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Abstract. We construct Bratteli–Vershik models for Toeplitz flows and characterize a class
of properly ordered Bratteli diagrams corresponding to these flows. We use this result
to extend by a novel approach—using basic theory of dimension groups—an interesting
and non-trivial result about Toeplitz flows, first shown by Downarowicz. (Williams had
previously obtained preliminary results in this direction.) The result states that to any
Choquet simplexK, there exists a 0–1 Toeplitz flow(Y,ψ), so that the set of invariant
probability measures of(Y,ψ) is affinely homeomorphic toK. Not only do we give a
conceptually new proof of this result, we also show that we may choose(Y,ψ) to have
zero entropy and to have full rational spectrum.

Furthermore, our Bratteli–Vershik model for a given Toeplitz flow explicitly exhibits
the factor map onto the maximal equicontinuous (odometer) factor. We utilize this to give
a simple proof of the existence of a uniquely ergodic 0–1 Toeplitz flow of zero entropy
having a given odometer as its maximal equicontinuous factor and being strongly orbit
equivalent to this factor. By the same token, we show the existence of 0–1 Toeplitz
flows having the 2-odometer as their maximal equicontinuous factor, being strong orbit
equivalent to the same, and assuming any entropy value in[0, ln 2).

Finally, we show by an explicit example, using Bratteli diagrams, that Toeplitz flows
are not preserved under Kakutani equivalence (in fact, under inducing)—contrasting what
is the case for substitution minimal systems. In fact, the example we exhibit is an induced
system of a 0–1 Toeplitz flow which is conjugate to the Chacon substitution system, thus
it is prime, i.e. it has no non-trivial factors.

The thrust of our paper is to demonstrate the relevance and usefulness of Bratteli–
Vershik models and dimension group theory for the study of minimal symbolic systems.
This is also exemplified in recent papers by Forrest and by Durand, Host and Skau, treating
substitution minimal systems, and by papers by Boyle, Handelman and by Ormes.
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1. Bratteli diagrams, dimension groups and Bratteli–Vershik models for Cantor minimal
systems

We give a brief survey of Bratteli diagrams and how they are employed to give models for
Cantor minimal systems. We also state some basic facts about dimension groups and their
relation to Bratteli diagrams and to Cantor minimal systems. For further details, the reader
should consult [8, 9, 11, 14].

We let N, Z, Q and R denote the natural numbers{1,2,3, . . . }, integers, rational
numbers and real numbers, respectively. IfM is a set, we let|M| denote its cardinality,
and ifM is a subset of a topological space, we letM denote its closure.

1.1. Topological dynamical systems and Cantor minimal systems.A topological
dynamical systemis a pair (X, φ), whereX is a compact metric space andφ is a
homeomorphism onX. We say thatφ is minimal, if for any pointx ∈ X theorbit of x,
Oφ(x) = {φn(x) : n ∈ Z}, is dense inX. If (X, φ) and(Y,ψ) are topological dynamical
systems, we say that(Y,ψ) is anextensionof (X, φ), or that(X, φ) is a factor of (Y,ψ),
if there exists a continuous surjective mapF : Y → X such thatF ◦ ψ = φ ◦ F . In
particular, ifF is injective, then(Y,ψ) and(X, φ) areconjugate. If (Y,ψ) is conjugate to
either(X, φ) or (X, φ−1), we say that(Y,ψ) and(X, φ) areflip conjugate.

We say that(X, φ) is aCantor minimal systemif φ is minimal andX is a Cantor set,
i.e.X is totally disconnected without isolated points. All suchX are homeomorphic, and
they can also be characterized by the property of having a countable basis of clopen sets
and having no isolated points.

Examples of Cantor minimal systems that we shall meet later will be minimal subshifts
over a finite alphabet6. Specifically, letS : ∏∞

−∞6 →
∏∞
−∞6 denote theshift

(Sx)(n) = x(n + 1) for x ∈ ∏∞
−∞6, where

∏∞
−∞6 is given the product topology.

Then(X, φ) is a minimalsubshiftover the alphabet6 if X ⊆ ∏∞
−∞6 is shift invariant

and the restrictionφ of S toX is minimal.

1.2. Bratteli diagrams.

Definition 1. A Bratteli diagramis an infinite directed graph(V ,E), whereV is thevertex
set andE is the edge set. These sets are partitioned into non-empty disjoint finite sets
V = V0 ∪ V1∪ · · · andE = E1 ∪E2∪ · · · , whereV0 = {v0} is a one-point set. There are
two mapsr, s : E→ V such thatr(En) ⊆ Vn ands(En) ⊆ Vn−1 for n ∈ N. Furthermore,
s−1(v) 6= ∅ for all v ∈ V and r−1(v) 6= ∅ for all v ∈ V \ V0. We call r and s the
range mapand thesource mapof (V ,E), respectively. We say thatu ∈ Vn is connectedto
v ∈ Vn+1 if there is an edgee ∈ En+1 such thats(e) = u andr(e) = v.

If Vn = {u1, . . . , uk} andVn+1 = {v1, . . . , vm}, we define an(m×k)matrixAn = (aij ),
whereaij is the number of edges connectingvi to uj . We callAn thenth incidence matrix
of (V ,E).

It is convenient to give a diagrammatic presentation of the Bratteli diagram withVn the
vertices at (horizontal) leveln andEn+1 the edges (downward directed) connecting the
vertices at leveln with those at leveln + 1, as illustrated in Figure 1. The vertices of
Vn = {u1, . . . , uk} are placed in the given order from left to right.
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FIGURE 1. Two levels of a Bratteli diagram and the corresponding incidence matrix.

Givenek ∈ Ek, ek+1 ∈ Ek+1, . . . , ek+m ∈ Ek+m such thatr(ei) = s(ei+1) for i = k,
k + 1, . . . , k + m − 1, we call the sequence(ek, . . . , ek+m) a path (of lengthm + 1) in
(V ,E) starting ats(ek) ∈ Vk−1 and terminating atr(ek+m) ∈ Vk+m. In the same manner,
we define infinite paths(e1, e2, e3, . . . ), starting from the top vertexv0 ∈ V0. We say
that two infinite paths(e1, e2, . . . ) and(f1, f2, . . . ) arecofinalif they agree from a certain
level on, sayk, i.e.ei = fi for all i > k.

Let {nk}∞k=0 be a subsequence of{0,1,2, . . . }, where we assume thatn0 = 0. We
telescope(V ,E) into a new Bratteli diagram(V ′, E′) by letting V ′k = Vnk and letting
A′k = Ank+1−1Ank+1−2 · · ·Ank be the new incidence matrices. Notice thatE′, r ′ and
s′ are obtained in a natural way from the incidence matricesA′k. Furthermore, we see
that the edgesE′k from V ′k−1 to V ′k correspond to the paths fromVnk−1 to Vnk in (V ,E).
Microscoping is the converse operation of telescoping. In other words,(V ′, E′) is a
microscoping of(V ,E) if (V ′, E′) can be telescoped into(V ,E).

A Bratteli diagram issimpleif it can be telescoped so that all the incidence matrices
have only (strictly) positive entries. Equivalently, a Bratteli diagram(V ,E) is simple if
and only if for eachn ∈ N ∪ {0} there exists anln ∈ N such that there is at least one path
from each vertex inVn to each vertex inVn+ln .

1.3. Ordered Bratteli diagrams. For eachv ∈ V \ V0 we may giver−1(v) a linear
ordering. This induces a partial order≥ in E, and we obtain anordered Bratteli diagram,
which we denote by(V ,E,≥). LetEmax andEmin denote the set of maximal and minimal
edges, respectively. An infinite path ismaximal(minimal) if all the edges making up the
path are elements ofEmax (Emin). An ordered Bratteli diagram isproperly orderedif it is
simple and if it has a unique maximal and a unique minimal path, denoted respectively by
xmax andxmin. The partial order induces a (lexicographic) order on infinite cofinal paths.
Specifically, ifx = (e1, e2, . . . ) 6= xmax, let k be the smallest integer such thatek /∈ Emax.
Let fk be the successor ofek (and sor(ek) = r(fk)). Then thesuccessorof x is the
path(f1, f2, . . . , fk, ek+1, ek+2, . . . ), wheref1, . . . , fk−1 ∈ Emin. There is an obvious
way to induce an order≥′ on any telescoping(V ′, E′) of the ordered Bratteli diagram
(V ,E,≥), namely by the (bottom-up) lexicographic order on paths fromVnk−1(= V ′k−1)

to Vnk (= V ′k) terminating at the same vertex. It is easily verified that(V ′, E′,≥′) will be
properly ordered if(V ,E,≥) is so.

