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KEISLER’S ORDER IS NOT LINEAR, ASSUMING A SUPERCOMPACT

DOUGLAS ULRICH

Abstract. We show that if there is a supercompact cardinal, then Keisler’s order is not linear. More
specifically, let T, be the theory of the generic n-clique free k-ary graph for any n > k > 3, and let Tcys
be the simple nonlow theory described by Casanovas in [2]. Then we show that T'c,s 4 T, always, and if
there is a supercompact cardinal then 7, A Tcqs-

Keisler’s order is a pre-order < defined on complete countable theories, intro-
duced by Keisler in [3]. It is defined by setting 77 < 7> if and only if for all A and for
all regular ultrafilters¢/ on Z and for all M; |= T, if M3 /U is A*-saturated then so is
M}/ U. The regularity assumption shows that this does not depend on the choice of
the models M;, so we can say that U A*-saturates 7 if M*/U is 2 *-saturated for any
M = T then we can rephrase Keisler’s order as saying 7 < T3 if and only if for all
A and for all regular ultrafilters &/ on A, if U /" -saturates T> then U/ A*-saturates T7.

In his original article [3], Keisler proved that there is a maximal class and a min-
imal class in Keisler’s order; then in [10] Shelah obtained several results, including
determining the least two classes of Keisler’s order (namely the theories without
the finite cover property. and the stable theories with the finite cover property).
Progress was slow until Malliaris entered the scene with [5], proving that Keisler’s
order is local; this was the first of a series of articles by Malliaris that analyzed the
connection between Keisler’s order and the complexity of ¢-types. Most recently,
Malliaris and Shelah have obtained several results in joint work:; in particular, in
[9] they prove that Keisler’s order has infinitely many classes, and in [8] they prove
that if there is a supercompact cardinal then simplicity is a dividing line in Keisler’s
order, that is if 7 is simple and 7" < T then 7" is simple.

Using the technology developed in these articles, we observe that under the
existence of a supercompact cardinal, Keisler’s order is not linear.! More specifically.
let T, s be the theory of the generic n-clique free k-ary hypergraph forany n > k > 3;
up to an indexing shift, these are the theories used in [9] to get infinitely many
classes. Also, let T¢,s be the simple nonlow theory described by Casanovas in [2].
Then we show that T'¢,; € T, always, and if there is a supercompact cardinal then
Tnik ﬁ T'cys.
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We first recall the general setup introduced in [6], following the notation of [6.8.9].
We assume familiarity with distributions on Boolean algebras, as defined in these
articles. Let B be a complete Boolean algebra, let 7' be a complete countable theory,
let 1 be a cardinal and let I/ be an ultrafilter on B. Then U is (4. B. T)-moral if
whenever (a; : s € [A]<™) is a certain kind of distribution from &/ (namely, a
(B, T.p)-possibility for some sequence of formulas @) then (a,) has a multiplicative
refinement in ¢/. This definition is actually a generalization of A*-saturation, that
is: suppose B = P(A) and U is A-regular. Then I/ AT -saturates T if and only if I/ is
(A.B. T)-moral.

The following are the Boolean algebras with which we will be dealing.

DEFINITION 1. Given x> 0 with 0 regular and u = x<’, and given a set X,
let Py, be the set of all partial functions from X to u of cardinality less than 0,
ordered by reverse inclusion; let By, ¢ be the Boolean algebra completion of Py, 4.
So By . has the u"-c.c. and is < 0-distributive. For each /€ Py, ¢ let X be the
corresponding element of By, ¢.

The key fact about this setup is Theorem 6.13 from [6]:

THEOREM 2. Let B = By, . for some 4 > p > 0 with 0 regular and u = u<?,
and let Ty, T\ be complete countable theories. Suppose there is an ultrafilter U on B
such that U is (A, B. Ty)-moral but not (1, B. Ty)-moral. Then Ty 4 T;.

Actually, with a little cardinal arithmetic one can show that this holds if B, , 4 is
replaced by any complete Boolean algebra B with |B| < 2%, but we won’t need this.

We now indicate the various facts from [6, 8, 9] we will need to get our theorem.
First, we say that the complete countable theory 7 is low if it is simple and for every
formula (. 7). there is some k such that for all b.if o(x. E) does not k-divide over
() then it does not divide over (. This is the standard definition of low, for instance
it is equivalent to the definition in [1], where the concept of lowness is introduced.
Malliaris defined low slightly differently starting in [4], namely not requiring 7" to
be simple (this definition is then also used in later articles, for instance in [6]). To
clarify, let us say that 7" has the finite dividing property if there is some formula
©(X.7) such that for every k there is some indiscernible sequence (b, : n < ) over
the emptyset such that {¢(X.b,) : n < w} is k-consistent but not consistent. What
Malliaris calls low is what we call not having the finite dividing property; and we say
that a theory 7T is low if it is simple and does not have the finite dividing property.

