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ABSTRACT 

Within the framework of linear piezoelectricity, the problem of two collinear electrically dielectric cracks 
in a piezoelectric layer is investigated under inplane electro-mechanical loadings.  The energetically con-
sistent crack-face boundary conditions are utilized to address the effects of a dielectric inside the cracks on 
the crack growth.  The Fourier transform technique is applied to solve the boundary-value problem.  Under 
the consideration of two-case electromechanical loadings, the electroelastic fields near the inner and outer 
crack tips are obtained through the Lobatto-Chebyshev collocation method.  The special case of two collin-
ear energetically consistent cracks in an infinite piezoelectric solid is analyzed and the closed-form solutions 
of the crack-tip electroelastic fields are further determined.  Numerical results show the variations of stress 
intensity factors and energy release rates near the inner and outer crack tips on the applied electric fields, the 
geometry of cracks and the width of the piezoelectric layer in graphics.  The observations reveal that the 
stress intensity factors are dependent not only on the adopted crack-face boundary conditions, but also on the 
applied mechanical loading. 

Keywords: Piezoelectric layer, Energetically consistent, Two collinear cracks, Fourier transform, Crack-tip 
fields. 

1.  INTRODUCTION 

Due to the electromechanical coupling effects, many 
physical and mechanical problems of piezoelectric 
materials have attracted much attention [1-8].  One 
can see that the crack growth analysis of piezoelectric 
solids is complicated and dependent on many 
contributions such as the crack-tip inelastic deformation 
[9,10], the crack-tip domain switching [11] and the 
dielectric effects of crack interior [12-14].  From the 
experimental results [15], since the electric potential 
difference across the crack exists indeed, it can be also 
seen that the effects of the dielectric inside a crack on 
the crack growth should be considered. 

For the crack-face boundary conditions, the 
permeable and impermeable ones are prevalent for a 
long time.  Then Wang and Mai [16] have argued that 
the impermeable one is more reasonable than the 
permeable one in engineering problems.  Moreover, to 
simulate the case of a crack with a dielectric interior, 
Hao and Shen [12] have proposed a semi-permeable 
crack-face electric boundary condition as follows  
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where c = r 0 (0 = 8.85  1012F/m) is the dielectric 
permittivity inside the crack.   and uz are the 
jumps of electric potential and crack opening 
displacement across the crack respectively.  It has 
been applied widely to investigate the nonlinear 
fracture behavior for a cracked piezoelectric solid 
[1,17-21].  Furthermore, Landis and McMeeking [22] 
have firstly considered the electrostatic traction on the 
crack faces and analyzed the energy release rate of a 
half-infinite crack in a piezoelectric layer.  Then 
Landis [13] has proposed the energetically consistent 
crack-face boundary conditions in the fracture 
mechanics of piezoelectric solids.  That is, when a 
linear dielectric crack is considered, one has  
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for | Dc |  cEd.  When the dielectric inside the cracks 
may be electrically breakdown, it follows that  
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for | Dc |  cEd.  The constant Ed is defined as the 
critical electric field for corona discharges and d 
stands for the amount of charge per unit area transferred 
between the crack faces.  The energetically consistent 
crack-face boundary conditions are further verified by 
the finite element computation [23].  On the other 
hand, Ricoeur and Kuna [14] have also calculated the 
electrostatic traction acting on the crack faces and 
applied to solve the problem of a dielectric Griffith 
crack in a piezoelectric solid.  Recently, Zhong and 
Zhang [24] have applied the energetically consistent 
crack-face boundary conditions to deal with the 
problem of a dielectric crack in a piezoelectric layer.  
Eskandari et al. [25] have made an electroelastic 
analysis of an energetically consistent annular crack in 
a piezoelectric solid.  Using the self-consistent and the 
energetically consistent approaches, Fan et al. [26] have 
compared the observations for cracked piezoelectric 
ceramics.  Zhong [27] has addressed the problem of an 
eccentric penny-shaped crack embedded in a 
piezoelectric layer by using the energetically consistent 
boundary conditions. 