It is fairly straightforward to show that if(V ,E,≥) is properly ordered, then there exists
a telescoped diagram with the following property [14, Proposition 2.8]: ife ande′ are both
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in Emax (Emin) with r(e) = s(e′), thene is in xmax (xmin). In particular, the edges in
En ∩ Emax (En ∩ Emin) have the same sourcev ∈ Vn−1 (u ∈ Vn−1) for all n ∈ N.

An ordered Bratteli diagram is said to beleft/right ordered (or vertex ordered) if
whenevere1 ≥ e2 (hence necessarilyr(e1) = r(e2)) and s(e1) = vi , s(e2) = vj , we
havei ≥ j . In other words, if two edges emanate from different points, the lesser one is
the one further to the left. A left/right ordering is not preserved by telescoping, as is easily
seen by examples.

1.4. Bratteli–Vershik models for Cantor minimal systems.Let X be the set of all
(infinite) paths associated to a properly ordered Bratteli diagram(V ,E,≥). A cylinder
set consists of those (infinite) paths that agree from the top vertexv0 to somev ∈ Vn,
n ∈ N. It is easily seen that if we topologizeX by choosing as a basis of open sets the
cylinder sets, thenX becomes a Cantor set, and the cylinder sets will be clopen sets. Note
that the topology is also obtained by the metricd(x, y) = 1/(m + 1), where the pathsx,
y ∈ X agree to levelm but not to levelm + 1. (We will tacitly assume that the Bratteli
diagrams we consider are non-trivial, avoiding the cases whereX is a finite set.)

Letφ : X→ X be the map that takes an infinite path to its successor in the lexicographic
ordering. This is well defined for all paths except for the unique maximal pathxmax, and
we defineφ(xmax) = xmin, the unique minimal path. It is straightforward to verify that
φ, called theVershik mapassociated to(V ,E,≥), is a minimal homeomorphism. Hence
(X, φ) is a Cantor minimal system which we call theBratteli–Vershik systemassociated to
(V ,E,≥).

There is an obvious conjugacy between the Bratteli–Vershik systems associated
respectively to(V ,E,≥) and(V ′, E′,≥′), where(V ′, E′,≥′) is obtained from(V ,E,≥)
by telescoping.

It is a theorem [14, Theorem 4.7] that any Cantor minimal system(Y,ψ) is conjugate
to a Bratteli–Vershik system, which we will call aBratteli–Vershik modelfor (Y,ψ). We
briefly recapitulate the construction. We start by choosing a decreasing sequence{Cn}∞n=0
of clopen sets, whereC0 = Y , shrinking down to a base pointy, and constructing
towers over these determined by first returns. The floors of the towers overCn will be
a finite partitionPn of Y consisting of clopen sets, which we will call theKakutani–Rohlin
partition associated toCn. The clopen setCn will correspond to leveln in the properly
ordered Bratteli diagram(V ,E,≥) we construct. Each tower overCn corresponds to a
vertex inVn, and the way towers overCn+1 traverse towers overCn determines the edges
En+1 and the orders on these. If a tower overCn corresponds to the vertexv ∈ Vn,
then the height of the tower equals the number of paths from the top vertexv0 ∈ V0 to
v. In the general case, we may have to subdivide vertically the various towers to make
sure that the Kakutani–Rohlin partitionPn+1 is a refinement ofPn and that the floors of
the towers generate the topology of the space. In our situation, such a subdivision will
automatically be achieved by the way we construct the towers. By the above construction,
the base pointy will correspond to the unique minimal pathxmin of the resulting Bratteli–
Vershik system. (Note: in [11, 14], the roles of the base and top floors are reversed, so
that therey will correspond toxmax.) It is important that the Bratteli–Vershik system we
obtain is the same up to conjugacy regardless of the choice of base point and the choice of
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0 1 q1 � 1

0 q2 � 11

FIGURE 2. The Bratteli–Vershik model for an odometer system.

the sets shrinking down to the base point. This fact yields a great deal of freedom when
we are going to perform the construction for concrete examples. A judicious choice of
the shrinking sequence may hugely simplify the construction and yield a ‘nice’ Bratteli–
Vershik model.

For the odometer system associated to thea-adic groupGa, a = (qi)
∞
i=1, which we

shall encounter in §§2–4 we obtain a Bratteli–Vershik model with a single vertex at each
level as shown in Figure 2. The ordering of the edges is indicated, starting with zero.

1.5. Kakutani equivalence. Let (X, φ) be a Cantor minimal system, and letA ⊆ X be
a clopen subset. LetφA : A→ A be the ‘first return map,’ i.e. ifx ∈ A then

φA(x) = φrA(x)(x), whererA(x) = inf{m ∈ N : φm(x) ∈ A}.
We callφA theinduced transformationonA and say that(A, φA) is theinduced system(or
derivative) of (X, φ) with respect toA. We observe that(A, φA) is again a Cantor minimal
system.

Definition 2. Let (X1, φ1) and (X2, φ2) be Cantor minimal systems. We say that the
systems areKakutani equivalentif they have a common derivative (up to conjugacy).

Kakutani equivalent systems have a succinct and elegant description in terms of
Bratteli–Vershik systems. In fact, any system Kakutani equivalent to(X, φ) is obtained
by making a finite change (i.e. adding and/or removing any finite number of edges and
then making arbitrary choices of linear orderings of edges meeting at the same vertex for a
finite number of vertices) to a Bratteli–Vershik model for(X, φ) [11, Theorem 3.8].

1.6. From Bratteli–Vershik systems to minimal subshifts over a finite alphabet.Recall
that (X, φ) is expansiveif there exists ana > 0 such that for everyx 6= y
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supn d(φ
n(x), φn(y)) > a. Hered is a metric yielding the topology ofX. Expansiveness

is independent of the metricd [23, Corollary 5.22.1]. (However, theexpansive constanta
depends ond.) It is a fact that the family of expansive Cantor minimal systems is the same,
up to conjugacy, as the family of minimal subshifts over a finite alphabet (i.e. minimal
symbolic systems). This follows easily from a well-known result for expansive minimal
systems [23, Theorem 5.24].

Let (X, φ) be the Bratteli–Vershik system associated to the properly ordered Bratteli
diagram(V ,E,≥). For k ≥ 1 let 6k be the set of paths fromV0 to Vk, i.e. the set of
paths starting atv0 ∈ V0 and terminating at somev ∈ Vk. There is an obvioustruncation
mapπk : X → 6k, obtained by restriction of paths to their initial segments of lengthk.
To eachx ∈ X one associates a bisequenceπ̃k(x) = (πk(φ

n(x)))n in 6Zk . The mapπ̃k
is clearly continuous. Clearly,̃πk(φ(x)) = Sk(π̃k(x)), whereSk denotes the shift. Hence
we obtain that the subshift(Yk, Sk) over6k, whereYk is the compact spacẽπk(X), is a
factor of (X, φ), the factor map being̃πk. One verifies that(X, φ) is the inverse limit of
{(Yk, Sk)}k∈N .

If (X, φ) is expansive, it is easy to see that there exists ak such that the map̃πk : X→
Yk is one-to-one. (The converse is also true.) Hence(X, φ) and(Yk, Sk) are conjugate. By
telescoping the diagram between level 0 andk, we may assume thatk = 1.

1.7. Basic facts about dimension groups.To a Bratteli diagram(V ,E) is associated
a dimension groupG = K0(V ,E). In fact, to (V ,E) is associated the system of
(simplicialy) ordered groups (cf. Definition 1)

Z|V0| A0−→ Z|V1| A1−→ Z|V2| A2−→ · · · ,
where the order-preserving homomorphisms are given by matrix multiplication with the
incidence matrices{Ai}∞i=0, andZ|Vi | denotes the set of(|Vi | × 1)-column vectors over
Z. By definition,K0(V ,E) is the direct limit of the system endowed with the induced
order. The ordered groupK0(V ,E) has a distinguishedorder unit, namely the element of
the positive coneG+ = K0(V ,E)

+ corresponding to the element 1∈ Z|V0| = Z. One
can show that two dimension groupsK0(V ,E) andK0(V

′, E′) are order isomorphic, by a
map preserving distinguished order units, if and only if(V ′, E′) is obtained from(V ,E)
by a finite succession of telescopings and microscopings. This gives us a great degree of
leverage in choosing a suitable Bratteli diagram presentation of a given dimension group
G. We will take advantage of this in the following.