One reason to prefer the original definition is the following: it is easy to check
that (Q, <) does not have the finite dividing property, and so the finite dividing
property is not a dividing line in Keisler’s order. On the other hand, we show in [11]
that lowness is a dividing line in Keisler’s order.

The following theorem is a special case of Conclusion 9.10 from [6]:

THEOREM 3. Let T be any nonlow theory and let /. > W,. Then no ultrafilter U on
B := By, is (A.B. T)-moral.

Fix n > k > 3 for the rest of this article. Recall T, is the theory of the random
n-clique free k-ary hypergraph. (In [9]. the indexing is shifted by one, so for instance,
their T35 is our T43. In particular this affects the indicing for all the theorems we
quote.) We will need the following two theorems from [9]. The following is (a special
case of ) Theorem 4.1.
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THEOREM 4. Write 1 = Wi_. There is an ultrafilter U on B := By, x, which is
(1. B. T, )-moral.

The following is not literally a special case of Claim 5.1 from [9]. but it has exactly
the same proof. Namely, that claim addresses the case of B, , y, for some cardinal
u: but the only place in the proof where the third coordinate matters is the final
paragraph, where we need S| < u. But this clearly works also for B,; ,, ,,. provided
that u = u~* (so that B, , , has the u*-c.c.).

THEOREM 5. Suppose u = u<*. Write . = ut"=Y. Then no ultrafilter U on
B = By, is (A.B. T, )-moral.

Thus, by Theorems 3 and 4, we have (in just ZFC) that if T is any nonlow
theory then T & T, . (This is also a special case of the main theorem from [11], as
mentioned previously: low theories form a dividing line in Keisler’s order.)

Going forward, we take the most natural example of a simple nonlow theory
Tcas, and show that if there is a supercompact cardinal ¢, then 7, 4 Tcus. By
Theorem 5 note it will suffice to show that if ¢ is supercompact and 4 > o, then
there is an ultrafilter on By ,, which is (4, B, T¢,s)-moral.

Tcqs was introduced by Casanovas [2] and was in fact the first example of a simple
nonlow theory. The language Lc,sis (R.P. Q. 0, : 1 <n < w). where P. Q. O, are
each unary relation symbols and R is binary. We adopt the convention thata. a’, ...
are elements of P. b, b’. ... are elements of Q.

1. The universe is the disjoint union of P and Q. both infinite;

2. Each Q, C Q. and the Q,’s are infinite and disjoint;

3. RCPxQ:

4. For each a € P and for each n < w, there are exactly n elements b € Q, such
that R(a, b);

5. Whenever By, B; are finite disjoint subsets of Q such that each |B; N Q,| < n,
there is @ € P such that R(a.b) for all b € B; and —=R(a.b) for all b € By;

6. For all 4y. A, finite disjoint subsets of P, thereis b € Q such that R(a. b) for
alla € Ay and —R(a.b) forall a € Ay.

Actually, if in the definition of L¢,s we allow n = 0 then Qy will be completely
harmless, so for notational convenience we let L, be (R.P. Q. 0, : h < w).

In [2] it is shown that T¢,, is complete, and is the model companion of the
theory axiomatized by the first four items above. In particular, it is shown that
Tcqs has quantifier elimination in an expanded language, where we add predicates
S that express, given Ay, A; C P finite disjoint with 4; # (). how many b € O,
are there such that R(a.b) for all @ € A; and —=R(a.b) for all a € Ay. It follows
that the algebraic closure of a set X is X U(J{h € |J,On : thereisa € X N
P such that R(a, b)}, and every formula over a set X is equivalent to a quantifier-free
formula over acl(X).

Casanovas also shows that T'¢,, is simple with the following forking relation:
X L, Yiffacl(X)Nacl(Y) C acl(Z). Also the formula R(x.y) witnesses that
Tcus 18 not low. In [11] we show that T¢,, is a minimal nonlow theory in Keisler’s
order.

