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Abstract

We consider a Lévy process reflected at the origin with additional independent and iden-
tically distributed collapses that occur at Poisson epochs, where a collapse is a jump
downward to a state which is a random fraction of the state just before the jump. We first
study the general case, then specialize to the case where the Lévy process is spectrally
positive, and, finally, we specialize further to the two cases where the Lévy process is
a Brownian motion and a compound Poisson process with exponential jumps minus a
linear slope.
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1. Introduction

This paper is devoted to the study of Lévy processes which are reflected at the origin, and
which have the special feature that at Poisson epochs they are subject to random collapses,
jumps downward where the jump size is a random proportion of the state just before the jump.
Such processes occur naturally in several different fields. We name a few as follows.

e Population dynamics. Population sizes may fluctuate according to birth-and-death pro-
cesses, and experience disasters at random epochs. After appropriate scaling such a
process may be approximated by a reflected Brownian motion subject to collapse. This
case is given special attention in Example 6.1 of the current study.

e Geophysics. Pressure in Earth layers may fluctuate randomly between earthquakes or
volcano eruptions (collapses).
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e Transmission Control Protocol (TCP). TCP adapts the window size (transmission rate)
of data transfers to the congestion in the network. The window size along a path is
increased until a signal is received that the path gets too congested; the window size is
then proportionally reduced (additive increase multiplicative decrease). Stochastic pro-
cesses with random collapses have been studied intensively in the analysis of the TCP
of the Internet (see, among many others, [2, 14, 15, 26]), but typically those processes
are nondecreasing (often linear) between collapses.

e Perishable inventories. In stochastic models of perishable inventory systems (PISs)
with random input, the inventory typically increases due to production and decreases
because of demand. However, in the sizable literature of such PISs (cf. the survey [11])
not much attention has been given to the modeling of incidents such as power outages,
which may make a random proportion of the stored goods (e.g. food or blood) obsolete.
See [21] for the case of PISs with clearing, i.e. collapses in which all the goods become
obsolete.

e Cash management. We dwell a bit longer on this particular application area, as it may
be less known than those above, whereas it formed one of our main motivations for the
present study. The peer-to-peer (P2P) lending platform is the practice of lending money
through online services that match lenders with borrowers. The P2P firm offers a plat-
form where individuals or businesses can lend directly to other individuals or businesses
without the need for a bank as a middleman. The firm takes brokerage fees for provid-
ing this match-making platform. Compared with investment and savings products from
banks, borrowers can borrow money at lower interest rates, and lenders can earn higher
returns. Although the P2P lending firm applies a strict screening system, it may happen
that a borrower is in arrears. If that happens, the P2P firm initiates collection procedures
against the debtor. P2P systems are exposed only to the exceptional volatility caused by
a severe crash in which many borrowers simultaneously go bankrupt. Historical exam-
ples of such crashes are the dot.com bubble in 2000, the sub-prime crisis in 2008 that
started with the crash of Lehman Brothers, and the corona crisis of 2020. In these cases,
the stock market crash was accompanied by bankruptcies in the entire business sector of
small and medium businesses and even large companies. In the events mentioned here
the crisis hit the entire capital market, since all those economic entities could not meet
their financial obligation. In [10] a stochastic analysis of such cash management pro-
cesses with crashes/collapses is presented, with a compound Poisson process between
collapses. However, the cash management process generated by big businesses together
with many ‘small’ individuals can be more naturally approximated by an independent
sum of a compound Poisson and a Brownian component, reflected at the origin, which
is a special case of the more general reflected Lévy process considered in this paper.

For some background on growth collapse processes, where, unlike in the current paper, the
processes are nondecreasing between collapse epochs, one may sample, among others, [7, 12,
16, 18, 20, 27] and references therein. See also [28, 29] for certain (spectrally positive) Lévy
queues with workload modification at exponential times and some other features.

Globally, our goals are to study the stability conditions of reflected Lévy processes with
random collapses, and to determine the stationary distribution (if it exists) when the Lévy
process is spectrally positive (i.e. the Lévy process itself has no negative jumps).

https://doi.org/10.1017/jpr.2026.10073 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2026.10073

1170 0. J. BOXMA ET AL

Our main contributions are as follows.

e A careful discussion of the conditions for the existence of a limiting/ergodic/stationary
distribution of the reflected Lévy process with collapses.

e For the case of a spectrally positive Lévy process, we determine the Laplace—Stieltjes
transform (LST) and moments of that limiting distribution.

e For the special case of a compound Poisson process with regularly varying jump sizes,
we prove that the tail of the limiting distribution is just as heavy as the tail of the jump
size distribution.

e For the special cases of Brownian motion and of a compound Poisson process with
exponentially distributed jump sizes (corresponding to an M /M /1 queue with collapses)
the LST of the limiting distribution is worked out in more detail, revealing a relation to
incomplete Beta functions.

