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The force on a spherical particle moving arbitrarily in a fairly general class of unsteady
potential flows is calculated. It is found that the force, which can be expressed as the
gradient of a potential, takes the form of an infinite series of progressively higher order
in the ratio of the sphere’s radius to the scales of the surrounding flow. The first few
terms conform with the known form usually referred to as ‘added mass force’ but, when
the remaining terms are non-negligible, this concept becomes less relevant. Thus, unlike
Faxén’s extension of Stokes’s drag law, it proves impossible to generalise the idea of added
mass to particles that are not much smaller than the flow scales. The kinetic energy of the
fluid in excess of that which it would have in the absence of the sphere is also calculated
when the flows considered are unbounded.
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1. Introduction

It is known from potential flow theory that the hydrodynamic force on a solid sphere in
arbitrary motion in an incompressible fluid otherwise at rest is equivalent to an increase of
the sphere’s mass, an equivalence captured by the label of added, or virtual, mass used
for this force (see e.g. Batchelor 1967; Lighthill 1986; Landau & Lifshitz 1987). The
elementary expression for this force, namely F*"* = —(1/2)pVw, in which p is the fluid
density, V the sphere’s volume and w the sphere’s acceleration, is insufficient for many
important applications. An example among many is the Euler—Lagrange computation of
disperse multiphase flow in which the particles, far from moving in a quiescent fluid,
are typically immersed in a complex flow. It is therefore of some interest to enquire
whether formulations of the added mass force of broader applicability exist, even in the
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limited context of incompressible potential flow. In view of the very different mathematical
structure of Stokes vs. potential flow (especially the liner nature of the former vs. the
nonlinear nature of the latter), it would be unreasonable to expect a complete generalisation
comparable to the one that Faxeén’s theorem provides for the Stokes drag law, but non-
trivial potential flows may exist for which such a generalisation may be possible. This
is the problem investigated in the present study by considering a fairly general class of
potential flows and determining the force acting on a spherical particle in arbitrary motion
in them.

To be sure, limited extensions of the added mass force already exist. For example
if, in the absence of the sphere, the fluid is subjected to a spatially uniform pressure
gradient which puts it into solid-body motion with an ambient velocity U“(¢), the
previous expression for the force is modified in an obvious way resulting in F%" =
—(1/2)pV(w — U a) (see e.g. Batchelor 1967). In this case, however, the imposed ambient
pressure gradient V p“ also exerts a force on the sphere given by F? = —V'V p? which,
from Euler’s equation of motion, may also be written as F? = pVU"“. Thus, the equation
of motion of a sphere of mass m becomes

mw=FP+F“m=§va”‘—%pvw. (1.1)
Other forces unrelated to the ambient fluid, such as gravity, could readily be included here
but, since they would play no role in what follows, they have been omitted for simplicity.
A further extension of the added mass force was given by Taylor (1928) who showed
that, when the ambient fluid velocity u“ (x, t) varies little over spatial scales comparable to
the body size, the first term on the right-hand side of (1.1) takes the form —V (1 4+ «)V p?,
in which ‘apV is the virtual addition to the mass of the body’ (with « = 1/2 for a sphere)
and p“ is the pressure of the ambient flow, namely the flow in the absence of the sphere.
Upon using the fluid momentum equation to express V p¢, (1.1) can then be written as

. v Du?® 1 v (q Du? (12)
W= - = w— , .
m=PY o T 2” Dr
which can be interpreted as showing that, in this case, the added mass force is given by
1 Du*
F"=——pV |w— . 1.3
7P (w Dr ) (1.3)

The results of our investigation show that, within the broad class of potential flows
that we consider, the previous two extensions are the only ones that can be interpreted in
terms of the concept of ‘added mass’. While the fluid force is found to depend linearly
on the sphere’s acceleration in the same way shown in (1.2), the no-penetration condition
at the sphere’s surface, combined with the quadratic dependence of the pressure on the
fluid velocity, modifies the force by introducing a series of terms nonlinear in the spatial
derivatives of u“. By their very nature, such terms cannot be expressed as contributions to
any of the usual time derivatives of the fluid velocity.

