1 appears in r(w1w). (5.3)

We estimate h(C̃p ∪ C̃s) from below by constructing a countably infinite family of
finite-to-one maps that take values in C̃p ∪ C̃s . We need some notation introduced in §4.2.

Case 1: G̃ ⊂ {2, . . . , N}∗. For each k ∈ N, we define a map �k : {2, . . . , N}2k �→⋃2k+1+1
n=2k+1(C̃

p
n ∪ C̃s

n) by

�k(w) =
{

s(w1w) if 1 appears in s(w1w),

p(w1w) otherwise.
(5.4)

For any w ∈ {2, . . . , N}2k
, 1 does not appear in c(w1w) since G̃ ⊂ {2, . . . , N}∗. By

equation (5.3), if 1 appears in p(w1w), then 2k + 1 ≤ |p(w1w)| ≤ 2k+1 + 1 and if 1
appears in s(w1w), then 2k + 1 ≤ |s(w1w)| ≤ 2k+1 + 1. Hence, �k is well defined.

For any w ∈ {2, . . . , N}2k
, 1 appears in �k(w) by the definition in equation (5.4). This

implies that �k is injective and so

#
( 2k+1+1⋃

n=2
+1

(C̃p
n ∪ C̃s

n)

)
≥ #�k({2, . . . , N}2k

) ≥ #{2, . . . , N}2k = (N − 1)2k

.

Pick nk ∈ {2k + 1, . . . , 2k+1 + 1} such that

#(C̃p
nk

∪ C̃s
nk

) ≥ (N − 1)2k

2k + 1
.

Since lim infk→∞ nk = ∞, we have

h(C̃p ∪ C̃s) ≥ lim sup
l→∞

log #(C̃p
nk

∪ C̃s
nk

)

nk

≥ lim sup
l→∞

1
nk

log
(N − 1)(nk−1)/2

nk

= log(N − 1)

2
. (5.5)
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Case 2: G̃ �⊂ {2, . . . , N}∗. We modify the argument in Case 1. Fix u ∈ G̃ \ {2, . . . , N}∗
for which there exist m ≥ 2, u(0), u(m) ∈ {2, . . . , N}∗, u(1), . . . , u(m−1) ∈ {2, . . . , N}∗ \
{∅} such that

u = u(0)1u(1)1 · · · u(m−1)1u(m). (5.6)

Let t ≥ 0 be a gap size for the (W)-specification of G̃. For each k ∈ N, let

ak = 2k − 2t − |u(m)| − 1. (5.7)

In what follows, we assume k is sufficiently large so that

2ak

3
> 2k−1. (5.8)

Define a map �k : {2, . . . , N}ak �→ ⋃2ak+1
n=ak−2k−1(C̃

p
n ∪ C̃s

n) by

�k(w) =
{

s(w1w) if 1 appears in s(w1w),

p(w1w) otherwise.
(5.9)

Compare equation (5.9) and equation (5.4). To see that �k is well defined, let
w ∈ {2, . . . , N}ak . By equation (5.3), if 1 appears in p(w1w), then ak + 1 ≤ |p(w1w)| ≤
2ak + 1 and if 1 appears in s(w1w), then ak + 1 ≤ |s(w1w)| ≤ 2ak + 1. If 1 appears in
c(w1w), then the definition in equation (5.9) gives �k(w) = p(w1w) and the lemma
below yields ak − 2k−1 ≤ |p(w1w)| ≤ ak . Hence, �k is well defined.

LEMMA 5.2. If w ∈ {2, . . . , N}ak and 1 appears in c(w1w), then ak − 2k−1 ≤
|p(w1w)| ≤ ak .

Proof. The upper bound follows from equation (5.2). For the lower bound, note that there
exist v, v′ ∈ {2, . . . , N}∗ such that

c(w1w) = v1v′.

We have w1w = p(w1w) · v1v′ · s(w1w), and so v is a subword of w and
|p(w1w)| = |w| − |v|. It suffices to show that |v| ≤ 2k−1.