Remark 1. There are many possible extensions of our model; we mention a few. (i) The inter-
vals between collapses could have a general distribution (cf. [7], where the resulting model is
studied for the case of a compound Poisson process minus a drift). (ii) It would be interesting to
study reflected Lévy processes in which workload decreases proportionally (‘shot noise’ with
exponential decay or equivalently a ‘linear dam’); cf. [18], where the relation between col-
lapses and such a shot noise structure is explored. (iii) In PISs, it is often assumed that items
have a finite lifetime [11]. In our setting, this could give rise to doubly reflected Lévy pro-
cesses with collapses. (iv) Next to proportional collapses, one might also allow state-dependent
jumps upward. In cash management and the crypto exchange market, such jumps might occur,
although they seem milder than the collapses.

The remainder of the paper is organized as follows. In Section 2 we introduce the model
under consideration: the Lévy process, the collapse procedure that is applied to it, the reflected
version of the resulting process, and its local time at zero. We also show that the process
level just before successive collapses satisfies a Lindley-type recursion of an autoregressive
sequence. Section 3 considers this recursion in detail. It leads to the conclusion that, if a limit-
ing distribution for this sequence exists, then the limiting random variable can be decomposed
into two independent terms. In Section 4 we discuss the conditions under which the reflected
Lévy process with general [independent and identically distributed (i.i.d.)] collapses at Poisson
epochs has a limiting/ergodic/stationary distribution. By Poisson Arrivals See Time Averages
(PASTA), this is also the limiting distribution of the process level just before collapses.
Section 5 presents the derivation of this limiting distribution. The special cases of reflected
Brownian motion with collapses, of an M/M/1 queue with collapses, and of a heavy-tailed
M /G/1 queue with collapses are discussed in Section 6.

2. The general model

In what follows xVy=max (x,y), xAy=min(x,y), x* =xVvO0, and x~ =(—x)". In
addition, ~ denotes ‘distributed’ or ‘distributed like’ and ~ denotes ‘asymptotic to’.

Consider a cadlag Lévy process X = {X; | t > 0} with Xy =0. Associated with each Lévy
process is a triplet (c, o2, v) where ceR, 6 >0, and v is a (sigma-finite) measure, called
the Lévy measure which satisfies v({0}) =0, fR x% A 1v(dx) < co. Any such Lévy process
can be decomposed into a sum of independent processes, where one is a Brownian motion
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(possibly only a drift), another is a compound Poisson process (possibly zero) with jumps
in R\ [—1, 1], and, finally, a convergent sum of centered compound Poisson processes of
the form Z;’;l (Xn,r — tEX;,,1), where the absolute values of the jumps of the process X, are
in (1/(n+ 1), l/n]. For background on Lévy processes and Lévy queues, see, e.g., [4, 13,
21, 25, 30].

In addition, let 7, 71, 12, ... be i.i.d. exp (1) distributed random variables which are also
independent of X and use the notation So=0 and S, = Z?:l 1; for i>1, with renewal
counting (Poisson) process N;=sup{n|S, <t}. Finally, let U, U, U,, ... be ii.d. with
P(U € [0, 1]) = 1. These are thought of as random proportions and are independent of all the
other random objects defined thus far.

For t > 0, denote L; = — info<s</ X, W; =X, + L;, and, for x > 0,

+
Ly = (— inf (x +Xs)> =(L—x7",

0<s<t

W=x+Xi+Li=X+xVL=W+x-L)". (D)

This is the reflection (Skorokhod) map associated with {x 4 X; | # > 0} where (L}, W) are the
unique cadlag processes that jointly satisfy (see [17]):

(i) Ly =0 and L is nondecreasing in f;
(i) W} >0 for each r > 0; and
i) {r|Wf=0}C{t|Li <LiVse[O0,n}.

Now denote 0,X = {X;+s — X | t > 0} (which is independent of the history of X until time s)
and let (oL}, osWY) be the corresponding reflection map associated with o X. Let Z = {Z; |
t > 0} be defined as follows. Assume that we have already defined it on [0, S,). Then for 7 €
[Sn, Sn+1), Z: = o5, Wt[ﬁqzns”’, where Z;_ =lim,4, Z,. Namely, at time S,, which we refer to
as collapse epochs, the content modeled by the process Z collapses to a fraction U, of its
precollapse level and continues according to a reflected Lévy process until the next collapse

epoch. Here Zj may have any distribution and is assumed to be independent of everything else.