The following lemma is immediate from the quantifier elimination in the expanded
language discussed above:
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LEMMA 6. Let M = Tcay. As notation let Q,, denote Q \ |J, Q.

o For each n < w. there is a unique nonalgebraic type p(x) over M with Q,(x) €
p(x). It is isolated by the formulas Q,(x) together with —=R(a.x) for each
a € PM,

o For each A C PM et p,4(x) be the type over M that says Q.,(x) holds, x # b
for each b € QM. and finally for each a € PM, R(a.x) holds iff a € A. Then
p4(x) generates a complete type over M that does not fork over (). Moreover, all
nonalgebraic complete types over M extending {Q(x)} U J,{—0n(x)} are of
this form.

o Suppose B C QM is such that each |BN QM| < n. Let pg(x) be the type over M
that says P(x) holds, and x # a for each a € PM  and for eachb € Q™ , R(x.b)
holds iff b € B. Then pg(x) generates a complete type over M, and moreover
every complete nonalgebraic type over M extending P(x) is of this form. Further,
given My C M, we have that p(x) does not fork over My iff for each n < w,
BN QoM =BnoM,

From this lemma we get the following characterization of the saturated models

of TCus .

LEMMA 7. M |= Tcys is AT -saturated iff:

1. |Qu| = AT for each n < w, and also |Q,| > A7;

2. For all By. By € QM disjoint with each |B;| < ., and with |B; N Q,| < n for
eachn < w., there is a € P such that R(a.b) for each b € By. and —=R(a.b) for
each b € By:

3. For all Ay. Ay C PM disjoint with each |A;| < . there is b € Q,, such that
R(a.b) for each a € Ay and ~R(a.b) for each a € A,.

Fix a supercompact cardinal o and a cardinal 2 = 1= for the rest of this article.
Write B = By, and for each a < 2* let By = By -

We say that the sequence (a; : s € [A]<?) from B is continuous if s C t implies
a, > a, > 0 and also each a; = ﬂze[s]“*o a,. We say that (a, : s € [A]<9) is in the
filter D if each a; € D.

The following is a special case of (4. u. 0. g )-optimality in [8] (where we have set
uw=20=oa).

DEFINITION 8. Suppose U is an ultrafilter on B. Then U is (1. o, 0. 0 )-optimal if U
is o-complete and, for every continuous sequence (by : s € [A]<7) in U, (A) implies
(B):

(A) There is some closed unbounded Q C [4]<“ such that for each § < 2* with (b :
s € [A]<?) C Bs. and there is some multiplicative refinement (b, : s € [A]<7) of
(by : s € [A]<7) from B so that for each s € Q, and for each a € B;, if by Nais
nonzero then b/, N a is nonzero.

(B) (b, : s € [A]<™) has a multiplicative refinement (b, : s € [A]<™) in U.

Note, in (A) it is equivalent to replace “for each 6 < 2%,...” by “for arbitrarily
large 6 < 2%,....7

The following is a special case of Theorem 5.9 from [8] (note that since ¢ is super-
compact and A = 1<%, we get that (1. 0.0, ) is suitable in the sense of Definition
1.1 of [8]):
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THEOREM 9. There is a (1. 0.0, c)-optimal ultrafilter on B.
So to prove our goal, it suffices to establish the following:

LemMA 10. Suppose U is a (1,0,0,0)-optimal ultrafilter on B. Then U is
(4. B. Tcyg )-moral.

ProoF. Actually, it is easy to check that Tcy is (4. 0. o, ¢ )-explicitly simple, and
so we could apply Theorem 7.3 from [§] and be done. For the reader’s convenience
we give a direct proof, using the niceness of T¢,s. Our proof follows a template that
Malliaris and Shelah employ several times; it first appears in Lemma 9.9 of [6], then
in more complicated forms in Theorem 7.3 of [§] and Theorem 4.1 of [9].

Choose a regular good filter Dy on P(4) and an isomorphism j : P(1)/Dy = B
(this is possibly by Theorem 7.1 of [6]). Write U, = j~'(U). We want to show that
U, AT -saturates Tcys.

Let M |= Tcu. and let M = M”/ D; we want to show that M is A*-saturated.
Since U, is A-regular, we know that |QM| > 4" foreach n < w. and also |QM| > 4*.
So it suffices to realize types p(x) as in items two or three from Lemma 7. We just
consider case two; case three is easier. So choose By. B C QM disjoint with each
|B;| < Aandeach|B NQOM| < n. We show thereis f € M”*suchthat[[f/U.]] € PM
and M = R([[f/U.]].b) for each b € By, and M = —=R([[f/U.]].b) for each
b € By. Note that by extending B;, we can suppose each | B; N QM| = n. So actually
we can also suppose that By C QM. as the other elements are redundant. Further
we can suppose |Bj| = 4.

Enumerate By U By = b = (b, : @ < 1) without repetitions. For each a < 4
choose g, € (QM)* with [[ga/U.]] = ba. For each o < A, let i, < 2 be such that
bo € Bj,. and let y, < w be such that b, € QM. Also. let I be the set of all a < 4
such that b, € B; NJ,.,, OM. i.e.. such that y, < w: so I is countable.