It is a theorem by Effros, Handelman and Chen [9] that dimension groups may be
abstractly characterized as countable, ordered abelian groups(G,G+), whereG+ = {a ∈
G : a ≥ 0} is the positive cone, with the properties:
(i) (G,G+) is unperforated, i.e. if a ∈ G andna ∈ G+ for somen ∈ N, thena ∈ G+.

(Note that this implies thatG is torsion free.)
(ii) (G,G+) satisfies theRiesz interpolation property, i.e. givena1, a2, b1, b2 ∈ G such

thatai ≤ bj (i, j = 1,2), then there exists ac ∈ G such thatai ≤ c ≤ bj for all i, j .
A dimension group(G,G+) is simple if G contains no non-trivialorder ideal. (A

subgroupJ of G is an order ideal ifJ = J+ − J+ (whereJ+ = J ∩ G+) and
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0 ≤ a ≤ b ∈ J implies thata ∈ J .) It is a fact that the dimension groupK0(V ,E)

associated to the Bratteli diagram(V ,E) is simple if and only if(V ,E) is a simple Bratteli
diagram. Since we want to avoid trivial cases, we will tacitly assume that all the simple
dimension groups we shall encounter are acyclic, i.e. not isomorphic toZ.

If (G,G+) is a simple dimension group, then anyu ∈ G+ \ {0} is anorder unit, i.e.
G+ = {a ∈ G : 0 ≤ a ≤ nu, for somen ∈ N}. Fixing an order unitu, we say that a
homomorphismp : G → R is astateif p is positive (i.e.p(g) ≥ 0 wheneverg ∈ G+)
andp(u) = 1. Denote the collection of all states bySu(G), which is a compact, convex
set. It is a fact thatSu(G) determines the order onG. We have, namely,

G+ = {a ∈ G : p(a) > 0 for all p ∈ Su(G)} ∪ {0}.
If ε = p/q, wherep, q ∈ N, thena ≤ εumeans thatqa ≤ pu. Theinfinitesimal subgroup
InfG of G consists of thosea ∈ G such that−εu ≤ a ≤ εu for all 0 < ε ∈ Q+. One
verifies that

InfG = {a ∈ G : p(a) = 0 for all p ∈ Su(G)}.
It is easy to see that InfG does not depend on which order unitu we choose. The quotient
G/ InfG with the induced ordering is again a simple dimension group.

1.8. Dimension groups associated to Cantor minimal systems and orbit equivalence.
The family of simple dimension groups coincides with the family

{(K0(Y,ψ),K0(Y,ψ)+) : (Y,ψ) a Cantor minimal system},
whereK0(Y,ψ) = C(Y,Z)/∂ψC(Y,Z), with the induced order fromC(Y,Z), and where
C(Y,Z) denotes the continuous functions onY with values inZ. Here

∂ψ : C(Y,Z)→ C(Y,Z)

is thecoboundary mapdefined by∂ψ(f ) = f − f ◦ ψ−1. (There is a distinguished order
unit 1 for K0(Y,ψ), corresponding to the constant function 1.) The proof of this follows
immediately from the result about Bratteli–Vershik models for Cantor minimal systems,
cf. §1.4. In fact,K0(Y,ψ) is order isomorphic to the dimension groupK0(V ,E), with
1 mapping to the distinguished order unit ofK0(V ,E), where(V ,E,≥) is the properly
ordered Bratteli diagram associated to(Y,ψ). For example, theK0-group of the odometer
(cf. §1.4) associated to thea-adic groupGa, a = (qi)∞i=1, is

Z[1/a] def= {m/q1q2 · · · qk : k ∈ N,m ∈ Z} ⊆ Q,

with the obvious ordering and with distinguished order unit equal to one.
If (A,ψA) is an induced system of(Y,ψ), thenK0(A,ψA) ∼= K0(Y,ψ) as ordered

groups, but the distinguished order units are different. In fact, the distinguished order unit
ofK0(A,ψA) is [χA] in K0(Y,ψ). (HereχA denotes the characteristic function ofA, and
[f ] is the element ofK0(Y,ψ) corresponding tof ∈ C(Y,Z).) This fact is an immediate
consequence of the Bratteli–Vershik description of Kakutani equivalence, cf. §1.5.
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Definition 3. The Cantor minimal systems(Y,ψ) and(X, φ) areorbit equivalentif there
exists a homeomorphismF : Y → X such thatF(Oψ(y)) = Oφ(F (y)) for all y ∈ Y . We
callF anorbit map.

Let (Y,ψ), (X, φ), andF be as in Definition 3. For each pointy in Y , there exists a
unique integern(y) such thatF(ψ(y)) = φn(y)(F (y)). Likewise, there exists a unique
integerm(y) such thatF(ψm(y)(y)) = φ(F (y)). We call the mapsm, n : Y → Z theorbit
cocyclesassociated to the orbit mapF .

Definition 4. Let (Y,ψ) and(X, φ) be orbit equivalent Cantor minimal systems. We say
that(Y,ψ) and(X, φ) arestrong orbit equivalentif there exists an orbit mapF : Y → X

such that the associated orbit cocyclesm, n : Y → Z each have at most one point of
discontinuity.

Strong orbit equivalence is a notion lying between orbit equivalence and flip conjugacy
and is the mildest possible weakening of the latter [11, Theorem 1.4]. It is a theorem
[11, Theorem 2.1] that(Y,ψ) and (X, φ) are strong orbit equivalent if and only if
K0(Y,ψ) ∼= K0(X, φ), as ordered groups with distinguished order units.

There is a bijective (affine) correspondence between the convex setM(Y,ψ) of ψ-
invariant probability measures onY and the set of states of(K0(Y,ψ),K0(Y,ψ)+,1),
given by the map

f −→
∫
Y

f dµ, f ∈ C(Y,Z),

whereµ ∈ M(Y,ψ). So theK0-group of(Y,ψ) gives complete information about the set
of ψ-invariant probability measures onY .

In particular, we note that if(Y,ψ) is uniquely ergodic withM(Y,ψ) = {µ}, then
K0(Y,ψ)/Inf K0(Y,ψ) is order isomorphic to the subgroup{∫

Y

f dµ : f ∈ C(Y,Z)
}

of R, with the order inherited fromR. This linearly ordered group, with order unit 1, is a
complete invariant for orbit equivalence for uniquely ergodic Cantor minimal systems [11,
Theorem 2.2].

1.9. Simple dimension groups and Choquet simplices.Recall that a compact convex set,
K, in a locally convex space is called aChoquet simplexif eachp ∈ K is the barycenter of a
unique probability measure on the set of extreme points ofK. The relation between simple
dimension groups and Choquet simplices is rather intimate, and we refer to Effros [9] for
a detailed discussion. We will just state the one result that we shall need in the following.
First of all, if (G,G+, u) is a simple dimension group with order unitu, then the state
spaceSu(G) is a Choquet simplex, whenSu(G) ⊆ RG is given the relative topology from
RG with the usual product topology.

THEOREM 5. Let K be a Choquet simplex and letG be a countable, dense (in the
uniform topology) subgroup ofAff (K), the additive group of real, affine, and continuous
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functions onK. Then(G,G+) is a simple dimension group without infinitesimal elements,
whereG+ = {a ∈ G : a(k) > 0 for k ∈ K} ∪ {0}. Furthermore, ifG contains the
constant functionu = 1, thenK is affinely homeomorphic toSu(G) by the evaluation map
k̂(a) = a(k), a ∈ G, k ∈ K.

2. Bratteli–Vershik models for Toeplitz minimal flows
Toeplitz minimal flows were first introduced by Jacobs and Keane [16]. Subsequently,
Williams [22] contributed an important work on Toeplitz flows. We will make use of some
of her notations and results. AToeplitz sequenceis a non-periodic elementx = (x(n))∞n=0
of

∏∞
−∞6, where6 is a finite alphabet (6 could also be taken to be a compact metric

space [22]) so that for eachm ∈ Z there exists ann ∈ N such thatx(m) = x(m+ kn) for
all k ∈ Z. We letS : ∏∞−∞6 → ∏∞

−∞6 be the shift operator,Sx(n) = x(n + 1), and
we endowY =∏∞

−∞6 with the product topology. Then aToeplitz flowis the topological
dynamical system(Y, S) = (OS(η), S), whereη is a Toeplitz sequence and OS(η) is the
orbit of η. It is known that a Toeplitz flow is minimal. Ifx ∈ Y , p ∈ N andσ ∈ 6, we let

Perp(x, σ ) = {n ∈ Z : x(m) = σ for all m ≡ n (modp)},
Perp(x) =

⋃
σ∈6

Perp(x, σ ).