Comment 1. In fact, because of the assumptions made until now, Z is a (nonnegative) Markov
process with the following generator:

2
Ag(x) = cg'(x) + %g”(X) + /R (g +y) — g(0) — &'y 1[—1,11() v(dy)
+ A(Eg(Ux) — g(x0)) 2

for twice continuously differentiable g with g(x) = g(0) for x < 0 (hence, g’(x) = g’ (x) =0 for
x <0). In particular, for x <0 it may be checked that

Ag(x) = f( : (gx+y) —gO)v(dy) = /0 gv(—x+y)dy. 3

This can be shown by applying the (local) martingales discussed in [24] or [19] but will not be
needed for what follows.
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A famous result, which in particular may be found in [4, 13, 25, 30], is that W; and L, are
independent. By (1) this implies the following decomposition:

(Wf’ L:) = (W'L’v O) + ((x - L'L’)+1 (LT - x)+)7 (4)

where the two random vectors on the right are independent. In particular, denoting w(x) =
Ee~*W+ we have that, for «, B=>0,

Ee—9W:—BLy — w(a) Ee—a(x—L,)*—ﬂ(L, -0t . 5)

With our setup, it follows from (4) that
Zs,— =05, \We, +(Zs, |~ Uy — 05, L) ", (©)

where oy, |
tributed like W, U, L., respectively.

We observe that by PASTA the ergodic distribution of the continuous time process Z is the
same as that of the discrete time process Zg, _ and, therefore, it is important to study this latter
process. With ¢, =Zs,_, V, =05, Wy, and ¥, =05, ,L;, we therefore have the following

Lindley-style version of an autoregressive sequence:

Cn = Vn + (é‘n*lUn - Yn)+’ (7)

We,, Zs, -, Uy, 05, Ly, are independent and os, Wy, Uy, o5,

n—1

L, are dis-

where all four random variables on the right are independent with V,, ~W,, U, ~ U, and
Y,, ~ L. In the next section we consider this recursion in some detail.

3. Lindley-style autoregressive recursions

Consider the recursion (for now, deterministic),
anvn+(zn—lun_yn)+, n>1, (8)

where v;_1,y; >0, u; € [0, 1] for i > 1. In addition, let zo =vg. This is the same as let-
ting z—1 =0, defining ug € [0, 1] arbitrarily and starting the recursion one index earlier.
Furthermore, let [To = 1 and I, = []\_, u; forn > 1.

We first observe that if 2, = v, + (2, un — yu)" and 2, = v, + (2, un — y») T, for any two
choices where zjj > z;, > 0, then it follows by induction that z, > z,, for all n > 0. Moreover:

e when z  u, <y, we have that zj, — z;, =0 < (ZZ—I -7z )un;
e whenz, ,u, >y, wehave that 2, —z, = (z/_; — 2, )un;
e whenz,  u, <y, <z,_,u, we have that

7 / % % / 7 /
2y T I = ZytUn — Yn S Zy_Un = YntYn — Zp_(Un = (Zn—l - Zn—l)”l"’ €

Therefore, whenever z >7z,>0, for all n>1, 7/ — 7 <(" , —7Z _)u, and, thus, for
0 0 n n n—1 n—1
every n >0,
0=z, —2z, < (25— z0) (10)

In particular, this implies the following.

Lemma 1. If 1, — 0 as n — oo then z,, — z, — 0 as n — oo for any choice of z;, > 0 (smaller,
equal, or larger than zo = vg).
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We note that since we will be replacing u; by i.i.d. random variables U; ~ U with support in
[0, 1], then, unless P(U = 1) = 1, it will always hold that []/_, U; — 0 as n — oo.
We begin by assuming that u; > 0 for all i > 1, so that IT, > 0 for all n> 1. Denoting,
forn>1,
Zn—Vn _ V-1 Yn

Wyp=———, Xp= - =, 11
n Hn n anl Hn ( )

we have that wo =0 and, for n> 1, w, = (W,—1 + x,)*, which is Lindley’s recursion. Thus,
with so =0 and s, = Z:’z 1 Xi for n > 1 we have the well-known solution:

Wp =5, — min sy = max (s, — Sp—x) (12)
0<k<n 0<k=n
and, thus,
Zn =Vp + max ((sp — sp—i)y). (13)
0<k=<n

For k = 0 we have that (s, — s,,_¢)I1, = 0 whereas for 1 <k < n we have

n
Vi—1 Yi

(sp — s, = Z <HI : - #) IT,
i— i

i=n—k+1

k
Vn—i Yn—i+1
_ il N 14
Z(r[,,_,. ) , (14)

