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Abstract. For each n > 1, we construct explicitly a rigid weakly mixing rank-n
transformation with homogeneous spectrum of multiplicity n. The existence of such
transformations was established recently by O. Ageev via Baire category arguments (a new
short category proof is also given here). As an application, for any subset M C N
containing 1, a weakly mixing transformation whose essential range for the spectral
multiplicity equals n - M is constructed.

0. Introduction

Let (X, B, 1) be a standard non-atomic probability space and let Auty(X, u) stand for
the group of p-preserving transformations of X. For each S € Auty(X, ), we denote
by M(S) the set of essential values for the multiplicity function of the unitary operator
f +— f oS~ on the Hilbert space L(2)(X, w) := L*(X, ) © C. We consider the problem
of

whether each subset of N U {oo} can be realized as M(S) for an ergodic S.

Recall that the first example of S with non-trivial M(S), i.e. M(S) # {1}, {oo} or {1, 00},
appeared in [Os]. It was shown there that 2 < sup M(S) < 30. A real breakthrough was
made by Robinson in [R1], where for a givenn € N, an ergodic S with M(S) = {1, n} was
constructed. In his example, S is a compact group extension of a transformation admitting
a good cyclic approximation. This approach was further elaborated by various authors
in [R2, G-L, KL] to obtain finally the following result: for each subset M C N U {00}
such that 1 € M, there exists an ergodic S with M(S) = M. (Later Ageev reproved this
result in [A3] via Baire category arguments.) However, the case 1 ¢ M is considerably
less studied. For instance, the following Rokhlin’s problem on a homogeneous spectrum
was open for several decades:

given n > 1, is there an ergodic transformation S with M(S) = {n}?
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The affirmative answer to this problem was given for n = 2 in [Ry1] and independently
in [A1] by showing that M (S x S) = {2} for a generic S € Auty(X, ). Also, a conjecture
of Katok [Ka] was proved in [A1]:

MEx---x8={nnn—-1),...,n!}
—_———
n times

for a generic S € Auty(X, ). Recently, Ageev in [A4] applied a different, so-called group
action approach to solve affirmatively Rokhlin’s problem for any n. The idea is to select,
for each n, a non-commutative group G, and a point g, € G, in such a way that for a
generic (in a natural Polish topology) G,-action T, the transformation T, is ergodic and
has homogeneous spectrum of multiplicity ».

In §1 we give another—shorter and simpler—proof of Ageev’s result (see Theorem 1.4).
We show how to bypass the analytic approximation technique which is crucial in [A4].
In contrast, our approach (based on Proposition 1.1) is algebraic without any use of the
€-8-argument. We note also that our choice of G, is different from Ageev’s one.

In §2 we investigate—following [A4]—the ‘generic’ spectral multiplicity of
transformations 7, for some other points & € G, h # g,.

Notice that Ageev’s solution of Rokhlin’s problem is based on Baire category arguments
and it is not constructive. Thus, except for the case n = 2 (see [Ry2] and [A2]) no explicit
ergodic transformations with homogeneous spectrum are known so far. Our purpose in
§3 is to apply the algorithmic (C, F)-construction to produce such transformations for
any n (see Theorem 3.4). We recall that this construction appeared first in [Ju] (and,
independently, in [Dal]) as an algebraic counterpart for the cutting and stacking to produce
(funny) rank-one actions for a wide class of groups.

In §4 we use the explicit construction of §3 to contribute to the general spectral
multiplicity problem. Combining this construction with the compact group extension
method from [G-L] and [KL] we construct for each n € N and a subset M C N
containing 1, a weakly mixing S with M(S) = n - M (Theorem 4.1). For this, we
introduce a concept of (C, F)-cocycles. They are defined on the orbit equivalence relation
of the corresponding (C, F)-action. Since this equivalence relation is an inductive tail
equivalence relation on an infinite product space, a (C, F)-cocycle is determined by a
sequence of maps defined on finite sets. Notice that (C, F)-cocycles are a generalization
of the Morse cocycles studied by many authors (e.g. [Ke, Ma, G-L, Go, §5]).

1. Short proof of Ageev’s theorem

From now on we fix n > 1 and a family ey, . .., e, of generators for Z". Define a ‘cyclic’
group automorphism A : Z" — 7" by setting Ae; :=e3, ..., Ae,—1 := e, and Ae,, := ej.
Let G denote the semidirect product Z" x4 Z with the multiplication law as follows:

w,m)(w, D) :=w+A"w,m+0D, v,weZ', mlecl.

Then we have a natural embedding v — (v, 0) of Z" into G. We also leteg := (0, 1) € G
and e,41 = eg. Notice that G is generated by e; and eg. Moreover, epe;e, - Ae;
foralli = 1,...,n. Let H be the subgroup of G generated by ey, ..., e,+1. Then H
is a free Abelian group with n + 1 generators. It is normal in G and the quotient G/H
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is a cyclic group of order n. Moreover, A extends naturally to H via the conjugation by eg.
We denote this extension by the same symbol A. While multiplying elements of H we will
often utilize the symbol +.

By an action T of G we mean a group homomorphism G 5 g — T, € Autp(X, u).

PROPOSITION 1.1. There exists a free action T of G such that the transformation Te, is
ergodic and has a pure point spectrum.

Proof. Let A1 D Ay D --- be a nested sequence of lattices (i.e. co-finite subgroups) in
G such that (72, A; = {1g}. Then the corresponding homogeneous G-spaces G/A; are
intertwined by the canonical G-equivariant projection maps:

G/A1 <~ G/Ay < ---.

Let (X, ) stand for the projective limit of the sequence (G/A;, A;) where A; is
the equi-distribution on G/A;. Denote by m; : (X, u) — (G/Aj, A;) the canonical
projections. Then there exists a unique u-preserving action 7 of G on X such that
mioTy =g -miforallg € Gandi > 1. Since ()72, A; = {lg}, it follows that T
is free. To complete the proof it suffices to select the sequence (A;)72, in such a way that
the element e¢g € G acts transitively on G/A; for each i > 1. Let A; be generated by
kiiet, ..., knien and ky11i(er + -+ - + ent1), where
(a) the positive integers ki ;, .. ., ky41,; are pairwise coprime and
(b) kji—1lkjiandk;; 1 #kj;forallj=1,...,n+1.

It follows from (b) that A; D Ay D --- and ﬂ,oil A; = {lg}. Since A; C H and
eé ¢ H forany 1 < j < n, itremains to show that A; +Ze,+1 = H. Denote by [ the index
of the lattice A; + Ze,+1 in H. Then [ divides the index (in H) of the sublattice generated

00
i=1

by k2 ie2, ... . knien, kny1,i(er + -+ + eqnt1) and e,41. The latter index is ko ; - - - kyy1,i-
In a similar way, [ | (k;i1 k1, -+ -kpy1,;) foreachs =1, ..., n+1. Now it follows from (a)
that/ = 1. O

It is well known that Auty(X, ) is a Polish group when endowed with the weak
topology [Ha] defined by: S,, — S if u(SnAASA) — 0 foreach A € B. Furnish the
product space Auty(X, v)¢ with the product topology. Denote by A C Auty(X, v)¢ the
subset of all measure-preserving actions of G on (X, B, u). It is clear that Ag is closed
and hence Polish in the induced topology. There exists a natural continuous action of
Auto(X, n) on Ag by conjugation:

(R-T)g:= RT,R™" for R € Auto(X, ) and T € Ag.
PROPOSITION 1.2. The following two subsets are residual in Ag:
S :={T € Ag | T, has a simple spectrum}

and
W =T € Ag | T, is weakly mixing for each g € G, g # 1¢}.

