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Abstract

Recently, Yang [‘On modular equations for the Jacobi theta functions’, Preprint] discovered an identity that
involves the sum of squares of the theta functions ;(0|7)d;(0|N1) for j = 2,3, 4. In this article, we prove
this identity and its generalisations. Our study also leads us to a four-variable extension of an identity
discovered by Chan, Chua and Solé [ ‘Quadratic iterations to 7 associated to elliptic functions to the cubic
and septic base’, Trans. Amer. Math. Soc. 355(4) (2002), 1505-1520].
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1. Introduction

Throughout this work, g = €7, where the imaginary part of 7 is positive. The Jacobi
theta functions are defined by

(o)
ﬂl(zh') = —i Z (_l)nq(2n+1)2/4e(2n+l)iz’
n=—oo
(o)
2 .
Bo(zlr) = Z DA oDz
n=—co
(o)
2 .
P3(zlt) = Z q" ez
n=—co

D@y = Y (~1)'g e

n=-—oo
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Let N a positive integer such that N = 3 (mod 4) and let

(o)

aN(q) — Z qm2+mn+((N+1)/4-)n2' (11)
It is known that
an(q) = 92(017)92(0INT) + 93(0|7)93(0IN 7). (L.2)

This identity can be proved by splitting (1.1) into two sums according to the parity of
n. Recently, Yang [9] discovered that for N = 3 (mod 4),

4
2a3(q%) = ) B OIOINT). (1.3)

i=2

Although (1.2) involves only 9, (0|7)%,(0|N7) and 93 (0|7)¥3(0|NT), Yang’s identity for
alzv(qz) involves not only the square of J,(0|7)#,(0|NT) and 9¥5(0|r)33(0|NT), but also
the square of 94(0|7)#4(0INT).

We show that (1.3) holds not only for N = 3 (mod 4), but also for all odd positive
integers N. We present two proofs of (1.3). In Section 2, we prove (1.3) using only
Jacobi’s theta functions of one variable. We define permanent modular equations and
show that (1.3) is indeed a permanent modular equation of composite degrees 1,2, ¢
and 2¢. In Section 3, we present a generalisation of (1.3) which involves Jacobi’s theta
functions of two variables. We also present several analogues of (1.3). In Section 4, we
present a generalisation of an identity [2, Theorem 5.1] found recently by Chan et al.
Our discovery is motivated by the method presented in Section 3.

2. A first proof of (1.3) and a permanent modular equation

We begin with some well-known identities associated with %;(0|r), j = 2,3, 4.

LEMMA 2.1. The following identities hold:

28,(0127)85(0127) = 93(0l7), (2.1)
93(0127) — 93(0lr) = —93(0127), (2.2)
93(0127) — 93(0lr) = $5(0127), (2.3)
203(0127) — 93(0l7) = 95(0l7). (2.4)

Identities (2.1)—(2.4) play important roles in the study of the Gauss—Brent—Salamin
algorithm and Ramanujan’s series for 1/n. (For more details, see [1].) Their proofs
can be found in [1, page 58, (5.70)], [1, page 22, (2.26)], [1, page 22, (2.27)] and
[1, Lemma 2.3], respectively.
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[3] Jacobi’s theta functions 3

PROOF OF (1.3). By (1.2),

) 2
2( Z q2(m2+mn+((N+l)/4)n2))

m,n=—00

= 2[33(0127)93(012NT) + 2 (027)3,(02NT)]*
= 2093(0127)95(012NT) + 295(0127)95(02N7)
+ 493(0127)93 (012N 7)92(027)92(012NT)
= 203(0120)93(012NT) + 293(0127)93(012N7) + 93(0|)93(0INT),  (2.5)

after two applications of (2.1). Applying (2.2) twice, the sum of the first two products
in (2.5) is given by

293(0127)935(012N7) + 295(0127)93(012NT)
= 2093(0127)95(012N7) + 2[93(0127) — 93(0[0)1[93(012NT) — 95(0INT)]
= [285(0127) — 93(0I7)1[295(012NT) — 93(0INT)] + 93(0l7)95(0INT)

