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A reflection mapping is a singular holomorphic mapping obtained by restricting the
quotient mapping of a complex reflection group. We study the analytic structure of
double point spaces of reflection mappings. In the case where the image is a
hypersurface, we obtain explicit equations for the double point space and for the
image as well. In the case of surfaces in C3, this gives a very efficient method to
compute the Milnor number and delta invariant of the double point curve.
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1. Introduction

In the theory of singular mappings, there are a few known examples that are degen-
erate and also have desirable properties. The problem, rather than an actual lack
of mappings of this kind, seems to be the difficulty of the calculations. Reflection
mappings were introduced in the precursor of this work [22], as a means to produce
degenerate mappings which are easy to understand. This established the existence
of the examples we were looking for in certain dimensions. In this paper, we go
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one step further and show how to compute the double point spaces—and, in the
hypersurface case, the image as well—for reflection mappings. In short, a reflection
mapping is a holomorphic singular mapping ) — CP obtained by restricting the
quotient map of a reflection group W to a submanifold ) of the vector space V
where the group acts (see Section 2 for details). The idea is that the group action,
together with the way ) sits in V, must encode the geometry of the mapping.

The class of reflection maps contains the first examples of families of quasi-
homogeneous finitely determined map-germs (C",0) — (C?,0) having unbounded
multiplicity, for arbitrary n and p = 2n—1 or p = 2n [22, Theorems 9.5 and 9.6] (see
Example 2.8 for low dimensional examples). These mappings were later shown by
Ruas and Silva to be counterexamples to a long-standing conjecture of Ruas [25].
Brasselet, Thuy, and Ruas used them to show the density of the finitely determined
mappings among certain spaces of quasi-homogeneous mappings [2]. Silva noticed
that these reflection mappings show that the topological type of a generic transverse
slice, in the case of A-finite quasihomogeneous mappings, is not determined by
their weights and degrees [26]. Rodrigues Hernandes and Ruas have shown that
every finitely determined monomial mapping (C™,0) — (CP,0), with p > 2n, is
a reflection mapping [7]. In contrast, for p < 2n — 1, the only finitely determined
reflection mappings are folding maps [22, Theorem 8.5]. Reflection mappings were
also shown to satisfy an extended version of Lé’s conjecture, a rather mysterious
problem relating injectivity and corank [22, Proposition 4.3].

Apart from the theory of singular mappings, reflection mappings have proven to
be relevant in differential geometry. The original idea is due to Bruce and Wilkinson
[3, 4], who noticed that the singularities produced by folding a surface with respect
to a plane (in our terminology, these are Z/2-reflection mappings) reveal interesting
extrinsic information of the surface. This idea has since been extended to the other
spaces [1, 9, 27] as well as to different reflection groups [23]. The reflection mappings
used by Bruce and Wilkinson are known as folding mappings and have been widely
studied (apart from the previous references, see [8]). They belong to a subclass
called reflected graphs [22, Definition 13], which we describe in Example 2.7. This
class includes other previously studied classes of mappings, such as double folds [12,
21] and k-folding mappings [23]. Double folds provided the first examples of finitely
determined quasi-homogeneous corank two map-germs. Inspecting the classification
of all simple map germs (C2,0) — (C3,0) [15] reveals that they are either folding
mappings or 3-folding mappings.

Having discussed the relevance of reflection mappings, we now describe the con-
tent of the present work. Singular mappings are understood via the study of their
multiple point spaces, the most fundamental of which are the double point spaces.
Moreover, given the coordinate functions of a map-germ (C",0) — (C"*1 0), one
would like to know the equation of its image. As it turns out, both the image and
the double points spaces become degenerate very fast as the complexity of the coor-
dinate functions increases. In this work, we show how to study these objects for
reflection mappings, in a much simpler way than in the case of arbitrary singular
mappings. In the hypersurface case, the image of reflection mappings is described
as well.
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For reflection mappings, there are three decompositions of double point spaces
indexed by the reflection group, namely

K= |J K3, D= U D, DH= |J D).

ceW\{1} ceW\{1} ceW\{1}

These decompositions, introduced in Section 4, appeared before in [22, Sections 6
and 7], but only at the set-theoretical level. In contrast, here the analytic structure
of the branches K§(f), D§(f) and D,(f) is described explicitly. These analytic
structures are a fundamental part of the theory of singular mappings, which requires
for Ka(f), D*(f), and D(f) to sometimes have non-reduced structure indicating
higher degeneracy.

For arbitrary mappings J — C"*! with dim) = n, the double point space
D(f) C Y and the image Imf C C"*! are hypersurfaces (or more precisely, complex
spaces defined locally by principal ideals, as they are not always reduced), but
computing their equations is usually very hard. One of the main achievements of
this work are the explicit formulas

Imf:V(H(aL)os), D(f):V( H )\0)

oceW ceW\{1}

for reflection mappings, see theorems 3.2 and 5.2. As a bonus, the formula for
D(f) gives a much faster way to compute the Milnor number and delta invariant
of D(f) for germs of reflection mappings Y2 — C3. Finally, the properties double
point spaces of reflection mapping that must be enjoyed can be used to decide that
certain map-germs cannot be realized as reflection map-germs. Section 6 is devoted
to illustrating this idea.

2. Notation and preliminaries

In this section, we summarize the prerequisites and set the notation for reflection
groups and reflection mappings. For a more detailed account and proper citations,
we refer to [22]. To avoid repetition, we fix the meaning of the symbols and notations
summarized in this section, which will not be reintroduced.

2.1 Reflection groups and the orbit mapping

Throughout the text, W stands for a (complex) reflection group acting on a C-
vector space V. We write p = dimV. The elements of the group may be assumed to
be unitary with respect to a fixed hermitian form. This hermitian form is used to
define orthogonality throughout the text.

Let K < V be the maximal subspace of ¥V where W acts trivially. The rank of
W is tkW = dimK*.

CAUTION 2.1. Reflection groups are not just abstract groups, in the sense that
they come equipped with their action on V. Consequently, two reflection groups W
and W' acting on spaces V and V' are said to be isomorphic (as reflection groups)
if there is an isomorphism V — V' which preserves the respective hermitian forms,
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such that the actions of the groups become conjugate by that isomorphism. It is well
known that certain non-isomorphic reflection groups are isomorphic as abstract
groups.

Isomorphic groups are regarded as the same group but, in fact, we want to extend
this identification and regard as the same group some reflection groups that act on
spaces of different dimensions: From the fact that W acts by unitary transforma-
tions, it follows that W acts as a reflection group on K=, for the subspace K <V
where W acts trivially. We identify two reflection groups Wi and Wy if they are
isomorphic as reflection groups acting on their respective spaces Ki- and Ky .

For example, the abstract group Z/2 = {id, o} is a reflection group acting on C
by ox = —x, but is also a reflection group acting on C? by o(x,y) = (—x,y), or by
o(x,y) = (z,—y) as well. The second and third actions correspond to isomorphic
reflection groups. Strictly speaking, our examples of /2 acting on C and Z/2 acting
on C2 are not isomorphic as reflection groups, but we identify them nonetheless.

The orbit of a subset S C V (or better, the union of the orbits of the points in
S) is denoted by W.S C V. We adopt the convention that the action of o € W on a
function H in Oy is (¢ H)(u) = H(o~'u). Hence, a zeroset S = V(J) is transformed
by o into the set 05 = {ou | u € S} = V(o). The stabilizer of S is

W9 ={ocecW|oS =S5}
and the pointwise stabilizer of S is
Wg={oce€W |ou=u,foral ue S}

W# is the maximal subgroup of W acting on S. The pointwise stabilizer W is a
normal subgroup of W* and the quotient W* /W acts faithfully on S.

The union of the reflecting hyperplanes of all reflections in W is called the hyper-
plane arrangement and is written as &/ C V. The reflecting hyperplanes induce a
partition of V into subsets, called facets, consisting of those points contained in
exactly the same hyperplanes. The set of facets is denoted by % and called the
complex of W. Clearly, facets C' € € are open subsets of linear subspaces, hence
have the same tangent space everywhere, which may be identified with the closure
C. Similarly, we often write C* instead of T,,C*, for any y € C. The facet Cy con-
taining the origin of V is precisely K, and it is the only closed facet in the complex
C.

The celebrated Shephard—Todd—Chevalley Theorem characterizes reflection
groups as the only finite subgroups of the group of unitary transformations of V for
which the quotient mapping V — V/W can be realized as a polynomial mapping

w: VY —CP
whose coordinate functions ws,...,w, are homogeneous polynomials (they are a
set of generators of the ring of W-invariant polynomials). The degrees dy, ..., d, of

the coordinate functions w; satisfy the following identities:
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- 1L di = W],
« > .(d;i — 1) = # reflections in W.

Moreover, it is known that the degrees di,...,d, are uniquely determined by W
up to ordering. Also, the rank of W is equal to the number of degrees d; that are
greater than one.

Geometrically speaking, the map w identifies an orbit to a point, that is, for any
u €V, we have w™(w(u)) = Wu.

Reflection groups act faithfully, hence w is generically |W|-to-one, and it is well
known that the ramification locus of w is the hyperplane arrangement of W. More
precisely, given a point u € V, contained in a facet C' € €, we have ker dw, = C*.

By the universal property of quotient mappings, the mapping w is well defined
up to L-equivalence (that is, up to changes of coordinates in the target). As it will
become clear, replacing w by an L-equivalent map does not change the A-class of
the associated reflection mappings. Since we study reflection mappings up to A-
equivalence, we may regard w as being unique, and abusively call it the orbit map
of W.

ExXAMPLE 2.2. (Products of cyclic groups) The product Z/d; x --- x Z/d, is a
reflection group acting on CP by

2mi

(ar,..sap) - (ur, ... up) = (§1ur, ..., §p7uyp), with §; =e % .

An element (aq,...,ap) is a reflection if and only if exactly one a; is nonzero. The
orbit map is defined by

w(r,...,up) = (u‘fl,...,ugp).

EXAMPLE 2.3. (Dihedral groups, D2,) These are the groups of symmetries of a
regular polygon of n sides. We will use the group Dg, consisting of the identity,
four reflections

(10 (o (-1 o (0 -1
o ) P o) P U 1) P21 o

and three rotations

(0 -1 [ -1 0 (0 1
P1 10,,02 0_17[)3 1 0 |

The orbit map of Dg is the mapping w: C2 — C2?, given by
(u,v) = (u? + 02, u?v?).

EXAMPLE 2.4. (The group &4 of symmetries of the tetrahedron) Consider a
regular tetrahedron centred at the origin of R3, for example, the one with vertices

1-(d) e d). o) o)
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The group of unitary automorphisms of the tetrahedron is a reflection group, iso-
morphic as an abstract group to the permutation group &4 of its four vertices. This
group is generated by the permutations (i ¢ 4+ 1), which in matrix form are

-1 0 0 1 -1 =2
12)=1 0o 10 [,@3=5| -1 1 =2 [,
0 0 1 V2 V2 0
1 0 0
B4)=]0 -1 0
0 0 1

The group &, contains 6 reflections, which are precisely the permutations (i 7).
The orbit map is

wlu,v,w) = (¥ + v+ w?, (u+v)(u—v)w, (2u® — w?) (20> — w?)).

2.2. Reflection mappings

Take an embedding h: & < V of an n-dimensional complex manifold X into V.
The image of A is an n-dimensional complex submanifold

Y =h(X)CV.

A reflection mapping is a map obtained as the composition of the orbit map w and
the embedding h, that is,

f=woh: X — CP.

To make the involved reflection group explicit, we sometimes say that f is a W-
reflection mapping.

Later, in Section 6, we discuss how to know that certain map-germs are not
reflection map-germs. But, since usually we study map-germs up to A-equivalence,
there is some ambiguity in what it means to be a reflection mapping, and it is
convenient to fix our language early on. Temporarily, call the reflection map-germs
f = wo h defined above honest reflection map-germs. We can now make our abuse
of notation official:

CAUTION 2.5. We say that a map-germ f: (X,0) — (CP,0) is a W-reflection
map-germ if it is A-equivalent to an honest W -reflection map-germ, that is,
if there exist two biholomorphisms (X,0) — (X’,0) and (C?,0) — (CP,0), an
embedding h: (X',0) — (V,0), an action of W as a reflection group on V and an
orbit mapping w: V — CP for such action, giving rise to a commuting diagram

(X,0) — 5 (cr,0)

(X',0) < (V,0) =% (C7,0)
The same abuse of language applies to global mappings and, if we say that f is

a reflection mapping, we just mean that f is a W-reflection mapping for some
reflection group W.
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A further source of ambiguity comes from the fact that, when we say that W
is a reflection group, we are not specifying the vector space V on which W acts
and, even for fixed V, we only know how W acts on V up to conjugation by a rigid
automorphism of V. Furthermore, recall that, even if VV and the action are fixed, the
orbit mapping w is only determined up to £ equivalence. The following proposition
justifies that one should not worry very much about this.