l_[ .
i—1 n—i+1

recalling that vo = 0 (relevant for i = k = n). Now,

n

I i
D T =TT a9
n—i

Jj=n—i+1 j=1

and, similarly, for i = 1, we have that I'1,,/I1,,_j4+1 =l and for2 <i <k <n,

n

o i—1
— = H ”j=HMnfj+1. (16)
1

o =
n—i+l Jj=n—i+2 j=

This implies that we can write

k i k i—1
(sn — -, = Z Vn—i 1_[ Up—j+1 — Zyan’l 1_[ Un—j+1, 17)
i=1 j=1 i=1 j=1

where an empty product is defined to be one and an empty sum is zero. Therefore, we finally
have that
k i—1
= max Vin—illn—it1 — Yn—i Up—j . 18
n n+0§k§n Z( n—iln—i+1 — Yn z+1)1_[ n—j+1 (18)
i=1 j=1
We emphasize the fact that for n =0 we have that (since empty sums are zero), (18) implies
that zo = vp as initially assumed. Finally, it is a straightforward exercise to show by induction
that (18) holds also for the case where u; are allowed to be zero. For each such i we have that
z; = v; and the recursion evidently restarts from that point.
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Now, if we replace {(vi—i,u;,y;)|i>1} by three independent i.i.d. sequences
{(Vi—1, U;, Y)) | i = 1} of nonnegative random variables and {z, | n > 0} by the random vari-
able ¢,, then by taking each of the random vectors Vg, ..., V,, U1, ..., Uy, and Yy, ..., Y, in
reverse order it follows that

k i—1
G Vot max | > (ViU =v [0 (19)

i=1 j=1
where an empty sum is zero and an empty product is one. Therefore, ¢, is stochastically
increasing and bounded above by > i V; ]_[;: 1 Ujand, hence, if EVy < ocoand P(U; =1) < 1,
¢n converges in distribution to an almost surely (a.s.) finite random variable { which is dis-
tributed like an independent sum of two random variables. The first is distributed like Vj and

the second like

k i—1
sup [ Y viui - []ui ] (20)
k20 \ =y j=1

This is a generalization of the setup (hence, the conclusions) considered in [6]. See also [8] for
a discussion of recursions of the form W,, = (W,_1 U, + X,,)T.

4. Stability of the Continuous Time Process

An important question is what are the conditions on Z that ensure that there exists a lim-
iting/ergodic/stationary distribution. If P(U =1) =1 then we have a reflected Lévy process,
which is well understood and has been discussed many times in the literature and textbooks,
and thus we will assume that P(U = 1) < 1. Since the collapse epochs occur according to a
Poisson process with rate A, it is clear that true collapses (with U; < 1) occur according to a
Poisson process with rate AP(U < 1). Therefore, without loss of generality (w.l.o.g.), let us
assume that P(U = 1) = 0. If P(U = 0) > 0 then after a geometrically distributed number of tri-
als the process jumps to zero (often called clearing), which implies that it is regenerative and
therefore a proper limiting ergodic distribution clearly exists. It remains to consider the case
P(U=0)=P(U =1)=0. In this case it is clear that ]_[?il Ui=0a.s.

Itis easy to check that if x <y then W* < W7 for all # > 0 and that W) — W is nonincreasing
in 1. See [23] for results like this in the multidimensional setting. Therefore, setting Z* to be
the process Z when started from Zy = x we have that

Z =7y = (W, _ =W Ui <(y—n0Ui, 1)

where the left-hand side is nonnegative. Hence, by induction it also follows that

n
0=z —75, <t-n[] U (22)
i=1

where the right-hand side vanishes a.s. as n — oo. Therefore, we also have that

N,
0=z -z <o-o[]u (23)
i=1

which vanishes a.s. as t — 0o. Therefore, it follows that if a limiting distribution exists, it does
not depend on the initial distribution of Z.
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Since W} =X, + L, v x <x+ X; + L; = x + W, it follows that Zg, is stochastically bounded
by x[ [, Ui+ 3", Vi[]; Uj where all the variables on the right-hand side are indepen-
dent and V; ~ W;. By results from [18] this implies that {Zg, | n > 0} and, hence, {Z; | t > 0}
are bounded above by a process that has a stationary version. Therefore, tightness of these
processes is assured. It also implies that {Z; | #> 0} has a stationary version by following
the (Loynes-type) construction from [18] which is applied there to the case where W is
nondecreasing.

Therefore, we can apply PASTA to conclude that the (unique) ergodic distribution of
Z is the same as that of the discrete time process ¢, =Zs,—, where we recall ¢,, ¢ from
Sections 2 and 3. With Z* = ¢ having the steady-state distribution of ¢, (and, hence, also of
the process Z), we have that

25~ WEV~ W, + (27U — Loyt (24)

where Z*, W, U, L on the right are independent. To summarize, all that is needed for stability
and independence of initial conditions for the continuous time process is that P(U; =1) < 1
and that EW; < oo, for which it suffices that f(] ) xv(dx) < o0.