Proof. In view of the following facts:
(i) the subsets of weakly mixing transformations and transformations with simple
spectra are both G5 in Autg(X, 1) and invariant under conjugation;
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(i) themap Ag > T +— T, € Autg(X, n) is continuous and Auty(X, )-equivariant for
each g € G;

(iii) the Autg(X, w)-orbit of any free G-action is dense in Ag by [FW, Claim 18],

it remains to show that S and VV contain at least one free G-action. Each Bernoullian

G-action is free and belongs to Y. Since each ergodic transformation with pure point

spectrum has a simple spectrum, S contains a free G-action by Proposition 1.1. O

According to advice of the referee, we now briefly outline the proof of (iii) in order
to make our exposition self-contained. By [GIK], the set of free actions is dense in Ag.
Next, we note that G is a mono-tilable group. This means that there exist a Fglner sequence
(Fn),2, and a sequence (Cy);2 | such that {F,c | ¢ € C,} is a partition of G for each n.
Take two free G-actions T and T’. Fix ¢ > 0 and finite sequences gi,...,gr € G
and By, ..., By € 8. Find N large so that #(g; FNAF,)/#Fy < e forall 1 < i < k.
By Rokhlin’s lemma for monotilable groups [OW], there is a subset A € B such that the
sets Ty A, g € Fy, are pairwise disjoint and u(| ] e, TeA) > 1 — €. Denote by A’
a subset with similar properties corresponding to 7’. Without loss of generality we may
assume that n(A) = u(A’). Let R : A — A’ be a u-preserving bijection. Then we
can extend it to a p-preserving one-to-one transformation R of X in such a way that
RTox = TéRx forallx € A and g € Fy. It follows that ;L(RTgiR_lBjATé’,Bj) < 3e for
all 1 < i, j < k. This implies that T’ belongs to the closure of the Auty(X, u)-orbit of T.

LEMMA 1.3. Let ‘H be a separable Hilbert space and let U : H > h — U € U(H)
be a unitary representation of H in ‘H. If U is unitarily equivalent to U o A and for
each 1 <1 < n withl | n, the operator U, ., has no non-trivial fixed vector then

M(U,,,,) C {n,2n,...}U{oo}.

Proof. By the spectral theorern for U, there exist a probability measure ¢ on the dual
group H and a Borel map k : H— NuU {oo} such that the following decomposition holds
(up to unitary equivalence):

LyX,p) = /A Hydo(w) and Uj = /A w(h) I, do(w), (1.1)

H H

foreach h € H, where w — H,, is a Borel field of Hilbert spaces, dim H,, = k(w) and I,
is the identity operator on H,,. The inclusion Z > m + me,+1 € H induces a projection
n:H—T. Leto = fT 0,da (z) denote the disintegration of o relative to this projection.
Then we derive from (1.1) that

L3(X, ) = /T H.do(z) and U, = fT 21, d5 (2),
where H., := [7 Hy do(w). Let[(z) := dimH, z € T. Then

S if o, is not purely atomic,
l(z) = . (1.2)
> 0. (w)=0 k(w)  otherwise.

Since U is unitarily equivalent to U o A and A" = Id, we may assume without loss of
generality that k and o are both invariant under the dual (to A) automorphism A* of H.
We claim that

for o almost all w € ﬁ the A*-orbit of w has length n. (1.3)
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Indeed, otherwise there exists 1 < [ < n such that o ({w € H | (A'w = w}) > 0and
[ | n. Then (1.1) implies that the unitary U,

¢1—Ale, has a non-trivial fixed vector. However,
this contradicts a condition of the lemma.

Since Ae,+1 = ep+1, we have 7 o A* = m. Therefore, it follows from the invariance
of o under A* that o, o A* = o, for & almost all z € T. Hence (1.2), (1.3) and the fact

ko A* = k imply that n | [(z) for & almost all z,i.e. M(T,,,,) C {n,2n,...} U{oo}. O
Now we state and prove a modified version of the main result from [A2].

THEOREM 1.4. For each T € S N W, ie. for a generic action from Ag, the
transformation Te, | is weakly mixing and M(Ty, ) = {n}.

Proof. Denote by U : G 3 g — U, € L{(L%(X, 1)) the unitary representation of G
associated with 7. Since T € W and U, U U;O1 = Uy for each h € H, it follows
from Lemma 1.3 that M(Ty, ;) C {n,2n, ...} U {oco}. On the other hand, M(T,,) = {1}

since T € S. Hence M(Ty,,,) is bounded by n from above (we recall that e,+1 = e).
Therefore, M(T,.,) = {n}. g
Remark 1.5. Indeed we established more: if U = (Ug)qec is a unitary representation

of G such that the operator U,, has a simple spectrum and for each 1 < [ < n with
I | n, the operator U, , ¢, has no non-trivial fixed vectors, then the operator U,, , has a
homogeneous spectrum of multiplicity n.

Remark 1.6. Define a group automorphism A’ of Z"~! by setting A'e; =
e, ---,Aen_p ;= e, and Aey_; := —e; — --- — e,—1. Ageev in [A2] considers
the group G* := Z"~! x4 Z instead of G. Notice that the results of §1 (and their proofs)
hold as well for G* with obvious minor modifications. The advantage of G will become
apparent in §2, where we investigate the generic multiplicity function for T, and in §§3
and 4, where we construct explicit actions of G.

2. T,, has a simple spectrum for a generic T € Ag

Recall that G is generated by ep and e;. We studied the spectral multiplicity of the
transformation T, for a generic G-action T in §1. Now we are going to investigate the
spectral multiplicity of 7, (as Ageev did in [A2] for the group G*, see Remark 1.5). We let

£:= (T € A | M(T.,) = (1}).
The following statement is the main result of this section.
PROPOSITION 2.1. & is a dense Gg in Ag.

Arguing in the same way as in the proof of Proposition 1.1 we see that £ is a dense
Gs whenever £ contains a free G-action. Thus to prove Proposition 2.1 it is enough
to construct such an action. For this, we will exploit the concept of co-induced action
introduced by Dooley, Golodets, Rudolph and Sinel’shchikov.

Definition 2.2. [Do-S, GS] Let I" be a countable group and A a subgroup of I'. Let T =
(Th)nen be a measure-preserving action of A on a standard probability space (Y, €, v).
Select a cross-section o : A\I' — [ of the quotient map I' — A\I" with o (A) = 1r.
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Define an action T = (Tg)ger of I' on the product space (X, B, n) = (¥, ¢, )M by
setting

(Tgx)(AE") = Ty (aghgo(ngg)-1X(AE'Q)
for all maps x : A\I' = Y and g € I". Then T is said to be co-induced from T.

