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Most model selection mechanisms work in an “overall” modus, providing models
without specific concern for how the selected model is going to be used after-
ward. The focused information criterion (FIC), on the other hand, is geared toward
optimum model selection when inference is required for a given estimand. In this
paper the FIC method is extended to weighted versions. This allows one to rank
and select candidate models for the purpose of handling a range of similar tasks
well, as opposed to being forced to focus on each task separately. Applications
include selecting regression models that perform well for specified regions of
covariate values. We derive these weighted focused information criteria (WFIC),
give asymptotic results, and apply the methods to real data. Formulas for easy
implementation are provided for the class of generalized linear models.

1. INTRODUCTION

Model selection is most often the starting point of any data analysis. It is there-
fore of importance to carefully examine this initial step. Most model selection
tools attach to each potential model a number, or a score value, and then pro-
ceed by picking the model with the best (usually either smallest or largest) value
of this number. Traditional model selection techniques work this way, such as
the Mallows (1973) C, for linear regression or the more generally applicable
Akaike information criteria (AIC) (Akaike, 1974) and Bayesian information
criterion (BIC) (Schwarz, 1978). Once a model is selected, the actual estima-
tion takes place inside the selected model.

The focused information criterion (FIC) (Claeskens and Hjort, 2003) is also
in this spirit, though it distinguishes itself from the other information criteria in
that it can be directed—focused—toward a specific purpose. A model selected
for estimating the mean return of an investment taking place in one month,
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e.g., should not necessarily be the same as the model to be used for estimating
the mean return one year further in time. Similarly, a good statistical model for
predicting salary for men is not necessarily good for predicting salary for women,
and in medical studies, the model that is best for estimating the survival prob-
ability should not be expected to be the same as the best model for estimating
the median survival time. In the construction of the FIC we therefore start by
specifying the focus parameter, the quantity we wish to estimate, and then use
this information to obtain the actual FIC value via an estimate of the mean
squared error of the estimator of this focus parameter. Thus different focus
parameters lead to different FIC values and to possibly different ranking lists
of the best models.

The main issue addressed in this paper is that in many situations, the FIC
demands too much focus of its user. For example, for regression models the
FIC can easily be used to select a model for the mean response value for a
given single covariate position. This is sometimes of relevance, and one may
take a “median” or “average” or “90% extreme” covariate position, but in other
situations one wishes to construct a model that does well across many covari-
ate positions.

To address this problem, we derive a weighted focused information criterion
(WFIC), where we attach to each potential model a single wFIC value, valid
over all or part of the covariate space. To explain matters clearly, we mainly
concentrate on the class of generalized linear models, though our arguments
and methods extend without serious difficulties to more general regression mod-
els and indeed to other model selection problems, such as that of selecting among
different covariance structure models for multivariate data vectors. More infor-
mation on generalized linear models can be found in the books by McCullagh
and Nelder (1989) and Dobson (2002).

Section 2 briefly reviews the FIC method, in a setting of generalized linear
models. Working with weighted versions of mean squared errors, across all or a
subset of covariates, leads in Section 3 to the WwFIC method. In Section 4 the
scope is broadened by allowing more general focus parameters in rather gen-
eral parametric models. A further extension is given in Section 5, where we start
from the linex loss function, often used in econometric contexts where losses
are nonsymmetric, instead of trying to minimize averages of squared error loss.

The wFIC method relies on weights that are user- and context-specific. Apply-
ing a specific weighting scheme, with what we term generalized linear model
(GLM) weights, gives a procedure that turns out to be large-sample equivalent
to the AIC. This is discussed in Section 6, along with some other weighting
schemes of interest. Three practical data examples, showing the applicability
of the method, appear in Section 7. These applications also serve to illustrate
that the wFIC’s aim of achieving low average risk, with weights determined by
the actual application context, may differ from the aim of optimal classifica-
tion, or optimal equal-weight prediction. An explicit discussion of the perfor-
mance of the criterion wFIC compared to the classical AIC is in Section 8.
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Section 9 offers some concluding comments, indicating the further scope of
our work.

2. THE FIC FOR GLMs

Let the observed data be denoted Y7,...,Y,, together with observed covariate
information u,,...,u,. In a model selection situation the u;’s are vector valued,
and we wish to build methods that somehow manage to select the components
of most relevance. Often, we are sure about including some of these covariates
in the model (an intercept is an example of this), so that the actual selection
should take place over the other variables. Notationally we split the covariate
vector u; into two parts, the “protected” x; with, say, p covariates that are deemed
necessary a priori and the “open” z; containing the, say, ¢ remaining covari-
ates, among which we intend to perform the selection.

2.1. The GLM Class
For a GLM, there is a monotone differentiable link function g(-) such that
g(EY;|x;,z;)) =x/B+zjy fori=1,...,n,

mapping the mean response to a linear predictor defined in terms of regression
coefficients 5y,...,8, and vyi,...,v,. Thus selecting which covariate compo-
nents z; ; to include amounts to determining which vy;’s to keep in the model;
excluding component z; ; corresponds to using y; = 0. For (classical) linear
models, the link function is the identity function. For other examples, see
Section 2.3.

We assume that Y7, ...,Y, are independent with density function belonging
to an exponential family of the form

yi0; — b(6;)
a(®)

where the sample space ) is the same in each case and does not depend on the
unknown parameters 6; and ¢. The functions a(-), b(-), and c(-,-) are fully
specified. The b(-) function plays a crucial role because its derivatives yield
the mean and variance function, whereas a(¢) is a scale parameter. From the
two first Bartlett identities, about moment properties of the first and second
log-derivatives of the density, comes the following expressions:

f(y,-;ﬁi,cﬁ):eXp{ +c(y,-,¢)} fory € ),

& =EWY|x;,z,)=b'(0,) and Var(Y|x;,z;) =a(p)b"(6,).

This expresses 6; as a function of the mean response, given the covariates. When
the so-called canonical link function is used, i.e., g(-) = (b’)"'(.), then 6; =

g(&) =x;B+zjv.
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2.2. The Pointwise FIC for GLM

Here we derive explicit expressions for the FIC when applied to the linear pre-
dictor u = x'8 + z'y = g(E(Y|x, z)) associated with a given position (x, z) in
the covariate space. The (pointwise) FIC is large-sample equivariant under
smooth transformations, and so the FIC for u(x,z) will essentially yield the
same model ranking as the FIC for £(x,z) = E(Y|x, 2).

One of the main ingredients for computing the FIC is the (normalized) Fisher
information matrix J, yi¢e, computed via the second-order partial derivatives
of the log-likelihood function with respect to (3,y). We partition the matrix
Jn,wide as

J (‘IH,OO Jn,O])

ride Jn,lO Jn,ll ’

such that the block J, ;; in the lower right corner has dimension g X ¢q. In
our calculations we frequently need the lower right submatrix of dimension
g X g of J 4> Which we name K,. This matrix may be found as K, =
(Ju1 = Ju10m00m01) -

For several members of the generalized linear model family, the scale param-
eter ¢ is either known or completely specified. Examples are the Poisson and
binomial distributions, where a(¢) = 1, or the normal distribution with known
variance. In the case where ¢ is known, the information matrix takes a simple
and general form, making it easy to compute in the full generality of GLMs.
We first decompose the n X (p + ¢) design matrix into X = (x{,...,x})" of

dimension n X p and Z = (z},...,z.)" of dimension n X g. Then
12 1 x A\ x\" 1 1 [(X'VX X'VZ
Jn,wide == Z Ui == ¢ ¢ ) (1)
nSae) \z)\z,) na@\zvx z'vz
where V is the diagonal weight matrix diag(vy,...,v,), with different formulas
available for v; = v(x;, z;). One has
v, = [b"(0){g'(£€)}*]17" =b"(6,)(30, /9m;)? (2)

where 7, = g 7'(&;) = x! B + zly and & = E(Y;|x;,z;) = b'(6;). For the situa-
tion with ¢ known, therefore, the K,, matrix takes the form

K,=a($p){n 'ZV(I,— X(X'VX)'X'V)Z} L 3)

For canonical link functions, where 6; = m,;, matters simplify to v, =
b (x!B + ).

When the scale parameter ¢ is not known, such as with the normal distribu-
tion with unknown mean and variance, or the gamma distribution, we shall argue
that formula (3) is still valid for K,,. This is because of an orthogonality prop-
erty, namely, that the mixed second derivatives of the log-likelihood function,
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with respect to ¢ and 8 or vy, are seen to have mean zero. Thus the full infor-
mation matrix takes the form

‘In,scale 0 O
0 nla(dp) ' X'VX nla(gp)'X'VZ |,

0  n'la(d)'ZVX nla(e)'z'VZ

J

n,wide

where J, a1 is the required —n~' 27 Ed* log f(Y;;6;, ¢)/d¢>. This implies
that the g X g lower right-hand corner of the inverse information matrix remains
as in (3). For the normal distribution with ¢ = o and a(o) = o2, e.g., one
finds J,, scae = 2/0°2.