5. The case where X is spectrally positive
When X is spectrally positive, that is, v(—oo, 0] = 0, then with

2
@(a) =log Ee X1 = —cor + %az + /(0 : (ef'“ -1+ axl((),l](x)) v(dx), (25)
,00

it may be concluded (e.g. applying the martingale from [22], as is done in [3, Theorem 3.10,
p- 259]) that if X is not a subordinator and ¢ is the unique positive root of ¢(«)= A, then
L, ~exp (xy) and

o

w(a) = Ee™Wr = - @ (26)
A

Therefore, it follows either by [3, Theorem 3.10, p. 259] or from (5) here that, for o # ),

X X e -
Ee Wr ALt — yy(a) fz’ , 27)
a

—ax a+pB e—aAx

whereas by 1’Hopital’s rule and continuity, for o« = o, the right-hand side is

1
ST B (28)
@'(ay)
In particular, for o # o,
) e ox _ iefoqx e X _ lefakx

—aWy _ 478 _ o)
Ee =w(a) [« = [ @ , 29)

o), )x

where the term to the right of w(c) is the LST of (x — L;)". The case where X is a subordinator
is analyzed in [7, 18] and is thus ignored here.
From (24) and (29) it therefore follows that if we set f(«) = Ee %" then
Ef(@U) — L Ef(,U)
1 — ¢@
x

fla)= (30)
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Noting that for n > 1 we have, with §;, =0 for n > 2 and §;; = 1, that

n—1
(1-52) @1 2 (1) o b =er o - L,y
o)

k=0

from which the following recursion is immediate, once we argue that E(Z*)" < co whenever
©"(0) is finite.

Lemma 2. Assume that P(U = 1) < 1 and for n > 0 denote m,, = E(Z*)"* = (—1)"f"(0), and
0 n=0
c—i—f(l’oo)xu(dx) n=1

cn=(—1)"p"(0) = (32)
0%+ Jig.00y ¥ V(d0) n=2
f(O,oo) X*v(dx) n>3.
Then, for all n > 0, m,, < oo when ¢, < 0o and for n>?2
1 1 n—1 "
ny = 1——EU" X Z (k) MpCpn—k, (33)
k=0
where mg =1 and
1 c1 | Ef(anU)
=—|—4+—). 34
mj 1—EU< + o ) (34)

Proof. Since (33) and (34) are obtained by letting « | 0 in (31) and rearranging terms,
provided that all the terms are finite, it remains to show that when ¢, < oo then m,, < oo,
hence ci, my < oo for k < n. Recall (19) which implies that ¢, is stochastically bounded by
the process Vo + Y i, Vi ]_[] , Ujand, thus, Z* <y Vo + Y 0, Vi ]—[]’-=1 U;, where in this case
Vi ~ W;. One may apply M1nk0wsk1 s inequality to argue that if EVy = EW} < oo then

Vol
||vo+ZV1_[U||ns||vo||nZ||U < T T (35)
n

where ||Y||, = (E|Y|")'/" so that by monotone convergence we also have that E(Vo +
YR Vi ]_[j'-:1 Uj)" < oo and, thus, E(Z*)" < oo. To see that EW} < oo whenever ¢, < co we
recall that X; = W, — L, where W;, L, are independent and L, ~ exp (o) has moments of all
orders. Since whenever ¢, < 0o, EX} is a polynomial in ¢ of order at most n, which is easy to
check by first computing factorial moments via log Ee™ aX — = @(a)t, and since T ~ exp (A) has
finite moments of all orders, then EX? < oo and therefore necessarily also EW} < co, which
completes the argument. (|

It turns out that when U ~ Uniform(0, 1) the problem of identifying Ee=*%" for all o > 0
(in particular, Ef(a) U)/w;.), becomes tractable. For this case EU" = (n + DL

Theorem 1. Assume that U ~ Uniform(0, 1) and that X is a finite mean spectrally positive
Lévy process, which is not a subordinator. Then, with

o x -1
b= (/ "o I i O dx) , (36)
0
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we have that

e

—aZ* —b “=a
fl@)=Be™? =1 T yay - G7
i
o o)
b % o= L 5w n Yy, e (ay, 00).

()
-1 e

Moreover, whenever X; = J; — dt where J is a nonzero pure jump subordinator and d > 0 then
P(Z* =0)=Ab/2d. In all other cases P(Z* =0) =0.

Proof. We first note that when U ~ Uniform(0, 1) then with F(x)= f(;x f(x)dx,
-1
b= 2F(ax)/a)% and a(a) = (Ol (1 — %‘”)) , (30) becomes

_ 2
M = a(a)F(a) — a—a(a)b. (38)
o (1 _ w&a)> 2

From this it immediately follows via L’Hdpital’s rule on the right-hand side and the fact that
o(a)) = A, that

fl@)=F(a)=

flap) —ab
flap) =——F—-, (39)
_ @' (o)
AR
so that the case @ = «;,_in (37) is immediate.
From (38) it now follows that, for 0 < @ < 8 < «;, and for o) <a < 8,
B d ﬁ x2 X d
F(B)e Ju ‘O — F(a) — b / Ea(x)e— Jaa®)dy gy (40)
o
Integration by parts gives
B 2 N 2 2 B .
/ T ae faa & gy =L 'B—e_ Iz ady —i—/ xe o O gy, (41)
« 2 2 2 o
Since for a sufficiently small neighborhood of «; we have that
pla) — A
———— e (¢l(a) — €, ¢'(an) +e), (42)
o — o)

where 0 < € < ¢'(;) and ¢'(e;.) is finite and positive, then for every a € (0, ;) we necessarily
have that f;" a(x) dx = oo. Therefore, letting 8 1 oy in (40), implies that