PROPOSITION 2.6. Let f: (C™,0) — (CP,0) be a W-reflection map-germ. Fiz an
action of W on a p-dimensional vector space V and an orbit mapping w: V — CP
for such action. Then, there exists a germ of embedding h: (C™,0) < (V,0) such
that,

f~rwoh.

Proof. Consider the diagram .
(0 —— (cr,0)

| |

(C",0) <5 (V',0) -5 (CP,0)

|

(V,0) == (CP,0)
obtained as follows: The top rectangle is given by the A-equivalence of f with an
honest reflection map-germ w'oh’. The vector spaces V' and V have both dimension
p, and V' comes equipped with a Hermitian form that makes the action of W on V'
unitary. Then, there is a rigid isomorphism V' — V that transforms the action of
W into our preferred one. Finally, the remaining vertical arrow (CP,0) — (CP,0)
corresponds to the L-equivalence between w' and the orbit mapping obtained by
the composition V' — V — CP. The result follows by letting h be the composite
(C",0) = (C",0) = (V',0) = (V,0), o

Clearly, one may safely replace the embedding h: X — ) C V by the inclusion
Y — V. This way, up to A-equivalence, every reflection mapping takes the form

f=wly: Y —CP.

Whether we are thinking of a reflection map-germ as a composite wo h: (C" 0) —
(CP,0) or as a restriction w|y: (),0) — (CP,0) will be clear from the context.

To finish fixing our notation, locally at any point, ) is defined in V by a collection
of regular equations, which we write as

L=(Ly,...,Ly_,)=0.

(technically, it would be better to express our results in terms of the ideal sheaf
I(Y) of holomorphic functions vanishing on Y. For the sake of clarity, we have
chosen to ignore this issue, which can be fixed by a standard gluing process).

ExaMPLE 2.7. (Reflected graphs). Take a reflection group W acting on V, and a
mapping H:V — CP. We may regard W as a reflection group acting on V x CP, by
extending the action trivially on C?, and take )Y C V x CP to be the graph of H (or
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equivalently, take the graph embedding h: V — V x CP). The resulting reflection
mapping V — C" x CP is called a refiected graph and has the form

A typical and much studied example of reflected graphs are folding maps
(z,y) = (z,y* H(z,y)), zeC"hyeC.

Observe that, after a target change of coordinates, H(x,y) can be taken to be
of the form yP(z,y?). Similarly, double folds are Z/2 x Z/2-reflected graphs of
the form (z,y) — (22,92, 2P (2%, y?) + yPa(2?,y?) + 2yP3(22,y?)) and k-folding
mappings are Z/k-reflected graphs (x,y) — (x,y*, H(x,y)) (See the Introduction
for references for folding maps, double folds and k-folding mappings).

An interesting example is the Z/k x Z/k-reflection graph (z,y) ~ (2%, y* 2v),
defined by the graph of the function H(z,y) = xy. It parametrizes the Ag_;-
singularity {Z* = XY}, but it does so in a generically k-to-one way, as explained in
Example 2.12 (observe that Ai_; being normal prevents it from being parametrized
in a generically one-to-one way).

Also, taking the group Dg (Example 2.3) and the functions Hy(z,y) = = + 2y
and Ho(z,y) = 2%+ 2y — y? + 23 + 22y — 22y% — 3, we obtain the reflection graphs

5 (@, y) = (2 P 2%y e+ 2),
D5 (2, y) = (2 + 92, 2%y?, 207 4 3y — o2 + 2% 4 827y — 2a9® — 20°).
The last two examples are depicted in Figure 1.

ExaMPLE 2.8. (Reflection mappings with unbounded multiplicity). The map-
germs

FOAB): (29) 5 (2%, (2 4 9)™).

f(dl’“"dS): (z,y,2) — (mdl,yd27zd3, (r+y+ z)d4, (x—y+ 2z)d5),

with d; pairwise coprime positive integers, belong to a family of map-germs
(C",0) — (C?"71,0), introduced in [22, Theorems 9.5 and 9.6]), which, to this
day, are the only known family of A-finite map-germs whose coordinate functions
have unbounded order. These are the germs studied by Brasselet, Ruas, Silva, and
Thuy mentioned in the Introduction.

2.3 Unfoldings and W-unfoldings

In the theory of singularities of mappings, the notion of deformation of a space-
germ is replaced by that of unfolding of a map-germ. An unfolding of a map-germ
f: (¥, 8) = (Z,%) is a map-germ

F: (V,8) % (C7,0) — (Z,2) x (C",0)

of the form F(x,t) = (f(z),t), satisfying fo = f. Fixed a small representative of
F and a value € of the parameter ¢, the map f. is called a perturbation of f.
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4

®

Figure 1. Construction of the reflected graphs leS and fQDS.

A reflection mapping may be perturbed into a non-reflection mapping, for exam-
ple, by perturbing w in a way unrelated to the action of the group W. At the
same time, perturbing ) while keeping w intact gives a family of reflection map-
pings containing the original reflection mapping defined by Y. If we want to study
unfoldings of reflection mappings without leaving the reflection mapping setting,
these are the deformations we want to consider. In the following lines, we formalize
this construction.

Let f: ) — CP be a reflection mapping, and consider a complex submanifold
y C Vx A, such that y — A defines a trivial deformation of ) over an open subset
A C C" containing the origin. We may extend the action of W to V x C", trivially
on the C" coordinates, so that the corresponding orbit mapping is @ = w X id¢r.

DEFINITION 2.9. In the above setting, the reflection mapping
F=3,:Y—=CxA

is called a W-unfolding of f. If f: (), S) — (2, 2) is a germ of reflection mapping,
a W-unfolding of f is the germ at S x {0} of a W-unfolding of a representative.
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NObserve that the triviality condition on the deformation jiv — A ensures that
(V,S x {0}) and (), S) x (A,0) are isomorphic. In particular, every W-unfolding
of a germ f is, up to A-equivalence, an unfolding of f.

ExXAMPLE 2.10. (A family of tetrahedral reflection mappings). Let &4 be the
group of symmetries of a tetrahedron, as in Example 2.4. Consider the family of
reflection mappings

St =wly,: V> C with Yy = {u=t2v+w)}

Equivalently, we may parametrize ); by (,y) — (t(2z +1v),z,y) and think of £
as mappings C? — C3 of the form

(x, y) — (t2(2x—|—y)2 + a2 4+42, (t2(2:13 +y)? — m2)y, (2t2(2w +y)? — y2) (2:102 - y2)>

As it turns out, Vo = {u = 0} = Fix(1 2) is one of the reflecting hyperplanes of
&4. Since 64 acts transitively on its reflecting hyperplanes, we have W)y = &,
thus

g™ = w() = w(e),

which means that the image of fo64 is precisely the discriminant of the
orbit map w.

2.4 The degree of a reflection mapping

Before turning our attention to the image and double point spaces, we show how
the degree of a reflection map is encoded by the stabilizers of ) in a very simple
way. This is essential to our study of the image in the hypersurface case, but it
applies to all dimensions.

In this work, when we talk about the degree of a mapping f: YV — Z, we mean the
number of preimages of a generic point in f()). For this to make sense, there must
be an open dense subset of f()) on which this number of preimages is constant.
This happens if f(Y) is irreducible and f: Y — f(J) is proper. The degree of a
finite map-germ is defined by taking a proper representative. For mappings where
f () fails to be irreducible, a different degree is associated to f on each irreducible
component of f(J).

PROPOSITION 2.11. Let f be a reflection mapping such that f: Y — f(Y) is proper
and f() is irreducible. The degree of f is |WY : Wy|.

Proof. The degree of f is the number of preimages of a generic point in w()), that
is, the number of points in WuN)Y, for u in a certain open dense subset Uy C ).
Observe that, given o € W and u € Y, the condition ou € Y may hold even if o
does not fix the set ), that is, even if o ¢ WY. But, by definition of WY, this must
happen only on a proper closed subset of Y. Hence, there is an open dense subset
Us C Y such that the orbit of u € Us by the action of Wy/Wy is Wun). Since
WY /Wy acts faithfully on' Y, there is an open dense subset Us, such that the orbit
of a point u € Us consists of |WY : Wy| points. Since Uy NUs NU3 # (B, the claim
follows. O
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EXAMPLE 2.12. Consider the mapping f(x,y) = (2, y*, zy) of Example 2.7. One
sees that the subgroup of Z/k x Z/k preserving Y = {ug = ujus} is

(Z/k x Z/k)Y ={(1,-1)) = Z/k,

while no non trivial element of Z/k x Z/k preserves ) pointwise. Therefore, the
mapping f is generically k-to-one. The mapping fo6 * of Example 2.10 has

G4Y =((12),(34)) 2 Z/2 x Z/2 and Gy, =((12)) =Z)2.
Therefore, fo6 4 parametrizes the discriminant of w in a two-to-one way.

COROLLARY 2.13. Let f be a reflection mapping such that f: Y — f()) is proper.
Then, f is generically one-to-one if and only if, for all o € W\ {1}, dim((YNoY)\
Fixo) <n—1.

Proof. We may assume w()) to be irreducible, for neither the generically one-to-
one property nor the condition dim((Y N oY) \ Fixo) < n — 1 will be affected if
we consider the irreducible components of w()) separately. The condition dim(() N
oY)\ Fixo) < n — 1 is equivalent to the statement that any o € W must satisfy
either Y # o) or Y C Fixo, that is, that any o € WY must be contained in Wy.
|

In order to prove Theorems 3.2 and 5.2 below, we use a deformation lemma.
Since the proof is slightly involved and the statement is quite clear, we postpone
the proof until Appendix A.

LEMMA 2.14. (Generically One-To-One Unfolding). Any multi-germ of reflection
mapping admits a one-parameter W -unfolding, given by Y CVx C, such that
dim(YNoY) < dimY, for all o € W\{1}. In particular, this unfolding is generically
one-to-one.

2.5 Fitting ideals

It is well known that the image of a finite holomorphic mapping is an analytic set
(indeed, it is enough for the mapping to be proper). However, given an unfolding
F = (ft,t), the ideal of the image of f; need not be the same as the result of
computing the ideal of the image of F' and replacing ¢t = 0. This is a problem for
the study of singular mappings, where deformations are regarded as an essential
part of the theory. Luckily enough, there is a solution consisting on declaring the
image of a finite mapping f: ) — Z to be, rather than just a set, a complex space

Imf = V(]:0<f*0y))7

where Fo(f+Oy) stands for the Oth Fitting ideal sheaf of the pushforward module.
This sometimes gives Imf a non-reduced analytic structure, but this is the price
we pay in order for the analytic structure to behave well under deformations. For
map-germs, one uses the Oth Fitting ideal, written Fy(f.Oy). For information about
Fitting ideals, we refer to [18]. We only include here the results we need.
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PROPOSITION 2.15. If F = (f;,t): Y x A — Z X A is a finite mapping and € € A
then V(]‘—o(fE*Oy)) = V(]:()(F*Oy)) N {t = 6}.

PROPOSITION 2.16. Let f: X — C"* be a finite mapping defined on a reduced
n-dimensional Cohen-Macaulay space, and assume the irreducible decomposition of
X to be X1,...,X,,. Let g; be a generator of the ideal of f(X;) in C" L, and let d;
be the degree of f restricted to X;. Then Fo(f+Ox) is a principal ideal, generated

by
m
g=]]94"
i=1

The first result follows from [18, Lemma 1.2], the second is [18, Proposition 3.2].
The next one is a slight modification, tailored to our needs:

PROPOSITION 2.17. Let f: X — C"*! be a finite map-germ defined on an
n-dimensional Cohen-Macaulay space. Let Xi,...,X, be n-dimensional Cohen-
Macaulay complex spaces, forming a set-theoretical decomposition X = Ui_; X;,
where X; and X; have no common components if i # j. Assume each X; to be
isomorphic to X on an open dense subset of X;. Then,

Fy(£.0x) = [ Fo((f1x.)+Ox.).

=1

Proof. Let X be the disjoint union of the spaces X; and take the obvious mapping
f: X —Cntl, Since being Cohen-Macaulay is a local property satisfied by each of
the X;, the space X is Cohen-Macaulay. Since

s

f*of( = @(ﬂXi)*on

i=1

it follows from the construction of Fitting ideals that Fo(f*(’);() =
I_, Fo((flx,)«Ox,). Since f and f are the same map on an open dense subset
of their targets, it follows that the stalks of Fo(fiOg) and Fo(f.Ox) are the same
on that open dense subset. But Fo(f*OX) and Fy(f.Ox) are principal ideals, hence
they must agree. d

3. The image of a reflection mapping J" — C"t!

In this section, we describe explicitly the equation of the image of a reflection map
Y* — C™*. For any finite map-germ f: (V™,0) — (271 0) between complex
manifolds, the ideal Fy(f.Oy) is principal (this holds, more generally, whenever )
is an n-dimensional Cohen Macaulay space, and it follows from [18, Section 2.2]).
Hence, letting g be a generator of Fy(f.Oy), the image of f is

Imf = V(g).