By equation (5.7), we have

|v| ≤ |w| = ak < 2k − 2t − |u(m)|. (5.10)

Since u, c(w1w) ∈ G̃, there exists u′ ∈ L(�) such that |u′| ≤ t and uu′c(w1w) ∈ L(�),
and hence, 1u(m)u′v1 ∈ L(�). If 1 does not appear in u′, then it does not appear in
u(m)u′v either. Since � is the coded shift generated by H in equation (5.1), it follows
that |u(m)u′v| ∈ S. By equation (5.10), we have

|v| ≤ |u(m)u′v| ≤ |u(m)| + |u′| + |w| < 2k − t ≤ 2k .

Since S ∩ [2k−1 + 1, 2k − 1] = ∅, we obtain |v| ≤ 2k−1 as required. If 1 appears in u′,
then let t ′ ∈ [1, |u′|] be the largest integer such that is

t ′(u
′) does not contain 1. We have

t ′ ≤ |u′| ≤ t , 1is
t ′(u

′)v1 ∈ L(�), and 1 does not appear in is
t ′(u

′)v. Since � is the coded
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shift generated by H in equation (5.1), this implies |is
t ′(u

′)v| = t ′ + |v| ∈ S. Again by
equation (5.10), we obtain

|v| ≤ t ′ + |v| ≤ t + |w| < 2k .

Since S ∩ [2k−1 + 1, 2k − 1] = ∅, we obtain |v| ≤ 2k−1, as required.

LEMMA 5.3. The map �k is at most (N − 1)2k−1
to 1.

Proof. Let w, w′ ∈ {2, . . . , N}ak , w �= w′, and suppose �k(w) = �k(w
′). The definition

in equation (5.9) implies that 1 appears in neither s(w1w) nor s(w′1w′), and
�k(w) = p(w1w), �k(w

′) = p(w′1w′).
If 1 does not appear in c(w1w) and appears in c(w′1w′), then by equations (5.2), (5.3),

we get |p(w1w)| ≥ ak + 1 and |p(w′1w′)| ≤ ak , and so �k(w) �= �k(w
′), which is a

contradiction. If 1 appears in c(w1w) and does not appear in c(w′1w′), then we also
obtain a contradiction. If 1 appears in neither c(w1w) nor c(w′1w′), then it appears in both
p(w1w) and p(w′1w′), and so w = w′, which is a contradiction. Therefore, 1 appears in
both c(w1w) and c(w′1w′). By Lemma 5.2, there exists n ∈ {ak − 2k−1, . . . , ak} such
that i

p
n (w) = i

p
n (w′). Therefore, �k is at most (N − 1)2k−1

to 1.

By Lemma 5.3, we have

#
( 2ak+1⋃

n=ak−2k−1

(C̃p
n ∪ C̃s

n)

)
≥ #�k({2, . . . , N}ak )

≥ #{2, . . . , N}ak (N − 1)−2k−1 = (N − 1)ak−2k−1
.

Hence, there exists nk ∈ {ak − 2k−1, . . . , 2ak + 1} such that

#(C̃p
nk

∪ C̃s
nk

) ≥ (N − 1)ak−2k−1

ak + 2 + 2k−1 ≥ (N − 1)ak/3

5ak/3 + 2
≥ (N − 1)(nk−1)/6

5nk + 2
.

For the last inequality, we have used equation (5.8). Since limk→∞ nk = ∞, we have

h(C̃p ∪ C̃s) ≥ lim sup
k→∞

log #(C̃p
nk

∪ C̃s
nk

)

nk

≥ lim sup
k→∞

1
nk

log
(N − 1)(nk−1)/6

5nk + 2
≥ log(N − 1)

6
. (5.11)

Since L(�) = C̃pG̃C̃s is an arbitrary decomposition such that G̃M has (W)-specification
for all M ∈ N, from equations (5.5) and (5.11), we obtain h⊥

spec(�) ≥ (1/6) log(N − 1).
The proof of Theorem C is complete.
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