We may now describe the FIC procedure for selecting the tentatively best
model for estimating the focus parameter w = u(x,z) = x'8 + z'y. The crite-
rion works specifically for the given (x, z) position in covariate space; if required,
the procedure can be repeated for several positions. Different submodels are
indexed by the various subsets S of covariate components 1,...,q, ranging from
the empty set to the full list. For each submodel S one can evaluate the estimate

fus(x,2) = x'Bs + (m52)' s = x'Bs + 2595 @)

that uses maximum likelihood estimates (35, 7s) in the model that employs all
of By,..., B, but only those 7; for which j € S. Here g is the |S| X g projec-
tion matrix that sends z to w3z = zg, the vector of only those z; for which j €
S, and |S| is the number of components in S. The essence of the FIC is to
estimate the mean squared error for each candidate estimator and then to pick
the one with lowest mean squared error estimate.

We need the vector w = J, 1oJ, 00(du/0B8) — (9u/dy), which here reads

w=ZVX(X'VX) 'x — z,

whether or not ¢ is known. Note the dependence of w on (x, z). Note further-
more that premultiplying vg = 7gv with 7§ produces a vector wgmgv of
full length g, with zeros inserted for those components j with j & S. Define
next K, s = (wgK, 'm¢)~", which is the |S| X |S| lower right block of the
inverse of J, s, the information matrix for the S model, and let finally G, s =
myK, s K, !, The value of the FIC is now obtained as

FIC(S;X’ Z) = nwt(lq - Gn,S)’?wideF?svide(Iq - Gn,S)tw + 2wt7T;Kn,S7TSw’ (5)

with 9,4 being the maximum likelihood estimator of +y in the largest of the
considered models, i.e., the one containing all of y,,...,v,. For given values
of (x, z), the best model according to the FIC is that model, indexed by S, for
which FIC(S;x, z) is the smallest.

The FIC stems from estimating and then adding a squared bias term and a
variance term; see Claeskens and Hjort (2003) for further discussion and appli-
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cations. There is a modification of (5) for the case of the squared bias being
estimated with a negative number; in such cases we truncate that term to zero.
For further discussion of this point, see also relevant comments in Hjort and
Claeskens (2006).

2.3. Examples

Here we present a short list of examples that fit in with the preceding general
framework. Each model may be fitted using statistical software packages, and
the J, and K,, matrices are easily computed via the appropriate form of the v;
weights. For each situation one may use (5) to determine the best submodel for
estimating x'B8 + z'y, or for any smooth function thereof, such as E(Y|x, z) or
the median response median(Y |x, 7).

1. Consider a nonlinear normal regression setup where Y; is normal (6;, 0 ?),
with 0; = r(x;B + z;y) for some specified function r(n). Then b(6) =
302, and the GLM weights of (2) become v; = r'(x} 8 + z!y)>. The ordi-
nary linear normal model corresponds to r(n) = n with weights v; = 1.
On some occasions it is important to take variance heterogeneity into
account, e.g., by modeling the standard deviation o; as a function of covari-
ates. This calls for extensions of the standard GLM model; see Sec-
tion 7.1 for an illustration.

2. Assume that the ¥;’s are Poisson with parameters &; = exp(x;8 + zivy).
This is Poisson regression with canonical link function. Then b(6) =
exp(0), and v; = exp(x;B + zivy).

3. Let Y; be binomial (m;, p;), with p; = H(x} B + zvy), for a suitable distri-
bution function H. This is again a GLM with b(6;) = m;log{1 + exp(6;)},
and one finds

Ui = miH,(ni)z/[H(ni){l — H(n)},

with ; = x;/ 8 + z;7y. This can be used for probit regression, e.g., where
pi = ®(n;) with ® the cumulative standard normal distribution. For logis-
tic regression matters simplify to v; = m;p;(1 — p;).

4. Suppose positive observations Y; are modeled with gamma distributions
(c,d;), where c is fixed but d; = exp(x;B + z;7y). We use the parametri-
zation where the mean of Y; is &; = ¢/d;. Here one finds v; = ¢, simply.
Thus the J,, yiqe matrix is proportional to the sample variance matrix of
the covariate vectors.

Suppose on the other hand that Y; is taken to be gamma with param-
eters (c;,d), this time with d fixed and flexible ¢; = exp(n;), again with
n; = x;B + z!vy. This actually corresponds to a GLM in terms of the
log Y;, and one finds v; = exp(2n,) ' (exp(7;)), where ' is the trigamma
function, the derivative of ¢y = I"’/T".
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3. THE wFIC FOR GLMs

Because of the dependence of the focus on the covariate values (x, z), the FIC
also takes different values, and will produce different rankings of candidate
models, for different locations in the covariate space. Sometimes we choose an
average or median value for the regression variables (x, z), to represent some
“average” or “median” subject, sometimes inside a stratum. Often, such a detailed
focus point is not wanted; one might rather wish to find a good model that
works well over a major part of, or over all of, the covariate space. We wish to
select a good model valid for a range of individuals simultaneously, say, for a
subgroup of the population.

We continue to use the GLM setting of the previous section. To reach pre-
cise results and concise arguments for our weighted-focused model selection
schemes we shall employ a local misspecification framework where the true
parameter is of the form (B,y) = (30,6/\/;). Here 6 = (8,,...,8,)" is fixed
and unknown. This is as in Hjort and Claeskens (2003a) and Claeskens and
Hjort (2003); see also the rejoinder Hjort and Claeskens (2003b) to the discus-
sion of these papers. The idea is to prove results about model selectors and
estimators in terms of the local model misspecification parameter 6 and to use
such results for developing appropriate model information criteria.

3.1. Some Preliminary Results

Suppose in general terms that a parameter of interest w(3,vy;u) depends on
some quantity u that varies in the population being studied. Under the frame-
work outlined previously, henceforth assumed to hold, the true parameter value
is w(Boy,6/ \/; ;u). We shall now use results developed in Hjort and Claeskens
(2003a) and Claeskens and Hjort (2003), with suitable modifications. These
results rely on certain mild regularity conditions, detailed in these papers. One
such condition that we need to mention here, to adequately identify the appro-
priate limits subsequently, is the existence of a limit matrix J to which J, yiqe
converges, with blocks Jyg, etc. Similarly this defines limit versions K of K,, and
a fortiori Jg and K, limit versions of J, s and K,, . Also, Kg = (wg K 7)™ ",
the lower right block (J5');, of Js.

For each u the theory as developed in Claeskens and Hjort (2003) applies to
the subset-model-based maximum likelihood estimators jig(u), for which we
have the following convergence in distribution:

Vs () = Bpe (0} -5 A ()
B <8/L(B, yiu)
- (5

Here w(u) = JyoJoo' dp(B,y;u)/dB — om(B,y;u)/dy, with partial deriva-
tives evaluated at the null point (B,0). Furthermore, M ~ N,(0, Joo) and

t
)JO‘OIM + o u)'(8 — miKsmg K 'D).
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D ~ N,(8, K), and these random vectors are independent. The (M, D) variables
are needed in Section 4, and furthermore the variables (Cy, Ds) that appear now
are linear functions of (M, D).

For a fixed set S and a fixed focus point, Lemma 3.2 of Hjort and Claeskens
(2003a) applies and yields

\/;(BS _Bo) Cs
( ) i> ( ) NNp+\S\(§S7J§l)’

\/;')A’S Dy
where
Joo' Jon (I, — msKgmg K™ ')6
o ( KymgK s )

A special case of importance is that of S being the full set {1,...,q}, for which

a . d
5wide = \/ZYWide — D~ Nq(B’ K) (6)
For convenience of notation we adopt the notion that estimators without subset-
subscript correspond to the full model, with all vy, ..., 7y, parameters; thus 0 =
Owides €LC.

The S-indexed model works with estimates ¢ for y; with j € S but uses 0
for j & S. To deal efficiently with different functions of these it will be conve-
nient to introduce the extended projection matrix of dimension (p + [S§]) X

(p+aq,

_ ( 1, Op,q)
g = .
O5,, 7s

With Gs = m{KgmgK ', the limit version of G, s encountered in (5), we have

/§s _,30 d Cs
%<w;~9s - 6/%) - (wéDs - 8)’

which is seen to have mean vector and variance matrix

(Jool-]m(lq - Gs)

Fyd =
_(Iq - GS)

)5 and Ty =755 7.
3.2. The Case of No Common Parameters

In the previous section we assumed there to be a parameter vector § common
to all models. Often this is the case, e.g., in regression models when always
including an intercept term. However, there are situations where one does not
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wish to include such a parameter in every model. Using the notation intro-
duced earlier, this is the situation of only having a y parameter (6 is not present).
In fact, this simplifies the calculations quite a bit. Let y, be the vector of null
values for vy, where y; = vy, ; corresponds to the jth modeling factor not being
present. Most often y, = 0,, e.g., when modeling the mean in a GLM where
7Yo,; = 0 indicates absence of covariate z;, though other values are possible also.
Consider, e.g., a skewed logistic regression model where the probability of suc-
cess is

exp(z'B) }"

P(Y=1]z) = { 1+ exp(z'B)