It is easy to see that T does not depend (up to conjugacy) on the choice of o. Moreover,
if T is free or ergodic then so is T'.
Now we are going to apply the co-inducing procedure to the pair H C G. Take a

family zi, ..., zy+1 of ‘rationally independent’ elements of the circle T. This means that
if ztl' z;”j;{ = 1 forsome t{,...,t,4+1 € Zthent; = --- = 1,41 = 0. Define an action
T of H on the circle T equipped with Haar measure A by setting

T . h Int1

Tea'»»»eil”_:’,]z'_ Zl .“Zn-‘rlz’ tl,...,tn_l,_l EZ.
It is obvious that 7 is free and ergodic. Let a(Heé) = eé forall j = 0,...,n — 1.

Then the G-action T co-induced from 7 via the cross-section o is defined on the n-torus
(T", An). The generators of G act as follows:

T€|(Zla ceZp) = (TE]Zla TezzZ’ ceey Te,,zn)a
Teo(le DR Zn) = (Z21 ceesZns T€n+1zl)‘

We see that the transformation 7, is ergodic and has a pure point spectrum. Hence
M(T,,) ={1},ie. T € &. It remains to note that T is free (and ergodic) since so is T'.

3. (C, F)-actions, rank and homogeneous spectrum
We start this section by reminding the (C, F)-construction (see [Dal, Da2, Da3, DSI1,
DS2] for details). Let (Cy);y_; and (Fy);_, be two sequences of finite G-subsets such

that for each m > 0 the following properties are satisfied:

chm+] C Fm+], #Cm+1 > 1 and (3 1)
the sets Fy,c, ¢ € Cp41, are pairwise disjoint. '
We put X, := Fpy X Cpyg1 X Cpyy2 X - - -, endow X, with the (compact) product topology
and define a continuous embedding X,, — X,,+1 by setting

(fis Cms1, Cmg2y - ) = (fmCms1, Cmg2, -+ ).

Then we have X; C X C ---. Let X := | J,, X» stand for the topological inductive limit
of the sequence X,,. Clearly, X is a locally compact totally disconnected metrizable space
without isolated points and X, is clopen in X. Hence the corresponding Borel o -algebra
B is standard. Assume in addition that

X #F,
l_[ _TTmil (3.2)
#Fu#Cpt1

m=1
Then it is easy to see that there exists a unique probability measure x on (X, B) such that
the restriction of © onto each X, is the infinite product measure

T X Amgl X Apg2 X oo+,
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where A is the equidistribution on C; and T, is a finite measure on F,, with 7,,(f) =
T (f') forall f, f' € Fy. Thus (X, 9B, ) is a standard probability space. Given g € G
and m > 0, we set

D{" = (Fu N g™ Fu) X Cup1 X gz -+ and Ry := D).

Clearly, D;;m) and Ré,m) are clopen subsets of X,. Moreover, Dg,'") c Dé,’""’l) and
R < RV Define a map T, : D™ — RY™ by setting
T (fns Cmrts - 2) o= (8fms Cmrts - -).

Clearly, it is a homeomorphism. Put

9] 9]

Dy:= D and Ry:=|J R =D,
m=1 m=1

Then D, and R, are open subsets of X. Moreover, a homeomorphism T, : Dy — Ry is

well defined by T, | Dé’") = Tg(m) for all m. Suppose now that

(Fm)m>o0 1s a left Fglner sequence in G. 3.3)

This implies £ (DY™) — 1asm — oo. Hence u(Dg) = (Ry) = 1. Since u(0) > 0
for each open subset O C X, it follows that the subset D := ﬂgec D, = ﬂgec Rgisa
dense G of full u-measure. It is easy to see that Tg,o, = Ty, Ty, on D forall g1, g2 € G.
Thus T := (Tg)eec is a continuous G-action on the Polish (in the induced topology)
space D. This action is minimal. (To see this, just notice that the T-orbit equivalence
relation restricted to any X,, is just the tail equivalence relation on X,,.) Moreover,
T preserves p and T is free and ergodic.

Definition 3.1. We call T the (C, F)-action of G associated to (Cpy41, Fm),‘jfzo.

In the sequel we will not distinguish between sets, maps, transformations which agree
almost everywhere. For each subset A C Fy,, we let

[Alm :={x = (fm, Cmy1,...) € X | [ € A}
and call it an m-cylinder. The following hold:
[AN Bl =[Aln N[Bln and [AU Bl =[Aln U[Bln,
[Aln = [ACh+11mi1 = || [Aclmir,

c€Cpt1
Tg[A]m = [gAlm ifgA C Fp,

W([Aln) =#Cpy1 - u([Acluy1) forevery c € Cpyi,
#A
w([Aln) = M(Xm)ms

where the sign LI means the union of mutually disjoint sets. Moreover, given Y € ‘B,

min w(YA[A]ln) — 0 asm — oo. 3.4
ACF,

Now we recall the definition of rank. Let S be an ergodic transformation of a standard
probability space (Y, §, v).
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Definition 3.2. The rank of S—we will denote it by rk(S)—is the smallest r € N
(or infinity) such that there exist measurable subsets B]( ™ and positive integers h(m
such that the subsets S’B(m), j=1, r,i=1,. h( ), are pairwise disjoint and
approximate the entire o - algebra $asm — oo. The latter means that given B € §,
there are subsets A" such that v(BAA™) — 0 and every A" is a union of several
subsets S Bj(.m) with0 < j <randl <i < hE’"). If, moreover, hg’") = ... = h"™ for
each m, we say that S has uniform rank r.

We now reproduce a simple but useful statement from [A4].

LEMMA 3.3.
1) Ifrk(S) = 1 and sup M(S™) = n then S"™ has uniform rank n.
(i) Ifrk(S) = 1 and M(S™) = {n} then S" is weakly mixing.

Proof. (i) Of course, rk (§") < n - rk(S). By [Ch], sup M(S) < rk(S). This implies that
if tk(S) = 1 and sup M(S") = n then rk(S") = n. Moreover, it is straightforward that in
this case the rank of S” is uniform.

(i) Since S has rank one, S is ergodic. Hence the dimension of the subspace H := {f €
L%(X, w) | foS" = f}isat mostn — 1. However, M(S") = {n} and therefore H is
trivial, i.e. " is ergodic. Then the multiplicity of each eigenvalue of S” is 1. Hence if $”
were not weakly mixing then M (S") > 1, a contradiction. O

Our purpose now is to construct a (C, F)-action T € Ag such that the associated
unitary representation of G satisfies the conditions of Remark 1.5. To this end we will
determine the sequence (Cy,;+1, Fm)sfzo via an inductive process. We need some notation.
Givena > Oand !y, ..., l,4+1 > 0, define a cube and a parallelepiped in H by setting

n+1

I(a) := {Zt,’ei

i=1

t €eZ,0<t <aforalli}

and

n
JU1, o ) = {Ztiei + thr1(er + -+ eny1)
i=1

t €eZ,0<t <l; foralli}.

Fix an increasing sequence of integers r,, — oo. Notice that G = |—|0§ j<n e(j)H .
Suppose that for some k > 0, there exists a; > 0 such that
Fsi= | | ejlan. 3.5
0<j<n
We are going to construct Csx1, Fsg+1, Csk+2, - - -, F5k45 in five consecutive steps.