Putting together Proposition 2.16 and Corollary 2.13, one obtains what follows:
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PROPOSITION 3.1. For any reflection mapping Y" — C"t1, the space Imf is
reduced if and only if f is generically one-to-one, if and only if Aim((Y N o)) \
Fixo) <n—1, for allc € W\ {1}.

Now consider a section of w, that is, a mapping s: C"*! — V), such that wos =
idgn+1. Observe that (unless W is trivial), such s is necessarily discontinuous and
that, for all z € C"! the orbit Ws(z) is exactly the fibre w=1(z).

THEOREM 3.2. For any reflection mapping Y™ — C™1, Imf is the zero locus of

g= H(UL)OS,

ceW
where s: C"T1 — V is a section of w. Equivalently, g(X) = HuEW_l(X)L(u)‘Wu|.

REMARK 3.3. The expression g = II,ew (0L)os is not a holomorphic factorization
of g, since the section s: C"*! — V of w cannot be chosen to be continuous,
let alone holomorphic. It is nonetheless a practical way of computing f()), because
sometimes a section s can be written explicitly (see Examples 3.6 and 3.7) and
because, even when writing down a section s explicitly is impractical, the expression
g = H,ew(oL) o s serves as an intermediate step to compute g by elimination of
variables (see Example 3.10).

Proof. 1t is immediate that g vanishes precisely at Imf, hence we must check that
g is holomorphic and that the analytic structure of V(g) is that of V(Fu(f.Oy)).
This may be verified locally in the target and, for simplicity, we will do it just at
the origin.

Before comparing both structures, we show that g is holomorphic and study the
space V(g). The ring homomorphism w*: 0,41 — Oy o may be identified with the
inclusion OE‘T o = Ov,0, where ng o stands for the subring of W-invariant germs.
This identifies the ideal w; ' ((IlyewoL)) in Opyy with (lzewoL) N OV, From
the fact that (Il,ewoL) is a principal ideal generated by a W-invariant function, it
follows that (Il,cwoL) OO{’XO is precisely the ideal generated by I,cw oL in OKO.
In particular, w; ! (Il,ewoL) is a principal ideal generated by a holomorphic func-
tion g, such that Il,cyoL = §ow. Since w is surjective, the function § is uniquely
determined, not only among the holomorphic functions, but among all functions
C"*1 — C. Since the function g(X) = I,e,-1(x)L(u)""! satisfies the desired
equality, we conclude g = g and, in particular, g is holomorphic. Moreover, we have
identified the coordinate ring of V(g) with the quotient of O}’ by (Ilyewo L)NOY .
Note that this ring is a subring of Oy /(Il,ewoL).

Now we show V(g) = V(Fy(f+Oy)). Obviously, the explicit formula given for g
behaves well under W-unfoldings in the same way Fy(f«Oy) does for any unfolding
(see Proposition 2.15). Consequently, it suffices to show the isomorphism for an
unfolding of f. Hence, in view of the Generically One-to-One Unfolding Lemma
2.14, we may assume f to satisfy dim(YNo)) < n—1. Since V(g) and V (Fo(f.Oy))
are the same at the set-theoretical level, it suffices for both spaces to be reduced
for them to be equal. The space V (Fy(f+Oy)) is reduced by Proposition 3.1. At the
same time the condition dim(Y N o)) < n — 1 is equivalent to the condition that
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V(IIyewolL) is reduced, which forces V(g) to be reduced because, as we mentioned
before, the stalk of Oy (, is a subring of the stalk of Oy /(Il,ewoL). O

REMARK 3.4. Our proof of Theorem 3.2 has the virtue of depending on
few ingredients, namely the fact that Fy(fxOy) is reduced for mappings
which are generically one-to-one (Proposition 2.16), the behaviour of Fitting
ideals under deformations (Proposition 2.15) and the fact that reflection
maps admit generically one-to-one W-unfoldings (Lemma 2.14). The strat-
egy of passing to a good deformation is a standard technique and is similar
to the way we prove Theorem b5.2. However, Theorem 3.2 can be proven
without resorting to deformations, by studying a presentation of f.Oy.
A sketch of the proof is as follows: consider the commutative diagram
W Oy —> w, Oy 1.0y 0

o

8

Ogﬂ - OZ-H
where T is the O,,11-linear endomorphism defined by the multiplication by L and ®
is the isomorphism determined by a minimal set of generators go, . . ., gq of w.(Oy).

The sequence OfH_l — OfH_l — f«Oy — 0 is a presentation of f,Oy and, by
definition, the 0-Fitting ideal Fy(f«Oy) is generated by the determinant of the
matrix of 8. By [17, Corollary 11.10], the determinant is exactly the function

g )= JI L@ = TJI L™= 1] (L) osX),

uEw1(X) uEw1(X) oceW

where mult, (w) stands for the number of preimages of a generic value in the image
of (a representative of) the germ of w at u, which is easily seen to be equal to |W™|.

M.B. Gama and O.N. Silva [6] have described explicitly the presentation matrix
of f.Oy in the particular case of reflected graphs (see Example 2.7). This allows
them to recover Theorems 3.2 and 5.2 for reflected graphs. A great advantage of
having the presentation matrix is that one can use it to compute not only Fy(f.Oy),
but all Fitting ideals Fj(f«Oy), which define double, triple, and higher multiple
points in the target of f.

REMARK 3.5. The same formula applies to compute images of singular hyper-
surfaces. To be precise, if Y = V(L) C V is a singular hypersurface (instead of
a complex manifold), then g = Il,cw (0L) o s computes a generator of the ideal
Fo((w},,)«Oy), which defines the image of J by w. Briefly speaking, the formula
holds because it is correct on the dense open subset where ) is smooth, but this
forces it to be correct everywhere. If ) is non-reduced, one shows the claim by
taking a W-unfolding with reduced generic fibre.

EXAMPLE 3.6. Consider the group Z/d; x --- x Z/d,.1 acting on C"*! as in
Example 2.2. Then,

B N
g= [ Elepxa,. .. ey xma).

0<a;<d;
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One does not need to worry about the definition of the complex dth root, because
any choice of a section of w will give the same final result.

Take, for example, the fold mappings (z,y) — (z,y?, yP(z,y?)) of Example 2.7.
The ideal of Y is generated by L(u,v,w) = w — vP(u,v?), hence the image is the
zero locus of

g=(Z-VYP(X,Y))(Z+VYP(X,Y)) = 2% - YP*(X,Y).

For double folds (z,y) + (22,y% 2P (22, y?) + yPa(a?,y?) + zyP3(2?,4?%)) (also
Example 2.7) one has L(u,v,w) = w — uPy(u?,v?) — vPy(u?,v?) — uvPs(u?,v?)
and, writing P; = P;(X,Y), one gets

g=(Z —NXP, —VYP, —VXYP3) - (Z+VXP, — VY P, + VXY Ps)-

(Z —VXP,+VYP,+VXYP3)- (Z+VXP, +VYP, — VXY P3)
=(Z> - XP} - YP} - XYP})? —4XY (2P, P,P; + P?P} + XP?P} + YPiP?).
As a final example using the same reflection group, the image of the map-germs

fldd2.ds) of Example 2.8, given by (x,y) — (z%,y%, (x + y)%), is defined by the
vanishing of

o= I @xb ey —gooh)
0<a;<d;

EXAMPLE 3.7. (Image of fP¢). Consider the Dg-reflected graph of Example 2.7,

5 (ayy) = (2 4P 2% 20 + ).

A generator of the ideal of Y is L(u,v,w) = w — 2u — v and a section of w is, for
example,

_ 2 _
(Xv.2)= |y X VXEZAY

Multiplying the elements in the orbit of L = w — 2u — v gives the function

H oL =(w—2u—v)(w+2u—v)(w—2u—v)(w—2u+0v)
oceW
(w+2v 4 u)(w—2v + u)(w~+ 2u + v)(w+ 20 — u).

Taking the composition with s, the square roots vanish and we obtain the expression
g =16X*-200X%Y +625Y%—40X>3Z*+70XY Z*+33X% 2 —14Y Z* 10X 2%+ Z8.
The same method gives the equation of the image of
D5 (x,y) — (22 + 92, 22?227 + 3zy — y? + 2% + 8a?y — 2u9® — 2%,

but it is too big to be written here. Both surfaces are depicted in Figure 1.
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REMARK 3.8. Let f = (w,H) be a W-reflected graph, and let dy,...,d, be the
degrees of the coordinates functions of w. If H is homogeneous of degree d, then f
is obviously homogeneous, with degrees dy, ..., d,,d. As a consequence of Theorem
3.2, the function g defining Imf is quasi-homogeneous with weights dy,...,d,,d
and degree d|W|.

2.6 Computing the image via elimination of variables

Computing explicit expressions of sections of orbit mappings can be hard and,
even if we manage to find them, the formula Il ¢y oL o s becomes too tedious to
compute by hand when we take bigger reflection groups. If we try to implement the
expression in some computer software, we face the fact that the coordinate functions
of sections are non-polynomial, which is a problem when using commutative algebra
software such as SINGULAR. Here we introduce two alternative ways of computing
the ideal Fy(f+Oy) defining the image, without resorting to sections of w. As a
trade-off, this methods use elimination of variables, which is less explicit, but it is
a task computers are happy to do, or at least to try to.

In the case at hand, elimination of variables means what follows: Consider the
ring Clu, X] of polynomials on the variables g, ..., u, and Xi,...X, (the same
works for, say, the ring of germs of holomorphic functions at the origin). Contained
in Clu, X], there is the ideal

= (I] eL@) + (X1 = wiw),..., X, = wy(w),
oceW

and the subring C[X] of polynomials in Xi,...X,. Then, J N C[X] is an ideal
in C[X], said to be obtained by eliminating the u variables in J. Alternatively,
consider the ring homomorphism

w*: C[X] = Clu],
given by H +— H ow. Then, the elimination can be expressed as

JNCIX] oL(u
I
oeW

PROPOSITION 3.9. For any reflection mapping f: Y* — C"Hl, Imf is the zero
locus of
>)|Wy:Wy|

Fo(£.0y) = )" ]] oL) = (@)L

ceW

Proof. The first equality was shown in the proof of Theorem 3.2. For the second
equality, let

K = (L(u) + (X1 —wi(u),..., X, —wp(u)),

Since V(K) =2 V(L) =Y, it follows that K is radical, hence K N C[X] is radical.

This means that K N C[X] is the (radical) ideal of the image of f. At the same
time, we know by Proposition 2.11 that the degree of f is |W? : Wy)|. Putting both
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Figure 2. The images of fé;“ and fle“.

things together, the equality Fy(f«Oy) = (KN (C[X])'Wy:Wyl is a direct application
of Proposition 2.16. O

In practice, our experience shows that computing (w*) ! (Il,ep o L) is faster than
computing (w*)~!(L), probably due to the fact that l,ew oL is a W-invariant
function.

ExXAMPLE 3.10. Consider the family of & ,-reflection mappings of Example 2.10.
Sections of the orbit mapping of &, have horrendous expressions, so computing
Imf by means of the expression Il,cy oL o s of Theorem 3.2 is not convenient. In
contrast, SINGULAR computes (w*) ! (Il,ewoL) in no time. The equation of the
image of the unfolding F' = (f¢, 1) is too long to write here but, for t =0 and t = 1,
we obtain the following equations:

Imf064 =V(g), g=22% +a2*2 —27y* — 18zy%z — 22227 + 2%)?,

Imf4 =V(g), g=6146562'2 — 1748225922y — 160202562'%2
+ 1035669296425y + 8002882202712z 4 1537383212822
— 19833300936423y° — 3390124395024y 2 — 6623453642572 22
— 6858285162°2% + 1202174306137y® + 372758486548x15 =
+ 78763282082y 2% — 116340695623y% 23 + 154692832621 2%
+ 40000919994y 2% + 128422602021 2* — 171375930022 2°
+ 74120062525.

The hypersurces Im fo6 4 and Im fl6 4 are depicted in Figure 2. Recall that Im foG 4 s
the discriminant of w, with non-reduced structure, and that the exponent 2 in the

equation reflects the fact that fo6 * has degree two (see Example 2.12).
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REMARK 3.11. The calculations shown before have been carried out by means of
a SINGULAR library for reflection mappings, being developed by the authors of this
paper. We are happy to send the latest version to anyone interested.

4. Decomposition of the double point spaces Ks(f), D?>(f) and D(f).

Given a germ of singular mapping, studying only the equations of the image some-
how means forgetting that these are parametrizable singularities, that is, that these
singularities are obtained by gluing a disk by means of a holomorphic mapping (or
several disks, in the multi-germ case). Instead, it is usual to study singular map-
pings by means of their multiple-point spaces, which are spaces designed to encode
how points in the source glue together to form the image of the map.

There are double point and triple point spaces, as well as higher multiplicity
ones, but here we restrict ourselves to double points. Even then, there are several
different double point spaces one can consider. Our original interest is to prove
an explicit formula for the double point space D(f) C ) in the case where f is a
reflection mapping given by a hypersurface Y C V (see Theorem 5.2. The definitions
of D(f) and other double point spaces are given later in this section). However,
as the logical structure of this and the following section reveal, this is best done
by studying first the double point space D?(f) € Y x Y. This in turn requires
looking at a more abstract double point space K?2(f), which enjoys a key functorial
property (Proposition 4.2). The results before Section 5 do not require Y to be a
hypersurface and are given for all codimensions.