Thep-skeletonof x is the part ofx which is periodic with periodp. We say thatp is an
essentialperiod ofx if thep-skeleton ofx is not periodic with any smaller period. The least
common multiple of two essential periods is again an essential period, a fact which is easily
verified. A periodic structurefor a Toeplitz sequenceη is a strictly increasing sequence
(pi)i∈N , such thatpi is an essential period ofη for all i, pi |pi+1, and

⋃∞
i=1 Perpi (η) = Z.

A periodic structure always exists for a Toeplitz sequence. In fact, order the essential
periods,r1 < r2 < r3 < · · · , and letpi be the least common multiple of{r1, r2, . . . , ri}.
A periodic structure is obtained by deleting repeated terms from the sequence(pi).

Now let (pi)i∈N be a periodic structure for the Toeplitz sequenceη. Then theodometer
or theadding machine(‘add (1,0,0, . . . )’) associated to thea-adic group

Ga =
∞∏
i=1

{0,1, . . . , pi/pi−1 − 1},

wherea = (pi/pi−1)i∈N (setp0 = 1), is the maximal equicontinuous factor of the Toeplitz
flow (Y, S) associated toη. (Note thatGa is naturally isomorphic to the inverse limit group

Z/p1Z
φ1←− Z/p2Z

φ2←− Z/p3Z
φ3←− · · · , whereφi(n) is the residue ofn modulopi .)

If a = (qi)i∈N , whereqi = p for all i, we callGa thep-adic group, and the associated
odometer is called thep-odometer. For detailed information ona-adic groups (‘odometer
groups’), we refer to Hewitt and Ross [15].

Furthermore,(Y, S) is an almost one-to-one extension of its maximal equicontinuous
factor (in the literature sometimes called ‘an automorphic flow’). Moreover, Toeplitz
minimal systems can be characterized as expansive systems which are minimal almost
one-to-one extensions of odometer systems [5].

For eachi ∈ N, n ∈ Z/piZ, letAin = {Smη : m ≡ n (modpi)}. Williams [22] showed
that:
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(i) Ain is exactly the set of allω ∈ OS(η) with the samepi-skeleton asSnη;

(ii) {Ain : n ∈ Z/piZ} is a partition ofOS(η) into clopen sets;

(iii) Aim ⊃ Ajn for i < j andm ≡ n (modpi);

(iv) SAin = Ain+1;

(v) if (pn)n∈N is a periodic structure forη and
⋂∞
i=1A

i
ni

(whereni ≡ nj (modpi)

for j ≥ i) contains a Toeplitz sequenceω, then
⋂∞
i=1A

i
ni
= {ω}. In particular,⋂∞

i=1A
i
0 = {η}. This implies that the factor map ontoGa is one-to-one on the set of

Toeplitz sequences inY = OS(η). (In general, we have thatx, y ∈ ⋂∞
i=1A

i
ni

if and
only if x andy have the samepi -skeleton for alli ∈ N.)

For x ∈ ∏∞
−∞6, we letx[m,n] denote the subwordx(m)x(m + 1) · · · x(n) of x of

lengthn−m+1. We letL(η) denote thelanguageassociated toη, i.e. the set of all (finite)
subwords ofη.

Before we proceed with the proofs, we exhibit an example of a Toeplitz sequence whose
periodic structure is particularly simple. The Toeplitz flow associated to this sequence will
reappear later in this paper, and the Bratteli–Vershik model is shown in Figure 6 below.
Consider the constant length substitutionσ over the alphabet6 = {a, b} defined by
σ(a) = aab, σ(b) = abb. The bisequence

η = lim
n

←−
σn(b) . lim

n

−→
σn(a)= . . . aababbabb.aabaababb. . . ,

where the dot . is placed between the−1 and 0 coordinate, is easily seen to be a Toeplitz
sequence with periodic structure{3,32,33, . . . ,3n, . . . }. In fact, the 3n+1-skeleton is
generated byη[−3n,3n − 1] = σn(b).σ n(a).
LEMMA 6. Let η be a Toeplitz sequence. Fork, n ∈ N ∪ {0}, there exists an essential
periodpn,k for η such thatη[n, n + k] = η[n + mpn,k, n + k + mpn,k] for all m ∈ Z.
Moreover,pn,i |pn,j , wheni ≤ j .

Proof. Letpn,0 be an essential period such thatη(n) = η(n+mpn,0) for all m ∈ Z, which
exists sinceη is a Toeplitz sequence. By induction, assume that we have constructedpn,k .
Letpn,k+1 be the least common multiple ofpn,k andpn+k+1,0. The result follows. 2

Definition 7. Let (V ,E) be a simple Bratteli diagram. The mapP : V \ V0 → N is
defined by lettingP(v) be the number of paths fromv0 ∈ V0 to v. If (V ,E) is such that
P(u) = P(v) if u, v ∈ Vn, n ≥ 1, we say that(V ,E) has theequal path number property.
An equivalent definition would be to say that for eachn ≥ 1, |r−1(u)| = |r−1(v)| for every
u, v ∈ Vn. (In other words, ifA is any incidence matrix of(V ,E) andAi denote rowi of
A, then the sum of the elements ofAi equals the sum of the elements ofAj for everyi,j .)

Observe that the equal path number property is preserved under telescoping.

THEOREM 8. The family of expansive Bratteli–Vershik systems associated to Bratteli
diagrams with the equal path number property coincides with the family of Toeplitz flows
up to conjugacy.

Proof. Suppose that(X, φ) is an expansive Bratteli–Vershik system with the equal path
number property. By expansiveness, we may telescope the diagram such that the orbits

https://doi.org/10.1017/S0143385700000948 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000948


Bratteli–Vershik models for Cantor minimal systems 1697

of two distinct infinite pathsx andy are separated between level 0 and 1, i.e. there exists
an n ∈ Z such thatφn(x) = (e1, e2, . . . ) andφn(y) = (f1, f2, . . . ), wheree1 6= f1.
Furthermore, by telescoping, we may assume that all elements ofEn ∩ Emax (En ∩ Emin)
have the same sourceu(n−1) ∈ Vn−1 (v(n−1) ∈ Vn−1) for n ∈ N (cf. §1.3). It is easily
verified thatπ̃1(xmin) is a Toeplitz sequence, and soπ̃1 is a conjugacy map between(X, φ)
and a Toeplitz minimal flow, wherẽπ1 is the map associated to the truncation mapπ1

described in §1.6.
Now we assume that we have a Toeplitz flow(OS(η), S) over the alphabet6, and we

want to construct a Bratteli–Vershik system with the equal path number property, which
is conjugate to(OS(η), S). We will make use of the results about Toeplitz sequences
summarized above, retaining the notation already introduced. We assume that(qi)i∈N is
a periodic structure forη. Let C0 = Y (= OS(η)). Let p1 be the least common multiple
of p0,0 (recall the notation from Lemma 6) andq1. We shall makep1 the first element in
a new periodic structure forη. LetW1 be the collection of words in the languageL(η)
associated toη of lengthp1, beginning withη(0). For eachw ∈ W1 we define

B1
w = {x ∈ A1

0 : x[0, p1− 1] = w}.

Eachw ∈ W1 such thatB1
w 6= ∅ gives rise to a tower overC1 = A1

0 of heightp1, the floors
being the clopen sets

{SjB1
w : j = 0,1, . . . , p1− 1}.

We obtain a Kakutani–Rohlin partition ofY ,

P1 = {SjB1
w : w ∈ W1; j = 0,1, . . . , p1− 1},

over the baseA1
0. (Note that(SjB1

w)∩A1
0 = ∅ for 1≤ j < p1− 1 by (ii) and (iv) above.)

By induction, letpn+1 be the least common multiple ofp0,pn−1 andqn+1. (Notice that

η[0, pn − 1] is part of thepn+1-skeleton ofη.) SetCn+1 = An+1
0 and letWn+1 be the

collection of words inL(η) of lengthpn+1 beginning withη[0, pn−1]. Then as above we
obtain a Kakutani–Rohlin partition:

Pn+1 = {SjBn+1
w : w ∈ Wn+1; j = 0,1, . . . , pn+1 − 1},

whereBn+1
w = {x ∈ An+1

0 : x[0, pn+1−1] = w}. Also,Pn+1 is a refinement ofPn, and the

heights of the various towers overCn+1 = An+1
0 are all equal topn+1. Carrying on in this

manner, we see that eachpi is an essential period ofη and thatpi |pi+1 for all i. (The latter
follows becausep0,i |p0,j whenj > i (by Lemma 6) andqi |qi+1.) Furthermore, since(qi)
is a periodic structure forη andqi |pi for all i, it follows that

⋃∞
i=1 Perpi (η) = Z, so(pi)

is a periodic structure forη. According to the construction outlined in §1.4 we obtain a
properly ordered Bratteli diagram(V ,E,≥) with the constant path number property, the
number of paths fromv0 ∈ V0 to v ∈ Vn beingpn.