Step 1. We define first three maps ¢s5x : H — H, o5, : H — {0,...,n — 1} and
¢sk+1 : H — G by setting

¢si(t) == (ar + e,
osp(t) =t + 2t + -+ nt, (mod n)

and

Cskg1(1) == eGSk(t)%k (1),
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where t = tie; + -+ + tyy1ep41 € H with 11, ..., 1,41 € Z. Then ¢s5; is a group
homomorphism with the following tiling property:
H:=| |(@sc(®) + I(ax + 1). (3.6)
teH

The ‘perturbation’ o5 satisfies
osk(t) — osi(t + Al (e1 — e2)) € {1, 1 —n} (3.7)

forallt € H and j € Z. Since epl (ax) = I (ax)eo and egl(ak) C I(ar + 1), we obtain

Fseesern () = || el" O @se) + 1@y € || ef @) + @ + 1)).
0<j<n 0<j<n

This and (3.6) yield Fsgcsg+1(t) N Fsgesg1(t') = @ whenever ¢t # t'. We now set

Csir1 = cse1(I () and  Fseyr = || )l (re(ax + 1)),

0<j<n

_ WP <1 + L)nH (3.8)
#F5k#Cs141 ak

It is straightforward that

Consideramapa : H 3t +— a(t) :=1t + A~ (e; —ey) € H. Itis easy to derive from
(3.7) that

« is one-to-one and hence

#aU ()AL () _ ( 4 ) (3.9)

#1(r1) e
Next, we have
¢si(er — el (@) Csir1 = || T@aef P si(A™5%O 1 — )i (1)

tel (ry)

_ I_l I(ak)eSSk(f)*<75k(0!(1))65kJrl ((t)).
tel (ry)

It follows from this, (3.7) and (3.9) that
#gsk(er — e) [ ap) Cskr1 Beol (@ )Csiev1) _ 2 (4 )n

#1 (ag)#Cspt1 “a \n

Tk
This inequality holds also—with the same proof—if we replace e; — e in the left-hand
side with A/ (e1 — ep) foreach j = 1,...,n — 1. This, in turn, yields

#(@sk(er — e2)/ (@) Csier1 Aeg (@) Csiert) _ i ( 2 ( 4 ))

=+
#1 (ar)#Csp1 a

Tk

(3.10)

Step 2. We now let by, := (ak—i—l)rk—i—r,?. Define three maps ¢si+1, Ssk+1, c5k - H > H
by setting
Gsk+1(1) = byt,

2 n+1
v+ h
_h
Ssp+1(1) = > er+1 E lie;
i=2
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and

csk2(0) = s5k1 (1) + Psk1(2).
Then ¢5x41 is a group homomorphism with the following tiling property:

H:= | _|@st+1(0) + 101 (3.11)

teH
The ‘perturbation’ ssi4 satisfies

n+1
sser1(t +ej —en) = sse1(t) = (1 — Dej — Y niei,  j#1 (3.12)
i=1

forall t € H. Since

Fsiricsipa() = || e (s5k41(1) + dsk1 (1) + 1 ((ax + Dre)

0<j<n

c L e@sii)+ 1)),

0<j<n
it follows from (3.11) that Fsgy1csk+2(t) N Fspyicskw2(t’) =@ if t # . We now set

Csira = csera(I(n)) and  Fseyn = | | eq 1 (rih).

0<j<n

It is straightforward that

#F i’l+1
_ k2 <1 T ) . (.13)
#Fsk1#Csp42 ar + 1

Step 3. We now define a map ¢sx42 : H — H by setting

n+1

Pska(t) 1= by Y tiei.
i=l1

Then ¢sx42 is a group homomorphism with the following tiling property:

H = |_|@sks2() + 1Gxb1)).

teH
This implies that Fsio¢si12(t) N Fsipo¢spr2(t’) = & whenever ¢ # t'. Select pairwise
coprime integers [ fk), ceey llgli)l and a finite subset Ly C H in such a way that
sk2(Li) + 1 reb) € T, .. 1% and
k k
#I0 I DN skra(Lio) + 1 (richi) 1

—. (3.14)
#1100 ak

We now set

Cskps = pskra(Li) and  Fsps o= | | eJq@, ... 180,

0<j<n
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It follows from (3.14) that
#F 1
_TISkS gy (3.15)
#Fsp12#Csp13 ak

Step 4. We now define a group homomorphism ¢si3 : H — H by setting

n
k k
$sera(0) = > 6ilMei + 1,110 (61 + - + eny1).

i=1

Then we have H = | |,y (¢sis3() + 7@, ... .1 W

1)) This implies
Fsk3¢s5k43(t) N Fsp3¢si3(t) =0 ifr # 1.

It follows from thf_: proof of Proposition 1.1 that if we write ef) as ef) = fipsii3 (D) with
fi € Fsgy3 and t% e H then {fili=0,...,#F543 — 1} = F5;13 (we make use of the
fact that / fk), e l,(llz | are pairwise coprime). Put

Zp= (1D 1i=0,... #F543 — 1}

and take my large so that

H(Z+ Tm) N Ime) 1

. (3.16)
#1 (my) ag
Now we set
j k k
Cskt4 = Qs3I (my)) and  Fspiq = |_| e(j)J(mklf ), '«'7mkl,(,421)'
0<j<n
Notice that
Fsiq4 = F5313Csp44. (3.17)
Step 5. Now we define a group homomorphism ¢si4 : H — H by setting
Gsk+4(t) 1= mysi43(1).
Then we have H = | |,y (¢sk+4() + J il ... mid ™) ))). This implies
Fsiyadsiia(t) N Fsipadsira(t) =0 ift # 1.
Select now a positive integer a1 and a finite subset My C H in such a way that
Pskra(M) + T il (O, omd®) ) € Taggr)  and
k k
#1 (k) \ (@skra (M) + T el O, omid®) D)1
< —. (3.18)
#1(ag+1) ag
Now we set
Csi+s := ¢sp+4(My) and  Fspys = |_| eél(ak+1)-
0<j<n
It follows from (3.18) that
#I 1
Tk 4 (3.19)
#Fsp14#Csp5 ak
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Now starting with arbitrary (Cy,+1, Fm)il:() and iterating the above five-step procedure

infinitely many times we obtain two sequences (Cy,);_; and (Fy);>,. Notice that

(3.1) is satisfied automatically by the construction. Moreover, it is easy to see the
sequence (an),,_, appearing as a byproduct of the construction grows fast so that
Z;’f:l rm/am < oo. Therefore (3.8), (3.13), (3.15), (3.17), (3.19) imply (3.2). Of course,
(3.3) holds. Hence the (C, F)-action T of G associated with (Cy11, Fu)y,_; is well
defined on a standard probability space (X, 8, u). Now we state one of the main results
of this paper.

THEOREM 3.4. The transformation T, is weakly mixing and rigid. It has uniform rank
n and M(T,, ) = {n}.

We preface the proof of this theorem with several auxiliary lemmata.
LEMMA 3.5. The subaction (Tp)hep is ergodic.

Proof. We will use the notation introduced in Step 1. Suppose that (7},),e g is not ergodic,
i.e. there exists a subset B € 2 such that 0 < w(B) < 1and TyB = B forallh € H.
Since (Ty)¢ec is ergodic, we can find / > 0 such that/ | n and

-1
T4BNB=¢ if0<j<Il, T,B=B and ,L(|_| TO’B> =1. (3.20)
Jj=0
In what follows we will assume that /| = n. (The general case is considered in a similar

way.) Let € := 107%274. In view of (3.4) and (3.5) there exist k > 0 and subsets
Bo,...,B,—1 C I(ax — 1) suchthate > n(2/ay + (4/r¢)") and

e>u<BA[ || eéB.j:| ):M(BA || Te{)[Bj]Sk) (3.21)
0<j<n Sk 0<j<n

Since B = Te’(’)B and eSBj = ey41 + Bj C I(ay), it follows from (3.21) that

Z ([ Bjlsk ATy [Bjlsk) < 2e.