4.1. Decomposition of the double point space Ks(f)

Here we study, in the case of reflection mappings, the double point space K2(f)
studied by Ronga [24] and Kleiman [10]. We skip many details in the description
of this double point space for general mappings, for which we refer to [20, 24].
Let )Y be an n-dimensional complex manifold and assume that it admits a global
coordinate system (This is for the sake of simplicity, a standard gluing process
shows the results in this section to be valid in general). We write the blowup of the
product of two copies of ) along the diagonal as

By(Y) = Blay(Y x V) = {(u,v/,v) € Y x Y x P" ! | v A (v —u) =0},

where v A (v — u) = 0 is a shortcut to indicate the vanishing of all 2 x 2 minors of

the matrix
wy—uy ... oul, —ul,
(%1 PN Un ’
We write the exceptional divisor as E = AY x P?*~1.
Now let f: Y — Z be a holomorphic mapping between manifolds (not necessarily
a reflection mapping) of dimensions n and p, both admitting a global coordinate
system. Think of v’ — u and f(u') — f(u) as a vectors with entries in Oyxy, of

sizes n and p, respectively. By Hilbert Nullstellensatz, there exist a p X n matrix
ay, with entries in Oyyy, such that
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f) = flu) = ap (0 —u)
Then, Kleiman’s double point space is
KQ(f) = {(uaulvv) € BQ(y) | af(ua u/) ‘U= 0}

The proof that Ks(f) does not depend on « is in [16, Proposition 3.1]. Away from
the exceptional divisor, Ka(f) is just the fibred product

Ko()\E= (Y xzY)\AY,

via the blowup map. On the exceptional divisor, K5 (f) keeps track of the kernel of
the differential of f, as follows:

Ky(f)NE = {(u,u,v) € Ba(Y) | v € kerdf,}.

PROPOSITION 4.1. 20, Corollary 5.6] The dimension of Ko(f) is at least 2n — p.
If K5(f) has dimension 2n — p, then it is locally a complete intersection.

The double point spaces K> enjoy the following key functorial property, very
much related to the construction of reflection mappings. First, any embedding of
complex manifolds, ) < V, induces an embedding B?()) — B2(V).

PROPOSITION 4.2. ([20, Theorem 2.13]) Given a mapping F:V — Z between
complex manifolds, the double point space of the restriction f=F,: Y — Z is

Ka(f) = K2(F) N Ba().

In particular, the double points of reflection mappings are slices of the double
points of orbit mappings. Conveniently enough, we understand Ks(w) quite well.
Fixed o € W\ {id}, let r = dimFixc and choose linear mappings ¢,: V — CP~"
and ¢+:V — C", so that

Fixo =V ({,) and  (Fixe)t =V (£2).

The following description of K?(w) is found (with different notation) in [22,
Theorem 7.6]:

PROPOSITION 4.3. The double point space Ko(w) is a p-dimensional reduced locally
complete intersection, with irreducible decomposition

KQ(w) = U Kg7
ceW\{1}

where K§ is the blow-up of {(u,ou) | v € V} along AFixo, embedded in B2(V) as
K3 = {(u,0u,v) € B*(V) | {; (v) = 0}.

In view of Proposition 4.2, the space K5 of reflection mappings must inherit a
W\ {1}-indexed decomposition:
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DEFINITION 4.4. For each o € W\ {1}, we let K§(f) = B2(Y) N KY.

As we just mentioned, this gives the set-theoretical decomposition

()= | K.

ceW\{1}

Observe that neither Ks(f) nor K§(f) need to be reduced, so there is no natural
way to upgrade the previous decomposition into a union of complex spaces, because
(to the best of the authors’ knowledge) the meaning of a union in the category of
complex spaces is unclear. In any case, since the order of W is finite, Ka(w) and
K9 are locally equal topological spaces at points z € K§ not contained in any
other K, 7 # o. Moreover, since both spaces are reduced, Ks(w) and K§ are
locally isomorphic complex spaces at such points. This means that the comparison
of analytic structures in the above equality is only problematic at points where
different branches K3 (f) and KJ(f) meet. To be precise, we have observed what
follows:

LEMMA 4.5. Let z € Ko(f) be a point contained in K§(f). If z is not contained in
KI(f), for any T # o, then Ks(f) and K§(f) are locally isomorphic at z.

Now we want to refine our description of K§(f). Again, we may think of L and
oL as vectors with entries in Oy,. Then, there is a (p —n) x (p —r) matrix o, with
entries in Oy, such that

o 'L —L=0a51,.
Also, consider the involution ¢: V x V — V x V, given by (u,u’) — (v/,u). This
mapping lifts to an involution 7: B%(V) — B2(V) taking Ks(f) onto itself.

PROPOSITION 4.6. With the above notations, the branch K§(f) is the complex
space

K3 (f) ={(u,ou,v) € K3 | L(u) = 0,a7 (u) - £ (v) = 0}
and it has the following properties:
(1) The dimension of K§(f) is at least 2n — p. If K§(f) has dimension 2n — p,
then it is locally a complete intersection.

(2) The blowup mapping Ba(Y) — Y x Y takes K§(f)\ E isomorphically to the
space

{(u,ou) |u e (YNo~tY)\ Fixo}.
(3) As sets,

KS(f)NE = {(u,u,v) | u € Y NFixo,v € P(T,Y NFixo™)}.
(4) The involution i takes K§(f) isomorphically to Kéoil)(f).
Proof. The space in question is defined as K§(f) = B2(Y) N Kg. Consider the

(p — n) X p matric oy, with entries in Oyxy, satisfying L(vw') — L(u) = arp(u,u') -
(u/ — ). This allows to describe Ba()) as the closed submanifold of Ba(V)
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Ba(Y) = {(u,u',v) € Bo(V) | L(u) = 0, ap(u,u') - v =0}

To see this, it suffices to check that the space on the right-hand side of the equality
is the strict transform of ¥ x Y in Ba(V). This in turn is true because this space
has dimension 2n, making it a complete intersection by counting equations, and it
is isomorphic to Y X Y away from E, while the equations prevent it from having
irreducible components contained in E. Now, to finish the description of Kg(f) in
the statement, it suffices to show that, for points (u,cu,v) € Kg, the conditions
arp(u,ou) -v = 0 and af(u) - £,(v) = 0 are equivalent. For simplicity, we may
identify V = Fixot @ Fixo, so that any vector is of the form u = (uy,us), with
ly(u) = uy and €5 (u) = ug. Any point (u,ou,v) € K§ satisfies {+(v) = 0, which
means that the equation ar(u,ou)-v =0 has the form

(A(u,ou) | B(u, 0u)> ( 18 ) =0.

Hence A(u,ou).l, = 0~ 'L — L and we may take o (u) = A(u,ou).

Item (1) is an easy equation counting: Kg is a p-dimensional manifold, on which
we impose 2(p —n) equations. To see item (2), observe that (u,ou) is contained in
E if and only if u € Fixzo, and that away from E, the equations af (u) - ,(v) =0
and L(u') — L(u) = 0 are equivalent. Item (3) follows from the equalities B%(Y) N
E = {(w,u,v) | v € Y,v € PILY} and K§ N E = {(u,u,v) € B*V) | u €
Fixo,v € Fixot}. For item (4), we already know that i is an automorphism on
Ks(f) and, since it has the form (u,ou,v) — (ou,u,v), it must take K3 (f) to

Kéoil)(f). This must happen isomorphically, since otherwise © would fail to be an
automorphism. O

EXAMPLE 4.7. Consider the map-germ
f(dl’m’dS) : (‘T7y’ Z) = (xd1,yd272d37 ('I + Yy + Z)d45 (l’ -y + 22)d5)7

from Example 2.8. The equations of ) are L = (u1+us+usz—ug, ug —ug+2uz—us) =
0. To illustrate the calculation of KJ(f), take, for instance, the elements of the
form o; = (a1,...,a4,0,...,0), i =1,...,5, with 0 < a; < d; (see Example 2.2
for notation). The pointwise fixed spaces are given by the vanishing of ¢, (u) =
(u1,...,u;). From the equations 0 ™'L — L = aJ - £, one concludes that o' is the
matrix defined by the first ¢ columns of

(&1 gl g - o
P e ey 2o 0 e -

Since, for i = 1,2, aJ’ is injective, the equation o’ - {5, (v) = 0 forces £,,(v) = 0.
This, added to the condition ¢Z (v) = 0 for points in (u,ou,v) € K3, forces v =10
and, since a point v € PP~! cannot have all its coordinates equal to zero, we
conclude KJ°(f) = 0. KJ3(f) is a line lying on the exceptional divisor, and it is a
complete intersection. K5*(f) is a line lying on the exceptional divisor. K5°(f) is
the union of a line and a 2-dimensional component lying on the exceptional divisor.
This branch is not a complete intersection (indeed, it is not even Cohen Macaulay).
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4.2 Decomposition of the double point space D?(f)

Now we study a different double point space. As a set, D?(f) C V x V is just
the projection of Ks(f). As a complex space, this space was introduced in [16].
The results for which we give no proof can be found in [19]. Let f: Y — Z be a
holomorphic mapping between complex manifolds, as in the previous section. We
define

D*(f) = V((f x )" (Ia) + In(ay)),

where I stands for ideal of the diagonal AZ and I, (ay) is the ideal generated by
the n x n minors of s (see [16, Proposition 3.1] for the independence of af). As it
is the case with K5 (f), the space D?(f) has a nice analytic structure whenever it
has the right dimension.

PROPOSITION 4.8. The dimension of D*(f) is at least 2n — p. If D*(f) has
dimension 2n — p, then it is a Cohen-Macaulay space.

As we mentioned, set theoretically, D?(f) is the projection of Kz(f), that is,
D*(f) ={(u,u) € Y x Y [u' #u, f() = f(u)} U{(u,u) € AX | 1k(df,) < n}.

Going back to the reflection mapping setting, by letting DJ(f) be the image of
K3(f)in Y x ), we obtain a set-theoretical decomposition

D= J DI,
ceW\{1}

and clearly DJ(f) = {(v,ou) € V xV | L(u) = L(ou) = 0,keraf(u) # 0}.
We improve this description by giving DJ(f) an appropriate analytic structure by
means of explicit equations.

DEFINITION 4.9. Let 0 € W\ {1} and r = dim(Fixo). If r = n, then let

D3 (f) = {(u,ou) € V x V| L(u) = L(ow) = 0, I, r(af (u)) = 0},

where I,_,(af) are the (p — 1) X (p —r) minors of af. If r < n, then let
D3 (f) ={(u,ou) € V x V| L(u) = L(ocu) = 0}.

The proof that this definition is independent of the matrix o is, mutatis
mutandis, the one of [16, Proposition 3.1].

PROPOSITION 4.10. For every o € W\{1}, the complex space D3(f) defined above
is, as a set, the image of K§(f) on'Y x Y, and it has the following properties:

(1) The dimension of D(f) is at least 2n — p. If dimDJ(f) = 2n — p, then
D3 (f) is Cohen-Macaulay. If furthermore o is a reflection or dimFixo < n,
then DS (f) is locally a complete intersection.

(2) Away from AY, we have an equality of complex spaces

DS(f)\AY = {(u,ou) |u e (YNo 'Y)\ Fixo}.
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(3) As sets,
D3(f)NAY = {(u,u) | u € Y NFixo, T,Y N Fixat # 0}.

(4) Let (u,ou) € DI(f), assume that v ¢ Fixc and that (u,ou) ¢ DI(f), for
all T # o. Then, D?(f) and DS (f) are locally isomorphic at (u,ou).

(5) The involution v takes D3(f) isomorphically to Déﬂil)(f).

Proof. We know that the image of K§(f) in Y x Y is the set of pairs (u,ou) €
Y x Y, such that ker af(u) # 0. Letting r = dimFixo, the matriz of has size
(p—n)x (p—r). Therefore, af must have non-trivial kernel automatically if r < n.
Whenever r > n, the conditions ker o (u) # 0 and I,_,(af(u)) = 0 are equivalent.
This shows D3 (f) to be the image of KJ(f), as a set.