To verify that this diagram with its Vershik map models the Toeplitz system, we must
show that

⋃∞
n=1Pn generates the topology ofY = OS(η). This amounts to showing that⋃∞

n=1Pn separates the points ofY . In other words, ifx ∈ ⋂∞
i=1 S

jiBiwi , we must show
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thatx is uniquely determined. Clearly,x ∈ SjiBiwi , 0≤ ji ≤ pi − 1, implies thatx(−ji),
x(−ji + 1), . . . , x(pi − 1− ji) is uniquely determined.

There are three possibilities.
First, supi (ji) = ∞ and supi (pi − ji) = ∞. In this case,x(n) is determined for all

n ∈ Z by theSji Biwi ’s, andx is unique.
Second, supi (ji) < ∞. Then there exists anN ∈ N such thatji = N for all but

finitely many i. (In fact, sinceSNBiwi ⊆ AiN by (iv), this is a consequence of (ii) and
(iii).) It follows that x(m) = η(m+ N) for all m ≥ 0. In other words,(SNη)(m) = x(m)
for m ≥ 0. This implies thatSNη ∈ ⋂∞

i=1 S
jiBwi ⊆

⋂∞
i=1A

i
ji

. As SNη is a Toeplitz

sequence, we conclude from (v) thatx = SNη, and hencex is uniquely determined.
Third, supi (pi − ji) <∞. This case is treated similarly as the second case to conclude

thatx is uniquely determined, and the proof is complete. 2

Recall that a substitutionθ on a finite alphabetA is proper if there exist ap ∈ N and
two symbolsr, l ∈ A such that for everya ∈ A, r is the last andl is the first symbol of
σp(a).

COROLLARY 9. Substitution minimal systems associated to (primitive, aperiodic) proper
substitutions of constant length are Toeplitz flows (up to conjugacy).

Proof. It may be shown that the Bratteli diagram associated to a proper substitution of
constant length is stationary and has the equal path number property [8, Proposition 16].
Combining this with Theorem 8, the result is obvious. 2

Remarks.It is not true that substitution minimal systems associated to (primitive,
aperiodic) substitutions of constant length are Toeplitz flows; the Morse–Thue substitution
is an example. In fact, Martin [19, 6.03 Theorem] has given a general criterion to decide
when a substitution of constant length gives rise to a Toeplitz flow.

Downarowicz and Lacroix [5] proved that(X, S) is a Toeplitz flow if and only if it is a
minimal and expansive almost one-to-one extension of some odometer, which then is the
maximal equicontinuous factor of(X, S). (This result was originally stated by Markley
and Paul [18] without proof.) Our Bratteli–Vershik model gives us the odometer and the
factor map right away by ‘collapsing’ the vertices at each level to one vertex. Figure 3
illustrates how this works. (An edgee ∈ En with ordinal numberk is mapped to the edge
f ∈ E′n with ordinal numberk (as illustrated withE3 andE′3 in the figure). This induces
an obvious map on infinite paths, which, by an easy verification, is the factor map. Observe
that the pre-image of the unique minimal path of the odometer is the unique minimal path
of the ‘Toeplitz diagram’, which by construction corresponds to the Toeplitz sequenceη.)

It is natural to ask whether it is necessary to assume that the Bratteli–Vershik system
in Theorem 8 is expansive. In fact, if one excludes the special cases of odometer systems
(which are not expansive), it could be that the equal path-number property implies that
the system is expansive. However, this is not the case as may be seen from the example
illustrated in Figure 4. The figure exhibits a properly ordered Bratteli diagram(V ,E,≥),
where|Vn| = |Vn−1| + 2 for all n ≥ 2. Each vertex at leveln is connected by exactly
one edge to each vertex at leveln − 1. The edges are left/right ordered (cf. §1.3) with the
exceptions noted in the figure.
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FIGURE 3. ‘Collapsing’ the Toeplitz system to obtain its maximal equicontinuous factor.
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FIGURE 4. A ‘Toeplitz-like’ diagram yielding a non-expansive system which is not an odometer.
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The left-most vertex and the three right-most vertices have all left/right ordering of
edges. Now the two paths drawn with thick lines in the figure cannot be separated above
level two by (the same iteration of) the Vershik map. More generally, a path which follows
the unique minimal path down to leveln, and then passes through vertex number 2n for
all k > n, cannot be separated above leveln from another path which follows the unique
minimal path down to leveln, and then passes through vertex 2n+1 for allk > n. It follows
that this ‘Toeplitz-like’ diagram yields a Cantor minimal system which is not expansive,
and therefore it cannot be a Toeplitz system. However, the example does exhibit an almost
one-to-one extension of an odometer (the 2-odometer) with the factor map as explained
previously. Furthermore, the system has a Toeplitz flow as an ‘intermediate factor’, which
is obtained via one of the truncation maps of §1.6. In fact, not all the ‘truncation factors’
(Yk, Sk) of §1.6 can be finite since the inverse limit of these is not an odometer. Hence one
of them has to be Toeplitz. (Cf. the first part of the proof of Theorem 8.) It is easy to verify
that theK0-groups, as ordered groups with distinguished order units, of the ‘Toeplitz-
like’ system and the odometer factor are isomorphic, both being isomorphic to the dyadic
rationalsZ[1/2], and so they are strong orbit equivalent. In particular, the ‘Toeplitz-like’
system is uniquely ergodic.

We show that the ‘Toeplitz-like’ system is not (conjugate to) an odometer system.
To see this, assume that it is conjugate to an odometer system with a Bratteli–Vershik
model(V ′, E′,≥′), where|V ′i | = 1 for all i. Then there exists an ‘aggregate diagram’
(V ′′, E′′,≥′′), i.e. (V ′′, E′′,≥′′) is a properly ordered diagram which when telescoped to
odd levels yields a telescoping of(V ,E,≥) and when telescoped to even levels yields a
telescoping of(V ′, E′,≥′) [11, Theorem 3.6]. This implies that there exists a telescoping
of (V ,E,≥) having the property that edges ranging at the same level and with the same
ordinal number have the same source. This is easily seen to be impossible.

Open problem.Let (V ,E) be a simple Bratteli diagram with the equal path number
property. Does there exist a Toeplitz flow(Y,ψ) such thatK0(Y,ψ) ∼= K0(V ,E) as
ordered groups with distinguished order units?

If this were the case, we would have a Bratteli diagram ‘presentation’ of allK0-groups
that arise from Toeplitz flows. (We may assume without loss of generality that|Vn| ≥ 2 for
n ≥ 1. The difficulty lies in giving(V ,E)—or a telescoping of(V ,E)—a proper ordering
such that the associated Bratteli–Vershik system is expansive, and so is a Toeplitz flow
according to Theorem 8. If the number of vertices|Vn| at leveln does not increase ‘too
fast’ compared to the number of edges ranging at eachv ∈ Vn, it can be done, cf. the first
part of the proof of Lemma 10.)

It is noteworthy that there does exist an expansive Cantor minimal system(Z, θ) of zero
entropy such thatK0(Z, θ) ∼= K0(V ,E) [2]. The Bratteli diagram used to construct(Z, θ)
does not necessarily satisfy the equal path number property however.

3. Realizing Choquet simplices as sets of invariant probability measures of Toeplitz flows
We will prove that any Choquet simplex may be obtained as the set of invariant probability
measures of a Toeplitz flow, in fact, a 0–1 Toeplitz flow, i.e. with6 = {0,1}. This result has
already been proved by Downarowicz, by a long and intricate argument [3]. We will use
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the Bratteli–Vershik model we have constructed for a Toeplitz flow to extend this result and
show that it is a consequence of basic dimension group theory, specifically as highlighted
in Theorem 2. The manipulations with Bratteli diagrams that are performed in the proof
are fairly standard procedures.

We want to express our gratitude to David Handelman for providing us with a key idea
for the proof of the theorem.