2 o) x
Fla)=b (% +/ xe~ Ja a0 dy dx) . (43)

Differentiating both sides leads to

fla) = Ee—az* = ba(a) /O[A xe~ Ji a(y)dy dx. (44)
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We now 'recall that a(a) = (a(1 — (,0(0()/)»))_1 and note that for @ <x < ) we have that
x/o = ela vy, implying that

X x(1_ ) X
a(a)xe™ Ja a0y — —1(p @ el (y “(y)) d_ —1¢ @ e Ja ooy O , (45)
| — ¢@ |- 2@
x x

so that together with (44), the case « € [0, «;,) in (37) follows.

Recalling, by assumption, that ¢’(0) = —EX] is finite then f(f y(k(/i—%)(y))
any x € (0, «y) so that, since (o) — 0 as « | 0, we finally obtain (36).

dy is convergent for

Bty
For the case o > «) we observe that in (40) we can multiply both sides by ela 40 ang

note that for y > o,

1 1
= . (46)

T )

The rest is a repetition of the proof for the case « € [0, «; ), where eventually we let o |, o and
replace B in the resulting expression by «.
We finally turn to P(Z* = 0). Note that

e g ! L@y gy
/ e~ N oo W dr=a / e Je o)1 dx, A7
o,

A /o

and that by bounded convergence

1 1 ay 1 1 1
lim e Jr mdydx:/ e Jr %dydx:/ xdx:%. (48)
0 0

o—>00 ak/a

Therefore,

* b . o Ab . o
P(Z"=0)=—- lim

2 a—00 %‘3‘) -1 - 7 al}H;O 90(05). (49)
If our Lévy process is a subordinator minus a positive drift d then
o0
o(a) =da — / (l — ef‘”) v(dx) =« (d - / e “v(x, 00) dx) . (50)
(0,00) 0

In this case the mean is finite if and only if fooo v(x, 00) dx = f(o o0) XV(dx) < 00, in which case

(bounded convergence) fooo e~ *v(x, 00) dx vanishes, whence, ¢p(a)/a — d as o — o0.

In all other cases (recalling that X is not a subordinator), that is, when there is a Brownian
motion part or f(o 1 xv(dx) = oo (that is, an unbounded variation component) we have that
¢(a)/o — 00 as @ — 00, hence the right-hand side of (49) is zero. O

Remark 2. It is easy to check that for « € [0, oy ) and with

o R 0))
g(a):=/ e 0 T ¥, 1)
0
we have the following representation (when U ~ Uniform(0, 1)).
1— g(a)
fl@)=Be %% = 8@) (52)
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Consequently, from (24) and (26) it follows that

_ 8
Ee*"‘(z* U-L)t _ glay) (53)

g (1-2)
We complete this remark by emphasizing that b =1/g(y).

Remark 3. The proof of Theorem 1 can be easily modified to allow the more general case of
U ~ Beta(6, 1). For b and the cases « € [0, «y) and « € («;,, 00), the resulting expressions are
the same as in (36) and (37), except that the integrals in the exponents are multiplied by 6. For
the case @ =, 1/a; in the denominator is replaced by 6/w,. The expression P(Z* =0) =
Ab/2d for the case of a subordinator with a negative drift is replaced by Ab/((1 + 6)d). One
may also apply the same ideas to handle a mixture of a Beta(f, 1) distribution and an atom at
zero (clearing). For the sake of brevity we refrain from working out these exercises here.

Remark 4. Regarding Remark 3, we mention in passing that if we consider an on/off process
with exp (1) distributed on times and exp (1) distributed off times, where during on times the
process behaves like a reflected Lévy process and during off times the process is a deterministic
linear dam with release rate r > 0 (decreases at rate rx where x is a current state) then this
process restricted to on times is the process Z and, hence, has the steady-state distribution of
Z* with U ~ Beta(r/n, 1). Furthermore, by PASTA, the steady-state distribution of the process
restricted to off times is the distribution of Z*U, the LST of which may be deduced from
(30). Therefore, the steady-state distribution of the on/off process is a (n/(A + 1), A/(A + 1))
mixture of the distributions of Z* and Z*U. Thus, our analysis covers this case as well.

6. Examples and Tail Behavior

In this section we work out the LST of Z*, and hence of Z, for the two cases of
reflected Brownian motion with collapse (Section 6.1) and the M/M /1 queue with collapse
(Section 6.2). In both cases, collapses occur according to a Poisson process with rate A, and
instantaneously remove a Uniform(0,1) distributed fraction of the workload present. In these
two examples we use the notation g and the expression for f from Remark 2. We conclude in
Section 6.3 with a discussion about the tail behavior of Z* for the compound Poisson case with
a negative drift.