Now we prove item (1). If dimFixo < n then D3(f) is defined by the 2(p — n)
equations L(u) = L(ou) = 0 on the p-dimensional manifold {(u,ou) | v € V},
hence it is a complete intersection if it has dimension 2n — p. If o is a reflection,
then £, consists of a single entry and, then, we may compute af just by dividing
the entries of L by ¢, that is,

a® — O'_lLl - L1 O'_le,n - Lpfn
L — fo_ goe ey fo_

Now I,_,(ag) is generated by the entries of ag. In this case, modulo the entries
of L, the entries of o~ L are generated by the entries of I,_.(a9), and can be
discarded as generators of the ideal of DY . Just as in the case of dimFixo < n, now
DS (f) is defined by 2(p — n) equations, and it is a complete intersection if it has
dimension 2n — p. If dimFixc > n, the fact that D (f) is a Cohen-Macaulay space
whenever it has dimension 2n — p is a direct application of [5, Thm 2.7, Lemma

Item (2) is obvious if r < n. In the case of r = n we need to show that, locally on
a point (u,ou) € DI(f)\AY, the p—r minors of af are in the ideal generated by the
entries of L and o~ L. Let A be the square submatriz obtained by picking the rows
Jise-yJp—r of af. Let b be the vector with entries 0_1Lj1 —Lj,..., U_leIFT —
Lj, .. Since u ¢ Fixo, there must be some i such that £;(u) # 0. Let A’ be the
matriz obtained by substitution of the i-th column of A by b. By Cramer’s Rule, we
obtain |A| = |A’|/4;(w). The claim follows from the fact that |A’| is clearly in the
ideal generated by the entries of L and o~ 'L.

Item (3) follows directly from Item (3) of Proposition 4.6.

Observe that item (2) can be restated as the fact that DS(f)\ AY and K§(f)\ E
are isomorphic. At the same time, D*(f)\ AY and Kz(f)\ E are isomorphic (this
is true because both spaces are isomorphic to (¥ xy V) \ AY. This is easy to see
from the equations of D*(f) and from the definition of Kx(f) given in [20]). From
this point of view, item (4) is the same as item (2) from Proposition 4.6. Finally,
item (5) is proven in the same way as item (4) from Proposition 4.6. O

ExXAMPLE 4.11. Consider the map-germ

JE ) (g, 2) o (a8, y ™, 2%, (@ +y + 2N, (2 -y +22) ),
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from Example 4.7. With the notations that we used there, we obtain D3*(f) =
D32(f) = 0 because, in both cases, a]' has maximal rank. On the other hand, for
i =3,4,5, dimFizo; < 3, therefore

D3'(f) = {(y,00) | L(y) = L(oy) = 0}

These spaces must be lines, because their equations are linear and we know a priori
that f(%95) is A-finite [22, Lemma 9.10 and Proposition 9.8], which forces the
double point space to be a reduced curve.

REMARK 4.12. In the case of p = n + 1, every branch DJ(f) having dimension
n — 1 is locally a complete intersection. This is remarkable, since it is well known
that there are germs (C",0) — (C"*! 0) whose double point space D?(f) has
dimension n — 1 but is not complete intersection. Proposition 4.10 shows that, for
reflection mappings Y™ — C"*1 we can split D?(f) into the branches D§(f), and
these branches are complete intersections.

4.3 Decomposition of the double point space D(f)

If f: Y — Zis a finite holomorphic mapping between complex manifolds (not neces-
sarily a reflection mapping), then the mapping 7: D?(f) — ), given by (y,4') — ¥,
is finite. The source double point space D(f) is defined as the image of 7, that is,

As a set,

D(f) ={ue Y [|If (f)l > 1}U{ue Y |rk(df,) < dim)}.

Now come back to the reflection mapping setting. Since we have the set-
theoretical decomposition D?(f) = U, D3 (f), then the set D(f) = w(D?(f)) must
be the union of the sets w(DJ(f)).

DEFINITION 4.13. For any o € W\ {1}, we define D, (f) = V(Fo(mOpg(y)))-
We obtain the set-theoretical decomposition
o= UJ D.(h):
ceW\{1}

Since the equations v’ = ou are among the equations defining DJ(f), the
spaces m(DZ(f)) and DJ(f) isomorphic. Hence the spaces D, (f) may be described
equivalently as follows: Let » = dimFixo. If » > n, then

Do(f) ={ue YNo™'Y | I,-r(af(u)) = 0}
If » < n, then
D,(f)=YnNno Y.

As the spaces DJ(f) and D, (f) are isomorphic, Proposition 4.10 can be recast
as a result about D, (f).
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PROPOSITION 4.14. For every o € W \ {1}, the complex space D, (f) has the
following properties:

(1) The dimension of Dy(f) is at least 2n — p. If dimD,(f) = 2n — p, then
D, (f) is Cohen-Macaulay. If furthermore o is a reflection or dimFixo < n,
then Dy (f) is locally a complete intersection.

(2) As complex spaces, D, (f) \ Fixo = (Y No~1Y) \ Fixo.

(3) As sets,

Dy (f) NFixo = {u € Y NFixo | T,Y N Fixo™ # 0}.

(4) Let uw € D,(f) \ Fixo such that u ¢ D3 (f), for all T # o. Then, D(f) and
D, (f) are locally isomorphic at u.
(5) Dy (f) is isomorphic to Dy—1(f) via o.

If there is no risk of confusion, it is common to write D instead of D(f). Similarly,
we may sometimes write D, for D,(f). This notation appears, for example, in
Example 5.3.

5. A formula for D(f) in the hypersurface case

Let f: Y* — Z"*! be a finite mapping between complex manifolds (not neces-
sarily a reflection mapping). The Oth Fitting ideal Fo(m.Op2(y)) of the projection
m: D?(f) — Y is then a principal ideal (if dimD?(f) = n — 1, this is true because
D?(f) is Cohen-Macaulay, see the first paragraph of Section 3. In the case of
dimD?(f) = n, one simply gets the zero ideal). We usually write A\ € Oy for a
generator of this ideal, so that

where, according to the description given below Definition 4.13, the functions A,
are

o 'L-L : : :
g === if ¢ is a reflection

o=y (1
o 'L — L, otherwise

Observe that, even though L vanishes on )/, we have chosen to keep the term L
in the A\, expressions. This allows for the divisibility by ¢, to hold on the ambient
space V, making computations easier.

Before giving an explicit formula for the double point space D(f), we need the
following technical lemma, whose proof is in Appendix A.
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LEMMA 5.1. (Unfolding With Good Double Points) FEvery multi-germ of reflection
mapping f: (Y™, Wy) — C*"L admits a W-unfolding F, such that, for all o,7 €
WAL},

dim(D, (F) N FixT) < dimD, (F).

THEOREM 5.2. As a complex space, the double point space D(f) is the zero locus

of
A= H Ao

ceW\{1}

Proof. The expression Il ey (13Ao behaves well under W-unfoldings obviously,
and it is well known that D(f) behaves well under general unfoldings (see, for
example, [19]). Therefore, we may assume f to satisfy the conditions of Lemma
5.1 and to be generically one-to-one, by the Generically One-To-One Unfolding
Lemma 2.14. The generically one-to-one condition gives dimD?(f) = n — 1, which
forces D2(f) to be Cohen-Macaulay, by Proposition 4.8. From the decomposition
DA(f) = Usen(13 D3 (f) and Item (1) of Proposition 4.10, it follows that the
branches D3 (f) are Cohen-Macaulay spaces of dimension n— 1 as well. We claim
that this, added to the fact that f satisfies the conditions of Lemma 5.1, implies
that D2(f) and D2(f) have no irreducible components in common, for all o # T.
This is true because points in D2(f) N D2(f) are of the form (u,ou) = (u,Tu),
hence satisfy u € Fixo~'7, but dim(D,(f) N Fixo™'7) < n — 1. Now it follows
from Item (4) of Proposition 4.10 that every branch D (f) has a dense open subset
on which D*(f) and D3 (f) are locally isomorphic. Since D2(f) and D%(f) have
no common irreducible components and the isomorphisms D3 (f) — Dy(f) give
FO((W‘D3(1,>)*ODg(f)) = (As), the result follows directly from Proposition 2.17. O

ExXAMPLE 5.3. Consider the Dg-reflected graph

5 (a,y) = (2 + 2 2% 20+ ),

from Examples 2.7 and 3.7. With the notation of the Example 2.3, for the reflections
0,1 = 1,2,3,4, the generators \,, of the ideals of D,, are units, hence D,, = 0.
The spaces D, ,D,, and D,, are lines, given by the vanishing of

App = 2 + 3y, Apy = 4x + 2y, Apy = 3T — 4.

These double point curves are depicted in Figure 3. Since pfl = ps, the branches
D,, and D, are glued together on a single branch f(D,,) = f(D,,) of double
points on the image of f. In contrast, since p; 1 = p,, the branch D,, is glued
to itself to produce the branch f(D,,) on the image. This forces D,, to be ps-
symmetric (or, in other words, it forces D, to have ps as an automorphism). By
contrast D,, is not p;-symmetric, but p; takes D,, isomorphically onto D,,.

A more complex example is the mapping

75 (w,y) = (@ 497, 2%, 207 + 3oy — oy + 22° + 8a%y — 22y” — 2°),
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f(Dy,)

f(Dpy) = f(Dyy)

Figure 3. Double point curves of leB.

also from Examples 2.7 and 3.7. This time the branches associated to reflections
are nonempty, and they are given by the vanishing of

Aoy, = —2(=3x — 827 + 2¢?), Aoy = —3x — 4a? — 3y — ldzy — 4y°,

Aoy =222 +3y —2y%), Ao, = 3(z —y + 21y).

The curves D,, are all regular, and each of them gets glued to itself to form a
curve f(D,,) on the image of f. Consequently, each o; acts as an automorphism
on Dy, (f). The double point branches are depicted in Figure 4. The elements p;
have associated functions

Aoy = 32° + 4a® + 6zy + 62y — 3y* — 107y?, Npp = 4(2° + 42y — xy® — ),

Apy = 322 4 6y + 102y — 3y? + 6xy? — 4y°.

The space D,, consists of two branches Dg) and Dg). Since pfl = ps, the space
D,, ., and its two branches D,(D? and D,()i) (depicted as dashed
lines) are identified with the branches of D,, to form the two branches f (D,(jl)) =
f(D;?), with 7 = 1,2. Finally, the space D,, consists of three branches D,(f;, each
being glued to itself to form the curve f (D,(,Q) on the image of f.

is isomorphic to D

REMARK 5.4. It is well known that the Jacobian Jw (that is, the determinant
of the differential matrix of w) equals the product of the equations of the reflect-
ing hyperplanes of all reflections in W. Consequently, the expression for A can be
rewritten as

HGEW\{I} oL

A= Jw

REMARK 5.5. If f = (w, H) is a reflected graph C* — C"*! and H is homogeneous
of degree d, as in Remark 3.8, then D(f) is homogeneous of degree (|W|—1)d —r,
where r is the number of reflections in |W|.
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Do, (Do) f(Doy)

F(D2) = f(DF))  F(DR) = f(Dy)
) ‘l .

3
Dy

i DC.?) > 2
] f( p_) f(D,S)Q))
J (EEQ)
Dl%)
D/()i)

Figure 4. Double point curves of f2’5.

5.1 The double point curve D(f) of a reflection mapping )? — C3

In these dimensions, the double point spaces are plane curves when they have the
right dimension. Moreover, a germ f: (C%,0) — (C3,0) is A-finite if and only
if D(f) is a reduced plane curve [13]. For these mappings, one is interested in
computing the Milnor number p(D(f)) and the delta invariant §(D(f)). This is
much easier for reflection mappings than it is for arbitrary mappings, thanks to the
following criterion, which follows easily by putting together Hironaka’s yp = 26 —r+1
formula, the additivity of J, and the decomposition A = Il,x1 A, of Theorem 5.2.
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PROPOSITION 5.6. A reflection mapping f: (V?,y) — (C3,0) is A-finite if and only
if all the Milnor numbers p(Dy(f)) and all the intersection numbers Dy (f)- D (f),
with o # 7, are finite. In this case,

o= Y (0. +5 X Delh)DrD),

ceEW\{1} TeW\{1,0}

pDUN = S (Do + D Dolh) - Delf)) + k= W] +2,

ceW\{1} TeW\{1l,0}

where Dy, (f) - Do, (f) = dimc(Oy/ (Ao, Ao, )) is the intersection number of the
branches Do, (f) and Dy, (f) and k is the number of elements o for which Dy (f) = ()
(We follow the convention that §(0) = u(0) =0).

The data of the (Do (f)), 0(Ds(f)), Do, (f) - Dy; and whether a branch D, (f)
is empty can be stored easily in matrix form. Here is a convenient way to do it:

First choose an ordering of the reflection group W = {o9,01,...,0w |1}, where
oo = 1. Let I be the (|JW|—1) x (JW] — 1) matrix with entries
0, if i = jand Dy, (f) # 0,
I 1, if i = jand D,,(f) =0,
Y Doi(f) - Doy(f), if i # jand Dy, (f) - Do, (f) < o0,
_]-7 ifi#jandDUz( ) Daj(f): 9

Let M be the size (|JW] — 1) vector with entries

0, if Do, (f) =90,
M; = S u(Dy,(f)) if Dy, (f)is a reduced curve
-1 otherwise

and define the vector A analogously, but replacing every p(D,, (f)) with 6(D,,(f)).
A —1 value anywhere indicates that D(f) is non-reduced, hence that f fails to be
A-finite. In the absence of any —1, the mapping f is A-finite and the formulae in
5.6 turn into

W|—1 [W|-1
Z Mi+ > Iy — |W|+2,
3,7=1
W1

= Z Ai + Z Lij,
i=1

1<i<j<| W1
Furthermore, the number of branches of D(f) is the sum of the number of branches
of all the D, (f), which is equal to

|[W|—1
> (28— M; — L) + W] — 1.

i=1
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Observe that the matrix I is symmetric and that the vectors M and A must
contain the same value at the positions corresponding to D, (f) and D,-1(f), since
these are isomorphic spaces by virtue of Item (5) of Theorem 5.