= 95(0[)95(0INT) + 95(0lr)I5(0INT), (2.6)
after applying (2.4) twice. Substituting (2.6) back into (2.5), we obtain (1.3) and this
completes the proof. O

Let
95(0l7)
Alr) = and S = A(s7).
93(07)

A modular equation of degree s associated with A(t) is an algebraic relation satisfied
by ) and B,. For example, the identity [1, Theorem 2.6]

B
pr= @)
(1 + 1 —ﬁl)

is a modular equation of degree 2. A modular equation of composite degrees 1,m,n,mn
associated with A(t) is an algebraic relation involving S, 8, 8, and B,,,. An example
of a modular equation of composite degrees 1,3, 13,39, given by Ramanujan in his
second letter to Hardy [7, page xxix, (21)], is

{(1 =B = Bso)}''® = (B1B39)" _ I+id-gna = Baoll'* + (B1B39)'/* 2.8)

{(1=B3)1 =B}/ = (BsBi)/® 1+ {(1 = B3)(1 = Bi)/* + (B3Biz)/*

A modular equation of degree s, or of composite degrees 1,m,n,mn, is called a
permanent modular equation if the same relation is satisfied by more than one value
of s, or by more than one pair of values (m, n), respectively. For example, in the same
letter mentioned above, Ramanujan asserted that (2.8) is also true for (m, n) = (5, 11)
and (7,9). We end this section by indicating that (2.6) can be interpreted as a permanent
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modular equation of composite degrees 1,2, £, 2¢ by using [1, (8.53)]
200 2
D3027) 1 +4/T-8

The permanent modular equation is given by

1+ BB + A =BT - Bo)
(1+T=BDA+1-8)

Identity (2.9) can be transformed to a relation involving only 8; and S, by using the
modular equation (2.7) of degree 2 to eliminate 8, and B;,. This results in a ‘trivial’
relation which is essentially the identity

(ﬂl+ﬂﬂ4q&+¢ﬂ—xXl—ﬁf:20+wK1—ﬂX1—ﬁ)+@J

3. Second proof of (1.3)

(1 + BaPap)" ' =2

(2.9)

Our main theorem in this section is the following result.

THEOREM 3.1. Let

(o)
Aa,ﬁ(U, VlT) — Z qam2+nmn+ﬁn2eZiu(2m+n)eZivn7 (31)

mn=—co

where a and B are integers satisfying 0 < a < 4, so that the double sum converges.
Then, for any integer M and even integer N satisfying 0 < M < N,

2A0m N2+ v, w + XIT) Aoy N2 (u — v, w = XIT)
4
= Z 3 QulM ), 2vIMT)F;:2w|(N — M)T)3;2x|(N — M)T). (3.2)
i=1
COROLLARY 3.2. Identity (1.3) is true for all odd positive integers N.

PROOF. First, we observe that the quadratic form 2(m? + mn + (N + 1)/4)n*) may be
written as 2m? + 2mn + (N + 1)/2)n*. So, we may let M = 1 and replace N by N + 1
after setting u = v =w =x =0 in (3.2). Since ¢(0|7) is zero, identity (1.3) follows
immediately. ]

In addition to establishing (1.3), Theorem 3.1 also leads to other analogues of (1.3).
We give a sample of such identities as follows:

2( i (=1)" qz(m2+mn+((1v+1)/4)n2))2

m,n=—co

= —95(01")95(0INT) + 95(011)93(0INT) + 95(0[1)95(OINT),
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[5] Jacobi’s theta functions 5

o 2
2( Z qz((m+1/2)2+(m+1/2)n+((1v+1)/4)n2))

m,n=—co

= 95(0[1)95(0INT) + 93(0l)I5(0INT) — 95(0lT) 5 (OINT),

2
2 2
2( E ‘ (=112 12+ 1 2+ N+ 1 Ay ))

m,n=—co

= —95(0")95(0INT) + 950|195 (0INT) — 95(0[7)95(0INT).

We next prove Theorem 3.1. To establish Theorem 3.1, we need several identities
involving Jacobi’s theta functions defined in Section 1. These identities are extensions
of identities in Lemma 2.1 and they can all be found in [6, Ch. 1].