Here v = (B,7m) and y, = (0,1). The computation of the Fisher information
matrix is simpler because we now do not have to take derivatives with respect
to 0. One finds that the full Fisher information matrix fn wide for the situation
without common parameter 6 is equal to the lower right block J, i, of the
partitioned matrix in the (6,7y) situation. Equivalently, J, ide =J=K,"
To avoid confusion, we place a tilde above matrices to denote the situa-
tion of the case of no common parameters. Define the score function Vn, s =
(1/n) 27—, (8/0ys)log f(Y:,v,). By a Taylor expansion around Yy, = vo +
8/\/;, under the local misspecification setting, it follows that \/— V.s N
mJé + g N, where N ~ N, (0,, J). This implies that 73N ~ N5 (05, Js). From
this it follows that

\/;('f’s - '}’o,s) = jgl\lzvn,s + 0p(1) 5 jgl(ﬂsja +mN) = Ds

Defining W = J !N and D = 8 + W, we have Dy = J; '7,J(8 + W) =
Js'mgJD, where D corresponds to Dy, the limiting distribution of
1 (Pige — o). It now immediately follows that

m(Vs3u) = e (Vues ) = L (Pssu) — w(yosu)}t + L (yosu) = m(Vipue; )}

o (Bysu)\'
— a— (75 _70)
Vs
+ (M) (=8/n'") + 0p(1/\n).
Y

Hence, with & = —(0u/dy) (yo;u), Nn{u(Fs;u) = p(Yies )} -5 Aglu) =
@'6 — cu‘GSD This limiting variable Ag has mean &'(/, — GS)6 and variance
@'wiJg "y @. Except for the simplified forms of the matrix J and the vec-

tor @, this distribution differs from that in the (6, y) situation by the absence of

a variance term for the model only containing 6. The risk function or mean

squared error corresponds to @‘(1, — Gg)88! (I, — Gs)w + @'wiJg ' mgd. We

now proceed by inserting the unbiased estimator 58 — J~! for 86" and replac-
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ing unknown parameters by their maximum likelihood estimators in the full
model. Substituting @, G, and J for w, Gy, and J, the formula (5) for the point-
wise FIC remains valid for the case of no common parameters.

3.3. The wFIC for GLM

Consider again the linear predictor u(x,z) = x'8 + z'y and the collection of
submodel-based estimators (4). The vector E’S is always of length p but takes
on different values for different index sets S. In contrast, the estimator ¥ has
length |S|. The construction of the wFIC proceeds as follows. As opposed to
using the pointwise loss function, we start with the weighted average quadratic
loss function on the scale of the linear predictor, of the form

n

Ln(S) = 2 W(xhzi){la’S(xi’ Zi) - lu’true(xi’ Zi)}z

i=1
= Ew(xi’zi)(xit,és+Z;,s§’s_x;30_z}5/\/;)2~ (7)

i=1

The weights w(x;, z;) are user-specified and in general different from the weights
v(x;,z;) in the GLM weight matrix V. We shall show that this random loss has
a limit distribution, under mild regularity conditions. Let

1z EAYEAY
Qn,w = E W(-xi’ Zi)( )( ) (8)
ni=1 Z; Z;

and assume this matrix converges in probability to a nonnegative definite (,,,
depending of course on the weight function w(x, z).
To properly study the random loss function it is convenient to express it as

BAS - IBlrue ' ES - IBKrue
L(S)=n| . Q. )
TsYs — Yirue TsYs — Yirue

From conditions and results noted earlier,

) cs Cs
L,(S)=>L(©S)=1| ., Q, .
mgDg— 6 mgDg— 6

Under mild conditions, the expected loss w-risk,(S) = E L,(S) will converge
to w-risk(S,8) = E L(S). The limit loss L(S) is a quadratic form in normal
variables and has mean value

w-risk(S,8) = E L(S) = §'FgQ,, Fs6 + Tr(Q,,Ty)
= Tr(Q, F388'FY) + Tr(Q, Ty) = 1(S) + 11(S),
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involving matrices Fg and I'y defined previously. We see that the I(S) term cor-
responds to weighted squared bias, whereas the second term II(S) is related to
weighted variance. By earlier efforts, this second term can be expressed as
I(S) = Tr(Q,, 75 Jg ' 7).

This leads upon estimating unknown quantities to a wFIC. The second term
is not problematic, and we use

ﬁ(S) = Tr(Q,, W’7TSJ,, §7s),

where fn, s 1s the appropriate submatrix of

.1 n X\ 1 1 [X'VX X'VZ
J, = E =—-— . N
n a(qb) = Z; na(p)\Z'VX Z'Vz
and ©; is the estimated version of (2), inserting x! By + 2 Pwiqe for the linear

predictor x; B + z!vy. See the examples in Section 2.3. For the first term, we
note that

58t = ny9' % DDV,

a variable with mean 88' + K; recall the convention noted around (6) that ¥
means Jyiqe, etc. Hence 1°(S) = Tr{Q, WFS(S(S‘ K,)F{} is an asymptotically
unbiased estimator of 1(S), and 1°(S) + T1(S) an asymptotically unbiased esti-
mator of w-risk (S, 8). To avoid estimating a nonnegative quantity with a nega-
tive number, we advocate truncation to zero, and we use 1(S) = max{I°(5),0}.
The wFIC consists in evaluating

WFIC(S) = 1(S) + TI(S) = max{i°(5),0} + TI(S) 9)

for each candidate model S and in the end selecting the model with smallest
value of this estimated average risk. All components of the preceding expres-
sions are easily obtained via standard output of any software fitting GLMs.

Remark 1. When more components are put into S, the I1(S) term becomes
smaller; for S equal to the full {1,...,q} we find Fy = 0, making I(wide) = 0.
On the other hand, the more components in S, the bigger is the variance II(S).
Thus the wFIC method reflects the squared modeling bias against variance
balance.

Remark 2. The wFIC(S) = 1(S) + ﬁ(S) is not algebraically equivalent to
the simpler one of averaging individual FIC(S) scores. The two methods are
the same only in cases where there are no modifications of setting negative
estimates of squared bias to zero. The wFIC method, as outlined in Sections 3
and 4, performs the squared bias modification only once, at the end, as opposed
to performing this operation for each individual application.
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Remark 3. The methods stem from precise limit distribution results that
involve quantities such as J and K, along with further relatives such as K and
Gs. Our wFIC(S) formulas involve estimates of these quantities, J,, s, K, s, etc.
The theory behind the methods ensures that they work well as long as esti-
mates are used that are consistent, under the local misspecification framework
(B,y) = (Bo,8/\n). Among various possibilities we have chosen to use the
“wide model perspective” in our implementations, starting from estimators J,
that use estimates (Byide, Pwide)-

3.4. Examples Revisited

Here we make the formula for wFIC much more explicit for the class of GLM
examples, with particular attention to the classical linear model. Again we use
V = diag{v;} and W = diag{w(x;, z;)}. Examples of v, for the case of the lin-
ear, Poisson, binomial, and gamma models are given in Section 2.3. We turn to
the choice of weights w(x,,z ) in Section 6.

First we work with 1(S) of (9). With J,, e as in (1), Gs = w5 Ksmg K, |

. ,and
K, as in (3), one has

N

_ [((XVX)TIX'WVZ(I, - Gy) (XWX x'wz
= and Q,, = .
—(I, — Gy) Z'\WX Z'WZ

Next we simplify the matrix multiplications needed to compute 10(s) =
Tr{FQ, ,, Fs(88 — K,)}. After rearranging the resulting terms and introduc-
ing the generalized “hat matrix” for GLM, Hy = X (X'VX)"'X'V, we arrive at

10(s) = n'Tr{(1, — Gs)'Z\(1, — Hy)'W(I, — Hy)Z(I, — Gs)(66' — K,)}, and
hence 1(S) = max{IO(S) 0}. For T1(S) we need the matrix J,.s, which is that
submatrix of J, yiqe for which the row and column indices belong to the index
set S. For example, if S = {3,5} this gives the parameter ug(x,z) = x'8 +
Z3Y3 t 257s. In this example, of the matrix J, s we keep of the last g rows only
rows 3 and 5, and of the last ¢ columns we keep only columns 3 and 5. In

general, for any subset S of {1,...,q}, we denote the reduced design matrix
Zg = Zmg and
. 1 [(X'VX X'WZ 1~ BY B
Jos = N N and J,g=na .
S na() \ZLVx  ZLVzZg s 2 Bl Bl
Using formulas for the inverse of a partitioned matrix, Bg' = {Z;V(I,, -

Hy)Zs}™', and
BY = (X'VX)™' + (X'VX)'X'VZ B ZLVX(X'VX) 7,

BY = —(X'VX)"'X'VX,B)'.
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This leads to
() = a(¢p) Tr[X'WX{(X'VX)™" + H, Zg B} ZLHY,
—2X'‘WZ¢BY' HY, + Z'WZ¢ Bi'}],

and finally to wFIC(S) as in (9). These expressions are straightforward to
program.

In the special case of the classical linear model, the “hat matrix” is H =
X(X'X)'X! and

1(8) = max[0,n ' Tr{(1, — G, 5)'Z(I, — H)'W(I, — H)Z(I, — G, )
X (85 = KM,

1(S) = 62Tr[ X' WX{(X'X) ™" + HZ; B} ZLH!
—2X'WZgBY' H' + Z'WZ, B§'}],

with BY' ={Z.L(I, — H)Zs} " and again with wFIC(S) being the sum of these
two terms.