In the above-stated works, the energetically 
consistent boundary conditions are only used to solve 
the problems of a single crack in a piezoelectric solid.  
Owing to the interaction of multiple cracks, of much 
interest are the solutions of multi-cracks problems in a 
piezoelectric solid [28-30].  The objective of this 
paper is to investigate the interaction of two collinear 
energetically consistent cracks in a piezoelectric layer 
under two cases of electromechanical loadings.  In 
order to solve the boundary-value problem, the Fourier 
transform technique is applied to obtain two coupling 
singular integral equations.  The obtained equations 
are solved numerically through the Lobatto-Chebyshev 
collocation method and the electroelastic fields near the 
inner and outer crack tips are determined.  The explicit 
solutions of two collinear energetically dielectric cracks 
in an infinite piezoelectric solid are given as a special 
case.  Numerical computations for PZT-5H are carried 
out to show the variations of the stress intensity factors 
and the energy release rates in graphics on the applied 
electric field, the geometry of cracks and the width of 
the piezoelectric layer.  The obtained results show that 
the inner crack tip is always easier to propagate than the 
outer crack tip regardless of the different mechanical 
loadings and crack-face boundary conditions. 

2.  STATEMENT OF THE PROBLEM 

As shown in Fig. 1, it is assumed that a transversely 
isotropic piezoelectric layer is weakened by two 
collinear dielectric Griffith cracks.  Here Cartesian 
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Fig. 1 Two collinear cracks embedded in a 
piezoelectric layer 

coordinates system xoz is used and the poling axis is 
pointed to that as the z-axis.  Two collinear cracks are 
situated at the segments of a < | x | < c along the x-axis 
and the width of a piezoelectric layer is 2h.  For a 
poled liner piezoelectric solid under the assumption of 
plane deformation, the constitutive equations can be 
read as  

11 13 31= ,xx xx zz zc s c s e E    (4) 

13 33 33= ,zz xx zz zc s c s e E    (5) 

44 15= 2 ,xz xz xc s e E   (6) 

15 11= 2 ,x xz xD e s E   (7) 

31 33 33= ,z xx zz zD e s e s E    (8) 

where ij and sij are the components of stress and strain; 
Di and Ei are the components of electric displacement 
and electric field, respectively; ckl, kl and ekl are the 
elastic stiffness, the dielectric permittivities and 
piezoelectric constants, respectively. 

On the other hand, it is convenient to express the 
components of strain and electric field through the non- 
vanishing elastic displacements ux(x, z) and uz(x, z) and 
the electric potential (x, z) as  

 , , ,
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where a comma stands for partial differentiation with 
respect to the suffixed space variable, and i, j denote x 
and z.  Moreover, application of the equations of 
equilibrium leads to the following basic governing 
equations  

11 , 44 , 13 44 , 31 15 ,( ) ( ) = 0 ,x xx x zz z xz xzc u c u c c u e e       (10) 

44 , 33 , 13 44 , 15 , 33 ,( ) = 0 ,z xx z zz x xz xx zzc u c u c c u e e        (11) 

15 , 33 , 31 15 , 11 , 33 ,( ) = 0 ,z xx z zz x xz xx zze u e u e e u        (12) 

where the body forces and free charges have been 
neglected. 

Now, to simulate two collinear cracks full of a 
dielectric, the energetically consistent crack-face 
boundary conditions are chosen.  That is, we have  

 ( ,0) = , ( ,0) = , <| |< ,c c
zz zx D x D a x c   (13) 
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where c and Dc are determined by the relations given 
in (2) or (3).  Specially, r  1 implies that two 
collinear cracks are vacuum or full of air.  In other 
words, it is found from (3) that when /uz 0, we 
have  
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when /uz 0, it follows that  
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In the end, we consider two possible cases of applied 
electromechanical loadings, namely,  

 0 0: ( , ) = , ( , ) = ,zz zCase A x h E x h E     (16) 

 0 0: ( , ) = , ( , ) = .zz zCase B s x h s E x h E   (17) 

Case A means that the applied mechanical loading is 
stress.  Case B implies that the applied mechanical 
loading is strain. 