We shall need the following technical lemma. (Recall thatπ1 is the truncation map to
level 1 (cf. §1.6).)

LEMMA 10. Let (V ,E) be a simple Bratteli diagram such that all pairs of vertices at
consecutive levels are connected by edges, i.e. all incidence matrices have strictly positive
entries. Assume that|Vk| ≥ 2 for k ≥ 1. Letnk be the minimum number of edges between
a pair of vertices inVk andVk+1. If nk > 6|Vk+1| for all k ≥ 1, then it is possible to give
the diagram a proper ordering such that the corresponding Bratteli–Vershik system(X, φ)

is expansive. Furthermore, for any two distinct pathsx, y ∈ X there is anm ∈ Z such
thatπ1(φ

m(x)) 6= π1(φ
m(y)), in other words,x andy are separated between level0 and

level1 byφ.
If, moreover,

lim
k→∞

ln(nk|Vk|)
nk

= 0,

then(X, φ) has zero entropy.

Proof. LetVk = {u1, . . . , us}, Vk+1 = {v1, . . . , vt }, wherek ∈ N. Forvi ∈ Vk+1 order the
edgesr−1(vi) in the following manner. The firstbnk/3c + i edges shall have source atu1.
(Hereblc denotes the greatest integer less than or equal tol.) The nextbnk/2c edges in the
ordering shall have source atu2. The remaining edges ofr−1(vi) are ordered left/right.

Endowing(V ,E) with this ordering, we first observe that we obtain a properly ordered
diagram. In fact, the unique minimal (maximal) path will pass through the left-most (right-
most) vertex at each level. Furthermore, it is easily verified that ifx andy are two paths
that agree down to levelk, but not down to levelk+1, then we may find anm ∈ Z such that
φm(x) andφm(y) do not agree down to levelk for k ≥ 1. In fact, they will pass through
distinct vertices at levelk, i.e. they will be separated at levelk. We see this in the following
manner. Assumex (y) passes through vertexvi (vj ) at levelk + 1, wherei andj may be
equal. By applying (the same (negative) iteration of) the Vershik mapφ to x andy, we
may reduce the problem to the case that, say,r(x) = vi , s(x) = u1, and the edgeek+1

in Ek+1, which is part ofx = (e1, e2, . . . ), lies inEmin, and thatr(y) = vj , s(y) = u1.
(Otherwise,x andy would already have been separated at levelk by some (other) iteration
of φ, and we would have been done.) Now a simple argument, treating a few cases, will
show that by applying a suitable iteration ofφ to bothx andy they will separate at levelk.
By repeating this procedure, we eventually obtain thatx andy will be separated at level 1
by φ. In particular,(X, φ) is expansive.

To see that(X, φ) has entropy 0, we refer the reader to a result by Boyle and Handelman
[1, Proposition 2.2]. It is easy to see that their proof, which assumes left/right ordering,
may be adapted to our setting. In fact, our ordering has been chosen so that anye ∈ Ek+1
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lies in a subset (ofEk+1) consisting of consecutively ordered edges with the same source
and with cardinality at leastbnk/3c. 2

Remark 11.For a Bratteli diagram(V ,E) where|Vk| is bounded, the last condition of
Lemma 10 is redundant because we may telescope the diagram such that(nk)k≥1 becomes
an increasing sequence.

THEOREM 12. LetK be a Choquet simplex. There exists a Toeplitz flow(Y,ψ) of zero
entropy over a two symbol alphabet (i.e. a0–1 Toeplitz flow) such thatK is affinely
homeomorphic to the setM(Y,ψ) of ψ-invariant probability measures. Furthermore, we
may choose(Y,ψ) so that the (unique) maximal equicontinuous factor is the odometer
(X, φ) associated to thea-groupGa, wherea = (2,3,4,5, . . . ). HenceK0(X, φ) ∼= Q as
ordered groups with distinguished order units, and the set of (topological) eigenvalues of
(Y,ψ) is {e2πir : r ∈ Q}.
Proof. Choose a countable, dense subgroupG of Aff (K), the additive group of affine
continuous functions onK, such thatG is a vector space overQ containing the constant
functionu = 1. SoG is a divisible group. By Theorem 5,K is affinely homeomorphic to
Su(G).

We will first show thatG has a Bratteli diagram presentation which has the equal
path number property. In fact, let(V ′, E′) be a simple Bratteli diagram such thatG ∼=
K0(V

′, E′) (cf. §1.7), where∼= denotes order isomorphism preserving the distinguished
order units. HenceG is the ordered direct limit of the system

Z
A0−→ Z|V ′1| A1−→ Z|V ′2| A2−→ · · · ,

where we assume that all the incidence matrices(An)
∞
n=0 have strictly positive entries. We

may also assume that|V ′n| ≥ 2 for n ≥ 1 and that|V ′1| = 2 with a single edge connecting
each of the vertices inV ′1 with v0 ∈ V ′0. (This is easily obtained by the procedure described
in §1.7.) SinceG is divisible, it is clear thatG is also the ordered inductive limit of the
system

Q
A0−→ Q|V ′1| A1−→ Q|V ′2| A2−→ · · · .

Let A1(1, . . . ,1)tr = (α1, α2, . . . , α|V ′2|)
tr, where tr denotes transposition. Then

J ′2A1(1,1, . . . ,1)tr = (1,1, . . . ,1)tr, whereJ ′2 is the diagonal(|V ′2| × |V ′2|) matrix

diag(α−1
1 , α−1

2 , . . . , α−1
|V ′2|).

Let m2 be the least common multiple of the denominators of the entries ofJ ′2A1, and
let k2 = 2m2l2, wherel2 is chosen so that the conditions of Lemma 10 will be satisfied
between levels 1 and 2, with the incidence matrixB1 defined below. SetJ2 = k2J

′
2.

Then all entries ofJ2A1 are in N and are divisible by 2l2. Also J2A1(1, . . . ,1)tr =
(k2, k2, . . . , k2)

tr. Assume we have constructedJ2, J3, . . . , Jn−1. LetJ ′n be the appropriate
diagonal invertible matrix overQ+ such thatJ ′nAn−1J

−1
n−1(1,1, . . . ,1)

tr = (1,1, . . . ,1)tr.
Letmn be the least common multiple of the denominators of the entries ofJ ′nAn−1J

−1
n−1,

and letkn = nmnln, whereln is chosen such that the conditions of Lemma 10 will be
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satisfied between levelsn − 1 andn, with the incidence matrixBn−1 defined below. Set
Jn = knJ

′
n. Then all entries ofJnAn−1J

−1
n−1 are in N and are divisible bynln. Also,

JnAn−1J
−1
n−1(1,1, . . . ,1)

tr = (kn, kn, . . . , kn)tr. Observe thatn is a divisor ofkn. Letting

Bn−1 = JnAn−1J
−1
n−1 for n ≥ 1, where we setJ0 = id, J1 = id, we obtain a commutative

diagram:

G : Q A0−−−−→ Q|V ′1| A1−−−−→ Q|V ′2| A2−−−−→ · · ·
J0=id

y J1=id

y J2

y
H : Q B0−−−−→ Q|V ′1| B1−−−−→ Q|V ′2| B2−−−−→ · · · ,

which establishes an order isomorphism between the two ordered groupsG and H
associated to the two systems. NowH is order isomorphic to the dimension group
associated to the system

Z
B0−→ Z|V ′1| B1−→ Z|V ′2| B2−→ · · · , (†)

since the latter system yields a divisible group becausen is a divisor of each entry ofBn.
Hence we conclude thatG ∼= K0(V ,E), where(V ,E) is the Bratteli diagram associated
to (y). SinceBn(1,1, . . . ,1)tr = (kn, kn, . . . , kn), we see that(V ,E) has the equal path
number property.

By construction, we have ensured that(V ,E) satisfies the conditions of Lemma 10. (In
fact, this is achieved by lettingln > max{|V ′n−1|,6|V ′n|}.) Combining this with Theorem 8,
we conclude that there exists a proper ordering of(V ,E) such that the associated Bratteli–
Vershik system(Y,ψ) satisfies the first part of the theorem (cf. also §1.8).

Now the maximal equicontinuous factor(X, φ) of (Y,ψ) is the odometer associated to
thea-adic groupGa, with a = (kn)∞n=1 (cf. the remark subsequent to Theorem 8). Recall
that the odometers associated to thea-adic groupsGa1 andGa2, wherea1 = (pi)∞i=1 and
a2 = (p̃i)∞i=1, are conjugate if and only if for eachn there exists anm such that

∏n
i=1pi is

a divisor of
∏m
i=1 p̃i , and the symmetrical condition (switching thepi ’s and thep̃i ’s) also

holds. Sincen is a divisor ofkn for eachn, we thus obtain the maximal equicontinuous
factor as claimed.