LEMMA 3.3. The following identities hold:

F3(u + vI21)(u — v21) — Fo(u + vI27)H3(u — v[27) = G (ulr)hH (v|T), (3.3)
P3(u + vI2T) (1 — v27) + Fo(u + vI27)H3(u — vI27) = Th(ulr)th (V|T), 3.4)
P3(u + v21)03(u — v|271) — F3(ulT)F3(viT) = =P (1 + v[27)0 (1 — v|27), (3.5)
P3(u + vI21)H3(u — v21) — Fo(u + vIT) T (1 — vIT) = P4 (u|27)F4(VI27T), (3.6)

203(u + v|27)93(u — v|27) — F3(u|t)F3(vT) = F4(u|T)I4(V|T). 3.7

PROOF. Identities (3.3)—(3.6) are identities (1.4.7), (1.4.9), (1.4.10) and (1.4.12) in [6],
respectively. Identity (3.7) follows immediately after combining (3.5) and (3.6). This
completes the proof of Lemma 3.3. |

We are now ready to prove Theorem 3.1.

PROOF OF THEOREM 3.1. From [2, (5.7)] and the proof of [2, Theorem 5.2],
A g, v|T) = H3Qulat)F:3(2v|(48 — a)1) + P 2ulat)d(2v|(46 — a)71). (3.8)
Therefore,

20 N2 + v, w + XIT) Aoy v (u — v, w — x|T)
= 2[93Qu + 2v2M1) 332w + 2x|(2N — 2M)T1)
+ 9 2u + 2vI2M 1) 3, 2w + 2x|(2N — 2M)71)]
X [93Qu — 2vI2M )93 2w — 2x|(2N — 2M)7)
+ 3 Qu — 2v2M 1) 3, (2w — 2x|(2N — 2M)71)]
=: 2[AB + CD][EF + GH]
= 2ABEF + 2CDGH + 2ABGH + 2CDEF, 3.9
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where

A =332 +v)2M1), B =9:2W +x)2(N — M)1),
C=%9QRu+v)2Mt), D = 132w +x)2(N — M)1),
E=9:Q2u-v)2Mt), F =9%:02W -x)I2(N - M)7),
G =% Q2w —-v)2Mt), H =13Q2W —x)2(N — M)71).

Further, let

J = HQuiMT)I;2vIMT), K = 93Q2v|MT),
L =9:2w|(N — M)t), P =1932x|(N— M)1).

Then, by two applications of (3.5), the sum of the first two products in (3.9) becomes

2ABEF + 2CDGH = 2ABEF + 2[AE — JK][BF — LP]
= [2AE - JK][2BF - LP] + JKLP
= P4 QuiMT)I42VIMT)F42wW|(N — M)T)34(2x|(N — M)T)
+ 3 QuIMT)I;2vIMT) I3 2W|(N — M)T)93(2x|(N — M)T1), (3.10)
after applying (3.7) twice.
For the sum of the next two products in (3.9), we find that
2ABGH + 2CDEF
= [AG — CE][BH — DF] + [AG + CE][BH + DF]
= QuiMt)d vIMT)3 w|(N — M)T)3 (2x|(N — M)T)
+ P QuIMT) G 2vIMT) P 2W|(N — M)T)3> (2x|(N — M)T), (3.11)

after two applications each of (3.3) and (3.4). Substituting (3.10) and (3.11) back into
(3.9), we obtain (3.2) and this completes the proof of Theorem 3.1. O

4. A generalisation of an identity of Chan, Chua and Solé

In [5, Theorem 1.1], Chan, Chua and Sol€ discovered the identity

(o)

2 o0 2
mz mn ”2 m+n n’l2 mn I’lz
( Z P2 )) :( Z (= 1y g2 2. ))

m,n=—co m,n=—co

) 2
+( Z q2((m+1/2)2+(m+1/2)n+2n2)) @1

m,n=—o0

and gave a proof by considering 7-modular lattices from codes over F, X F,. Shortly
after the discovery of (4.1), they [4, Lemma 2.2(ii)] found an infinite family of
identities, parametrised by d, extending (4.1), given by
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[7] Jacobi’s theta functions 7