3.  DERIVATION OF SINGULAR INTEGRAL 
EQUATIONS 

Owing to the symmetry of the problem, it is 
sufficient to consider the electro-elastic field induced 
by two collinear dielectric cracks in the region 0  z < h 
and 0 x .  Then the free stress xz, the elastic 
displacement uz(x, z) and the electric potential (x, z) 
satisfy  

( ,0) = 0 , 0 < < ,xz x x   (18) 

( ,0) = 0 , ( ,0) = 0 , 0 < < , < < .zu x x x a c x   (19) 

In order to solve the partial differential Eqs. (10) ~ 
(12) with the boundary conditions (13), (16) ~ (19), the 
Fourier transform technique is feasible.  Following 
Zhong and Zhang [24], the solutions of uz(x, z), uz(x, z) 
and (x, z) can be written as  
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where Aj() are the unknown functions to be solved and 
Bj are the constants to be determined by the boundary 
conditions.  The constants j, 3j and 4j are given in 
Appendix A. 

In what follows, from (4) ~ (8) and (20) ~ (22), it is 
easy to calculate the components of stress and electric 
displacement as  
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where the constants kj(k 0, 1, 2, 3, 4) are given in 
Appendix A.  Now it is necessary to give the values of 
the constants j(j 1, 3, 4).  Under the applied 
electromechanical loadings, it is noted that one always 
uses the condition of zero shearing stress on the layer 
surfaces [31,32].  On the other hand, one also assumes 
that the material particles are constrained to move along 
the direction normal to the crack plane, which leads to 
the zero elastic displacement along the direction 
parallel to the crack plane when applied 
electromechanical loadings are acting on the crack 
surfaces [9,33,34].  Hence, when the applied 
electromechanical loadings are acting on the layer 
surfaces, we apply the boundary condition of xx(x, h) = 
0.  Here it should be pointed out that generally some 
amount of bending in the layers will create and the 
condition of xx(x, h) = 0 will make the results be in 
slightly error compared with the accurate solution for a 
small h especially.  But this treatment can make our 
calculations easy and the obtained results significant.  
Then application of (18) and (19) , we have  
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Hereafter “1” denotes the corresponding inverse 
matrix. 

Now, let us focus on the solutions of the unknown 
functions Aj()(j 1, 2, 3).  From (18) and (24), one 
has  
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On the other hand, application of the boundary 
conditions (13) and (19) leads to two coupling dual 
integral equations, namely  
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Furthermore, we introduce the following auxiliary 
functions  
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Then the unknowns Aj() can be determined as  
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Let us substitute (33) into (29) and obtain two 
coupling integral equations:  
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for a < x < c.  Then recalling the known result [36]  
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one has  
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In the end the singular integral equations can be 
derived.  That is, we have  
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for a < x < c. 

4.  SOLUTIONS OF SINGULAR INTEGRAL 
EQUATIONS 

4.1  The Limiting Case 

Generally speaking, we can not obtain the explicit 
solutions of the singular integral Eq. (38) for the 
complexity of the kernels.  However, when h, 
meaning that two collinear energetically consistent 
cracks are embedded in an infinite piezoelectric solid, 
Eqs. (38) become very simple.  It is expedient to give 
the closed-form solutions of the electroelastic fields 
near the inner and outer crack tips.  For the special 
case of h, it is found that  

2 2

2 2

cosh sinh
2 2 2

= .lim

sinh sinh
2 2

j j

h j

j j

x s
h h s

h s x
s x

h h



    
           

     
          

 

  (39) 

Then Eqs. (38) can be rewritten as  
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In what follows, it is attempt to obtain the explicit 
solutions of Eqs. (40).  If introducing the following 
variable transformations:  

2 2 2 2= , = , = , = , ( ) = ( ) .i is s x x a a c c s s   

  (42) 

Equation (40) can be reread as  
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The obtained relations (43) are the standard singular 
integral equations with Cauchy kernel and the explicit 
solutions are given as  
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  (44) 

where Ci (i 1, 2) are the constants which can be 
determined by  

 ( ) = 0 ,
c

i
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s ds  (45) 

or in terms of the introduced variables  
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Substituting (44) into (46), we have  
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 (47) 

where F() and E() are the complete elliptic integrals of 
the first and second kind respectively and hereafter 

= ( ) /k c a c .  Furthermore, the solutions of 
( )( = 1, 2)i x i  can be given as  
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  (48) 

From the above results, it is found that the solutions 
of ( )( = 1, 2)i x i  are expressed as the explicit forms 
for the case of two collinear energetically consistent 
cracks in an infinite piezoelectric solid.  Furthermore, 
the closed-form solutions for the case of a Griffith 
crack in an infinite piezoelectric solid should be 
reduced from Eqs. (48).  It is noted that  
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  (49) 