EXAMPLE 5.7. Consider the mapping fQD8 of Example 2.7, whose double
point branches were computed in Example 5.3. By ordering the group as
1,01,09,03,04, p1, p2, p3 (see Example 2.3), computing the Milnor numbers and
the intersection number of all pairs of branches, one gets

M =(0,0,0,0,1,4,1), A =(0,0,0,0,1,3,1), I=

N W N~ = = O
N W N = =D =
N W N = O = =

N W NO = =
S OO NN N
DY O O W W W w
O OO N

From this, one computes pu(D(f£*)) = 6 + 104 — 8 + 2 = 104 and §(D(f*)) =
5452 = 5T7.

This same method is efficient when applied to bigger groups. For example, for
the reflection mapping given by the reflection group &4 of Example 2.4 and the
embedding (z,y) — ((x + y)?,z,y), the vectors and square matrix involved have
size 23, but it is better to look at the information in this format than trying to
understand the space D(f) formed by all branches together. For this particular
example, one gets u(D(f)) =399 and 6(D(f)) = 190.

ExXAMPLE 5.8. If f is a reflection graph with homogeneous H, as in Remarks
3.8 and 5.5, then, by ordering W as identity first, then reflections, and then non-
reflections, one obtains

92
M, = (d—2*i=1,...,r 7
(d=1)2i=r+1,...[W|-1

(d —1)%,if oand Tare reflections,
D, (f) - D-(f) =4 d?,if cand Tare non-reflections,
d(d — 1), otherwise

where r is the number of reflections in W. Therefore,
u(D(f)) = (L+d+r—dWwl|)?
(observe that this also follows from Remark 5.5) and

S(D(F) = 5(r(3-+7) = 2d(1+r)(W] ~ 1) + (W]~ 1))

For instance, the map f = f(?1:42:9) from Example 2.8 has u(D(f)) = (1—dy —dy—
d3+d1d2d3)2, and (S(D(f» = 1/2(1—d2—d3+d1(d2d3—1))(2—d2—d3—|—d1 (dgdg—l)).
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6. Obstructions to be a reflection mapping

Given a map-germ f: (C™ 0) — (CP,0), it is natural to ask whether or not f is
a reflection map-germ (recall that this means that f is A-equivalent to an honest
reflection map-germ w o h, see Caution 2.5). Unfortunately, we do not know any
criterion that ensures that f is a reflection map, other than giving an explicit
A-equivalence to an honest reflection map-germ. What we can do is to use the
algebraic and geometrical information about reflection map-germs to justify that f
is not a reflection map-germ or, at least, not a W-reflection map-germ for certain
reflection group W. In this section, we illustrate this idea by showing that Mond’s
map-germ

Ps: (z,y) = (z,2y + y°, 2> — )

is not a reflection map-germ. This is the first example in the classification of map-
germs (C2,0) — (C3,0) which is not obviously a Z/2 or Z/3-reflection map-germ
(see [14, Table 1]).

6.1 Obstructions from corank and A-finiteness

An obvious restriction on the reflection groups that can potentially generate the Ps
map-germ is that they cannot have rank greater than two. This comes from looking
at the corank of f. The corank of a finite map-germ f: (C™,0) — (C?,0) is

corank f = n — rkdfy.

and we say that a W-reflection map-germ is essential if corank f = rkW. The
restriction on the rank of W is the following: The rank of W equals the dimension
of Cy-, for the facet Cy passing through the origin. But, from the chain rule and
the fact that ker dwy = Cf, it follows that

corank f = dim(TpY N C3-).

Therefore, the dimension of Cg- must be at least one, but cannot be equal to three,
because this would force Ps to have corank 2. The general statement is as follows:

PROPOSITION 6.1. Assume that f: (C™,0) — (CP,0) is a W-reflection map-germ
of corank k. Then

E<rtkW<k+p—n.

The mapping Pj is not an arbitrary corank one mapping; it is A-finite and this
could be useful information to decide whether or not it is a reflection mapping.
Even though they do not apply to map-germs (C2,0) — (C3,0) like Ps, this is a
good place to point out some obstructions related to stability and A-finiteness:

(1) There is no stable germ of reflection map of corank > 2, and all stable
essential reflection maps of corank one are fold maps [22, Theorem 8.4].

(2) For p < 2n — 1, there are no A-finite reflection map-germs f: (C*,0) —
(CP,0) with corank f > 2, and all A-finite germs of essential reflection maps
of corank one are fold maps. [22, Theorem 8.5].
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Combining the above criteria with the corank bounds in Proposition 6.1, one sees
that for dimensions p < 2n — 1 the combination of A-finiteness, high corank and
being a reflection map-germ imposes serious restrictions on the possible groups W
to be used. Here is a particular case:

COROLLARY 6.2. Let f: (C*,0) — (C"*1,0) be A-finite, with n > 3. If f is a
W -reflection map-germ, then f must have corank one, and one of the following
statements must be true:

(1) f has no triple points, in which case f is a Z/2-reflection map-germ.
(2) f is non-essential, and Tk W = 2.

Proof. The only statement that remains to be proven is that every map-germ
f:(C™0) — (C"*L0) with no triple points is a fold. This is well known (see,
for example, [17, Section 10.7.5]) and can be proven as follows: The theory of
Fitting ideals implies that having no triple points forces f to be equivalent to a
map-germ h = (h1,...,hnt1), where dime(Op/(h1,...,hyn)) = 2 (because having
no triple points requires being able to find a square presentation matriz of fi]Os
of size two). This imposes strong conditions on hy, ..., h, and standard changes of
coordinates take h to the desired form (x1,...,Tp_1,2%, hni1). d

For dimensions p = 2n — 1 and p = 2n the conditions of having high corank,
being A-finite and being a reflection map-germ seem to be perfectly compatible,
because we have an infinite supply of A-finite reflection map-germs with arbitrary
corank [22, Theorems 9.5 and 9.6] (this may be the case for p > 2n as well, but
this case has not yet been studied).

Back to P3;, we know that only reflection groups of rank < 2 can potentially
realize P5 as a reflection map-germ. The list of such reflection groups is as follows
[11, Theorem 8.29]:

* Cyclic groups, Z/d.

* Products of two cyclic groups, Z/dy x Z/ds.

 The imprimitive groups G(m,p,2), with m > 1 and p|m [11, Chapter 2].

» The exceptional Shephard-Todd groups of rank 2, Gy,...,Gas [11, Table
D.1].

Our goal is to discard all of the above groups as candidates to produce the map-germ
Ps. For this, we turn on the geometry of the double point spaces of Ps.

6.2 Obstructions from the number of double point branches

A standard calculation shows the double point space D? C C? x C? of P; to be a
singularity
D2 = D47

that is, isomorphic to three lines intersecting pairwise transversely on a plane. Its
irreducible decomposition may be written as

D?=C?UCiUCE
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The double point curve D C C? is reduced and it consists of the projections C; of
the curves C?. These turn out to be three regular curves intersecting each other
tangentially at the origin, giving

D=CUCyUCs.

If we assume P3 to be a reflection map-germ, then D must decompose as

CiuCyUCs = U D,,
ceW\{1}

but be aware that the branches D, may be empty or non-irreducible. Being a
map-germ (C2,0) — (C3,0), they are computed as D, = V()\,), where

o 'L-L
Ao=4 G
o 'L — L, otherwise

if o is a reflection

Now observe that this forces D, # ), for each o # 1 which is not a reflection. This
means that the group W giving rise to P3 must have at most three elements, which
are neither the identity nor reflections. Since W must have rank at most two, the
degrees of w, up to ordering, must be

(15 dl; d2)

Taking into account that |W| = dids and that the number of reflections in W is
di+da —2, the restriction on the number of elements which are not reflections gives

dide —di —da +1 < 3.

For either di = 1 or do = 1, that is, for the cyclic groups Z/d, this imposes no
restrictions. Otherwise, since d; > 2, we may rewrite the previous equation as

dy + 2
dy —1°

dy <

Since do must be at least two as well, this imposes the condition d; < 4. After
reordering them so that d; < ds, the possible degrees are

(17 13d)7 (1’272)7 (]‘7273)’ (172’4)'

None of the exceptional groups Gy, . . ., G have admissible degrees [11, Table D.3]
and the groups G(m,p,2) have degrees (1,2m/p,m) [11, Chapter 2, Section 8].
This leaves only G(2,1,2), G(2,2,2), G(3,3,2) and G(4,4,2). Taking into account
the overlaps G(2,2,2) = 7/2 x Z/2 and G(2,1,2) = G(4,4,2) [11, Example 2.11]
and the fact that G(3,3,2) and G(4,4,2) are the dihedral groups Dg and Dg of
symmetries of a triangle and a square, respectively, we are reduced to cyclic groups,
Z/d, the products Z/2 x Z/2, Z/2 x Z/3 and Z/2 x Z/4 and the dihedral groups
DG and Dg.
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The obstruction based on the number of branches generalizes trivially as follows:

PROPOSITION 6.3. Let f: (C",0) — (C"*1,0) be a generically one-to-one map-
germ. Let r(D) be the number of branches of the double point space D(f) =V ()\),
counted with multiplicity (that is, the number of factors in A\, counting repetitions).
Assume f to be a W-reflection map-germ and let (dy,...,dp4+1) be the degrees of
W. Then,

n+1 n+1

Hdl—Zdzér(D)—n
i=1 i=1

Now we want to discard the cyclic groups Z/d with d > 4, because they would
give either D = ) or a space D with too many components. The key is that emp-
tyness of D, for a reflection o depends only on the reflecting hyperplane of o (see
Item (3) of Proposition 4.6) Consequently, the condition D, = () does not depend
strictly on o, but only on Fixo, and therefore reflections with the same reflecting
hyperplane must be either all empty or all nonempty. Therefore a Z/d-reflection
map-germs with nonempty D(f) must have at least d — 1 branches (counted with
multiplicity) in their spaces D(f). It follows that Ps can only be a Z/d-reflection
map-germ for d < 4. Therefore, we are reduced to the following list of groups:

* The cyclic groups, Z/2, Z/3 and Z /4.
* The products Z/2 x Z/2, Z/2 x Z/3 and Z/2 x Z/4.
* The dihedral groups Dg and Ds.

The general version of this argument is as follows: Fixed a reflection group W acting
on V, for any reflecting hyperplane H < V, let

ord(H) = |Wgy| = max{ord(o) | ¢ € W,Fixoc = H}.

For each reflecting hyperplane H with H+ C Ty, all reflections o with reflecting
hyperplane H must have a nonempty branch D, that was not accounted for in
the reasoning behind Proposition 6.3. Moreover, there are ord(H) — 1 such reflec-
tions and they are different for different hyperplanes. Hence, if we are willing to
inspect the relation between the tangent space of Y and the reflecting hyperplanes,
Proposition 6.3 can be upgraded to the following bound:

PROPOSITION 6.4. Let f: (C",0) — (C"*1,0) be a generically one-to-one W -
reflection map-germ, and let (dy,...,dn+1) be the degrees of W. Assume f to be
associated to a submanifold Y C V. Then

n+1 n+1
Z (ord(H)—l)—l—Hdi—Zdi<T(D)—n.
HLCT,Y i=1 i=1

Even though this bound is better than the one above, the result is only marginally
better for our purposes, because it involves studying Ty, but we want to determine
whether or not f is a reflection map-germ for some unknown Y.
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6.3 Obstructions from the identification of double point branches

For any finite mapping f: X — Y, the automorphism ¢: D?> — D2, given by
(z,2') — (2’,x) encodes how different irreducible components are glued together by
f. More precisely, let Z:1 and Z be irreducible components of D?, with projections
Zy and Zy in D. If Zy = L(21>7 then f(Z1) = f(Z2). An irreducible component Z
in D? with «(Z) = Z is called an identification component. Observe that under the
mild condition that D? — D is generically one-to-one, every irreducible component
Z in D is the image of a unique irreducible component Z in D?. Then, we say that
Z is an identification component whenever Z is so.

As we will see, one can rule out Z/3 as a group that can give rise to Ps, as an
application of general results about identification components:

PROPOSITION 6.5. Let f: (C",0) — (C"*1,0) be a generically one-to-one map-
germ and let Z be a reduced identification component of D. If f is a W -reflection
then Z is contained in D, for some o € W with ord(o) = 2.

COROLLARY 6.6. Let f: (C",0) — (C"*1,0) be generically one-to-one and assume
that D contains a reduced identification component. If f is W-reflection mapping,
then |W| is even.

Analyzing P; one sees that D? contains an identification component, say C;, and
that the remaining components C5 and C5 glue one the another.