Except for the representation used for the potential of the ambient flow and the
evaluation of the integral shown in Appendix A, the calculation we present is routine
and is summarised in §§ 2—4 which cover the problem set-up, the force due to the ambient
flow and the force due to the disturbance flow induced by the particle. Section 5 presents
the final result and other pertinent comments, including an example, the calculation of
the fluid kinetic energy and a comparison of the main result with Kelvin’s theory of the
impulse.
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2. Sphere in a general potential flow

If the fluid is inviscid, the particle force that needs to be considered is only due to pressure
and is given by

F(y@),n)=- fg[p]knde, 2.1

with n =[x — y]r/R the unit normal to the sphere’s surface S directed into the fluid and
y(¢) the instantaneous position of the particle. Here and in the following, the notation
[...]r, with R the radius of the sphere, indicates evaluation on S and we write dS, as a
reminder that integration is over the variable x implicitin p and n while y is held constant.

By writing the pressure as p = p® 4+ p?, with p® the pressure of the ambient flow in
the absence of the particle and p? the pressure disturbance caused by the particle, we can
decompose the force into an ambient force F® and a disturbance force F¢ as

F=F'+F!,  with F*"=- 7§ [p*] zndSx. (2.2)
s
In an irrotational flow the pressure can be expressed in terms of the Bernoulli integral
1
o+ 5+ 7 = f0), 23)

in which d, = d/dt denotes the partial time derivative and f (¢) is a function of time which
need not concern us as its contribution to the force vanishes. Upon writing

p ¢ a 1 a2 p ¢ a 1 2 a2
—— =8¢ "+ ) — f(1), —— =0 — 9+ ;(u’— @), (24
P 2 P 2
with ¢% the potential of the undisturbed ambient flow and u? = V,¢?(x,t) the
corresponding velocity, and substituting into (2.2), we can express the two components
of the force in terms of the velocity potentials of the ambient and disturbed flows.
By writing ¢“(x, t) = ¢“(y + (x — y), t) and expanding in Taylor series around y, the
ambient potential can be conveniently expressed as

1
Pl =) 5P 2.5)
=0

in which @ is defined by

O =[x —y) VI, ) = (x —y)i(x —¥)j ... (x — VB ... kP (¥, 1),
(2.6)

with 9; =09/0y; and the derivatives evaluated at y; for the special case [ =0, @9 =
¢“?(y, t). Here and in the following, unsubscripted derivatives are with respect to the
position y of the sphere’s centre; derivatives with respect to the field point x are indicated
by V.

Use of the Taylor-series representation (2.5) of the ambient potential raises obvious
convergence questions. In most of this paper this representation is used only in the
neighbourhood of the sphere and therefore, while somewhat limiting in the generality
of the conclusions that follow, this assumed form for ¢“ is not overly restrictive in the
sense that it still allows for non-trivial potential flows, most obviously when the series
terminates. When it does not, it may be expected that its radius of convergence would
decrease with increasing |x — y|. This may present a problem for the calculation of the
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excess kinetic energy of the flow in § 5 which, however, would still be justified when the
series terminates and possibly in other situations as well.
The ambient velocity corresponding to the potential (2.5) is

o0 o
1 1
WX, )=Vt =) VD= [((x—y) - VI“DVe(y, 1), @27)
[ (7—-1n!
[=0 =1
and, on the particle’s surface, it reduces to
o0 Rl
[wlg =) 7 ln- VIO vei(y,1). 2.8)
=0

Here, [n-V]® =ninj...ngd;0j...0 is the tensor product of / normals with [
derivatives.
We write the disturbance potential ¢¢ in the form

¢l ) =¢—¢" =Wy, (2.9)
with the first term representing the potential of a sphere moving in a fluid at rest, namely
1 R SN R ¥
W=—— w-x-—y), and vl = < ) @;.
2]x —y|3 g(l+1)! lx — ¥l
(2.10)

The corresponding disturbance velocity on the sphere’s surface is

3 1
[ud]R =[VxWIg + [Vxl/fd]R = E(u) -n)n — zw

00 [ -1 . (-1 a ) ) ra
+§(l+1)!R (Iln - V1'"VVe* — 2l + Dn[n - V]V¢?). (2.11)

It is readily shown that, on the surface of the particle,
n-[V(@*+v9)],=0, sothat [n-Vi¢?],=[n-VWlg=n-w. (2.12)

Furthermore, it is evident that ¢¢ — 0 far from the particle.