0<j<n
This inequality plus (3.20) and (3.21) imply that
w([Bjlsk N[Bjlsk) < 6e forall0 < j # j'<n and
n—1
1 3.22)
H(U[Bj]Sk) >~ — 2.
j=0 "
On the other hand, it follows from (3.10) that
M(T¢5k(e]_ez)j[I(ak)]SkA[eéI(ak)]Sk) <e.
Since Tgs; (¢;—er) B = B, we obtain
W(T g (o1 (B N (@)]s)AB N [ (@)]si)) < €.
Hence u(T¢,5k(61762)_,' [Bo]5kA[e(])'Bj]5k) < 3e and therefore

lu([Bolsk) — m([Bjlsk)| < 3¢ forall j.
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Comparing this with (3.22) we deduce that
1
u([Bjlsk) = — £ 15ne for j=0,...,n— 1. (3.23)
n

Now, given a permutation t of I(ay), we define a transformation R, € Auty(X, ) by
setting
{T,(;,)_bx if x € [b]si for some b € I (ay),
R.x =

X otherwise.

Since t(b) — b € H for all b € I(ax), it follows that B is invariant under R;.
Then we deduce from (3.21) that w([Bolsk AlT(Bo)lsk) < 2€. Since t is arbitrary,

it follows that either w([Bolsx) < € or w([Bolsx) > n~! — e¢. However, neither is
compatible with (3.23). O
LEMMA 3.6. Foreachl =2,...,n + 1, the transformation T, _,, is ergodic.

Proof. We will use the notation introduced in Steps 1 and 2. Since the proof of
the ergodicity is similar for all of these transformations, we consider only the case
| = 2. Let B,D be two measurable subsets of X with u(B) = w(D) > 0.
Let € := u(B)?n~"107°. By (3.4) we can approximate D with a cylinder D’ such that
w(DAD') < e.Fork >0andt € H, we let

B (1) = s5k41(t + €2 — €1) — s5¢41 ().

Then ¢sii1(er — e2) + csp2(t) = Br(t +e1 — e2) + cspq2(t +e1 —e2) forallt € H.
Denote by Ay the following bounded linear operator in L2(X, 1):

Ar f =

foTy.

HLU) T

Since ry /' 400, it follows from (3.12) that B (I (rx)) is an increasing Fglner sequence

in H. Since (Ty)nen is ergodic by Lemma 3.5, we derive from the mean ergodic theorem

that My f — [ f dp strongly for each f € L%(X, jv). Select k so large that the following

are satisfied:

A [ Axp — (D)2 < €

(i) rk_2 <€

(iii) D’ is a (5k + 1)-cylinder, i.e. D’ = [D*]sx for a finite subset D* C Fsg11;

(iv) there exists a finite subset B* C Fsr4+1 N H such that w([B*]sk+1 \ B) < € and
w([B*]sk+1) > u(B)/2n".

Only (iv) needs to be explained. Let t — ¢/ = Z:’;rll tie; for some fy,...,th+1 € Z.
If 11, ..., t, are multiples of n then os; (1) = o5 (¢’). Since ry /' +00, we obtain
#eello losk® =j} 2
#1(ry) 3n"
forevery j € {0, ..., n — 1} whenever k is large enough. This implies, in turn, that
#(fC NH 2
M > — forevery f € Fsy.
#Csp11 3n"
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Hence if B is any subset of Fs; then /L([BC5k+1 NH]sk+1) > (1/2n")u([B]5k) It remains
to put B* := BC5k+1 N H for a subset B C Fisj such that the cylinder [B]5k approximates
Buptoein p.

In view of (iv) we may assume without loss of generality that B* + I (ry) — I(ry) C
Fsg41. Let I’ :== I (rg) N (I (rx) + e2 — e1). Then we have

I(Tpsiy1(e1—e) BN D) > w(Tpsy i (e1—e)[B*Isk+1 N D') —2e

= Y 1(Tpg,ite1—en|B* + csera(lsipa N D) — 2e
tel(ry)

> Y ullgsiri(er — e2) + B* + cseqa(®)lskra N D) — 3e

tel’

=Y (Bt +e1 — ) + B + csppalt + e1 — e2)lspa N D) — 3e

tel’
= 3 u((B®) + B*) N D)+ csira(®]sirn) — 3¢
tel’+e1—ep
1
= + B*)N D* _3
#1(r) ,e,;e,_ezu([(ﬁkm NP s =3¢
1
Tg, ([ B* ND)—4
¥ IEIX(;UM( Be() [ B Isk+1 ) — 4e

= (X1B*Isi11- Ak XD') — 4€,
where (., .) denotes the inner product in L2(X, ). Applying (i) and (iv) we obtain

©(B)?
n

M(T¢5k+|(6|—62)B N D) > M([B*]5k+1):u'(D/) - 56 - 6 > O

It remains to notice that ¢si+1(e; — e2) is a multiple of e] — e3. O
LEMMA 3.7. The transformation T, has rank one.

Proof. We will use the notation introduced in Step 4. Let

= (Zr +1(mp)) N 1(mg) and  Sg := [@sp+3(Bi)]sk+a C [0]5k+3.

Then we have
T} Sk = [fidsk+3(t D + Bo)lsira C [filsera-

Hence T’ SkﬂT’ Sk =0if0 < i # i’ < #Fs;3. We claim that the sequence of T,,-towers
{T5)Sk | 1 = .., #F5;43 — 1} approximates the whole o-algebra B as k — o0.
Indeed (3.16) 1mplles that

Lfilsk+s
(U filsirs \ Ty i) < =
a
foralli =0,...,#Fs543 — 1. It remains to make use of (3.4). O

Remark 3.8. Also, it is easy to see that T;FSH} Sk C [0]sxk+3. This implies that TeT)FSk” —
Id as k — oo.
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Proof of Theorem 3.4. It follows from Remark 1.5, Lemmata 3.6 and 3.7 and the fact
that each rank-one transformation has a simple spectrum [Ba, Ch] that M(T,,, ;) = {n}.
Then Lemma 3.3 yields that T, ,
is divisible by n and ¢, = 66’, we derive from Remark 3.8 that 7,

is weakly mixing and has uniform rank n. Since #Fs;3
1 18 rigid. O
4. (C, F)-cocycles and the spectral multiplicity for compact group extensions of

(C, F)-transformations
Our purpose in this section is to prove the following assertion.

THEOREM 4.1. Given a subset M C N with 1 € M, there exists a weakly mixing
transformation S such that M(S) =n - M.

To prove this theorem we incorporate the main ideas from [GS] and [KL] into the
construction outlined in §3.

Let T = (Tg)¢ec be a free measure preserving action of G on a standard probability
space (X, B, u). Denote by R the T-orbit equivalence relation on X.

Definition 4.2. [FM] Let K be a compact metric Abelian group.
(i) A Borel map @ : R — K is called a cocycle of R if there exists a p-conull subset
X* C X such that

a(x, y)a(y,z) = a(x,z) wheneverx ~g y ~g zandx,y,z € X*.