But observe that the fact that P; contains at least one identification component
is a direct consequence of the fact that D is reduced and has only three irreducible
components: since the involution takes irreducible components to irreducible com-
ponents, there must be a irreducible component Z with L(Z ) = Z. If we assume
f to be a reflection map, then Z must be an irreducible component of D, and of
D, -1, for some ¢ € W \ {1}. This means that there is a common factor in A, and
Ay—1 but this forces ¢ = 0!, because Z is reduced and o # o' would force a
repetition of that common factor in A = Il cy\ {1} Ao

COROLLARY 6.7. Let f: (C",0) — (C"*1,0) be generically one-to-one and assume
that D is reduced and has an odd number of irreducible components. If f is W-
reflection mapping, then |W| is even.

REMARK 6.8. The reducedness hypothesis on D cannot be omitted. This is illus-
trated by the Z/3-reflection map-germ (z,y) — (z,%2%,94%). The double points
are a non-reduced line and D being irreducible, it must necessarily consist of an
identification component, but Z/3 contains no elements of order two.

The previous proposition has an obvious partial inverse:

COROLLARY 6.9. If D, has an odd number of irreducible components and ord(c) =
2, then D, contains at least one identification component of D.

REMARK 6.10. The hypothesis on the number of irreducible components of D,
being odd cannot be dropped, because the hypothesis ord(c) = 2 does not auto-
matically imply that every irreducible component of D, is identified with itself. A
simple example is Mond’s S; mapping (x,y) — (x,y% 2%y — y?) [14], which is a
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Z/2-reflection map-germ. For the only element o € Z/2\ {1}, the two irreducible
components, V(z —y) and V(z + y), of D, are identified one to another.

Apart from removing Z/3 from our list of candidate groups for Ps, the analysis
of identification components helps to determine the possible configurations of the
decomposition D = U, D, for each of the groups not yet discarded. In the case of
P35, we want to exploit the following observations:

) If C; C D,, then ord(o) = 2, because D is reduced.

) If 02 g DU, then 03 g Do-—l,

) Every o € W\ {1} which is not a reflection must have D, # {)

) If a reflection o € W\ {1} has D, # (), then every reflection o’ with same
reflecting hyperplane as o has D, # ()

(1
(2
(3
(4

* For the group Z/2 = {0,1}: The only possible configuration is
Dy =C1UCyUCs.
* For the group Z/4 = {0,1,2,3}: The only possible configuration is
Dy = Cy, Dy =C,, Dy = Cs.

The statement for Z/2 is trivial. For Z/4, observe that C7 C Ds, because 2 is
the only element of order 2 in Z/4. Taking into account that Cy C D, implies
C3 C D -1, we conclude that the only possibilities are the one above and Dy =
C1UC3UCs5. The decomposition Dy = C1UCyUC]5 is discarded, because it requires
Dy = D3 = 0, but 1,2 and 3 are reflections with the same reflecting hyperplane.
The explanations for the remaining groups are analogous and are omitted.

« For Z/2 x Z/2 = {(0,0),(1,0),(0,1), (

, 1)}, up to the reflection group
automorphism that swaps (1,0) and (0,

L
1), these are the possibilities:

(branches that are not mentioned are empty).
» For Z/2 x Z/3, the only possibility is

D0y = C1, D1y = Cs, D) = Cs.
» For Z/2 x Z /4, the only possible configuration is
D2y =C1, D1y =Cs, D3y = Cs.

» For D¢ = {1,01,02,03, p1, p2} (this is the group of symmetries of an equi-
lateral triangle; o; are reflections and p; are rotations. See Example 2.3 for
the analogous notation for Dg), up to reflection group isomorphisms, the
only possibility is

D, =Ci, D, =Cs, D,, =Cs.
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» For Dg = {1,01,02,03,04, p1, P2, p3} the only possibility is

D,,=C, D, =C5, D,, =Cs.

6.5 Obstructions from isomorphisms and tangent directions of double
point branches

Recall that for every reflection mapping, the following statements hold:

(1) The projections D§ — D, are isomorphisms, with inverse u — (u,ou).
(2) Each 0 € W\ {1} takes D, to D,-1.

Observe that the first statement discards Z/2 as a candidate reflection group for
P3, because every Z/2-reflection must have D? = Di = D; = D, but for P; the
spaces D? and D are not isomorphic.

The same reasoning rules out any configuration where D consists of a single
nonempty branch D,. In this case, the configuration D(; ;) = C; U Cy U C3 for
Z/2 x7)2.

The remaining two configurations for Z/2 x Z/2 can be discarded as well: the
first forces CoUC3 = Dgl’o) = D(1,0) = C2UC3 but, while Cs and C5 are transverse,
C5 and (5 are tangent. For the second configuration, the same argument applies
to D(l,l)'

All remaining groups have a single possible configuration, which is always of the
form

C = D, Cy = D, C3 = DT*17
with ord(c) = 2 and 7 # 0. We know that the tangent cone of D consists of a
single line

CD = T()Cl = T()Cg = T()C3 = Spanc{v},

where, from the isomorphisms o: C7; — C; and 7: Cy — (3, it follows that
dim¢ (Spang{v, ov, 7v}) = 1.
Since D? is a Dy singularity, its tangent cone must be of the form

CD? = three coplanar pairwise transverse lines

= Spanc{(vv UU)} U Spanc{(v, TU)} U Spanc{(y’ 7—*10)}

This is enough to rule out the groups Z/2 x Z/3, Z/2 x Z/4, D¢ and Dg, by
the following reason: For all their unique configurations, the condition that v and
7v must be linearly dependent forces v to be contained in the unique line fixed
pointwise by 7. But this implies (v,7v) = (v,77'v), in contradiction with the
description of the tangent cone C'D?. At this point, the only group still surviving
as a candidate is Z/4.
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6.6 Discarding a group by brute force

Finally, to discard Z/4, we are going to look for an incompatibility in an equation
involving power series that expresses the fact that Ps is a Z/4-reflection mapping.

Choose a reflection group action of Z/4 on V = C3, say multiplication by an
order 4 root of the unity on the third coordinate, and an orbit mapping for this
action, say

w(X,Y,Z) = (X,Y,Z%).

Assuming Ps to be a Z/4-reflection map-germ, Proposition 2.6 implies the existence
of a germ of biholomorphism

(C,0) % (C,0)
and a germ of embedding
(€?,0) & (C3,0),

such that the map-germ f(z,y) = (z,zy + y3, 2% — y*) equals 1 o w o h, that is,
such that

(x,xy + yS, myQ - y4) = 1#(/11(30’ y)7 h2($,y), hg(l‘,y)4). (2)

Write the power series expansion of the coordinate functions of ¢ = (1, 12, 3)
as

Ve(X,Y, Z) = Z%’“’“Xiw'zk, for £ =1,2,3,

and similarly for the coordinate functions of h = (hy, he, hs), that is,
he(w,y) = > hiPacy?, for £=1,2,3.

Consider the subring f*O3 of O, consisting of those convergent power series of
the form H(z,xy + y3, vy? — y*). Every power series in f*O3 has a zero coefficient
in the y term, and the same holds for y2. Since v is a biholormorphism, the ring
f*Os3 can also be described as consisting of those convergent power series of the
form H(hq, ha, h34). In particular, h; and he have zero coefficients for y and y2. In
other words,

o1_ ,01_ ;02 _ ;02 _
hOt = p9t = 0% = K32 = 0,

Similarly, the function x € f*Os must be expressible as H (hl,hg,h34), which
implies that h}"® # 0 or hy® # 0. We may then assume the differential at 0 of
h to be of the form

1 0
dho=1| 0 0
* %
because, if necessary, one may interchange h; and hs and rescale hy, and then

modify 1 so that the expression 9 (hy(z,y), ha(z,y), hs(z,y)"*) remains unchanged
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and the new 1 is still a germ of biholomorphism. By looking at the x coefficients
in (2), one obtains the equality

1,0,0 ,1,0,0 ;1,0,0
(1,0,0) = (17", b, 3 )-
This forces the equation for the zy coefficients in (2) to be
(0,1,0) = (hy" + 90yt 0y ot gy Oy ).

By looking at the second entry, one concludes hé’l # 0. Then, the third entry forces

g,l,o = 0. By looking now at the xy? coefficients, one obtains the equation

(0,0,1) = (h? + P 1Op22 991002 0y,

which has no solutions.

This finishes the proof that Ps is not a Z/4-reflection map-germ and, having
discarded all reflection groups, we finally conclude that P; is not a reflection map-
germ.

Acknowledgements

The author José Borges-Zampiva was partially supported by CAPES. The author
Bruna Oréfice-Okamoto was supported by FAPESP-Grant 2022/15458-1. The
author Guillermo Penafort Sanchis was supported by Grant PGC2018-094889-
B-100 funded by MCIN/AEI/ 10.13039/501100011033 and by ‘ERDF A way of
making Europe’. The authors Bruna Oréfice-Okamoto and Joao Tomazella were
partially supported by FAPESP Grant 2019/07316-0 and by the grant 403959/2023-
3 of Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPq) of the
Ministry of Science, Technology and Innovation of Brazil.

References

1. M. Barajas. Folding maps on a cross-cap. arXiv:2004.04781.

2. J. W. Bruce. Projections and reflections of generic surfaces in R3. Math. Scand. 54 (1984),
262-278.

3. J. W. Bruce and T. C. Wilkinson. Folding maps and focal sets. In Singularity theory and
its applications, Part I (Coventry, 1988/1989), volume. Of Lecture Notes in Math., Vol.
1462, pp. 63-72 (Springer, Berlin, 1991).

4. C. de Concini and E. Strickland. On the variety of complexes. Advances in Mathematics.
41 (1981), 57-77.

5. M. B. Gama and O. Nogueira da Silva. On reflection maps from n-space to n+1-space.
(2024), arXiv:2408.11669.

6. M. E. R. Hernandes and M. A. S. Ruas. Parametrized monomial surfaces in 4-space. Q. J.

Math. 70 (2019), 473-485.

7. K. Houston. On singularities of folding maps and augmentations. Math. Scand. 82 (1998),
191-206.

8. S. Izumiya, M. Takahashi and F. Tari. Folding maps on spacelike and timelike surfaces and
duality. Osaka J. Math. 47 (2010), 839-862.

9. S. L. Kleiman. Multiple-point formulas I: Iteration. Acta mathematica. 147 (1981), 13—49.

10. G.I Lehrer and D. E. Taylor. Unitary Reflection Groups, Australian Mathematical Society
Lecture Series 20, Cambridge: Cambridge University Press, 2009.

11. W. L. Marar and J. J. Nuno Ballesteros. A note on finite determinacy for corank 2 map
germs from surfaces to 3-space. Math. Proc. Cambridge Philos. Soc. 145 (2008), 153-163.

https://doi.org/10.1017/prm.2025.10106 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10106

40J. Borges-Zampiva, B. Oréfice-Okamoto, G. Penafort Sanchis and J. N. Tomazella

12. W. L. Marar, J. J. Nufio Ballesteros and G. Penafort Sanchis. Double point curves for
corank 2 map germs from C2 to C3. Topology Appl. 159 (2012), 526-536.

13. D. Mond. On the classification of germs of maps from R? to R3. Proc. London Math. Soc.
50 (1985), 333-369.

14. D. Mond. On the classification of germs of maps from R? to R3. Proc. London Math. Soc.
(3). 50 (1985), 333-369.

15. D. Mond. Some remarks on the geometry and classification of germs of maps from surfaces
to 3-space. Topology. 26 (1987), 361-383.

16. D. Mond and J. J. Nuno-Ballesteros. Of Grundlehren der Mathematischen Wissenschaften,
Vol.357, (Springer, Cham, 2020) Singularities of mappings.

17. D. Mond and R. Pellikaan. Algebraic Geometry and Complex Analysis (Pdtzcuaro, 1987)
Lecture Notes in Mathematics, Berlin: Springer. (1989), 107-161.

18. T. Nguyen, J.-P. Brasselet and M. A. S. Ruas. Local bi-Lipschitz classification of
semialgebraic surfaces. Dalat University Journal of Science. 15 (2025), 76-97.

19. J. J. Nufio-Ballesteros and G. Penafort Sanchis. Multiple point spaces of finite holomorphic
maps. The Quarterly Journal of Mathematics. 68 (2017), 369-390.

20. J. J. Nuno-Ballesteros and G. Penafort Sanchis. Iterated multiple points i: Equations and
pathologies. Journal of the London Mathematical Soctety. 107 (2023), 213-253.

21. G. Penafort Sanchis. The geometry of double fold maps. J. Singul. 10 (2014), 250-263.

22. G. Penafort Sanchis. Reflection maps. Math. Ann. 378 (2020), 559-598.

23. G. Penafort Sanchis and F. Tari. On k-folding map-germs and hidden symmetries of
surfaces in the Euclidean 3-space. Proc. Roy. Soc. Edinburgh Sect. A. 154 (2024), 60-104.

24. F. Ronga. Le calcul des classes duales aux singularités de Boardman d’ordre deux.
Comment. Math. Helv. 47 (1972), 15-35.