3. Ambient force
Upon using the Bernoulli integral, the ambient force is

1
Fe=p ?ﬁ (8,(;5“ + E(u“)2> nds, . (3.1)
S
The time derivative of the ambient potential ¢ is given by (2.5) with @; replaced by

3P =—1[(x—y) - V1" Dw.Vo? +[(x —y) - VID(@0" +w- Vo),  (32)

from which, on the sphere’s surface, the time derivative of the ambient potential follows
as

o0

[8,0°1r = Z %RH[— Iin- V1" Vw.ve? + Rn- V1D (3,0 + w-VeH)]. (3.3)
=0
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The contribution to the integral (3.1) over the sphere’s surface is readily found to be
f[a,(b“]Rnde =V[ou®+ (w-Vu*l—V(w--Viu* =Vou(y,1). (3.4)
S

This simple result follows from the fact that integrals over a sphere of an odd number of
normals vanish. Since the integrand explicitly shows one normal, only terms of [3;¢%]g
with an odd number of normals can contribute. However, of these, all terms with more
than a single normal must also vanish as they will necessarily contain factors proportional
to V2¢“ = 0; further comments on this point will be found in Appendix A.

With d; = R/ /1!, the quadratic contribution to the integral in (3.1) is

% fs(u“)%idsx = % Doy d 7% ([n- V1D Ver) - ([n-VI® Vo )n;dS,. (3.5)
=0 k=0

For a given /, only terms with k =/ £ 1 give a non-vanishing contribution to the integral
as all others include V2¢? or its derivatives (see Appendix A). Furthermore, since the
integrals are symmetric in the indices / and k, for any value [* of /, the contribution of the
term [ =[* and k =1* 4 1 is equal to the contribution of the term [ =1* + 1 and k =[*.
Thus the double sum reduces to a single sum in which all terms appear twice

l a2 . l . ) a (+1) a .
2ﬁ(u )°n;dS —21220 2d1d1+1£<[n-V] Vo )-([n-V] Vo )nlde.
(3.6)

Integrals of this form are evaluated in Appendix A and, upon using the result given in
(A8), we find an expression that can be written as

2l

T i@ Vi@, 61

1 o0
3 yg(u“)znde =V@*-Vu'(y.0)+3Vy_
§ I=1

in which 2/ +3)!!=(2/+3)(2I+1)...3-1, the double factorial of 2/ + 3, is the
product of all odd numbers less than, or equal to, 2/ 4+ 3. In (3.7) we have introduced
the notation

[{(0'u®) - V}(3'u®)], = @adp . . . 0 ) (D Dy - .. D uf), (3.8)
| terms | terms

to be understood in the sense of a normal tensor product. This abbreviated writing is
reminiscent of that used for the nonlinear term of the convective derivative, namely
(u;a j)u?, with the difference that the velocity u{ is replaced by its multi-gradient

o' u! =0,0p . ..0cu?. With this notation, for / = 0, the familiar nonlinear contribution to
the convective derivative appearing in the first term on the right-hand side of (3.7) is
recovered.

Upon noting that, for potential flow, 9;u{ = 0; uj“, this result can also be written as

1 2
5 %(u“) ndS, =V [@® - Vyu® + vI1°] (3.9)
S
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in which the potential per unit displaced fluid mass I7¢ is given by
3 e RY » R? R* .
n=- ———(0'uY) = —(VuY : (Vu®) + —(VVu") : (VVuh) +. ...
2;1!(2z+3)!!( uf)”= 1o (Vu): (V) + 5 (V) L (VVu) +
(3.10)

Here, (3’ uj‘.l)2 =(040p . .. 8Cuj‘.’) (040p . .. Bcuj’) in the standard sense of tensor products.
With (3.4) and (3.9) the ambient force is then found in the form

a

Dt

This result is a generalisation of the pressure-gradient force shown in the first term on the
right-hand side of (1.2). It may be of some interest to note that F¢ can also be written as
pVV(0:0% 4+ (1/2)u® - u® + I1%). Not surprisingly, the hydrodynamic force acting on the
particle in a general inviscid flow is found to be conservative.

The infinite series defining /7% shows that all the scales of the ambient flow contribute
to the force, as expected. With the very rough estimate R (3’ uJ‘.‘)2 ~ (R/L)?U?, with
U and L representative values of the ambient velocity and the related spatial scale, for
R < L we see that the effect of I7¢ is small and decreases with increasing /. Thus we
recover Taylor’s result. For R/L > 5 or so, we can use Stirling’s formula to obtain a
rough approximation to the integer /,,,, which gives the largest contribution to the sum.
Unsurprisingly, the result is /,,,,x ~ R/L. The coefficients of the summation decrease very
rapidly as [ increases beyond a value of this order indicating that the finer structure of the
ambient flow is inconsequential for the ambient force.