(ii)) Two cocycles o, 8 : R — K are cohomologous if there exist a Borel map
¢ : X — K and a conull subset X* C X such that

a(x,y) =¢@)Bx, o)~ forall (x,y) € RN (X* x X*).

Denote by Ag the normalized Haar measure on K. Then for each cocycleo : R — K,
we can define a G-action 7% = (Tg"‘)geg on the product space (X x K, u X Ag) by setting

T;(x, k) := (Tox, a(Tex, x)k).

This action is called a compact group extension of T. Denote by U:G > g ﬁg
the associated (with 7%) unitary representation of G on the space L>(X x K, it X Ag).
Then we have a natural decomposition of this space into a countable sum of U -invariant
subspaces:

LY (X x K. px dx) = P L (X, ) @ 1.
nek

Notice that the restriction of U to L*(X, ;1) ® 7 is unitarily equivalent to the unitary
representation U, : G 3 g — Uy(g) on L3(X, ) given by

Uy(@) )(x) = n(a(Ty ' x, ) (T 'x) x € X.

We will denote by U the restriction of U‘E to L(Z)(X, w). If Koy is a closed subgroup of

K then it determines a factor G-action T%X0 = (T;‘ ’KO) ¢eG of T® on the quotient space
(X x K/Ko, u x Ag/k,) by

TR0 (x, kKo) = (Tgx, a(Tgx, x)kKo).
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Let:={ne K | n(h) = 1 forall h € Kp}. Then (up to a natural identification)

LX(X x K /Ko, 1t x hx/ky) = P L (X, ) @1
nekl

and L2(X, u) ® n is now invariant under the unitary representation of G associated with
7%Xo_ Given a continuous group automorphism v of K, we set

O, Ko) = {#({n.nov.nov’ ...}NK) | n € K}.
The following algebraic lemma was proved in [KL].

LEMMA 4.3. Given a finite subset M C N with 1 € M, there exist a compact metric

Abelian group K, a subgroup Ky C K and a continuous group automorphismv : G — G
such that O(v, Kg) = M.

THEOREM 4.4. Let « : R — K be a cocycle, Ky a closed subgroup of K and v a

continuous group automorphism of K. If the following are satisfied:

(1)  the unitary operators Uy(ey+1) and Uyoy(eny1) are unitarily equivalent for each
nek;

(ii)  the measures of maximal spectral type of Uy(eny1) and Uy(eyy1) are disjoint
whenever n’ # 1oV foranyi € Z;

(iii)  the unitary operator Uy(eo) has a simple spectrum for each n € K ;

(iv)  theunitary operators U (ej1—e1) and U, (e;+1—e1) have no non-trivial fixed vectors
forany 1 <1 < nwithl | n and non-trivial n € i(\,

then M(TZX%) = n . O(v, Ky).

€n+1

Proof. 1t follows from (iii), (iv) and Remark 1.5 that the operator U (e,+1) and the
operators Uy (e,+1), n € K \ {1z}, have homogeneous spectra of multiplicity n. It remains
to apply (i) and (ii). O

Fix an arbitrary K and an automorphism v : K — K with #{nov' | i € Z} < o0
for each n € K. To derive Theorem 4.1 from Theorem 4.4 and Lemma 4.3 it remains to
construct a dynamical system (X, B, u, T) and a cocycle @ : R — K satisfying (1)—(iv)
and such that the transformation Te‘fm is weakly mixing.

Let C(G) stand for the center of G and let C(T) denote the centralizer of T, i.e.

C(T):={S € Autg(X, u) | STy = TS forall g € G}.

If S € C(T) then (S x S)YR = R. Hencethe mapa o S : R > (x,y) — «a(Sx,Sy) € K
is a well-defined cocycle of R.

To satisfy Theorem 4.4(i) we will use the following simple statement whose proof we
leave to the reader (cf. [G=L, Proposition 1]).

LEMMA 4.5. Let S € C(T). If the cocycles v o o and a o S are cohomologous then for
each n € K, the unitary representations Uy, and Uy, of G are unitarily equivalent.

To satisfy Theorem 4.4(ii) we—following [G-L]—will exploit the concept of §-weak
mixing.
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Definition 4.6. Let 6 be a complex number, |#| < 1. A unitary operator W on a Hilbert
space H is called 6-weakly mixing if there exists a sequence m| < my < --- such that
(W™ih, h)y — 6||h||> asi — oo for every h € H.

If 6 # 1 then W has no non-trivial fixed vectors. If |#| # 1 then W has no non-trivial
eigenvectors (e.g. [G-L]).

LEMMA 4.7. [G-L] If two unitary operators W;, i = 1,2, are 0;-weakly mixing (along
the same sequence) and 01 # 0, then the measures of maximal spectral types of W1 and
W, are disjoint.

Next, we recall that a sequence m; < my < --- is called rigid for a transformation
R € Auty(X, u) if R™ — Id in Autg(X, u). We will use the following criterion for
0-weak mixing.

LEMMA 4.8. ([G-L, Proposition 5], [KL, Proposition 1]) Let g € G and let m| < my <
.-+ be a rigid sequence for Ty. Iffx n(oz(Tgfm"x, x))du(x) — 6 asi — oo then the
unitary operator Vy(g) is 6-weakly mixing along (m;);° ;.

From now on (X, B, u, T) is the dynamical system constructed in §3. This means
that T is the (C, F)-action of G associated with the sequence (Cy,+1, F,,L);’n":0 that was
explicitly determined there. Below we will use extensively the notation introduced in §3.
As we have already noted, the T-orbit equivalence relation R coincides with the tail
equivalence relation on (a u-conull subset of) X. We say that two points x, x’ € X are
tail equivalent if there exists m > 0 such that

x = (fm> Cmt1sCmt2,---) € X and  x" = (f1, Cmt1, Cmt2ys ---) € X (4.1)

Now we distinguish a special class of cocycles. Suppose that there are maps 8, : F;, — K
and o, : C;, — K such that

Bt (fC) = B (f)ami1(c) forall f € Fyp,c € Cppr. 4.2)

Take a point (x, x’) € R. Then we can find m > 0 such that (4.1) holds. Now we put
a(x, x) 1= B (fn) B (f) ™

It is easy to derive from (3.1) and (4.2) that « is a well-defined cocycle of R with values
in K.

Definition 4.9. We call « the (C, F)-cocycle associated with (o, +1, ,Bm)fnozo.

It is an easy exercise for the reader to verify that the cohomology class of « is
determined completely by the sequence (o,)m>0 alone. Hint: consider the restriction
of @ to R N (Xo x Xo). Moreover, given any sequence of maps «,, : C,, — K, we can
define the second sequence S, : F;,, — K recursively by setting

Bm—1(f)om(c) ifd = fcwith f € Fjy_1 and ¢ € Gy,

Bm(d) =
" 1k ifd € Fp \ (Fp_1Cp).
Then (4.2) is obviously satisfied. In this case we say that the corresponding (C, F)-cocycle

o0

is associated with (o),
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From now on « is the (C, F))-cocycle associated with a sequence (). Our purpose
is to select this sequence in such a way as to satisfy the conditions (i)—(iv) from the
statement of Theorem 4.4. We will do this step by step. The following lemma shows

how to satisfy (iii).