The last part of the theorem is a consequence of the fact that the (topological)
eigenvalues all come from the maximal equicontinuous factor. 2

COROLLARY 13. LetG be a simple dimension group which is divisible. Then there exists
a Toeplitz flow(Y,ψ) of zero entropy over a two-symbol space such thatK0(Y,ψ) ∼= G.

Proof. This is an immediate consequence of the proof of the theorem. 2

Remark.It is natural to ask whether a uniquely ergodic Toeplitz flow(Y,ψ) is orbit
equivalent to its maximal equicontinuous factor(X, φ). For this to be the case, we must
show that the set of values {∫

Y

f dµ : f ∈ C(Y,Z)
}
, (‡)

whereµ is the uniqueψ-invariant probability measure, consists of rational numbers, cf.
§1.8. However, this is not true in general. In fact, letG = Q + Qα(⊂ R), whereα is
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irrational. ThenG is a linearly ordered and divisible dimension group with order unit 1.
In particular,G has a unique state. By Corollary 13 there is a Toeplitz flow(Y,ψ) such
thatK0(Y,ψ) ∼= G as ordered groups with distinguished order units. Clearly(Y,ψ) is
uniquely ergodic and the set of values (‡) will beQ+Qα, containing irrational numbers.

4. Miscellaneous applications of dimension groups and Bratteli diagram techniques to
Toeplitz flows

4.1. Toeplitz flows and their maximal equicontinuous factors.It is noteworthy that the
maximal equicontinuous factor(X, φ) of a Toeplitz flow (Y,ψ) can be detected from
K0(Y,ψ) (with distinguished order unit). In fact, therational subdimension groupQ(G)
of G = K0(Y,ψ), where

Q(G) = {g ∈ G : ng = m1, n ∈ N,m ∈ Z},
is order isomorphic to a subgroup ofQ, via the mapg ∈ Q(G) → m/n ∈ Q, where
ng = m1. It turns out thatK0(X, φ) ∼= Q(G), and this determines(X, φ) uniquely, cf.
[11, Remark to Theorem 2.4], [20, Theorem 2.2]. Furthermore, one can also show that
G/Q(G) is torsion free [12].

PROPOSITION14. Two strongly orbit equivalent Toeplitz flows have the same maximal
equicontinuous factor.

Proof. As pointed out in §1.8, theK0-group is a complete invariant for strong orbit
equivalence. Since the maximal equicontinuous factor can be detected from theK0-group,
the result follows. 2

We now state a theorem of which the first assertion is known [21, Theorem 3.1], [7,
Section 3]. Our technique provides us with an easy proof—illustrating a feature of the
Bratteli diagram approach.

THEOREM 15. Let (X, φ) be the odometer associated to thea-adic groupGa, where
a = (qi)

∞
i=1. There exists a uniquely ergodic0–1 Toeplitz flow(Y,ψ) of zero entropy

such that(X, φ) is the maximal equicontinuous factor of(Y,ψ).
Furthermore, we may choose(Y,ψ) such thatK0(Y,ψ) ∼= K0(X, φ) as ordered groups

with distinguished order units—hence(Y,ψ) and(X, φ) are strong orbit equivalent.
If (X, φ) is associated to astationarya-adic group, i.e.qk = qk+1 = qk+2 = · · · from

a certaink on, we may choose(Y,ψ) such that it is also a substitution minimal system.

Proof. The Bratteli–Vershik model for the odometer is exhibited in Figure 2. By
telescoping the diagram, we may assume that eachqi , i ∈ N, can be written asqi = ri+si ,
whereri →∞ andsi →∞. Now we microscope and telescope (in that order) the Bratteli
diagram(V ,E) of the odometer as shown in Figure 5. We see that the right-most diagram
(V ,E) in Figure 5 satisfies the equal path number property. As|V k| = 2, by Lemma 10,
its subsequent remark and Theorem 8 we may give(V ,E) a proper ordering such that
the associated Bratteli–Vershik system(Y,ψ) is a Toeplitz flow of zero entropy over a
two-symbol alphabet. According to the remarks subsequent to Theorem 8, the maximal
equicontinuous factor(X, φ) is as claimed. Now

K0(Y,ψ) ∼= K0(V ,E) ∼= K0(V ,E) ∼= K0(X, φ)
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q1 = r1 + s1

q2 = r2 + s2

q3 = r3 + s3

FIGURE 5. Diagram manipulations as described in the proof of Theorem 15.

as ordered groups with distinguished order units (cf. §§1.7 and 1.8). In particular,(Y,ψ)

is uniquely ergodic since(X, φ) is so (cf. §1.8).
If the a-adic group is stationary, we may clearly do the construction in Figure 5 such

that(V ,E) with the imposed ordering is stationary, i.e. from a certain level on, the diagram
with the ordering repeats. Then it is known that the associated Bratteli–Vershik system is
substitution minimal [8, 10]. 2

Remarks.It has recently been shown that there is an uncountable number of non-conjugate
0–1 Toeplitz flows of zero entropy with the same maximal equicontinuous factor [7]. (In
fact, the result is even stronger, in that any entropy valuet ∈ [0, log 2) can be preset. See
also our Theorem 16.)

We would like to point out that by our approach we could obtain a similar result, since
there is an algorithmic way to determine when two Bratteli–Vershik systems arepointedly
conjugate [11, Theorem 3.6]. In our context, this means that we can decide when two
Toeplitz flows are conjugate by a map which is over the zero element of the maximal
equicontinuous factor (cf. [7] for terminology). The immense leverage we have in choosing
the diagrams above, makes it possible to find a ‘lot of’ non-(pointedly)conjugate Toeplitz
flows.

Let π : (Y,ψ) → (X, φ) be the factor map, where(Y,ψ) and (X, φ) are as in
Theorem 15. It may be shown [13, Proposition 3.1] thatπ induces a canonical embedding
π∗ of K0(X, φ) as a subdimension group ofK0(Y,ψ). In our case, it is easy to show that
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π∗(K0(X, φ)) = K0(Y,ψ). In fact, one shows thatπ∗(K0(X, φ)) = Q(K0(Y,ψ)) =
K0(Y,ψ) (= Z[1/a]).

Boyle and Handelman [1] showed, using Bratteli diagrams, that there exist Cantor
minimal systems which are strong orbit equivalent to the 2-odometer, and which assume
every entropy value in[0,∞]. By examining their proof of this result, we realized that it
could be adapted in order to obtain the following theorem.

THEOREM 16. For any 0 ≤ t < ∞ there exists a uniquely ergodic Toeplitz flow
(Y,ψ) with entropy equal tot , and with maximal equicontinuous factor the2-odometer.
Furthermore,(Y,ψ) is strong orbit equivalent to the2-odometer. In particular, if0≤ t <
log 2, we may choose(Y,ψ) to be a0–1 flow.

Proof. In the proof of [1, Theorem 2.8], Boyle and Handelman construct a Bratteli diagram
(V ,E) with the equal path number property in such a way thatK0(V ,E) ∼= Z[1/2] as
ordered groups with distinguished order units. They introduce a proper ordering of(V ,E)

such that the associated Bratteli–Vershik system(X, φ) has entropy equal tot . It is not
clear that(X, φ) is expansive (and so is a Toeplitz flow). However, they do show that the
‘truncated system’(Y1, S1) obtained via the map̃π1 (cf. §1.6) has entropyt (cf. the proof
of [1, Lemma 2.6]). Barring the zero entropy caset = 0, which has already been treated
in Theorem 15, we conclude that(Y1, S1) is an aperiodic minimal subshift. Hence(Y1, S1)

is a Toeplitz flow (cf. the first part of the proof of Theorem 8). Set(Y,ψ) = (Y1, S1). By
the second remark subsequent to Theorem 15, there is an embedding(π̃1)∗ of K0(Y,ψ)

as a subdimension group ofK0(X, φ) preserving the distinguished order units. Now
K0(X, φ) ∼= K0(V ,E) ∼= Z[1/2], and it is easily verified thatZ[1/2] has no subdimension
group (containing 1) exceptZ or Z[1/2]. We must thus haveK0(Y,ψ) ∼= Z[1/2] as
ordered groups with distinguished order units. Hence the 2-odometer is the maximal
equicontinuous factor of(Y,ψ), by the remarks at the very beginning of this section. Also,
(Y,ψ) is strong orbit equivalent to the 2-odometer, since the associatedK0-groups are
order isomorphic.