6.1. Reflected Brownian motion with collapse
The Laplace exponent of Brownian motion with drift ¢ is given by (cf. (25))
o 2 2
o) = —co + 70{ . 54)

In order to obtain the LST f(«) of the steady-state level of the reflected Brownian motion with
collapses, we need to determine g(«) and its derivative, which feature in (52). First write

e =%y ym 55)
YA=00)  Aqey—%y?r G—yDO =)
where
c c? 2\
)’I,ZZEZE F‘I‘;. (56)
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It is easily verified that y; > 0 and y, < 0, with y;y, = —(21/02) and y;| + y» = 2¢/o2; and of
course y| = a,, the unique positive zero of A — ¢(«).
Using a partial fraction expansion, we can rewrite (55) as follows:

o) Dy D,

- = + , (57)
YA —e®) y—y1 y—w»m
where
Di=—2 20, Dy=—2_~o. (58)
yi—y2 Y1 —y2

It is now easily verified that
o X — 1 D] X — 2 Dz
gl@) = f ( . > ( > ) dr, (59)
0 )1 —y2

8@ _g@ _ Jy G—yDP G —yn)P dx
gl@) g fy (x—y)Prx—y)P2 dx’

D D
g/(a):<0l—y1) : (a—y2> : 1)
pa! —)2

Substitution in (52) shows that the LST of the steady-state level of our reflected Brownian
motion with collapse is, for « € [0, y), given by

Fla) = y1y2 <Ol -y )D‘ (Ot - y2>D2
(@—y(@—y) \ —» )

Jo = yDPr(x—yp)P2 dx
x1— 5 5 5
o (x—=yDPrx—y2)P2 dx

_ ( Y1 )1+D' ( —y2 >1+D2 - Jo = y)Prx — y)P2 dx
yi—o -2+ o —yDPrx—y)P2dx |
Note that the first two terms in the last line of (62) represent the LST of the difference of two
independent Gamma distributed random variables.

and, hence,

(60)

while

(62)

Remark 5. It should be observed that g(«) can be expressed in incomplete beta functions. The
incomplete beta function B(z; ay, a) is defined as (e.g. [1, p.263])

Z
B(z;a1, ap) = / € B Sl 17 (63)
0
it can also be expressed as a hypergeometric function via the identity

aj

z
B(z;a1, a2) = a—zFl(al, 1 —ax;a1 +1;2). (64)
1
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The transformation ¢ := (x — y2)/(y1 — y2) gives

a=yy
Y1=y2

P21 =P dr
.
y1—y2

/ (= )P (= y2)P2 dr = (= )P () — yo)P1+P2+1
0

o — _
:(—I)Dl(yl—y2)2 |:B< y2;1+D2,1+D1>—B< 2 ;1+D2,1+D1>i|.
yi—»n yi—y2
(65)

6.2. The M/M/1 queue with collapse

A second example in which one can explicitly determine the LST of the steady-state
reflected spectrally positive Lévy process with collapse concerns the workload in an M/M/1
queue with collapse. Denote the arrival rate of customers by y and the service rate by w; the
server works at speed d workload units per time unit. Collapses again occur according to a
Poisson process with rate A, and remove (and maintain) a Uniform(0,1) distributed part of the
workload present.

The Laplace exponent of the workload process in an M /M /1 queue is given by

o
pla)=da —y . (66)
n+o

Very similar to the previous subsection, we can write

e ytnr—g 6N
YO =9  G-z)0-2)
where
1| Aty Aty 2

2==|———pux, /| —— 4—|. 68
a2=5 |~ u\/<d u>+d (68)

It is easily verified that z; > 0 and zp < 0, with 7120 = —(Au/d) and z1 + 2 =X + y)/d — 1;
and of course 71 = «;,, the unique positive zero of A — ¢(«).
Using a partial fraction expansion, we can rewrite (67) as follows:

o) F F>

- = + , (69)
YA—o®) y—z Yy—22
where
) -4
Fi=4 >0, Fp= d 0. (70)
1 — 22 1 — 22

It is now easily verified that
@ r—z\ (x—2\
ww=["( ) d, 1)
0 —Z1 —22

g@) gl _ Jy -z —z)" dx
g) g f§ =z — )2 dx

and, hence,

(72)
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F F
dw= (1) (U22) 73
—Z1 —22

Substitution in (52) shows that the LST of the steady-state workload in the M /M /1 queue with
collapse is, for @ € [0, z1), given by

ey = 2122 <Ol—Z1>_F' (a—zz)_Fz
C@—z)e—2) \ -2 -2

x <1 h <x—z1)Fl(x—zz>F2dx)

while

74
o =z (=2 d 7

_< 21 )HFI ( -2 >1+F2 - Jo =z (x— )2 dx
-« ~2+a o =zl (x—z)f2dx )
Just as in Remark 5, one can express this LST in terms of incomplete beta functions.