LEMMA 4.10. If ask44(c) = 1k for all ¢ € Csiya and k € N then the operator U, (ep)
has a simple spectrum for each n € K.

Proof. We first refer the reader to the proof of Lemma 3.7, where the subset S was defined.
Recall also that for any k, there exists an enumeration{f; | i =0, ..., #Fsx13—1} of Fsy3
such thatif y € Sy and y = (1g, ¢5k+4, C5k+5, - .. ) € X5143 then

/
Teaiy = (fi, C5kt4> C5k+55 - - )

for some g, +4 € Cskt4 depending on y and i. This and the condition of the lemma imply

that
Ot(TeO—iy’ y) = ,35k+5(fi)a5k+4(Cgk+4)015k+4(05k+4)71,35k+3(lG)71
= Bskts(fi)Bsk+3(16) ™.
Hence for each 'i =0,...,#Fs;(43 —landn € f(\ there exists a complex number d; € T
such that U, (66) xS = iXTe(i) s;,- Therefore, the linear span of the family of vectors

{U,,(eé)xgk | 0 <i < #Fs;43) in L*>(X, p) equals the linear span of Xrig 10=<i <
€0

#F53 — 1}. It remains to note that the T, -towers {Tei0 Sk | 0 <i < #F5;43} approximate
B as k — oo by Lemma 3.7. a

Now we pass to (i) of the statement of Theorem 4.4. Without loss of generality we may

assume that the sequence (Fy,);,_, satisfies the following condition:

#(FnFy ' Fps1 N Fus) .
#Fm+1

1. (4.3)

Now let z = (zx)5_, be a sequence of elements from C(G) such that

i #(Cn Az Cpy)
— " <

4.4
#C,, @4)

m=1
For a positive integer m, we let
X% = (Fu Nz 25 ) X (Conpt N2y G 1) X (Cong2 N2 4 s C2) X -+ € X
It follows from (4.3) and (4.4) that #(z; " - - - 2, Fiu N Fy) /#F,n — 1 and hence
Xf_CXZC and ;L(Xf_n)—>1asm—>oo. 4.5)
For each x = (fi, Cm+1, Cm42,---) € Xﬁl, we let
Szx 1= (21 Zm fms Tm+1CmA15 Zm42Cm42,5 -+ - ). (4.6)

Then it is easy to verify that (4.6) defines a measure-preserving transformation of
(X, B, u). Moreover, S; € C(T).
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LEMMA 4.11. Suppose that (4.3) holds. Let
Cp ==1{c € Cn Nz C | dtm(czm) = viam(c))}. (4.7)
Ifo;,o:l(l —#C, /#C),) < 00 then the cocycle o o S; is cohomologous to v o a.

Proof. By the Borel-Cantelli lemma and (4.5) for w-almost every x € X, there exists
m > 0 such that x = (fi, cmt1,...) € Xy with fiuz1---2m € Fyy and ¢; € C} for all
i > m. We now set

G () = Bu(fmz1 - 2m)vBu ()"
The following calculation exploiting (4.2) and (4.7) shows that ¢ (x) is well defined:

Bn+1(fmem+121 -+ Zm+1)V(Bm+1 (ferlchrl))_1
= Bm(fmz1--- Zm)am+1 (Cm+lzm+l)v(0lm+l (Cm+l))71 v(Bm (fm))il
= B (fnz1 -+ 2n)0(Bu () ™"
Of course, ¢ is a Borel map from X to K. It remains to notice that if x, x’ € X,;, and (4.1)
is satisfied for the pair (x, x’) and, moreover, fiuz1 -+ - Zm, fz1 - - Zm € Fu, then
ao S;(x,x") = a(S:x, Szx’)
= ,Bm(fle te Zm),Bm(f;;lZl te Zm)il
= )0 B SV (Bn ([ ) P!
=p@voalx,x)px)". O
Now (i) follows from Lemmata 4.11 and 4.5.
Our next step is to find a sufficient condition for (ii). We first state without proof a

simple sufficient condition for a sequence of integers to be rigid for T, | (use the fact that
ent1 € C(G)).
LEMMA 4.12. Letm| <my < --- and
#(e?_;_lC[AC,')
#C;

-0 asi— oo.

Then the sequence (m;);>1 is rigid for Te, .

For each n € K, we denote by p(n) the smallest positive integer p such that nov? = .
We also define a function 7, € L*(K, kg) by setting

P )
y = nov’
p(n) =

Of course, ||7,|l2 = 1. Denote by K> the set of pairs (n, ) € K x K such that n #nov
forany j € Z. If (n,n) € I?z then 7, L 7,y in L?*(K, Ax) and hence there exists
Zp,y € K with 7, (2, ) # Ty (2y,,y). In particular, for each non-trivial n € K , there exists
zy € K such that 7,(zy) # 1. This condition is enough to show the ergodicity of 77 .
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However, we want 77 to be weakly mixing. For this, we claim that for each non-trivial
n € K, there are two points z,, z; € K such that

3Ty (n) + 1y @) < 1.

Indeed, this claim is obvious if p(n) = 1. If p(n) > 1 then there exists z;, € K with
|ty(zy)| < 1 and we put z;) := 2. Partition N into infinite subsets indexed as follows:

N=Nu || Mu || Mo

lg#nek (n,n")ekK>

Now we refer the reader to Step 3 in §3, where the sets Ly were defined. Recall that we
tiled there a ‘large’ parallelepiped J (I fk), cees lr(l/jgl
acube I (riby) up to 1/ay. Then ¢s;_>(Ly) was defined as the corresponding set of ‘tiling
. . . (k) (k) . .
centers’. Enlarging, if necessary, /;"’, ..., )/, we may assume without loss of generality
that Ly is rather regular, i.e. it has a shape of ‘almost parallelepiped’. Therefore, for each

k € N\ VNV, there exist a finite subset Dy C H and positive integers py, gx such that:

) with mutually disjoint translations of

#Dy. is even;
) .

e) \DxNe, Dy =0 whenever0 < j # j' < pugi;

qkpk—1
the set L;< = I_I e,]l_HDk is contained in Lyg; 4.8)
=0
#(Ly \ L
%—)O, px — oo ask — ooalong N\ N; 4.9)
k
1
— < 00 (4.10)
keNN 9k
if k € \V,, for an non-trivial € K then r(m) | gk; 4.11)

if k € N,y foran (1, 7) € Ky then lem(p(n), p(0")) | qk.
Recall that Csg+3 := ¢spro(Li).