If letting a  0, meaning that two collinear cracks is 
reduced to a crack with the length of 2c, we obtain k = 1 
and E(k)/F(k)  0, then  
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 (50) 

4.2  The General Case 

For the case of two collinear energetically consistent 
cracks embedded in a piezoelectric layer with a finite 
width, the numerical solutions of Eqs. (38) will be 
given.  In order to carry out the numerical 
computations, we introduce the variable 
transformations as follows:  
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where a0 = (c a)/2, c0 = (c a)/2 and ˆ1 < < 1x .  
Then Eqs. (38) can be rewritten as  
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  (52) 

From the viewpoint of the fracture mechanics, it is 
assumed that the functions ˆ ˆ( )i s  exhibit the inverse 
square-root singularity, namely  
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where ˆ( )i s  are bounded continuous functions in the 
interval ˆ| | 1 .s   Noting that  
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and using the Lobatto-Chebyshev collocation method, 
we obtain a system of algebraic equations as follows  
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  (55) 
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where  
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with  

 ˆ = cos (2 1) / (2 ) , = 1,2, , ,mx m n m n  
 (57) 

ˆ = cos( / ) , = 0, 1, 2, , ,ls l n l n   (58) 

0 1 1= = 1/ 2, = = = 1.n n     (59) 

On the other hand, application of (45) and (53) yields  
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which can be further rewritten as  
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Now Eqs. (55) and (61) form a system of algebraic 
equations, which can be solved directly under the 
condition that Dc and c are known.  One can see that 
the Lobatto-Chebyshev collocation method is 
convergent for n   and it is more accurate than the 
Gauss-Chebyshev numerical integration method [35]. 

5.  CRACK TIP FIELDS 

In this section, of much interest are the crack-tip 
electroelastic fields induced by two collinear cracks.  
For the inner and outer crack tips, here we define the 
intensity factors of stress and electric displacement as  
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and the intensity factors of crack opening displacement 
and electric potential as  
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Moreover, if defining the energy release rates as  
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where  ( << (c a)) is the distance of the crack tip 
advancing, we have  
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Note that Dc and c are two unknown constants 
which should be determined firstly.  In what follows, 
we give the solutions of Dc and c for the limiting case 
of h and the general case, then the intensity 
factors of stress, electric displacement, crack opening 
displacement and electric potential near the inner and 
outer crack tips respectively. 

5.1  The Limiting Case 

For the limiting case of h, the jumps of elastic 
displacement and electric potential can be calculated 
explicitly.  According to (32), one has  
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with the knowledge of (48), we arrive at  
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  (71) 

where F(, k) and E(, k) are the incomplete elliptical 
integrals of the first and second kinds respectively, with  
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Application of (2) leads to  
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 (73) 

for | Dc |  cEd. Equation (73) is a cubic equation with 
respect to Dc, which is identical to the known results 
[13,14,25].  It is also seen from (73) that Dc is 
dependent on the material properties, the permeability 
of the dielectric inside the cracks and applied 
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electromechanical loadings.  The geometry of two 
cracks can not affect the value of Dc.  These 
phenomena are in accordance with those given by 
Landis [13] and Eskandari et al. [25].  Moreover, 
when Dc is obtained, c can be determined through the 
second relation in (2).  On the other hand, for | Dc |  
cEd and /uz 0, it follows that  
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when | Dc |  cEd and /uz 0, we have  
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According to (74) or (75), Dc can be obtained for a 
given discharge field Ed.  Then the second equation in 
(14) or (15) is used to determine c. 

Once Dc and c are determined, the intensity factors 
together with the energy release rates can be obtained.  
Making use of (23), (48), (62) ~ (65) and (71), after 
some computations, we obtain  
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and  
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Additionally, it is noted that using the semi- 
permeable crack-face boundary conditions, Hao [29] 
has obtained the closed-form solutions of two collinear 
cracks in a piezoelectric solid through reducing the 
crack problem to a Riemann-Hilbert problem.  The 
obtained stress intensity factors in (76) and (77) are in 
agreement with those given by Hao [29] except for the 
factor h  c and here the Fourier transform technique 
is applied. 