D
F¢ =,0V[8tu“ + (u® - V)u“] +pVVII*=pV ( “ + VH“) ) (3.11)

4. Disturbance force
On the sphere’s surface the time derivative of the disturbance potential (2.9) is the sum of

[3rW]R=%(w2—Rw-n) - g(w-n)z, (4.1)
and
=\ IR
[0,k = IZ(; S (@ +Dw-n)n-V1D¢* —1n- V17D (w. V)¢
+Rn- V1V @,0" +w-Vg). 4.2)

The contribution of these two terms to the integral analogous to that shown in (3.4) is
1
7§ [8:¢7]ndS, = 3 [du” + (w- V)u® —w]. (4.3)
S

To calculate the nonlinear contribution it is convenient to note that, in view of the
vanishing of the normal component of V(¢ 4+ %) on the particle’s surface, the square
of the disturbance velocity may be written as

[@D?] = [(VaW)? ] +2[(Vx* + Varr?) - (VaW)ie]
(Vo + V) L = [ e (44)

with (...);¢ indicating the component tangent to the sphere’s surface. The contribution
of this term to the force is to be found by performing an integration similar to that
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shown on the left-hand side of (3.5) with (u%)2 replaced by )%, Once multiplied
by n;, the integral of the first term of (4.4) includes an odd number of normals and,
therefore, vanishes. The integral of the last term has already been calculated in (3.7).
Use of the identity [V (¢ + ¥ ¥)]ig + (VeW)ie = [ x V(¢ +¥9)] - [n x VW] and
similarly for the third term simplifies the remaining integrations. The contribution of the
second term of (4.4) is then found to be

1 a d 1 a
5 fg [2(Vx9" + Vavr),, - (VaWhig] gnidSe = =5V @ - Vyuf(y. ). (45)

With the notation introduced before in (3.7), the contribution of the third term of (4.4) is

! 3
B fs [(Vxo" + wad)tzg]Rnide = EV(ua - Vui

S RZl

V2 (+ 21120 + DI

=1

[@'u) - V}(8'u?).
(4.6)

After subtraction of (3.7) as per the last term of (4.4), the combination of (4.5) and (4.6)
gives the contribution of the square of the disturbance velocity to the force as

1 7§S (ud)zndsx = —%V[(w —u®) - V]u*

2
I+1 RY . )
Z:lJrZZ'(214r3)n{(al” )- V}(0'uc). 4.7

As before, the summation may be written as V'V IT¢ with IT¢ given by

3o (I+DRY a2 3 — R* 2
5 duf) =M"— - au?)" . (4.8
22 (o) = zZ (T ona )T @8

Upon combining (4.3) and (4.7), the disturbance force is finally found to be

Fi=—Lov (-2 4 pvvme 4.9)
= 2F pr )P ‘ '
We see here the generalisation of (1.3) to a general potential flow.
The coefficients of the potential /7¢ differ from those of IT¢ only by the factor (I +
1)/(I +2) which is close to 1 when the previous estimate /,,,, ~ R/L is applicable. Thus,
the comments made at the end of § 3 with respect to [, apply to I7¢ as well.

5. The total fluid force and concluding comments

Upon adding (3.11) and (4.9) we find the following extension of the fluid force on the
particle given in (1.2) to the case of a general potential flow in the form:

Dut 1 vi(w—""Y, svvn (5.1)
w — s .
D 2 pr )P
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in which
3 I+1 2
1 =11 Hd:— RZI ala
+ 2;(1+2)!(2z+1)n (9')
R? R* : R® :
= —(Vu*) : (Vu*) + —(VVu?) : (VVu*) + ——(VVVu) : (VVVu®) + . ...
6(u)(u)+80( u):( u)+2100( u):( u) +

(5.2)

This explicit expression of the first few terms of I7T may be used to have an idea of the
magnitude of the error affecting the conventional added mass force in specific cases.