Remark 4. In linear models the expression for the pointwise (unweighted)
FIC has been shown to be exact; see Claeskens and Hjort (2003, Sect. 5.5).
There it is shown that, without assuming normality and when using least squares
estimators, the exact expression for the mean squared error matches that obtained
by FIC. This is a favorable property that helps in appreciating the obtained
expression for the FIC. More precisely, in a linear model with ¥; = x/B +
ziy + &;, where u = x'B + z'y is to be estimated, we use least squares estima-
tors in a submodel indexed by S, leading to the estimator f1g = x'Bs + (752)'Ys.
Computing the exact bias and variance of this estimator leads to the following
expression for the mean squared error of fig:

n~ N (x'U, g0x T 0'TK, sTsw)
+o'(l, — 7K, sms K, Vyy' (I, — K, ' 7K, s75) 0. (10)

This is, up to a constant not depending on the subset S, identical to the limiting
expression on which the FIC is based; compare with (5). The same property
holds when a (nonrandom) weight function w is included in the loss function
L, in (7). For linear models, computing the exact mean squared error of L,(S),
with least squares estimators inserted for ﬁs and 7y, leads to an expression that
is equivalent to that upon which wFIC as in (9) is based. Note that the error
variance o * appears in the denominator of the matrix J, as the scaling factor
a(o). There is accordingly a o ? factor implicitly featuring in the first two terms
of (10) but not in the final term.
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4. THE wFIC FOR GENERAL RISK AVERAGES

Earlier we developed a wFIC method for estimating weighted averaged risks in
GLMs. Sometimes different risk averages are called for, however, and this sec-
tion extends the wFIC to handle such cases. We choose to stay inside the GLM
framework exposited at the start of Section 3, although more general situations
can be considered. A brief motivating example is as follows: Suppose Y; data
are exponentially distributed with parameters 6; = exp(x;B + z;7y) and that
one wishes to estimate the quantile distribution

w(u) = pulx;,z;) ={—log(1 —u)}/exp(x; B+ z}y) foru € (0,1).

How can we select a model that provides good estimates fug(u) across all dec-
iles u = 0.1,...,0.9, say, or does the context of the application perhaps dictate
that the upper quantiles between 0.80 and 0.99 are the most important? One
might also wish to have a model that works well for, e.g., all upper quantiles
for a specific stratum of z covariates.

Assume in general terms that a parameter w(u) is to be estimated, defined
in terms of the parameters (3,7) of a GLM, and depending on some param-
eter u that may or may not depend on the covariates. As in previous sections
limit distributions will be established in the framework where (6,y) = (6, yo +
8/4ln), aiming at providing adequate finite-sample approximations for risks
and averaged risks. We use 6 instead of B here, and 7y, rather than simply 0, to
indicate a somewhat more general model framework than merely models indexed
by regression coefficients; 6 could for some models encompass such regression
coefficients along with some scale and skewness parameters, or it could be asso-
ciated also with, say, correlation structure in multidimensional data. We have

A (ue)

Vs (1) = Bpue 0} -5 Ag(u) = (—

0 ) Joo'M + 0(u)'(8 — GsD), (11)

where o (1) = J,0J00' 0 /00 — du/dy and Gy = wiK¢ms K~ '; also, M and D
are independent, and M ~ N, (0,J00') and D ~ N, (8, K). Consider the random
average loss incurred by using estimators associated with submodel S, say,

L,(5.8) = 1 [ (00 ~ pona 0} AW, 0. 12)

Here W, represents some relevant distribution of u values, such as the deciles
in the preceding quantile example, or some empirical distribution over some
interesting subset of the covariate space. This random loss would also depend
on 6,, but we concentrate here on what happens in terms of the local 6 =
\/; (y — 7o) scale around y,. Assuming W, converging to a suitable weight
distribution W (or that it simply stays fixed, independent of sample size), we
have L,(S,8) converging in distribution to L(S,8) = [ Ag(u)?>dW (u) under mild
conditions. We measure the total averaged risk via the expected value of L,,
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which converges to
w-tisk(S,8) = E L(S,6) = fEAS(u)2 dW (u),

again under weak conditions. Here
EA(u)? = 74(u)® + w(u)'E(§ — GgD)(6 — GyD)'w(u)
=75(u)* + w(w){(I, — G5)88'(1, — Gg)' + Gy KG}w(u),
in terms of 7o(u)> = (A (u)/960)"J o' (9 (u)/30) and the variance matrix
Var GgD = GsKG§ = miKgmg K 'miKgmg = wi Ky,

This leads after subtracting out the immaterial term [7,(x)>dW(u) to the
expression

w-risk(S,8) = Tr{A(l, — G5)86'(1, — Gg)'} + Tr(AmKs7g) 13)

for the limit risk, where A = [w(u)w(u)'dW(u). Hence the generalized wFIC
becomes

wFIC(S) = 1($) + T1(S)
= maX[Tr{A(Iq - GAn,S)(SSl - I%n)(lq - Grl,S)t}’O]

+ Tr(A#;kn’Sﬂs).

Here A is a sample-based estimate of the A matrix. The candidate model with
lowest value of wFIC(S) is selected. This more general wFIC can be applied
when one wishes to consider, e.g., average risk across both covariates and
quantiles.

5. MODEL SELECTION WITH WEIGHTED LINEX LOSS

There are many areas of application where precision of estimators and predic-
tiors is best assessed using nonsymmetric loss functions, including situations in
econometrics and social sciences. Among the more important alternatives to
traditional squared error loss is the linex loss, defined here as L, (\n (1 — w)),
where Ly(v) = exp(cv) — cv — 1. The parameter ¢ determines the degree of
asymmetry and skewness and can be both positive and negative, and ¢ — 0
corresponds to the usual squared error loss again. See Varian (1975) and
Zellner (1986) for discussion and applications. Suppose a family of estimands
u(u) needs to be estimated, with a combined weighted loss of the form
fLo(\/;(,&(u) — w(u))) dW,(u). Here we develop a model selection scheme
that aims at minimizing the resulting risk function.
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When model S is used, the limit loss becomes
loss(S,8) = fLO(AO(u) + w(u)'(6 — GgD)) dW (u).

The inner variable here is normal with mean bg(u)'6 = w(u)'(I, — Gs)& and
variance 75(u)? = 7o(u)?> + w(u)'Gy KGsw(u). Hence the limit risk associated
with selecting model S is

risk(S,6) = E loss(S, 8)
= f[exp{cbs(u)‘é + 2e?rg(u)?} — chg(u)'d — 1]dW(u).

But this may be estimated unbiasedly in the limit experiment, starting from the
observation that

E exp{chs(u)'D} = exp{chs(u)'8 + 1c?bs(u) Kby (u)}.

Hence

r°(5) = [ explebyu!D + Le*{ry()? byl Kby )]
by (u)'D — 1) dW(u)

has the required property. This leads to the following selection scheme: for each
candidate model, compute the weighted linex FIC score

F*(S) = f(eXp[cés(u)‘S + 3e2{#5(u)? — by(u)'Kbg(u)}]

— chg(u)'6 —1)dW, (u)
and choose in the end the model with the lowest value of 7#7(S). Here
bs(u) = @u)'(I,— Gs) and  7g(u)? = 75(u)? + &(u)'Gs KG5 o (u).

One may show that the limit version of this criterion, for ¢ — 0, is identical to
our earlier wFIC.

6. CHOICE OF WEIGHTS

The wFIC method developed earlier provides a quite general and versatile model
selection scheme, in that the weights w; = w(x;, z;) are fully user-specified,
meant to reflect what aspects are deemed more important than others for the
use of the finally selected model. The only caveat is that the weights should
not be seriously unstable; the mathematical requirement for our asymptotics to
go through is that the €, ,, matrix converges in probability with increasing sam-
ple size. This section discusses various types of weights.
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6.1. GLM Weights

The log-likelihood structure of a GLM itself suggests a type of weights for use
in the wFIC method. If one chooses w(x;,z;) = v;/a(¢), then Q,,,, = J, yide-
This leads to simplifications in the w-risk(S,8) and wFIC(S) expressions, as
we shall see now. For simplicity of notation and presentation we work directly
in the limit experiment, where J and K, etc., replace J, and K,, etc.; we also
write Gg = w5 Kgmg K ' First look at 1(S) = 8'F¢JFg8, where some manipu-
lations give

- (JOO Jm)(JOO‘ T (1, = GS)> - ( 0 )
’ Jio I —1,+ Gy -K'(I,- Gy))’

This leads with some further efforts to
I(S) = 6'(I,— Gg)'K~'(I,— Gs)8=8"(K ' — K™ 'm{Ksmg K~')8,
which is estimated by
I(S) =Tr{(K' — K 'miKsmg K~ ")(DD' — K)}
=D'K'D—-D'K 'wiKsmsK'D—q+|S]|,
as long as this expression is positive; it is otherwise truncated to zero. Next,
1(S) = Tr(JwiJg ') =p + |S].