© 2 ad 2
2 2 2 2
( § q2(m +mn+dn )) ( § ( 1)m+nq2(m +mn+dn ))

m,n=—00 m,n=—co0

+( Z qz((m+1/2)2+(m+1/2)n+dn2))

m,n=—co

2

4.2)

Recently, motivated by the study of 15-modular lattices, Chan et al. [3] discovered the

identity
© 2 © 2
Z q2m2+mn+2n2) :( Z (=1)m*n q2m2+mn+2n2)
mp=—co mn=—co
+(2 i q2(2(m+1/2)2+(m+1/2)n+2n2))2‘ 4.3)

mn=—o0o

They proved (4.3) by establishing an infinite family of identities [3, Theorem 1.1],
parametrised by b and d, extending (4.3), given by

o0 2 o0 2
( Z qdm2+bmn+dn2) — ( Z (_1)m+nqdm2+bmn+dn2)
mn=—oo m,n=—o0
o0 2
+ (2 Z qz(d(m+1/2)2+b(m+1/2)n+dn2)) , (4.4)

m,n=—co

where 1 < b < d — 1. Motivated by (4.4), they further generalised (4.2) by introducing
another family of identities depending on the parameters b and d [3, (1.6)], given by

(o)

2(bm?+bmn+dn?) . N m+n _2(bm*+bmn+dn?) .
2, 4 =( 2 v

mn=—co m,n=—00
o 2
+( Z q2(b(m+1/2)2+h(m+1/2)n+dn2)) ) 4.5)

m,n=—o00

Both (4.4) and (4.5) turn out to admit two variable extensions [2, Theorems 5.1 and
5.2]. For example, the two variable extension of (4.5) is given by

A7 g(u,vIT) = C2 y(u, bl7) = A 4, v + 7/2|7) = Co, y(u, v + 77, (4.6)

where A, g(u, v|7) is defined in (3.1) and

Ca/,/}(u’ VlT) — Z qam2+amn+ﬁn2+0zm+(m/2+nz/4€2iu(2m+n+l)eZivn. (47)

mn=—o0o
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8 H. H. Chan and S. H. Chan [8]

The discovery of (4.6) was motivated by the generalisation of Borweins’ cubic theta
function identity discovered by Schultz [8, Corollary 4.3], [2, (1.4)]. We now present
a two variable extension of (4.6).

THEOREM 4.1. Let A, g(u, vIt) and C,pg(u, vIt) be defined in (3.1) and (4.7), respec-
tively. Suppose 0 < a < 4, so that the double series converge. Then,
Agpu,w — ul) Ay g(v, x = V|7) + Cog(v,w — u + 11/ 2|7)Co p(u, x — v + 1/2|7)
=AU, w—u+m/2|T)Aqg(v,x = v+ 7/2|T) + Co (v, w — u|7)Cy g(u, x — vI7).
4.8)

PROOF. Since the proof is a straightforward computation, we omit the details and
present only the key steps.

Identity (3.8) allows us to express A, g(u,v[r) in terms of ¥»(:|r) and J3(:|7).
Together with the easy facts that

h(u+nalt) = =hH@|r) and I3(u + nlt) = F3(u|71), 4.9)
one can show that
Ag g, w — ulT) Ao g(v, x = V|T) — A g(u,w —u + 1t/2|T)Aq g(v, x — v + t/2|T)

= 203 2ulat)d32(w — w48 — &)1) P2 (2v]ar)F2(2(x = v)|(48 — a)7)

+ 2 Qulat)$2(w — w)|(48 — a)T):32v]lar)¥:3(2(x — v)|(48 — a@)T1).
(4.10)

Next, from [2, (5.7)] and the proof of [2, Theorem 5.2], we see that
Cop(u,vI7) = 2 2ulat)F3(2vI(48 — @)7) + F32ulat)F>(2vI(4B — a)7).
This, together with (4.9), then enables one to show that
Cop,w = ult)Cop(ut, x = V|T) = Co (v, w —u + 1/2|7)Co p(u, x — v + 7/2|7)

takes the same form as the right-hand side of (4.10). Thus, we obtain (4.8) and this
completes the proof of the theorem. ]
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