It is interesting to note that, if present, the term corresponding to / = 0 in the summation
defining I7 would be (3/4)u® -u® with a gradient equal to (3/2)(u® - V)u®, namely
the sum of the two nonlinear terms implicit in Du?/D¢ in (5.1). On the basis of this
remark, when the contribution of the summation is negligible, the form (1.2) might look
like an accident although, of course, the ‘accident’ is dictated by two important physical
arguments. First, when R is much smaller than the scale of variation of ¢¢, the fluid in
the neighbourhood of the particle is essentially in uniform motion with velocity U?(¢) ~
u®(y(t), t) and, by the principle of relativity, the simple expression F*" = —(1/2)pVw
for the ambient fluid at rest must become F*" = —(1/2)pV (w — U, augmented by the
effect of the apparent force p VU arising from the use of a non-inertial frame of reference.
Secondly, neither d;u® nor (u® - V)u“ are Galilean invariants, while their combination
into Du?/Dt is. The term corresponding to / =0 is therefore, in a sense, special and
its consideration jointly with d,u? is very well justified and, indeed, necessary. This
consideration is not applicable to IT as all the terms of the summation include gradients
of the velocity and are therefore already Galilean invariant. This property prevents the
possibility of seeing IT as part of an added mass force, a concept that the previous result
makes inapplicable in the presence of velocity scales comparable to the sphere’s radius.

Some greater insight into the significance of our result can be gained with an explicit
example. We consider a sphere of radius R at rest in the flow generated by a simple point
source at the origin with potential ¢ = —C/r; C is a constant and r is the distance from
the origin. A particularly favourable feature of this example is that, in this case, the series
(5.2) can be summed in closed form with the result

3C2 [R?2r% — R%2 + R* R?
H(I") = 2R4 r_2 2r2(r2 _ R2) + In{1-— r_2 s (53)

in which r is the distance of the sphere’s centre from the source. In ascending order,
figure 1 shows, as functions of r/ R, graphs of pVd,II (lowest blue line), the conventional
added mass force (1/2)pVDu® /Dt (red), the pressure-gradient force pVDu“ /Dt (black)
and the entire Bernoulli force (5.1) as obtained by adding up the terms represented by
the other lines (light blue). The quantities plotted are the radial components of each term
and each one is normalised by division by pVDu“/Dt with u“ the radial velocity induced
by the source. The crosses on the top light-blue line are numerical results obtained by
numerical integration over the sphere’s surface of the fluid pressure as obtained from
the Bernoulli theorem. The excellent agreement between the numerical results and the
expression (5.1) supports the accuracy of the latter. The force correction (5.3) is singular
for » = R and decays to zero as r increases. The decay is, however, fairly slow. The simple
result (3/2)pVDu“ /Dt incurs an error of nearly 45 % for r/ R = 2, of approximately 21 %
for r/R = 3 and of approximately 12 % for r/R = 4.
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Analytical
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Distance from source, r/R

Figure 1. The components of the pressure force on a sphere of radius R immersed in a simple source flow as
a function of the distance r of the sphere’s centre from the source; all components are normalised by division
by pVDu“/Dt, with u“ the radial velocity component of the source flow. In ascending order, the lowest line
(blue) shows pV 9,11, the next line (1/2)pVDu®/Dt (red) the one above that pVDu“ /Dt (black) and the top
line the entire force (5.1). The marks on this line are the result of a numerical evaluation of the pressure force
on the sphere.

It is of course legitimate to ask what the real value of our result (5.1) is when it comes
to the practical but very important problem of modelling the force on a particle not in
potential, but in real viscous flow. The current practice in Euler-Lagrange simulations
of disperse flows is to combine the conventional added mass force from potential flow
(1.2) with drag and, possibly, the memory force. It is thought that, in this way, a
reasonable approximation to the fluid force acting on a suspended particle can be obtained.
As long as the flow does not separate and it varies slowly over the particle’s radius,
the conventional added mass force may be expected to give a good representation of
the inertial component of the fluid force and, indeed, this expectation is supported by
numerical work (see e.g. Howe 1995; Magnaudet & Eames 2000; Mougin & Magnaudet
2002; Bagchi & Balachandar 2003). We may expect our contribution to be similarly useful
for an unseparated flow, with the advantage of extending the known result to flows varying
on an arbitrarily small spatial scale. Separation, however, changes the pressure distribution
behind the particle in a major way and the above commonly adopted procedure becomes
questionable. While our result is not subjected to scale limitations, it is still based on
unseparated potential flow and, therefore, it can be fairly criticised on the same basis.
Rather than in an ability to counter these criticisms, we believe that the real value of our
result is a fundamental clarification of the nature of the added mass force.