5.2  The General Case 

Generally, when | Dc |  cEd, it is seen from (2) that  
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where the relations (51) and (53) have been used.  Eq. 
(81) is an Abel integral equation, which is solved by 
using the Lobatto-Chebyshev quadrature technique in 
Zhong and Zhang [24].  That is, for ˆ = 0x  one has  

 
/2 /2

1 2
=0 =0

ˆ ˆ( ) ( ) = 0 ,
n n

c c
l l l l

l l

D s s        (82) 

where n is chosen as an even number.  Obviously, Eqs. 
(55), (61) and (82) form a nonlinear system with 2n  3 
unknowns, which can be solved as those given in 
Zhong and Zhang [24] and the detail procedures are 
omitted here. 

In addition, when | Dc |  cEd and /uz 0, one 
arrives at  
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when | Dc |  cEd and /uz 0, it is found that  
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Making use of Eqs. (55), (61) along with (83) or (84), 
similar to Zhong and Zhang [24], we can determine the 
solution of Dc, then give c by using the second 
equation in (14) or (15). 

In what follows, we focus on the intensity factors of 
stress and electric displacement.  From (23), the 
components of stress and electric displacement can be 
computed as  
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for 0  x  a and x  c.  Under the consideration of 
(54), one can get  
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Application of (51), (53), (62) and (63) leads to  
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Similarly, the intensity factors of crack opening 
displacement and electric potential can be determined 
as  
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 (90) 

The energy release rates near the inner and outer 
crack tips can be obtained easily by using (68) and (69) 
respectively.   

6.  NUMERICAL RESULTS AND DISCUSSION 

In this section, we investigate the variations of the 
stress intensity factors and the energy release rates near 
the inner and outer crack tips respectively.  In the 
following computations the piezoelectric material PZT- 
5H is chosen (Table 1) and the case of two collinear 
vacuum cracks (i.e. r = 1) in a piezoelectric layer is 
only considered for the sake of simplicity.  The 
applied mechanical loadings are 0 = 10 MPa for Case 
A and s0c33  10 MPa for Case B respectively. 

First, we compare the effects of applied electric 
fields on the stress intensity factors by using the semi- 
permeable and the energetically consistent crack-face 
boundary conditions respectively.  For convenience, 
the limiting case of two collinear linear cracks in an 
infinite piezoelectric solid is considered.  Under the 
electromechanical loading E0 / 0  0.02 (m2/C), Fig. 2 
shows the variations of the normalized stress intensity 
factor K / 0(a0)

1/2 on the ratio a0 / c0 for Case A.  
Using the semi-permeable crack-face boundary 
conditions, one can see from Fig. 2 that the applied 
electric field has no influences on the stress intensity 
factors, which is in agreement with the known results 
(see, e.g., Hao [29]; Li and Lee [21]).  However, 
applying the energetically consistent boundary 
conditions, it is found that the applied electric field 
decreases the stress intensity factors, which is in 
accordance with those given in Ricoeur and Kuna [14] 
and Zhong and Zhang [24].  In addition, of much 
interest are the effects of the geometry of two collinear 
cracks on the stress intensity factors.  One can see 
from Fig. 2 that with increasing a0 / c0, the stress 
intensity factors near the inner and outer crack tips are 
increasing regardless of the adopted crack-face 
boundary conditions.  It implies that the smaller the 
distance between two collinear cracks, the greater the 
interactions of two collinear cracks are.  Specially, 
when a0 / c0  0 (i.e., c0  ), the stress intensity 
factor near the inner crack tip is identical to that near 
the outer crack tip.  That is, with the increasing of the 
distance of two collinear cracks, the stress intensity 
factors are tending to that corresponding to a 
piezoelectric solid with a crack [21].  As usual, for a 
fixed 0  a0 / c0  1, the stress intensity factor near the 
inner crack tip is greater than that near the outer crack 
tip for two cases of crack-face boundary conditions 
respectively, meaning that the inner crack tip is easier to 
propagate than the outer crack tip.  On the other hand, 