Note that there are two roles 4 is playing: as set of the ultrafilter /, and as the
index set of 5. We use the variables i J.... for elements of A when A is in the first
role, and typical ordinal variables «. f3, . .. for elements of A when 4 is in the second
role.

Now, by the Separation of Variables technology from [7] (see Section 5), p(x) is
realized in M if and only if the distribution (a; : s € [A]<*) has a multiplicative
refinement in U, where a, = {i < 2: M |=3x A\, ., R(x.bs)"}.

We will want to view this process more systematically: foreachap < -+ < a1 <
/. and for each formula ¢ (ya,. .-, Va,_, ). let

o (Vags > Yo, = 1{i < 22 M | (g4, (). - - .. 8o, (1)) }).

For instance, note that each ||Q(y,)|| = 1. For each s € [A]<* we can write
a, = |[3x A\ e, R(x. ya)®]||. Then each a; € U, and it suffices to show that (a, : s €
[A]<) has a multiplicative refinement in /.

For the rest of the proof, we aim to apply (/. . 0. ¢ )-optimality. First, write

bo= [ e #xsll 0 (V112 el

a#pel’ acl

So b, € U since U is a-complete. For each s € [A]<™ let by = b, N a,. We will
show that (b, : s € [A]<*) has a multiplicative refinement in /.
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For each s € [4]<7 let by := [,¢<x bs: then each by € U and (b, : s € [A]%7)
is continuous. Let Q be the club set of all s € [A]<? with I" C s. It suffices to show
that condition (A) holds in the definition of optimality with respect to Q. So let § be
given; we can suppose by increasing ¢ that whenever ¢ is a formula with parameters
fromy = (y, : @ < 4). then ||¢|| € B;.

We are thus trying to find a multiplicative refinement (b, : s € [A]<?) of (b, :
s € [A]7) so that for each s € Q. and for each a € By, if by N a is nonzero then
so is b, Na. We give a preview of the end of the argument. We will eventually
have defined a special family F of pairs (a,s) where s € [A]°° and a < by is a
nonzero element of Bs, and we will have defined, for each (a,s) € F. an element
has € P;,.. (see Definition 1). We need to be guaranteeing that given any finite
sequence (a;, 5;) 1 i < n,if J,_, /ta, 5, is a function then (,_, a; < by, .

Now, roughly speaking. each pair (a;. s;) will induce a type p;(x) € S(4;). where
A; 1s a subset of the monster model of T¢, of size less than o; we will need to
check that [ J; p;(x) is consistent. We will have that each p;(x) is nonalgebraic and
extends P(x). Further, by choice of b, for each m < w there are m-many b € Q,,
such that for each i < n, p;(x) = R(x,b). Note then that if (p;(x) : i < n) are
pairwise consistent, then | J,_, pi(x) is consistent: this will be easy to arrange with
the functions A, .

However, we will have an additional difficulty, arising from the fact that we may
have ||yo = yp|| > 0 for distinct o, f. One way to think about this is that we should
be using an artificial equality relation =, so we additionally have to worry that there
are i,j < n and b; € A;\A;,b; € A;\A; such that p;(x) asserts that R(x,b;).
and p;(x) asserts that =R(x,b;). and b; = b,;. Malliaris and Shelah refer to this
as a “collision;” we now describe their technique for “collision detection.” Given
s € [A]<? and given a € Bs nonzero, say that a is strong for s if for all a € s, if
f < ais least such thata N ||y, = yp|| # 0. then f € s and a < ||y, = yp||. The
idea here is that any equalities that could happen have already happened, and so we
have anticipated any possible collisions.

Note that for all s € [A]<? and for all nonzero a € B;, thereis t O s in [A]<? and
b < asuch that b is a nonzero element of Bs and b is strong for . This is because B;
has a g-closed dense subset, namely Py, and so we can construct b iteratively.

Suppose a is strong for s. Define 7, : s — s by 7m,(a) = the least f < o with
[lva = yp|| M a nonzero. This f is an element of s by definition of strongness, and
further we always have a < ||y, = yp||. Note also that if a is strong for s and b
is strong for ¢+ and aNb # 0. then 7, and 7, agree on s N ¢ and a N b is strong
for s U t. Further, if a is strong for s, then for each a. o’ € 5, a < ||yq = yor|| iff
an ||ya = ya’|| #0 iffﬂa‘s(a) = na‘s(a,)

We now describe how to build (b).