This is easily obtained because the effect of pre- and postmultiplication by 7
is that only that submatrix of J ! is kept for which the row (and column) num-
bers belong to the index set S, entries on all other rows and columns being
replaced by zero. This implies that J is multiplied by part of its inverse matrix,
leading to the simplification p + |S|. This is also true for the data-based ver-
sion II(S).

To summarize this, with GLM weights the limit risk takes the form

w-risk(S,8) = 8" (K ' = K 'wiKsmgK )8 + p + S|,
and the canonical risk estimate (for the limit experiment) is

DYK™' — K 'm'Ksms K )D+2|S|+p—gq
i(s) + 10(S) = if N(S) takes place, (14)
p+ 1S otherwise.

Here N(S) is the event that the trace in 1(S) is positive, i.e., D{(K ! —
K 'miKsmgK~')D > g — |S|. The N(S) takes place with high probability if
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0 is some distance away from zero, but in situations where the underlying y
vector is close to zero, i.e., the narrow model is close to being correct, the
probability that N(S) does not take place is significant. The finite-sample ver-
sion of the risk estimate uses & for D and K, and I?n,s for K and K.

6.2. The wFIC and the AIC

Consider the AIC, which in the present circumstances takes the form
AIC(S) = 2 3 log f(yi36,, ) — 2(p + |SD),
i=1

with 6; being the appropriate maximum likelihood estimate of 6, = 6(x;, z;),
which again depends on Bs and 5. The AIC scores may be computed for
each submodel S, down to that of the most narrow model, which corresponds
to § = 0 and which uses only B4,...,8,,¢ as model parameters. When sub-
tracting the smallest model’s AIC value from AIC(S), and performing a one-
step Taylor expansion, we find that, for the limiting situation where n — oo,

aic(S) = AIC(S) — AIC(0) % D'K '7iKymgK~'D — 2|5]. (15)

See Claeskens and Hjort (2003, eqn. (2.5)). The best models have the highest
AIC scores.

We see from this and (14) that the wFIC method, when using GLM weights,
is essentially large-sample equivalent to the AIC method. The word essentially
relates to the modification for truncating an estimate of a squared bias to zero,
when relevant, spelled out in (14). Thus the wFIC provides a fresh perspective
on the AIC, and our arguments even suggest a correction to the AIC scores in
cases where the event N(S) does not take place. The result just described gen-
eralizes further, to the setting of Section 4. When the A matrix of (13) is pro-
portional to K, then the wFIC and the AIC are large-sample equivalent, inside
the framework of local neighborhood models.

It is interesting to go through the list of examples in Section 2.3 to see the
appropriate random loss functions that correspond to the AIC. For the logistic
regression setup of Example 3 in that section, e.g., model selection by estimat-
ing the mean of

A

« 2
" Pis Di

L,(S)= 2 m;p(x;,z:){1 _P(Zi,zi)}<10g — —log ~ )
i=1 L=pis I=p;

is essentially the same as AIC. Here p; g is the estimated probability under
model S. Similarly, for Poisson regression, basing model selection on estimating

w-risk,,(S) = E 3 exp(x} B + z}y)(log A, 5 — log A;)

i=1
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will be large-sample equivalent to the AIC scheme, where 5\,4’ s is the estimate
of Poisson rate i inside the S model. Of course other weights and other trans-
formations can be worked with, for logistic and Poisson regression, and such
alternatives can in the perspective developed here be seen as cousins to the
AIC method.

6.3. Other Types of Weights

In addition to the perhaps canonical GLM weights choice discussed previously,
the following types of weights may be considered. We emphasize again that
choosing an appropriate weight function is a context- and application-dependent
issue.

Uniform weights. A simple choice of weights could just assign mass 1/n to
each contribution in the summand, with the (), matrix simply equal to the empir-
ical variance matrix of the p + g-sized covariate vectors. Another choice is to
let w; = 1 precisely for individuals i belonging to a stratum of interest and w; =
0 for the others. This is exemplified in Section 7.

Gliding covariate window. A version of the preceding situation is to use w; =
w(x;,z;3x0) equal to 1 for individuals inside a certain neighborhood of some
fixed xo. This gives a ranking of candidate models around each fixed x,.
Smoothed versions can also be contemplated, also in a context of model assess-
ment where the x( is moved in its covariate space. A good final model, then,
should rank highly in all these local competitions.

Averaging over z for fixed x. Another version with some appeal is to assess
models in terms of how well they perform for a given covariate x, averaged
across all likely z values. To indicate in one particular fashion how this may be
handled, let

w; o f(z; —€,2),

in terms of the density f of the multinormal density N,(0,%,), where £, and X,
are the estimated mean and variance matrix for z given x.

Dimension reduction for discriminant analysis. Assume that a classifier is to
be constructed for discriminating between two populations 0 and 1 with prior
frequencies 7 and 77,. For given models for the two populations, say, fo(x,6,v)
and f1(x,6,7y) in terms of the feature vector x, where 6 signifies protected and
v open parameters, the optimal classifier says “1” if 7, f;(x) > 7,fy(x) and
“0” otherwise. Using ordinary direct likelihood methods to estimate parameters
and deciding on a good submodel, e.g., via the AIC, is often not adequate,
because effort is spent to estimate densities well where it does not really mat-
ter. What counts for good classification is to estimate log-densities well where
log fi(x) — log fo(x) is close to the threshold ¢ = log(m(/7r;). The wFIC may
be used for such purposes, taking as a departure point loss functions of the

type
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g

2 Wo(xo,i){l()gfo(xo,i) - lngO(xO,i)}2

i=1
+ E Wl(x1,i){10gﬁ(x1,i) - lngO(xl,i)}zy
i=1

with weight functions wy and w; chosen in a suitable fashion such that weights
are large in the (estimated) area where the log-density difference is close to the
threshold c¢. Here x( ; and x, ; denote training vectors from populations 0 and 1.

Robust weights. There is a whole area of research addressing issues related
to robust model choice. Robustness is concerned with the downweighting (and
sometimes identification) of data vectors that are “outliers” or that may exert
too strong an influence on maximum likelihood estimators. The methodology
developed in this paper sticks to the maximum likelihood estimators, as such,
but the weight function of the wFIC allows downweighting schemes that make
model selection less dependent on extreme data vectors. One version of this
would be

W('xi’zi) = h(”('xi7zi) - (Xo, Z0)”) fO[' i = 17" N,

where the norm in question could measure a suitable distance from covariate
vectors to some robustly identified center location (xg, z¢) and where i (u) could
be taken as 1 over a broad interval but made to go to zero beyond that interval.
Another choice is h(u) = exp(—c|u|) for a perhaps small value of ¢. Such a
scheme assures robustness with respect to extreme or overly influential covari-
ate vectors.

Note before we come to the next point that the wFIC methodology also works
with weights more general than w; = w(x;, z;), as long as the €, ,, matrix of (8)
converges in probability. Thus weights of the form w; = h(res;), functions of
suitably defined GLM residuals, are allowed. One such version, among sev-
eral, is

1 if |res;| = c,

w; = h(res;) = {

c/lres;| if |res;| > ¢,

where res; = (Y, — &,)/6, featuring (perhaps robustified) estimates of mean
and standard deviation for Y;. Weights of this type are discussed, in a rather
different context of robust linear regression, by Ronchetti and Staudte (1994),
who also find that ¢ = 1.345 is a reasonable default value for this weight function.

Weights in general regression models. In the more general framework of Sec-
tion 4, selecting weights appropriate for the occasion amounts to specifying
first the relevant class of focus estimands wu(u) and then a weight function W
for the u index. This is tantamount to constructing the weight matrix A of (13);
see the illustration in Section 7.1.
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7. ILLUSTRATIONS

7.1. Quantiles for Wage Distributions

For the following illustration of our methodology we shall consider the data
set cps85.data, available from the Internet, pertaining to a random sample of
528 individuals from the 1985 Current Population survey by the U.S. Census
Bureau; for a brief discussion, see Hansen (2007, p. 31). Eight covariates are
recorded for each individual, along with the person’s hourly wage (in dollars).
We order these covariates as x;, length of education, in years; x,, gender (1 if
female, O if male); x3, potential labor market experience, in years; x4, union
status (1 if in union job, 0 if not); z;, region of residence (1 if south, 0 if not);
Z,, indicator for nonwhite and non-Hispanic; z3, indicator for Hispanic; and
24, indicator for being married. The statistical task is to model and then ana-
lyze, how these influence the salary level. Our notation reflects the modeling
decision to keep the four x;’s protected (viewing it as prior knowledge that
these variables have a bearing on salary) whereas the z;’s may or may not
enter the finally selected model. Because salary distributions tend to be log-
normal, and the data exhibit variance heterogeneity, our widest model takes
log-salary Y; for individual i to be normally distributed with mean &; a linear
function in the eight covariates and with standard deviation o;, also allowed
to depend on covariates.