LEMMA 4.13. Foreachk € N\ N, we partition Dy, into two subsets D and D} of equal
cardinality. If for each 0 < j < qr and 0 < i < pg, we have

v (z;")  ifk € Nyandd € Dy,
a5k+3(¢5k+2(€ﬁk1+ld)) ={v/ (z;_i) ifk € Nyandd € D},
Uj(Z;in/) ifk GNn,n/y

then:

(a) for each non-trivial n € I/(\, the operator Uy(e,41) is %(tn(zn) + r,,(z;?))—weakly
mixing;

(b)  for each pair (n,n') € Il(\z, the operators Uy(ey,) and U,y (ey,) are t,(zy ,y)- and
Ty (2, )-weakly mixing respectively along the same sequence.
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Proof. Since Tps, y(es) = T2% it follows from (4.8), (4.9) and Lemma 4.12 that the

€n+1°

sequence (bgri)ren\ N is rigid for Te, . Now we set

n+1°
Chigs = {¢ska2(e2d) |0 < j < qr,0 <i < prandd € D} and
X/5k+2 = Fs5p40 X C§k+3 X Cspya X Csq5 X -

Then we have ,
/‘L(X5k+2) - #L;( 1

w(Xseq2) — #Lr  pr

: - )
Moreover,if x € X, and x = (fse42, dsira(ey s d),.. ) then Tyl x € Xspp.
If k € N, then

ATt sy D) =0 @ THE TN =0/ ), (4.12)

where z = z, if d € D or z = z,if d € Dy. Using (4.9), (4.12) and the fact
#D; = #D)| = 0.5#D; we obtain

/;( n(a(Tq;Skl#»Z(en#»l)x’ x)) dM(x)

N /x/ n(a(T¢_5kl+2(en+1)x’ x))du(x)+o(l)
Sk+2
1 =l w2l

==y #—Dk<2 N @)+ Y n(vf(z;») +o(1)

a = pxoS

deD; deDy
1 qr—1 . qr—1 .
= —(Z N @)+ Y n@ (z;») +o(1),
29k \ i =0

where 0(1) denotes a sequence that tends to 0 as k — oo. Using (4.11) and then passing
to the limit along ;) we obtain

. I ,
fx NTy! % XD di() > 3 (1) + 7 @),

Since any subsequence of a rigid sequence is rigid itself, (a) follows now from Lemma 4.8.
The claim (b) is demonstrated in a similar way. O

Now we show how to satisfy (iv) of the statement of Theorem 4.4. For this, we are going
to adapt the ideas used in the proof of Lemma 4.13. First, we need a sufficient condition
for a sequence of integers to be rigid for Tel+le—l. Notice that Lemma 4.12 stated for T,

1

-1 since e+ 1ef1 ¢ C(G). However, it is not difficult to modify

does not work for T
€l+1€

the lemma as follows.

LEMMA 4.14. Letg € H, g # 1g. Letm| <my < --- and

#(e; " g™ e CiACH) )
max — 0 asi— oo.
0<o<n #C,’

Then the sequence (m;);>1 is rigid for T.

Proof. Foreach f € F;_1, thereare h € H and 0 < o < n such that f = he{. It remains
to notice that g™ fc = fe,” g™ ef c for each ¢ € C;. O
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It is easy to see that the elements A* (el_Hel_l), k = 0,...,n — 2, are rationally
independent in H and A”’l(epr]efl) = ]_[Z;% AK(e1+1ef1)’l. Recall that the group
automorphism A : H — H was defined in §1. Partition A/ into infinite subsets indexed as

follows:
v=U U o

=l 1p#nek

Without loss of generality we may assume that for each k € N, (l), there exist a finite subset

Dy C H and posmve mtegers Pk» qk such that the following are satisfied:

- the sets en+ Dy T OA"(eH_le hic 0 < J < g, 0 < ig,...,In—2 < pp, are
pairwise disjoint;
—  their union L} := |_|qk ! |_|l’;klln ,=0 ,,+1Dk [T.Z A’((elJrle1 1y is contained in
Li;
- #(Li \ L))/#Ly — 0and py — oo as k — oo along \V;
- p() | gk and
1
> — <o (4.13)
keN 9k

LEMMA 4.15. Iffor eachk € N(l), we have

n—2 . )
o5k+3 (¢5k+2 (e,in l_[ AK(€1+1€11)’”)) =v/(z," T

k=0

forall0 < j < qi, 0 <ip,...,in—2 < py and d € Dy then the operator Un(el_Hefl) is
(I = 1/n)ty(Zy) + (l/n)tn(z;”"‘l))-weakly mixing.

Proof. We consider only the case [ = 1 (the other cases are similar).
Since T = Tbkrf], it is easy to deduce from the definition of L) and
si2(eaer ) ere] k

Lemma 4.14 that the sequence (biri)ren\n is rigid for Teze—]. Recall that Fst4o =
1
|_|0§<7<n eq I (reby). If x € [ef I (riby)]sk+2 and

n
4 e
x = (f5k+2, ¢5k+2(€,]1+1d ]_[(EKE,(_I)”‘), CSk+4s - - )

k=2
. . _1 /
withO0 < ip,...,i, < pr —1then T 5k42, C , CSk+ds - ..) € X5k42,
" b Psk+2(e2ey ) = sk Sk+3 + ) +
where
J -1 —1 \ig .
bsit2(e;, dey er [Ti—s(ece 1)) ifo =0,
/ _ J -1 —1 \is .
Cs5k3 = ) Psk+2(€,11d€) 5 4, €1—0+n [Tica(ece D) if2 <o <n,
1 .
¢5k+2(€n+1dn 2(91( 1)’k+ ) ifo =1.
Hence

1 ) = vj(zn) ifo #1,
) 9

k2 (ezer’ U/(Z_"'H) ifo =1.
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This yields

/ n(a(T(;‘ L%, x) dp(x)
X sk+2(e2ey )

> +f +a(1)
o217 1eg 1 rkbi)Ise+2 leod (rebi)Isk+2

qr—1 ) 1 gr—1 )
3 0l @) + wn > 0! @) + (1)

Jj=0 j=0

n—1

ngg

n—1

1
y(2y) + ;tn(z;"H) +3(1).

It remains to pass to the limit when k — oo along ./\/,52) and apply Lemma 4.8. O

Proof of Theorem 4.1. By Lemma 4.3, there exists a compact Polish Abelian group
Ky C K and a continuous group automorphism v : K — K such that O(v, Ko) = M.
Let (X, B, u, T') be the dynamical system constructed in §3. To define a sequence of maps
oy Cpy — K we consider two cases. If m # 3 (mod 5) then we set o, = 1. In the
case m = 5k + 3 for some k € N, we first define «;;, on ¢5k+2(L§<) C C,, via the formulae
from the statements of Lemmata 4.13 and 4.15 and then extend «,, in an arbitrary way to
the rest of C,,. Let o denote the (C, F)-cocycle associated with (am),‘jle. Now let

lg ifm=£3 (mod)5),
Zm = | pskya(ent ) if m =5k + 3 for some k € N\ NV,
¢siio(ensr1) if m =5k + 3 for some k € NV,

and let 7 = (zm),‘jle. Since Z,fil(l/qk) < oo by (4.10) and (4.13), it follows
from the definition of o and Lemma 4.11 that the cocycle « o S; is cohomologous to
v o o. Hence Lemma 4.5 implies Theorem 4.4(i). Since t,,(zy,,y) # Ty (2y,n) Whenever
(n,n) € I’(\z, Lemmata4.13(b) and 4.7 imply Theorem 4.4(ii). We deduce Theorem 4.4(iii)
from Lemma 4.10. Notice that the fact t,(z;) # 1 entails [(n — 1)/nlt,(z,;) +
(l/n)tn(z;”“) # 1. Therefore Theorem 4.4(iv) follows from Lemmata 4.15
and 3.6. Thus all the conditions of Theorem 4.4 hold and we deduce from it that
M(TQ’KO) =n-0O@, Kg) =n-M. Since I%(rn(zn) + tn(z%))l # 1 for any non-trivial

€n+1
n € K, it follows from Lemma 4.13(a) that the transformation Te‘fm is weakly mixing.
Hence 7, ’ffo is weakly mixing too. ]
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