If the term (3/4)u® - u“ is included in the summation defining the potential by writing it
as IT to signify a summation starting from / = O rather than / = 1, (5.1) can be written in an
equivalent way which fully exhibits the potential nature of the fluid force on the particle,
namely

1034 R3-9
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3 - 1
F=pVV (58,¢a+17) —EpViv. 5.4)

The force on the sphere can also be viewed from the point of view of Kelvin’s impulse,
defined by (see e.g. Lighthill 1986)

J=- % ¢ ndSy . (5.5)
N

Upon using (2.5) and (2.10), this quantity is readily found to be given by J =
1/2)pVw(t) — (3/2)pVu(y(t), t). It can be shown that, in terms of J, the equation
of motion for the particle can be written as (see e.g. Blake & Cerone 1982)

d 1

= (mw+J)=p?§ —u’n— (n-wyu ) dS,. (5.6)
dr s \2

The first term on the right-hand side can be found by adding (3.7), (4.5) and (4.7) and

the second term is readily calculated to be V(w - V)u®. The impulse equation (5.6) then

becomes

1 3 3
mw + (EpVﬂ) — EpV[atu“ + (w - V)u"]> = EpV[(ua —w) - V]u
+ pVVII. 5.7

The expression for the hydrodynamic force implicit in this result is equivalent to (5.1).
If the particle moves in a fluid at rest (or in uniform motion), all the terms of this equation
except the first two (or, respectively, three) vanish, so that —d.J /d¢ can be identified with
the hydrodynamic force on the particle and, therefore, +d.J /d¢ with the rate of change
of the fluid momentum as noted by Kelvin. When the surrounding fluid motion is also
influenced by processes unrelated to the particle, however, this simple interpretation of the
impulse is no longer possible as indicated by the appearance, on the left-hand side of (5.7),
of the convective derivative with the particle’s velocity w rather than the fluid’s velocity
u“. In this more general situation J, which only depends on the potential as seen by the
particle, is not sufficient to determine the fluid force and the terms on the right-hand side
of (5.7) become necessary to restore the correct physics.

When the ambient flow is unbounded in all directions, our explicit expression for the
potential permits us to obtain the fluid kinetic energy in excess of that in the absence of
the sphere by calculating

k=30 [ AL @+ - VeRlav - 3o [ (veav. 68)
2" Jyo-v 2 Jy

in which V, is a large sphere, concentric with the particle, the radius Ry, of which is
eventually allowed to become infinite. (The last term needs to be subtracted because the
undisturbed kinetic energy is found by integrating over the entire Vo, not just Voo — V.)
Use of the previous expressions for the potentials in the calculation of the first integral
presupposes that the radius of convergence of the Taylor series used to represent the
ambient flow in (2.5) is infinite and that the ambient flow has no singularities at finite
distance from the sphere. If these hypotheses are satisfied, it is found that the coefficients
of terms involving R, vanish identically so that the result is finite, and it is found to be
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[+1

1 1 > )
]Cd:— 1% N2 Vu® -u® —30V Rzl a[ a
g PV =)t = s pVut -t =30 lzzl(l+2)z(zz+3)n (0°u)
1 1
:ZpV(w—u“)z—Equ“-u”
—VR—ZVa'Va R—4VV":VV“ 59
Jo 15( u®):( u)+280( u®): (Vvuy+... ). 5.9

If the ambient flow were uniform with velocity u“(y, t) = U“(t) the summation would be
identically zero. The first term would then be the kinetic energy of the flow induced by
the sphere’s motion relative to the surrounding ambient flow and the second term would
correspond to the reduction of the kinetic energy due to the volume occupied by the sphere
as indicated by the last term of (5.8). The summation accounts for the non-uniformity of
the ambient flow and the nonlinear interactions among the various velocity scales. The
summation in (5.9) differs from that defining I7 in (5.2) by an extra factor (2/ + 3) in the
denominator of the coefficients, which promotes a faster convergence of the series and
diminishes the contribution of the smaller scales.
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Appendix A

In this appendix we show the explicit evaluation of integrals such as that appearing in (3.5)
and related matters. For clarity let us rewrite the integral in question as

[P0 =D = ?g(nan,, con)(pny . . ng)nidS, (8'¢7) (35 ¢), (A1)
—
[ terms k terms

with 3/¢® = 8,3y ... 3.4 and 3*¢* = ,,0, ... 3,4 products of / and k derivatives,
respectively. The terms involving ¢¢ are not part of the integral but the fact that ¢¢ is
harmonic plays a key role in finding a simple result.