Table 1  The relevant material properties 

PZT-5H c11 c33 c13 c44 e31 e33 e15 11 33

 126 117 53 35.3 6.5 23.3 17 15.1 13.0

Units: elastic stiffness constant, GPa; piezoelectric constants, C/m2; 
dielectric permittivities, (109)C2/Nm2 
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Fig. 2 The variations of 0 0/K a    on a0 / c0 for 
two collinear linear cracks in an infinite 
piezoelectric solid and Case A 

under the assumption of Case B and the 
electromechanical loadings E0 / s0c33  0.01, 0, 0.01 
(m2/C), the normalized stress intensity factors K / s0c33 
(a0)

1/2 versus the ratio a0 / c0 are depicted in Fig. 3 
using the semi-permeable crack-face boundary 
conditions and Fig. 4 using the energetically consistent 
boundary conditions, respectively.  The comparison 
between Figs. 3 and 4 reveal that the applied positive 
electric loading always decreases the stress intensity 
factors and the applied negative one always increase the 
stress intensity factor.  It means that a positive electric 
loading impedes the crack growth and a negative one 
enhances the crack growth for two cases of crack-face 
boundary conditions.  The above phenomenon agrees 
well with that given by Kumar and Singh [37] through 
the finite element technique for a cracked piezoelectric 
solid under a strain loading.  From Figs. 3 and 4, it is 
also found that the effects of applied electric fields on 
the stress intensity factors are strong dependent on the 
applied mechanical loading.  And the values of stress 
intensity factors using the semi-permeable boundary 
conditions are more than those using the energetically 
consistent boundary conditions for E0  0 and a fixed 
a0 / c0, which is in agreement with that in Fig. 2.  In 
addition, one can see that in Figs. 2, 3 and 4, the values 
for the inner crack tip are given for a smaller range of 
a0 / c0 than those for the outer crack tip.  It is 
attributed to the reason that when a0 / c0  1, the 
distance between two collinear cracks will tend to zero 
and the values of the physics quantities for the inner 
crack tip will tend to infinity.  Specially, it is 
interesting to give the values of stress intensity factors 
near the outer crack tip for a0 / c0  1.  In Fig. 2, one 
can obtain K / 0(a0)

1/2  1.414 for a semi-permeable 
crack and K / 0(a0)

1/2  1.353 for an energetically 
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Fig. 3 The variations of 0 0/K a    on a0 / c0 for 
two collinear linear cracks in an infinite 
piezoelectric solid and Case B using the 
semi-permeable boundary conditions 
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Fig. 4 The variations of 0 0/K a    on a0 / c0 for 
two collinear linear cracks in an infinite 
piezoelectric solid and Case B using the 
energetically consistent boundary conditions 

consistent crack.  In Fig. 3, it follows that K / s0c33 
(a0)

1/2  1.513, 1.145, 0.7766 for E0 / s0c33  0.01, 0, 
0.01 (m2/C) respectively.  In Fig. 4, we can have 
K / s0c33 (a0)

1/2  1.498, 1.145, 0.7555 for E0 / s0c33  
0.01, 0, 0.01 (m2/C) respectively. 

Second, it is interesting to investigate the influences 
of the discharge field Ed on the stress intensity factors 
and the energy release rates, respectively.  For 
comparisons, here we consider that two collinear 
energetically consistent cracks are embedded in an 
infinite piezoelectric solid under the assumption of 
Case A.  For r = 1 and a0 / c0  0.5, Figs. 5 and 6 are 
drawn to show the variations of the normalized stress 
intensity factor K / 0(a0)

1/2 and the normalized 
energy release rate G/G0 versus Ed with the 
electromechanical loadings of E0 / 0  0.02, 0.02 
(m2/C) respectively, where G0 denotes the energy 
release rate of a permeable crack in a piezoelectric solid 
[21].  From Figs. 5 and 6, one can see that when Ed  
0, corresponding to the case of two collinear permeable 
cracks in a piezoelectric solid, the curves of E0 / 0  
0.02 (m2/C) and those of E0 / 0  0.02 (m2/C) are 
overlapping.  The observations show again that the 
applied electric loadings have no influences on the 
stress intensity factor and the energy release rate for a 
permeable crack in a piezoelectric solid [3].  