Furthermore, the first two terms in the last line of (74) represent the LST of the difference
of two independent Gamma distributed random variables.

Remark 6. We briefly indicate another approach that basically leads to the same first-order
inhomogeneous differential equation as (38). The steady-state workload distribution has an
atom p at zero and conjecture that it is absolutely continuous on (0, co) with density A(-), so
that P(Z* <t) =po + fot h(s) ds. Level crossing arguments lead to the following equation:

X

o0 X ,
dh(x) + A / h(y)=dy=1y f eV AP(ZF < ). (75)
X y 0

Here the first term in the left-hand side corresponds to downcrossings of level x due to serving,
and the second term in the left-hand side reflects downward jumps due to a uniform collapse
with rate A. The term in the right-hand side corresponds to a jump through level x due to
a customer arrival: either a jump from zero or from some level y € (0, x). Multiplying both

sides of (75) by e~** and integrating from zero to infinity yields, with f(«) = Ee=*%" = py +
Jo° e **h(x) dx:
d(f(er) — po) + A / MO 7 xemordray =~ fla). (76)
y=0 Y Jx=0 n+o
The second term in the left-hand side can be rewritten as
o0 1—e™® —aye™® A[C Sfl@) —po
Af h) ; dy=—2f () = po) du — 2 =2—L0
y=0 acy o Ju=0 o
A A
= —F(a) — —f(a), a7
o o
where F(a) = f(;x f(x) dx, cf. above (38), and, hence, we have
, A y A
F(o)| — —d+ —— | = —F(a) —dpo. (78)
o n+ o o

Dividing both sides by A/a —d + y /(i 4+ ) results in (38), with b = 2dpg/A; which is in
agreement with Theorem 1.
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6.3. Tail behavior for compound Poisson with negative drift

Consider the special case in which the spectrally positive Lévy process consists of a com-
pound Poisson process minus a positive drift. We denote the arrival rate of the Poisson jumps
by vy, and a generic jump size by B, with distribution B(-) and LST B(-); the drift is denoted
by d. The resulting model is an M/G/1 queue with arrival rate y, generic service requirement
B, service speed d, and uniformly distributed collapses occurring according to a Poisson pro-
cess with rate A. Z* represents the steady-state workload of this queue; its LST is for « € [0, o)
given by (52), with p(¢) =da — y(1 — B(@)).

We now demonstrate how (52) can be used to determine the tail behavior P(Z* > r) for
large ¢, in the case of regularly varying jump sizes of index —é € (—2, —1). In this case, the
mean service requirement is finite but the variance is infinite. The Bingham—Doney lemma
(cf. [5, Theorem 8.1.6]) states that the following two statements are equivalent:

() PB >0~ (—1/T(1 —8) %), as t — oo;
(i) B(a) — 1 +EBa~a’l(1/a),asa 0.
Here I(-) is a slowly varying function at infinity. If (i) holds, and hence so does (ii), then we

have, for « | 0,

1 _-d- ~ Y0
Py 1=~ yEBa~ —o’l(l/a), (79)

/“ () d d— yEB
y—
0

o) s %w‘za Ja), (80)

and, hence, recalling Remark 2, for « | 0,

d—yEB _ y
@)= 1+ ——a~——-a’, 81
gla)—l4+——a~——ua (81
d—yEB ,
—ar———a. 82
g@) —a TR (82)
Combining these asymptotic expansions with (52) shows that

X 1 d—yEB 5+1

Ee %" _ 14 VB A YO i a), @O, (83)
ga) A 7

Now observe, using (34), that g(ay)~' —2(d — yEB)/A equals EZ*. Indeed, gla)" =0,
and on the other hand the term (1 — EU)~'(Ef(;.U)/a) in (34) can be rewritten in the
Uniform(0, 1) case as (2 /ai) f(;x fy)dy=(2/ af)F (ctp), which equals b (see the text preceding
(38)). Hence, we have

Ee %" _ | + EZ*«

~ %wa‘sl(l/a), alo. (84)

8
Applying the Bingham—Doney lemma in the reverse direction reveals that

-1 yé&+1

* ~ 7 -5
P(Z*" > 1)~ —1"(1 Y 5 t—°lt), t— oo. (85)
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In an ordinary M/G/1 queue with regularly varying service requirements, the workload
tail is one degree heavier than the tail of the service requirement, whereas in this M/G/1
queue with uniform collapses, Z* is regularly varying of index —§, just as B : P(Z* > )~
(y/A)((6+1)/85)P(B >t). In the M/G/1 shot-noise queue (an M/G/1 queue with service
speed proportional to the workload) the same phenomenon was observed in [9]. This is not
so surprising, as uniform collapses can also be seen as proportional (shot-noise) decrements
during an exponentially distributed amount of time.
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