The first point to note is that, if the total number of normals / 4+ k + 1 is odd, the integral
vanishes because it changes sign upon the reflection x — —x. Hence, [ +k+ 1 =2N,
with N an integer. It is known that, over the unit sphere, such an integral equals 47 /(2N +
1)!! multiplied by the sum of (2N — 1)!! products of N Kronecker § values, each one
carrying a pair of unequal indices chosen from the set (a, b, ..., c), (m, p,...q) and
i (Google AI Mode 2026). It is evident that any such product containing even a single &
with both indices from the same set, either (a, b, ..., c) or (m, p,...q), such as d,p or
dpg» will vanish as it will include the term V2¢“. Thus the only non-zero contributions
can come from products of § values in which one index, chosen from the / 4 1 indices
@i, a, b, ...,c), is paired with one index chosen from the k indices (m, p,...q). For
such non-zero contributions to exist the number of indices in the two sets must be the
same as, otherwise, two additional indices in one set must necessarily introduce a § with
both indices from that set. Since the index i is prescribed, the only non-zero contributions
must have either k =/ — 1 or k =/ + 1. On the basis of these considerations (3.5) becomes
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1 1
3 f(ua),?ds =3 <d0d1 1V + dy o1 + 1Py + dody 1PV + a5 177 4. ) :
N
(A2)
. k) . 0,1 (1,2) :
which, due to the symmetry of I;"", simply becomes dod I; +dida1; +...,asin
(3.6).
It is sufficient, therefore, to limit our considerations to integrals of the form Ii(l_l’l)

which, on the basis of the previous considerations, once contracted with the derivatives of
¢? as in (A1), will have the same effect as

47 R?
L+ nH!

with suitable constants C;. To determine these constants we set n, = r, /R etc. and re-write

Ci6imBap - - - deq. (A3)

Il.(l_l’l) as
[—1,1 —(2l— —
Il.( )= Rp~@-D ?g (rarp - . 1¢) (Fmrp - - . 1) nidSy (8" '¢%) (8'9%). (A4)
S ———
[—1 terms | terms

Upon using the divergence theorem to convert the surface integral to an integral over the
volume V of the particle, by the symmetry with respect to the sets of indices (a, b, ..., ¢)
and (m, p, ..., gq) of the integrand, we may write the result as

[ =@ —Hr=@ Vg, /V (rp ... 1e) (rmrp .. 1q) AV (3"'¢%) (8'9%)

-2 terms 1 terms

+IR™C= g, / rarp .. re) (rp ... rg) AV (8" 19%) (8'9%) . (A5
ip V(ab c)(p q) ( ¢)(¢)( )

=1 terms |1 terms
The first term must vanish because each one of its §-products must also contain a § with

both indices from the second group. For the second term we note that the volume integral

over a sphere of radius R can be written as §(...)dV = fOR r2dr $(...)dR2, with £ the
solid angle. Thus

I(l 1,0) —IR™ 22— 1)8 / 2[ Zdr f (na”lb n(,‘)( nq) d9(81—1¢a)(81¢a)
—,_z
[=1 terms I—1 terms
= R f (o0 (1 1) mad 20 9) (016°). (A6)

[=2 terms l 1 terms

Using (A3), with the sphere’s radius taken as R on the left-hand side and as 1 on the
right-hand side, we find

4t R? r o, [ 47

mClSim(sap e (ch == 2l——|—1R 81m mCl_l(sap e (ch:| . (A7)

Hence, we deduce that C; =[C;_1 so that C; =[!C1. The integral / i(o’ Dis elementary and,

upon comparison with (A3), shows that C; = 1 so that C; = [!. We therefore conclude that
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10 A 8 0 6B Bl e ) (A8)
; @y e A P
[—1 terms [—1 terms

from which both (3.7) and (4.6) follow. A slightly different form of the integral arises
in the process of calculating the kinetic energy. It is easy to see that this form is readily

reducible to that for Ii(l_l’l).
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