Write &; = x;B8 + zjy, where in our application x; = (1,x;,...,%;4)"
and z; = (1,z;1,...,2:4)% and o; = o exp(v; k), where v; depends on the co-
variates. Here we normalize the v;’s so as to have mean zero, for simplicity
of both computation and interpretation; thus o is the standard deviation for
Y;’s for which v; is equal to the average value zero. We shall in fact take o; =
UeXP(lei’,l + sti’,s), with x/; = (x;1 — %,)/sd(x,) and Xl = (xi3 — X3)/
sd(x3). The narrow model has p = 1 + 5 parameters (o and four 8;’s) whereas
the wide model has an additional ¢ = 4 + 2 parameters (four ;’s and two k;’s).
A total of 2° = 64 candidate models is considered, corresponding to setting
subsets of the six extra parameters to zero.

After a careful scrutiny of the data we removed four outlying individuals
(salary of nos. 247, 270, and 348 is too high and salary of no. 502 is too
low) to avoid parameter estimates and hence model selection mechanisms
being overly influenced by highly unusual data values (outside the 0.999
probability range under the assumed regression structure). We first computed
AIC values for all models, and the five best are 12456, 123456, 1456, 13456,
and 145. In this notation, “145,” e.g., means including 7y;,v4,x; in the
model while setting y,,v3, k3 to zero, and “0” and “123456” correspond to
the two extreme models of the narrow and the wide. That variance hetero-
skedasticity is called for is clear from the fact that the best variance homo-
geneous model (124 actually) is only ranked no. 25 on the AIC preference
list.
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To compute FIC and wFIC values we start with the log-densities of the model,

1

1
—_— (v, —x'B—zy)2—1 — o'k — — log (27).
20_2 eXp(ZU;K) (yl xtﬁ 217) ogo VK 2 Og( 77)

Computing derivatives with respect to o, 8,7y, k at the null model where y = 0
and k = 0 yields (¢} — 1)/0,&;x;/0,¢,z;/0,(¢} — 1)v;, in terms of & =
(Y; — &;)/0;. Because these are independently and identically distributed (i.i.d.)
standard normal, one finds the normalized information matrix

(2 —1)/o 2/0? 0 0 0
n Sixi/a- 0 2n,00/02 2,,’01/0'2 0
J,=n"'> Var = 5 5 ,
i=1 Sizi/O' 0 En,l()/o- En’]]/O' O
(&7 = Dy, 0 0 0 2L,
where

1 n 'xi xi[ 1 n
S,=-> and L,=— > v,v}.
ni=1\2; Z; ni=

These are of sizes 9 X 9 and 2 X 2 in the application. For a given focus esti-
mand u = u(o, B,7, k), the general method of Section 4 leads to

0 2,0\/2 0 \'[ou/lso d/dy
w=(0 0 >(0 2n,oo) (fm/aﬁ)_(aﬂ/aK)
S, 103 0001 /0B — du/dy
:< —ou/ok )

Also, K, = diag(o?3)',5L, "), with 3!! the lower right 4 X 4 block of the
inverse of 3,. From this we may compute all 64 I?n, s = (ms K 'wl)™" matri-
ces, involving the maximum likelihood estimate ¢ computed from the widest
model, and all 64 G, 5 = ngen’ sTs I%n_ ! matrices. Actually, the scale factors
cancel each other for G, s, and so these matrices are observed without estima-
tion noise.

The apparatus of Section 4 may now be applied for each given class of rel-
evant estimands, such as probabilities of low wages as a function of covariates
within certain strata of workers, the ratio of men’s wages to women’s wages,
etc. Here we choose to consider quantiles of the wages per hour distribution for
given covariates, i.e.,

p(x,z) = exp{x'B +z'y + coexp(v'x)},

where v is determined by x, as detailed previously, and ¢ is the appropriate
normal quantile. We shall focus on married women in unionized work, living
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TABLE 1. Variable selection for quantiles of wage distributions. The table
presents the six best models according to AIC, wFIC with x5 o = 3, and wFIC
with x; o = 20. See the text for more explanation.

WFIC, X3,0 = 3 WFIC, X30 = 20

AIC 0.95 0.50 0.05 0.95 0.50 0.05
1 12456 56 0 0 5 0 0
2 123456 356 5 5 0 6 6
3 1456 256 6 6 35 5 5
4 13456 6 56 56 56 56 56
5 145 5 36 3 6 3 3
6 1245 125 356 35 356 35 36

in the south region, with both race indicators z, = z3 = 0, and we consider the
salary quantile as a function of the length x; of the woman’s education. In other
words, our focus is the function w(x,) = u(x,,0,B,y, k) emerging from the
preceding formula for covariate vectors (1, xy,1,x30,1,1,0,0,1)", when x, tra-
verses the sampled values (from 6 to 18 years), for some fixed length of work
experience x3 . There are 2° different curve estimates fig(x;), one for each
submodel.

Table 1 gives the best six AIC models, along with the best six wFIC models,
for the 0.95, 0.50, 0.05 quantile functions and for x; ( set equal to, respectively,
3 years and 20 years, for the stratum of married women described previously.
Figure 1 gives quantile curves for the case of x; ( being 3 years, with estimates
stemming both from the AIC-best model and for those found by the wFIC mech-
anism. Similar analyses for other functions of other covariates and for other
strata of workers can easily be carried out, in each case leading to different
lists of top models. That such versatility and flexibility of method are of impor-
tance and relevance in econometric model selection situations is also discussed
in Hansen (2005). Note that all n = 524 data vectors are used to estimate the
wage quantiles for each stratum.

7.2. Diabetic Retinopathy Data

The Wisconsin Epidemiologic Study of Diabetic Retinopathy (see Klein, Klein,
Moss, Davis, and DeMets, 1984) provides information for studying how dia-
betic retinopathy may be influenced by several other measurements. The data
set consists of patient information for 348 men and 343 women. The binary
outcome variable ¥ = 0 indicates that there is no or only mild nonproliferate
retinopathy for both eyes. A value ¥ = 1 corresponds to moderate to severe
nonproliferate retinopathy, or proliferate retinopathy, for one or both eyes. Pre-
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104

0.05, 0.50, 0.95 wage quantiles

years of education

F1GURE 1. Quantiles for wages: estimates of the 0.95, 0.50, 0.05 quantile curves for
hourly wages for the stratum of women described in the text, as a function of the length
of their education, when the work market experience x3  is fixed equal to 3 years. The
AIC-model-based estimates are given with full lines, whereas the dotted lines refer to
estimates based on the best wFIC model, with better estimated precision.

vious analysis of similar data, in addition to prior knowledge among ophthal-
mologists, suggests that duration of diabetes in years (x;) and presence of
macular edema in at least one eye (x,) are of direct relevance for the outcome
of Y, and so these are protected covariates in each of the models that we shall
consider. Further covariates, seen as candidates for inclusion in a final model,
are percentage of glycosylated hemoglobin (z,), body mass index (z,), pulse rate
in beats per 30 seconds (z3), sex (z4, with 1 for male and O for female), pres-
ence of urine protein (zs), and area of residence (z¢, 1 or O for urban or rural).

A logistic regression model is used for the analysis. This means that the 1%
matrix is diagonal with elements p;(1 — p;), where p; = H(Bo + xfﬁ + z!9)
with H(u) = exp(u)/{1 + exp(u)} the logistic transform. Here By is the inter-
cept, whereas x; = (x;1,%;,)" and z; = (z;1,...,2;6)" are the covariate parts
for individual i, for i = 1,...,n = 691. At the full model, we obtain estimates
—6.344, 0.084, 2.036, 0.069, 0.031, 0.039, 0.119, 1.035, 0.241 of the nine param-
eters, with corresponding standard errors 1.148, 0.011, 0.411, 0.054, 0.026, 0.017,
0.231, 0.276, 0.228. Here the intercept and variables xi, x,, z5 are highly sig-
nificant, and variable z; is associated with a p-value of 0.022. The other vari-
ables are individually not significant.

We perform model selection among all six z variables and allow for all pos-
sible subsets of the full model, leading to 64 candidate models. As model selec-
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TABLE 2. Values of the wFIC, where weights are indicator values for men (1st
column), indicator values for women (4th column), and the GLM weights for
logistic regression (7th column), together with the selected covariates, in addi-
tion to the estimated error rate using leave-one-out cross-validation for 691 pre-
dictions. All indicated logistic regression models contain an intercept term and
variables x; and x,.