25. M. A. S. Ruas and O. N. Silva. Whitney equisingularity of families of surfaces in C3,
Mathematical Proceedings of the Cambridge Philosophical Society, (2016), pp. 353—369.

26. O. N. Silva. On the topology of the transversal slice of a quasi-homogeneous map germ.
Math. Proc. Cambridge Philos. Soc. 176 (2024), 339-359.

27. R. O. Sinha and K. Saji. On the geometry of folded cuspidal edges. Rev. Mat. Complut.
31 (2018), 627-650.

Appendix A. Proofs of the unfolding lemmata 2.14 and 5.1

In this section, we prove the Generically One-To-One Unfolding Lemma 2.14 and
the Unfolding With Good Double Points Lemma 5.1, which are key in the proofs of
the explicit equations of the image and double point spaces of reflection mappings
in the hypersurface case. The statements of these lemmata are quite intuitive and,
if there is anything surprising about them, it is that we could not prove them
more easily. One has to keep in mind, however, that ) is any smooth analytic of
codimension one germ, with no hypothesis on how bad its relation to W is, and
most usual transversality arguments do not apply in this setting.

For the most part, it is enough to apply an origin-preserving rigid motion to
Y in order to attain the conditions that we desire. However, certain elements of
the group may impose problems that cannot be fixed in this way. We start by
formalizing who the problematic elements are.

LEMMA A.1. Given a linear endomorphism o:V — V, the following statements
are equivalent:

(1) o preserves all n-dimensional vector subspaces of V', for certain 1 < n <

dimV.
(2) o preserves all vector subspaces of V.
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(3) The matriz representation of o in some (or any) basis of V is

£

3

for some € € C.

Proof. That the first statement implies the second follows easily after observing
that, fired 1 < n < dimV, any vector subspace can be expressed by means of
intersection and sums of n-dimensional subspaces. The remaining implications are
immediate. O

DEFINITION A.2. Any linear endomorphism o:V — V satisfying the conditions
above is called a complex homothety (centred at the origin). Given a subspace
K <V, we say that o acts as a complex homothety on K if o(K) = K and
ol K — K is a complex homothety.

We will use the following basic result, whose proof is omitted.

LEMMA A.3. Let 0: V — V be a linear automorphism and let 0 # K <V be a
vector subspace. Let £ and n be positive integers, with dim) — dimK < n < dim).
Then, there is a non-empty Zariski-open subset of the product of Grassmannians,

Hy kun C Grass(n,V)x ¢ x Grass(n, V),
such that all H = (Hy,...Hy) € X k.00 Satisfy the following conditions:

(1) HiNK #0H; N K, for alli and all j # i.
(2) H;N K # ocH; N K, for all i, if o does not act as a complex homothety on
K.

A.1. Proof of the Generically One-To-One Unfolding Lemma 2.14

Let f be a multi-germ of reflection mapping, given by a germ (), Wu). Take the
decomposition into mono-germs

(yv W’LL) = (ylaul) u---u (yf’uz)a
We want to find a representative ) = Y; U --- U Y, having a trivial deformation
Y=YU---UPCVxA,

such that dim(Y N o)) < dimY), for all ¢ € W \ {1}. Observe that, if the represen-
tatives ); are chosen adequately, the desired dimension drop is equivalent to the
condition that, for all 4, j and all t € A\ {0}, we have

ji,t 3& CTj}j,t-

To justify the existence of Y, we consider the cases u =0 and u # 0 separately.
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In the case of u # 0, we have in our advantage the fact that no complex homothety
fixes any of the points in Wu. In particular, if ¢ € W is a complex homothety and
the representatives ); are chosen small enough, then };No); = (. Then, any small
enough deformation satisfies V;; N o), = 0, for all i < £.

By Lemma A.3 and the Curve Selection Lemma, there exists a curve

v: A — Grass(n,V)x .¢. x Grass(n, V),

such that, identifying T,V = V as usual, we have v(0) = (T,,, Y, ..., T, Y) and

’V(t) S ﬂ %,V,é,n
ceW\{1}

for all ¢ € A\ {0}. Letting H;; = ~;(t), there exists an analytic family of linear
automorfisms «a;,: V — V, such that «;(T,:Y) = H;;. Finally, the germs of
biholomorphism

pies (Vou') = (V,u'),

given by u — v+ ;¢ (u — u?), define deformations )7“ = ¢; +(;) of V;, such that
ut e in,t, forall t € A, and Tuij}i’t = H; ;. We must check that, given o € W\ {1}
and assuming that either ¢ # j or ¢ is not an homothety, the deformations Vi
satisfy YV, # 0, for all t € A\ {0}. This is trivial if o’ # «* and, otherwise, it
follows from the fact that v(t) € 4 v ¢n, because then

Tulj}l = Hi7t 7& O'Hj’t = UTujjj,t = Ta.uj O'jj)t = TuiUJ}j,t.

Now consider the case where u = 0. Here, there is the advantage that the orbit
of u is just {0}. By the same reasoning as in the case of u # 0, there exists a family
of linear automorphisms ¢;: V — V, such that, ¢o(Y) = Y and, for all ¢ # 0 and
every o € W which is not a complex homothety,

To(pe(Y)) # To(pi(ad)).

Now let oy, ...,0, be the homotheties in W \ {1}, such that 0; = Y (we do not
need to_care about complex homotheties o with o) # V), since they will satisfy
Vi # o, for any small enough deformation of }). We may assume dim) > 0, as
our problem is trivial otherwise. Then, ) cannot be contained in any Fixo;, because
a complex homothety which is not the identity fixes the origin only. Consequently,
we may find a point v’ € Y, such that v’ # o;(u’), fori =1,...,r. Since o;(u') # 0,
we may take a polynomial function p on V, such that p(u’) = 0, p(ou’) # 0, and p
vanishes at the origin with order of vanishing at least two. Now take the equations
L=(Ly,...,Lp,_p) =0 o0f Y and define
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yt = ¥t (V(Ll + tp, LQ, N ,Lp,n)).

For t # 0, the fact that p vanishes at 0 with order at least two implies that 0 € jivt
and that, for every ¢ € W which is not a complex homothety,

Tod: = To(e(V)) # To(e(0Y)) = To(o D),

which clearly implies Y, #* 037,5, as desired.

Finally, for ¢ # 0 and any of the complex homotheties o; € W \ {id} above, it
suffices to show that ¢ (u') € Y\ 0d;. On one hand, by construction, the conditions
or(u') € Y, and o' € V(Li+tp, Lo, ..., Ly_,) are equivalent, and the second holds
because v’ is in ) and p vanishes at «’. On the other hand, ¢;(u’) € o), is equivalent
tou € o; lop; (V(L1 +tp, Lo, ..., Lp_n)). Now observe that complex homotheties
commute with linear transformations, and thus ap;lmp =o. Since o;u’ € 0;Y =),
we conclude L(oyu') = 0, and since p(o;u) # 0, it follows that oy (u/) & o), as
desired.

A.2. Proof of the Unfolding With Good Double Points Lemma 5.1

Recall that our goal is to show that any multi-germ of reflection mapping admits
a W-unfolding F, such that, for all o,7 € W\ {1}

dim(D, (F) N Fixr) < dimD, (F).

LEMMA A.4. Any germ of codimension one submanifold (¥,Wy) C V admits a
W -unfolding, given by Yy C V x A, such that, for every facet C € € and for all
t € A\ {0}, the intersection Y; N C is smooth of dimension dimC — 1, and such
that Y is transverse to the reflecting hyperplanes in V x C.

Proof. Taking the equation L of Y and letting Y = {L(u) =t} CV xC, the
projection YNC — C on the t parameter is the Milnor fibration of V(L) inside
C. This implies ‘the claim that Y, N C is smooth of dimension dimC' — 1. The
transversality of Y to the reflecting hyperplanes, which have the form HxC C VxC,
is obvious from its equation. O

Since a W-unfolding of a W-unfolding of f is still a W-unfolding of f and we do
not care about the number of parameters needed for the W-unfolding in Lemma
5.1, the original f may be replaced by the W-unfolding given by the Generically
One-To-One Unfolding Lemma. This may in turn be replaced by one satisfying the
conditions of Lemma A.4 as well. In other words, in order to prove Lemma 5.1, we
may assume our original multi-gem f: (Y™, Wy) — C"*! to satisfy the following
conditions:

(1) Y intersects transversely all reflecting hyperplanes.

(2) Y intersects properly all facets of € of dimension n — 1.
(3) dim(¥YNoY)=n—1, for all 0 € W\ {1}.
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Now observe that, to show the existence of an unfolding satisfying dim (D, (F) N
Fix7) < dimD,(F'), we do not need to deal with all pairs ¢ and 7 at once. We
may fix ¢ and 7, find a good unfolding for them and move on to the next pair of
elements. We may also assume ) to have at most two branches, one containing
some point u and, when ocu # wu, another one containing cu. If more branches
were present, we would solve the problem taking consecutive unfoldings, one pair
of branches at a time. Additionally, condition (2) allows us to assume 7 to be a
reflection, since otherwise the dimension of ) N Fix7 is already smaller than that
of D,(f). By condition (1), the intersection Y NFixr is smooth of dimension n — 1.
We are now reduced to showing the following result:

LEMMA A.5. Let 0 € W\ {id} and let T be a reflection in W. Let ) be a germ of
n-dimensional complex manifold satisfying the conditions (1), (2), and (3) above,
and of one of the following forms:

* Vs a bigerm (Y1, u) U (Yo, ou) with ou # u.
* Y is a monogerm (Y, u) with u € Fixo.

Then, there exists a deformation of Y whose fibres, for t # 0, satisfy dim(Dy(f;) N
FixT) <n—1.

Proof. In the bigerm case, we may proceed as in the proof of the Generically One-
To-One Unfolding Lemma 2.14, but restricting everything to Fixr. To be precise,
we start by observing that, by condition (1) and the fact that W acts on the set
of hyperplanes, the sets Yy N Fixt and o~ 'Y, N FixT are complex manifolds of
dimension n — 1. Now using Lemma A.8 with K = Fixt and the Curve Selection
Lemma, we produce a deformation of Y whose fibres Y1 and Yo contain u and
o~ lu, respectively, and satisfy

Tu(V1 ¢ NFix7) # Ty, (07 Vo e NFixr).

This implies dim(Yy ¢ N a—lym N Fix7t) < n— 1, and the claim follows from the
inclusion Dy (ft) CY1:No Yoy,

Now we deal with the monogerm case. Let Z be the union of all (n—1)-dimensional
components of D, (f)NFix7. Transversality forces YNFixT to be a complex manifold
of dimension n — 1. Since the irreducible components of Z have dimension n — 1
and Z C Fixt, we conclude that Z 1is either empty or equal to Y N FixT. We may
assume Z to be non-empty, because otherwise a trivial deformation Y =Y already
satisfies our claim. We distinguish two cases:

If Z € Fixo, from the inclusion Z C D, (f) NFixt C Y No 'Y NFixT we obtain

YNo 'Y NFixr € Fixo.

This means that, for any representative of Y (also denoted by Y ), there exists
v € Y NFixr, with ou’ # ', such that ou’ € ). Now take an equation L = 0 for
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Y, and a polynomial p, such that p(u') =0 and p(ou’) # 0, and define
Ye=V(L+tp).

For all t # 0, just as in the proof of the Generically One-to-One Unfolding Lemma
2.14, the fibre Y; satisfies u' € Y;NFix7 and v’ ¢ o=V, in particular, v’ ¢ o~*Y;N
Fixr. This implies diim(Y;No =1 V;NFixT) < n—1, hence dim(D, (f;)NFix7T) < n—1,
as desired.

Finally, consider the case where ) # Z C Fixo. This hypothesis requires ) N
Fixo NFix7 to have dimension n — 1. Since Fixo NFixT is the closure of a facet of
the complex of W and ) intersects properly the facets of dimension n—1, it follows
that Fixo NFixT must be a reflecting hyperplane. Then, o and T are reflections with
respect to this hyperplane and, since D, (f) NFixt depends only on Y,0 and T, we
may assume the reflection group to be W =7/d.

Then, the hypothesis Z # O implies Dy (f) # 0, which forces the germ f to be
non-immersive. Since ker dw, = Fixo’, this implies that T,Y contains Fixot. In
particular, we may choose coordinates onV and Y, so that the expression of f is

flzy,. .. 2n) = (21,...,2% H(z)),
for some analytic function H of the form
H(z) = Ho(x1,...,0n_1,28) + 2 Hy (21, .., 20 1,2%)
+o T  Hy (21, 2, 220),
with Hy(0) = 0. Since ) is the graph H, it is isomorphic to its projection on

C™ x {0} = C™ and, under this isomorphism, Y NFixT becomes the subset {x, = 0}
and D, (f) becomes the zero locus of

A = (1 - gg)Hl(xh s 73771—1"7;%) +ot (1 - g(dil)a)mg;QHd(xla cee ,33n_1,33i)~
Clearly, we may perturb H in a way that the perturbed function A, becomes not

divisible by x,, for t # 0, which forces dim(D,(f;) NFixT) =n -2 <n—1, as
desired. (]
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