Foreach s € Qlet {a,: : & < &(s)} and {w, ;s : & < E(s)} satisfy

o {a,:: &< (s)}is a maximal antichain of Bs (and hence of B) below by:
e Each a,; is strong for wy ¢;

o Set s = Ty u,.. Then wye = s U{m,e(a) : a € s}

For each s,¢ define g,¢ : wye — 2 by: gys(a) = i iff there is f € s with
m5¢(B) = mye(a) and ig = i. This is well-defined since a, s < b.
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For each s.¢ define hy: by: hye = {{(0 + a.i) : (o i) € gs¢}. Then, for each
a < Alet b’{a} =b. N U{a,cNxp, ta €5 eQ.&<E(s)}. and for each s € [A]<7
let b = (¢, by, Then it suffices to show (b}) is as in (A) from the definition of
optimal ultrafilters. Multiplicativity is clear. Also, suppose s € Q and a € B; is such
that a N by is nonzero. Then there is some ¢ < &(s) such that a N a;; is nonzero.
Then a N a,: N Xy, is nonzero, but a;: N x, . < bl.

So it remains to show that for s € [/l]<",‘ b’ < b, . It suffices to show this for
finite s, since both (b’) and (by) are continuous. Choose s € [A]<™ and suppose
towards a contradiction that b, < b;. Since b, < b,, it follows that b, £ aj.
Write ¢g = b}, N (1 — ay) and write s = {ay. ....a,—1}. We can inductively choose
¢y > -+ > ¢, > 0 such that for each i < n, writing @ = «;, there is s, and &,
such that « € s, and ¢;11 < ag, ¢, N Xy, . . Foreach a € s, let wy, = wy, ¢,: and
let w = {J,e, Wa- Also choose ¢ < ¢, nonzero such that for each # € w and for
each m < . ¢ decides ||Q, (y4)]]- This is possible because Bs has a o-closed dense
subset (and o > Ny).

Since the Ay, ¢,’s are compatible, so must the g, ¢,’s be. Put g := U, ¢, &scu:
clearly g : w — 2. Similarly. since ¢ is strong for each wy, ¢, = w,. we have that ¢ is
strong for w: let 7 := U, ¢, 7, .-

We will now translate this to the situation described previously, where we
were trying to show consistency of a union of types. Indeed, first note that for
every finite tuple f.....fn—1 from w. and for every formula ¢ (yg,..... 5, ).
¢ decides ||l¢(yp.yp, )| that is, either ¢ < |[jo(yg.....v5, )| or ¢ <
1 Wpe- - 7 | = 10 (g . 5, || This is because cach [|Q(yy)|| = 1.
and so the only additional things we can express are whether yg = yp . which is
decided by strongness, and whether O () holds for k& < w, which we have decided
by choice of c.

Thus we get a complete type ¢(ys : f € w). Choose a realization b = (by
B € w) in the monster model. For each o € s, let A = {b} : f € wa}. Let pa(x)
be the complete type over 4, induced by g, : that is, p,(x) asserts that P(x) holds,
and for every f§ € s,. R(x, bz) holds iffg(bz) = 1. Note thatforeacha € s,¢ < ay,,
so in particular each p,(x) is consistent.

Now. since ¢ < 1 —a, = [[-3x A, R(x.yo)"™||. it must be the case that
Uaes Palx) is inconsistent (since g(a) = i, for each o € s5). We show this is
impossible.

First, note that there cannot be any collisions. Indeed, suppose we had f € w,
and y € wa with by = b]. This means n(B) = n(y); we want to show that g(f) =
g(y). But g(B) = g(=(p)) by definition of g, ¢, . and similarly g(y) = g(=(y)) by
definition of g , ¢ ,.

The only other possibility for an inconsistency is that for some m < ., |, ¢ Po (x)
asserts that there are m + l-many b € Q,, with R(x,b); in other words, there is
some ¢ € [w]™"! such that foreach § € 7. O, (yp) holds and g() = 1. and for each
B.y € 1.by # by Let t’ be the set of all < A such that y; = m. Then 1" € [I'", so
' C s, for each o € s (since each s, € Q). Then we can choose 8, € ¢ such that
7(B.) # n(pB) for each B € ¢’. and choose a,. € s such that . € s,, . Then clearly
Pa, (x) is inconsistent; but this is a contradiction to ¢ < a,,_. -
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THEOREM 11. Suppose there is a supercompact cardinal. Then Keisler’s order is not
linear.

Proor. By Theorems 3 and 4 we know that T¢,s € T, %, and by Theorems 5 and
9 and Lemma 10 we conclude that 7;,; 4 Tcys. B
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