Men Women GLM weights

wFICy;  z-variables CvV wFICE  z-variables CvV WFICy,  z-variables CvV

21.201 3,5 0.185  24.828 3,5 0.185 5.688 3,5 0.185
23.270 2,3,5 0.184  24.974 3,5,6 0.181 6.032 3,56 0.181
24.230 1,3,5 0.184  26.155 1,3,5 0.184 6.149 2,3,5 0.184
24.393 3,5,6 0.181  26.160 2,3,5 0.184 6.163 1,3,5 0.184
27.590 1,2,3,5 0.177 28.072 1,3,56 0.177 7.000 1,2,3,5 0.178
27.767 2,3,5,6 0.178 28.616  2,3,5,6 0.178 7.000 1,3,5,6  0.177
28.680 1,3,5,6 0.177 28.673 1,2,3,5 0.178 7.000 2,3,5,6 0.178
29.982 3,4,5 0.184  31.096 3,4,5 0.184 7.465 3,4,5 0.184
31.186 2,3,4,5 0.185 31.636  3,4,5,6 0.181 7.776 3,4,5,6  0.181
31.345 1,3,4,5 0.184 32945 2,3,4,5 0.185 7.921 2,3,4,5 0.185

Note: CV = cross-validation.

tion criteria we take first wFICy(S) with indicator weights w; = I(i is male)
and next wFICg(S) with weights w; = I(i is female). Note that the values of
wFIC(S) are computed using the complete data set; we are not splitting the
data set for model selection. We furthermore consider wFIC,,, with the GLM
weights for logistic regression, which translates to taking w; = 0; = p;(1 — p;).
Table 2 gives for the three wFIC criteria the top 10 models, identified by their
z covariates, along with their associated wFIC scores. The versatility of our
method could be further illustrated by choosing other weight functions; thus
w; = p; would give extra emphasis to models that do well for patients with high
Y = 1 probabilities, whereas w; = 1 — p; corresponds to finding models that do
better for those with low Y = 1 probabilities.

For this particular illustration, the best wFIC model turns out to be the one
with variables z3 and zs, for each of the three setups. This happens to corre-
spond precisely to those variables that were found individually significant in
the full model at the 5% level. For other weight schemes, different submodels
are selected. The three wFIC schemes differ in the ranking of the following top
candidate models. From Table 2, there is some indication that the body mass
index (variable z,) is more important for men, whereas the area of residence
(z¢) may be more important for women. Thus we learn that, e.g., body mass
index influences Y in possibly different ways for men and for women, which
may be taken into account for building a final model or for carrying out the
most appropriate model averaging for prediction; see the discussion in Sec-
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tion 9. We note further that the model ranking based on wFIC,, is very similar
to that based on the AIC.

It is important to note that the wFIC method aims at obtaining a good approx-
imation to the full probability surface function p(x,z) = P(Y = 1]|x, z), across
values of (x, z), with appropriate and user-defined weights w(x, z). This is dif-
ferent from the aim of finding a model that produces the lowest possible error
rate when used for discriminant analysis purposes. Such an aim relates to the
more crude task of sorting individuals into “Y is probably 1 and “Y is proba-
bly 0” classes, based on (x,z). Thus it is not surprising that some submodels
have slightly better error rate properties than those found best from the wFIC
perspective. Examining estimated error rates for the 64 different logistic
regression—based classifiers (via leave-one-out cross-validation), the primary
feature is that they are all rather similar, spanning a tight range from 0.175
(121 errors of 691) to 0.190 (131 errors of 691). The tentatively best models,
from this classification accuracy point of view, are 1256 (error rate 0.175), then
1356, 13456, 125, 12456, 12356 (each with error rate 0.177); here “1256” iden-
tifies the model with variables z;, z,, 25, 26, tc. Entirely similar results are found
using, e.g., ten- or fivefold cross-validation. For some further discussion of pre-
dictive properties of different models we refer to Claeskens, Croux, and Van
Kerckhoven (2006).

7.3. Highway Data

To illustrate robust downweighting, we use Hoffstedt’s highway data; see also
Weisberg (2005, Sect. 7.2). This data set is used to explain the 1973 accident
rate per million vehicle miles as a function of several variables. There are 39
observations made. In every model we include an intercept term and x;, the
length of the highway segment in miles. Additional variables to choose from,
when searching for an overall good model, are average daily traffic count in
thousands (z;), truck volume as a percentage of the total volume (z,), total
number of lanes of traffic (z3), number of access points per mile (z4), number
of signalized interchanges per mile (z5), number of freeway-type interchanges
per mile (z4), speed limit in 1973 (z4), lane width, in feet (zg), width of the
outer shoulder on the roadway (in feet) (zo), and finally an indicator of the
type of roadway or the source of funding for the road (z,¢).

Based on robust C, model selection, Ronchetti and Staudte (1994) support
the model that includes, in addition to x,, the variables zs, z¢, z7, and z;¢, and
also the model with additional variables z,, z3, z4, and zo. Here we construct
weights wy, ..., wsq based on the robustification method outlined in Section 6.3;
these rely on initially used robust estimators for the regression coefficients
obtained in the full model. Five of the observations receive a weight that is
smaller than one; all other observations get weight one. The weights that differ
from one are 0.903, 0.568, 0.436, 0.577, 0.811. These weights are then used in
the wFIC(S) construction and lead to preferring the model with the two vari-
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TABLE 3. Values of the wFIC for the highway data, together with
the selected variables and also the error rate in 39 predictions
obtained using leave-one-out cross-validation. Also presented are
the 10 best models according to leave-one-out cross-validation.

wFIC Error rate CV
z-variables wFIC CvV z-variables (6AY
10 29.04 1.51 2,4,7,10 0.965
4 29.23 1.03 2,3,4,7, 10 0.980
8 29.51 1.54 2,4,7 0.988
7 29.72 1.10 1,2,4,7, 10 0.989
8, 10 44.00 1.58 2,3,4,7 0.991
3, 10 44.14 1.56 3,4,7 0.994
4,10 44.16 1.05 1,2,4,7 0.995
8,9 44.20 1.40 4,7, 10 0.997
9,10 44.20 1.35 2,4,5,7,10 0.998
7, 10 44.23 1.13 1,2,3,4,7,10 1.000

Note: CV = cross-validation.

ables x; and zj,. For this particular example, the model selected by wFIC is
more parsimonious than the model suggested by the robust C,.

Table 3 presents, in a manner similar to Table 2, the 10 best wFIC values,
the corresponding models, and the corresponding leave-one-out prediction error
3921y, — xi‘BA_i| computed in that model. Each time, the values (y;, x;)
are left out when computing B_,, where we write x; = (L,xi 15 Zi1s e 2i10)"
The 10 best models according to the leave-one-out prediction error are also
presented. The wFIC with robustified weights has larger estimated prediction
error than the best models obtained with leave-one-out cross-validation. The
model selected by the wFIC method tends for this example to be more parsi-
monious than the model selected by cross-validation. One should keep in mind
that minimizing prediction error was not the goal for the computed values of
the FIC.

8. PERFORMANCE OF THE wFIC

We have developed a model selection criterion that aims at doing well for given
loss functions of the averaging type (12). In particular, different focus type
parameters, and also different weighting strategies W,, lead to different selec-
tion mechanisms, unlike the AIC and most other strategies that work in “over-
all modus.” It is also important to study the consequences of given model
selection strategies in terms of final performance; point estimates and confi-
dence intervals, etc., are really the second step of a two-step strategy.
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8.1. The Real Risk Function

Consider estimators of the type w*(u) = j1s(u), where S is the submodel selected
by, say, AIC or the wFIC. A more general class is that of

wr(u) = ¢, (S) fus(u), (16)

N

where the model weights are allowed to depend upon data and where the sum
is over all candidate models (e.g., all inside a nested sequence). The AIC method
corresponds to ¢,(S) = 1 for precisely the set S selected by the AIC, with
¢,(8) = 0 for the other models, etc. Suppose that the collection of model weights
¢,(8) is such that they converge jointly to ¢(S|D), in the limit experiment asso-
ciated with variables (M, D) in (11). For this broad class of estimators-after-
selection, and more generally model average estimators,

A () = fge ()} -5 Ao () + 0 ()48 — 8* (D)}, (17)

where 6*(D) = X5c(S|D)GgD. This follows essentially via simultaneous
convergence of all variables involved in (11) and the random weights, in com-
bination with the continuity theorem of weak convergence. The important con-
sequence is that we may describe what happens to the real random loss L}, =
n f{mw* (1) — e (1)} dW, (1) incurred by the statistician’s strategy, as opposed
to only the random loss for strategies using predetermined models. For the real
loss we have

L, 5 f[Ao(lft) + ()48 — 8*(D)}]* dW (u).

From this we also infer the large-sample limit of the real risk function (again
after subtracting the irrelevant [7¢ dW term),

risk(8) = E f [w(u){8 — 6*(D)}]> dW(x)

= Ja)(u)‘{bias(ﬁ)bias(6)t + var(6)}w (1) dW (u)

= Tr[A{bias(8)bias(5)" + var(5)}], (18)

in which bias(8) and var(8) are used to denote the g-dimensional bias function
and g X ¢ variance matrix of §*(D). The specifics of the model selection or
average strategy (16) determine these bias and variance functions; recall that
D ~N,(8,K). Also, A = [ww'dW, as before. We may note that (13) is a spe-
cial case of the general result (18).
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Result (18) covers both the AIC and wFIC strategies, along with smoothed
versions thereof (and the original FIC scheme corresponds to the weight mea-
sure being concentrated in a single point). That the AIC method is inside the
required class essentially follows from (15), which implies that there is joint
convergence, With ¢, .ic(S) =4 c.ic(S|D), the latter defined as the indicator for
the set S for which aic(S) = D'K~'wiKyms K~ 'D — 2|S] is larger than all
other aic(S'). Similarly, the wFIC method uses random weights ¢, ;.(S) that
converge jointly to ¢g.(S|D), defined as the indicator for the set S for which

I*(S) + IT(S) = max[Tr{A(I, — Gs)(DD" — K)(I, — Gs)'},0]
+ Tr(AmgKg )

is smaller than all other I*(S’) + II*(S"). This follows because & —, D whereas
the other quantities are estimated consistently in our local y = y, + 8/A/n
neighborhood formulation.