Furthermore, when Ed is rising, the stress intensity 
factors near the inner and outer crack tips are 
decreasing, then a little increasing.  Generally, It is 
seen from Figs. 2 and 5 that applied electric loadings 
decrease the stress intensity factor for Case A.  On the 
other hand, as shown in Fig. 6, the energy release rates 
are dropping down with an increasing Ed, which is in 
agreement with the observations given in Landis [13] 
and Eskandari et al. [25].  Contrary to those in Fig. 6, 
Fig. 5 shows that the stress intensity factors are 
increasing when Ed is greater than 2.5 (MV/cm).  The 
phenomenon is due to the fact that when Ed  2.5 
(MV/cm), the electrostatic traction acting on the crack 
surface will decrease.  In addition, it should be pointed 
out that one has Ed  3.1 MV/cm for E0 / 0 0.02 m2/C 
and Ed  3.15 MV/cm for E0 / 0 0.02 m2/C to 
satisfy the condition | Dc |  cEd. 

In the end, we focus on the width effects of a 
piezoelectric layer on the stress intensity factors.  For 
simplicity, we only consider the case of a piezoelectric 
layer with two collinear linear cracks.  In the 
numerical computiions, the Lobatto-Chebyshev 
collocation method will be used.  In order to get a 
good approximation, one can find that it is enough to 
choose n = 30 after carring out a series of numerical 
examples.  The variations of the stress intensity factors 
on the ratio a0 / c0 are shown in Figs. 7 and 8 for Cases 
A and B with c0 / h  1.2, 1.0, 0.8 respectively.  For a 
fixed a0 / c0  0, the stress intensity factors near the 
inner and outer crack tips are rising with an increasing 
c0 / h for Cases A and B, which is similar to those for 
two collinear cracks in a purely elastic layer [38].  The 
above phenomenon reveals that two collinear cracks 
embedded in a piezoelectric layer are easier to grow 
than those in an infinite piezoelectric solid. 

7.  CONCLUSIONS 

Under the assumption of the energetically consistent 
crack-face boundary conditions, the problem of two 
collinear dielectric cracks in a piezoelectric layer is 
considered for two cases of electromechanical loadings.  
The Fourier transform technique is used to solve the 
boundary-value problem and two dual integral 
equations are derived, then two singular integral 
equations with Cauchy kernel are given.  For the case 
of an infinite piezoelectric solid with two collinear 
cracks, the derived singular integral equations are 
solved explicitly.  For the general case of a 
piezoelectric layer with two collinear cracks, numerical 
solutions are constructed.  The intensity factors of 
stress, electric displacement, COD and electric potential 
and the energy release rates are further calculated.  
The main observations are given as follows:   
• The stress intensity factor is dependent not only on 

the adopted crack-face boundary conditions, but also 
on the applied mechanical loadings. 

• Based on the stress intensity factor, two collinear 
cracks in a piezoelectric layer are easier to propagate 
than those in an infinite piezoelectric solid. 
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Fig. 5 The variations of 0 0/K a    on Ed for two 
collinear cracks in an infinite piezoelectric 
solid 
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Fig. 6 The variations of G/G0 on Ed for two collinear 
cracks in an infinite piezoelectric solid 
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Fig. 7 The variations of 0 0/K a    on a0 / c0 for 
two collinear linear cracks in an piezoelectric 
layer and Case A 
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Fig. 8 The variations of 0 0/K a    on a0 / c0 for 
two collinear linear cracks in an piezoelectric 
layer and Case B 

• With an increase of the discharge field Ed, the energy 
release rates near the inner and outer crack tips are 
decreasing. 

• The inner crack tip is always easier to growth than 
the outer one regardless of the crack-face boundary 
conditions and the applied mechanical loadings. 
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APPENDIX A 

The constants j (j  1, 2, 3) (Re [j]  0) can be 
obtained by solving the following characteristic 
equation  

 

2
11 44 13 44 31 15

2 2
13 44 33 44 33 15

2 2
31 15 33 15 11 33

( ) ( )

( ) = 0 .

( )

c c c c e e

c c c c e e
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 (A1) 

Then 3j and 4j are determined through  
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 (A2) 

The constants kj(k 1, 2, 3, 4) are given as  

 2
0 13 3 31 4 11= ( ) ,j j j jc e c       (A3) 

 2
1 33 3 33 4 13= ( ) ,j j j jc e c       (A4) 

 2
2 33 3 33 4 31= ( ) ,j j j je e        (A5) 

 3 44 3 15 4= (1 ) ,j j j jc e         (A6) 

 4 15 3 11 4= (1 ) .j j j je          (A7) 
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