8.2. Comparing AIC with wFIC

The performances of different model selection or model averaging strategies
may be compared using (18). Space does not allow us any deep investigation
into the pros and cons of different methods, but we shall attempt to explain
here that there will be many situations where the wFIC method will perform
better than the AIC, for large regions of the parameter space.

Let us assume, for simplicity of presentation, that the K matrix is diagonal,
with diagonal elements, say, K12, .. .,Kj, and that the list of candidate models
corresponds to all 27 subsets of {l,...,q}. The right-hand side of (15) then
becomes aic(S) = X e (DJ?/K;" — 2), and one finds that (the limit experiment
version of ) AIC selects the set of j for which | D;|/k; = /2. The AIC therefore
acts as a pretest screener for each nonprotected parameter, actually using sig-
nificance level 0.157 per parameter; the performance of other pretest methods,
with harder or softer screening thresholds, can also be analyzed via (17).
We can therefore compute the bias,;.(6) and var,.(8) for the AIC method, via
8ac.; = D;I{|D;|/x; = 2} for j =1,...,q. These considerations determine the

AIC performance as

q
risk ;. (8) = bias,;.(8)'Abias,.(8) + X, a; ;jvary, ;(8).

Jj=1

Note that AIC selects these j regardless of the context-driven loss function, i.e.,
regardless of the matrix A = [ww'dW.

The wFIC, on the other hand, selects components with specific regard to A,
i.e., to what is deemed important when setting up the loss function in the first
place. One may show here, under the diagonal K assumption, that wFIC selects
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S to give smallest value of h(S) = X,c52a, k7 + Dg.Age Dge, with S¢ the
complement of S. Note, e.g., that if the loss function gives an A matrix with
some components j that do not matter, then wFIC does not include them, whereas
AIC is programmed to take these on board also, even when this gives an extra
yoke of sampling variability. Similarly, if some a; ; components are much larger
than others, potentially contributing harshly to the risk in (18), then wFIC tends
to avoid including the associated v;’s in the model.

We compared the AIC to the wFIC in the limit experiment situation. We took
g = 2, which allows us to present the results graphically, and we let 6, J, take
values in an equispaced grid of 200 points between —6 and 6. For each such
combination of “true” values of 6 = (6,,5,), 2,000 values for D were simu-
lated from a bivariate standard normal distribution. We proceeded by perform-
ing wFIC and AIC model selection for each simulated value of the vector D to
obtain the value of the indicator weight ¢(S|D), which is either 0 (if the model
is not selected) or 1 (when that model is selected) for the four candidate mod-
els, which we label “0” (none of vy,,vy, included), “1” (7, included, y, not),
“2” (y; excluded, vy, included), “12” (both included). This allowed us to com-
pute values of bias(6) = E(6*(D) — ) and of var(8) = var(§*(D)) for wFIC
and AIC model selection. The A matrix taken was

(10 3)
A= .
3 2

Figure 2 depicts the ratio of the risk values for wFIC by those of AIC. Values
below 1 indicate preference for the wFIC, whereas values above 1 are situa-
tions where AIC has lower risk. There is no absolute preference of one method
above the other. The risk ratio surface converges to 1 when || increases. The
figure indicates a significant area in 6-space where WFIC has better perfor-
mance. In these areas wFIC has a much lower minimal risk than that of AIC.
The risk function, computed via equation (18), takes values between 5.216 and
229.914 for wFIC. For AIC the minimal simulated risk is larger, with value
5.704, whereas the upper bound is the same. Computations for the risk ratio of
wFIC/AIC lead to a lower bound of 0.643; i.e., the risk for wFIC is only 0.643
times that of the AIC for certain values in 6-space, whereas the maximum of
this ratio is equal to 1.090, indicating only a slight advantage for the AIC in
those areas where it has a better risk.

Because the limit version of AIC selects those variables with index j for which
|D;|/k; = \/5, the areas where AIC selects a certain model are easy to depict;
see Figure 3a. For the same grid of D, D, values we can use wWFIC model
selection and obtain information on the D,, D, values for which wFIC selects a
certain model. This leads to the areas of Figure 3b for the A matrix above. To
judge the quality of these areas we need to compare those with the actual areas
that minimize the risk function for each S. Therefore we employ the w-risk
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FIGURE 2. (a) Simulated risk ratio wFIC/AIC for model selection in a situation with
g = 2, K the identity matrix, and the matrix A as given in the text. Values below 1
indicate preference for wFIC; values above 1 indicate preference for AIC. (b) Contour
plots of the risk ratio wFIC/AIC.

expression in equation (13) to obtain the areas in §-space where each model
should be selected to have minimal w-risk. These areas are depicted in Fig-
ure 3c for the same A matrix as used above. Even though the wFIC does not
match these areas perfectly, it comes much closer than, e.g., the AIC.
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FIGURE 3. Regions for R for (D, D,) where the different models are selected (cases
(a) and (b)), and regions S for (8, §,) where different models are optimal (case (c)), for
the A matrix given in the text. Here R, denotes the full model with both variables, R is
the model only including the first variable, R, only includes the second variable, and R,
is the narrow model, not including any variable. (a) Areas where AIC selects a certain
model, (b) areas for the wFIC, and (c) optimal areas where the indicated model is best
in minimizing the w-risk function. (Figure continues on facing page.)
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FI1GURE 3. Continued.

9. CONCLUDING COMMENTS

This paper has provided a fair middle ground between the extremes “blind model
selection” (where a model is found via, say, AIC or BIC, without any particular
regard to the actual use of the model after selection) and “fully focussed selec-
tion” (where a model is selected to perform optimally for a given estimand).
We have seen that special versions of the wFIC are essentially equivalent to the
AIC method, and so our methods may be seen as suitable generalizations of the
AIC for use in situations where the context of one’s modeling and analysis dic-
tates more specific weighting schemes than the default ones. Subsequently we
give some concluding remarks pertaining to themes related to but outside the
main scope of the present paper.

In this paper we chose to concentrate on the generalized linear models frame-
work, where methods have a particularly clear structure, but it is clear that the
methods can be generalized to many other regression structures, as per Sec-
tion 4. Thus parametric regression models for multidimensional data, and for
hazard rates with censored data, can be handled with essentially the same meth-
ods. Extensions to the semiparametric Cox model are less immediate but can
be accomplished via methods of Hjort and Claeskens (2006).

Our paper has developed strategies that for each model rely on maximum
likelihood (or asymptotically equivalent) estimators. There is a need for gen-
eralizing methods and results to more robust strategies, e.g., involving
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M-estimators. This is entirely possible, but it requires more work and will result
in algebraically and structurally somewhat less elegant methods.

Though this paper has been specifically concerned with model selection, meth-
ods of Hjort and Claeskens (2003a) can be applied to provide model average
procedures, say, of the type it = X5c(WFIC(S)) is, a data-dependent average
across the estimators of the individual models, with

c(WFIC(S)) = exp{—21A WFIC(S)}/E exp{—2iA wFIC(S')}.

Here A is an algorithmic parameter, with small A corresponding to near uni-
form weighting, whereas larger A means giving nearly full weight to the model
that wins the wFIC competition. It would be natural to smooth across the most
promising wFIC quantile curves, e.g., in the wage distribution study of Sec-
tion 7.1. Methods of Section 8 also make it possible to study performances of
such average estimators, compared to the more usual estimators-post-selection.
Specifically, the result (18) for the real risk is valid for a broad class of model
average estimators, including the smoothed wFIC method.

Our methods have been developed inside a framework of “first-order asymp-
totics” for general parametric models. It might be important to supplement such
methods by suitable second-order corrections to make them work more pre-
cisely for moderate or smaller sample sizes. The content of Remark 4 of Sec-
tion 3 is that the wFIC(S) expression is exactly correct for each finite n > p +
g, when used in the linear model with nonrandom weights. This is an indica-
tion that even the first-order approximations to risks and their estimates are
adequate also in other GLMs.

Our “F” in FIC and wFIC is for “focus,” making our methods different in
spirit and operation from the majority of other information criteria in the liter-
ature. Specifically, even though we use Fisher information matrices of different
candidate models as a step in the evaluation of our criteria, our methods are not
related to the Fisher information criterion developed in Wei (1992) as a contin-
uation and refinement of earlier work on predictive minimum description length
methods of Rissanen. The framework of Wei’s information criterion is limited
to linear regression models. The posterior information criterion (PIC) of Phil-
lips and Ploberger (1996) is related to Wei’s criterion, to Rissanen’s minimum
description length principle, and to the BIC but was developed to work in con-
siderably more general frameworks, encompassing broad classes of stationary
time series models. See further remarks also about other selection criteria and
their interrelationships in Claeskens and Hjort (2003), Hjort and Claeskens
(2003a, 2003b), and the ensuing discussion contributions.
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