Finally, if 0 ≤ t < log 2, Boyle and Handelman show that one may choose the number
of vertices at level 1 of the Bratteli diagram(V ,E) to be two, with a single edge connecting
each of these to the top vertex. Hence the(Y1, S1) above is a subshift over a two-symbol
alphabet. 2

Remark.If one substitutesp-odometer for 2-odometer in the theorem, wherep is a prime
number, one obtains analogous results.

4.2. Kakutani equivalence—an example.If (X, φ) is Kakutani equivalent to a
substitution minimal system(Y,ψ) (arising from a primitive, aperiodic substitution) then
(X, φ) is again substitution minimal [8, 10]. One may ask whether the analogous result
is true for Toeplitz flows. The answer is a resounding no, as the following remarkable
example will show. In fact, we shall exhibit an example of an induced system(X, φ) of
a Cantor minimal system(Y,ψ), the latter being simultaneously Toeplitz and substitution
minimal (associated to a constant length substitution), such that(X, φ) is prime, i.e.(X, φ)
has no non-trivial factors. In particular,(X, φ) can neither be Toeplitz nor can(X, φ) be
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FIGURE 6. A Toeplitz system and a Kakutani equivalent non-Toeplitz system.

associated to a substitution of constant length, since such systems have odometer factors.
In fact, we shall show that(X, φ) is conjugate to theChacon substitution system, i.e. the
substitution minimal system associated to theChacon substitution0→ 0010, 1→ 1. The
latter system is well known to be prime.

Specifically, let(Y,ψ) be the Bratteli–Vershik system associated to the properly ordered
Bratteli diagram(V ,E,≥) exhibited to the left in Figure 6. Firstly,(Y,ψ) is conjugate to
a substitution minimal system associated to a proper (aperiodic) substitutionθ of constant
length, namelya → aab, b → abb [8, Proposition 16]. (In fact, one shows thatπ̃1(xmin)

is equal to the limit bisequenceω obtained by applying iterations ofθ to b.a, i.e.

ω = π̃1(xmin) = lim
n

←−
θn(b). lim

n

−→
θn(a) = . . . aababbabb.aabaababb. . . ,

where. is used to keep track of the zeroth coordinate. Note thatθ(ω) = ω. Herexmin is
the unique minimal path of the diagram(V ,E,≥) of Figure 6, and we obtain that(Y,ψ)
is conjugate via the map̃π1 to (Y1, S1), sinceψ separates paths at level 1 (easily seen),
cf. §1.6.)

Secondly, since(V ,E) has the equal path number property, it is conjugate to a Toeplitz
flow according to Theorem 8.

Consider now the system(X, φ) associated to the properly ordered Bratteli diagram
(V ′, E′,≥′) exhibited to the right in Figure 6. Since(V ′, E′) is obtained from(V ,E)
by first telescoping the latter between level 0 and level 2 and then ‘erasing’ some of the
resulting new edges, we obtain that(X, φ) is an induced system of(Y,ψ), cf. §1.5.

We sketch the argument why(X, φ) is conjugate to the Chacon substitution system. In
the first place, similarly to the above,(X, φ) is conjugate via the map̃π1 to (Y ′1, S

′
1), where

we use′ to refer to entities associated to the diagram(V ′, E′,≥′) in Figure 6. Clearly,
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π̃ ′(x ′min) is obtained fromπ̃1(xmin) by substitutingαβ for a andγ for b. So

ω′ = π̃ ′1(x ′min) = . . . αβαβγαβγ γαβγ γ.αβαβγαβαβγαβγ γ . . . .
Observe that in the bisequenceω′ the symbolα appears only beforeβ, and the symbolγ
appears only beforeα orγ . This implies that the sliding 1-block code (cf. Lind and Marcus
[17]) associated to

α→ 0, β → 1, γ → 0

will be a one-to-one mapF from Y ′1 (⊆ {α, β, γ }Z) ontoC = F(Y ′1) (⊆ {0,1}Z). Clearly,
F intertwines the two shift mapsS′1 andS, respectively, and so(Y ′1, S′1) is conjugate to
(C, S).

We finish the argument by showing that(C, S) is the Chacon substitution system. It is
clearly enough to show that the languageL(ω), i.e. all subwords ofω, where

ω = F(ω′) = . . .0101001000100.01010010100100. . .

is contained in the languageL(ωC) associated toωC , where

ωC = lim
n

←−
σn(0). lim

n

−→
σn(0) = . . .0010001010010.0010001010010. . .

is the bisequence fixed under the Chacon substitutionσ , where

σ =
{

0→ 0010

1→ 1.

Observe that neitherω norωC contains the subword 11. Because of minimality (uniform
recurrence), it is sufficient to show that any subword of the one-sided sequenceω+ =
ω[0,∞) is a subword of the one-sided sequence(ωC)+ = ωC [0,∞).

For any substitutionχ on an alphabetA there is a natural extension by concatenation to
AZ+, also denoted byχ . HereZ+ = N ∪ {0}. Now we have the commutative diagram

{a, b}Z+ θ−−−−→ {a, b}Z+
G

y G

y
{0,1}Z+ ρ−−−−→ {0,1}Z+,

whereρ is the word-to-word substitution

ρ =
{

01→ 01010

0→ 0100

andG is the mapG(a) = 01,G(b) = 0. In fact, one checks thatρ ◦ G(a) = G ◦ θ(a),
ρ ◦G(b) = G ◦ θ(b). Sinceθ(ω+) = ω+ andG(ω+) = F(ω′+) = ω+, we conclude that
ρ(ω+) = ω+. (Note thatρ is uniquely defined on sequences starting with zero and where
11 does not occur.) Now letγ be a non-empty word on{0,1} such thatγ starts with zero
and 11 does not occur inγ . We claim that

σ(γ )0= 0ρ(γ ). ([)
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It is true forγ = 0 and it is easily established by induction. With the same condition onγ ,
we also claim that

σn(γ0) = u1ρ
n(γ )0u2 (])

for someu1, u2. In fact, forn = 0, we obtain (using ([))

σ(γ0) = σ(γ )σ (0) = σ(γ )0010= 0ρ(γ )010= u1ρ(γ )0u2,

whereu1 = 0, u2 = 10. Assume (]) is true forn. Applying σ to both sides of (]) and
using ([) we obtain

σn+1(γ0) = σ(u1)σ (ρ
n(γ ))σ (0)σ (u2)

= σ(u1)σ (ρ
n(γ ))0010σ(u2)

= σ(u1)0ρn+1(γ )010σ(u2)

= u′1ρn+1(γ )0u′2,

whereu′1 = σ(u1)0,u′2 = 10σ(u2). So (]) is proved by induction.
Now chooseγ = 01 and use (]) to obtainσn(010) = u1ρ

n(01)0u2. Since 010 occurs
in (ωC)+, σn(010) occurs in(ωC)+. Since any subword in(ω)+ is a subword ofρn(01)
for somen ∈ N, the proof is complete.

Notice that ([) implies that(ωC)+ = σ((ωC)+) = 0ρ((ωC)+). This gives us the clue
to find which path in the Bratteli diagram(V ′, E′,≥′) of Figure 6 corresponds toωC , i.e.
which path that is mapped toωC by π̃ ′1 when we setα = 0,β = 1, γ = 0. In fact, it is the
path going down vertically on the right-hand side of the diagram, starting with the single
edge at the top and then the edge with ordinal number 3. All the other edges have ordinal
numbers equal to two. (There is exactly one other path in(V ′, E′,≥′) that is mapped bỹπ1

to a sequencẽω such that(ω̃)+ is equal to(ωC)+, namely the path going down vertically
on the left-hand side of the diagram, from level 2 on, the edges all having ordinal number
equal to two. From level 2 to level 1 the edge has ordinal number equal to three.)

It is easy to exhibit a primitive, aperiodic substitutionτ such that the associated
substitution minimal system is conjugate to the above example, i.e. to the Chacon system,
using [8, Lemma 9]. In fact,τ may be chosen to be the substitution over the alphabet
A = {d, e, f }

τ =



d → de

e→ def

f → deff.

Remark.As was pointed out in §1.8,K0(Y,ψ) andK0(X, φ) are order isomorphic, as
(Y,ψ) and(X, φ) are Kakutani equivalent. However, the distinguished order units are not
preserved under the isomorphism. This has dramatic consequences as far as the rational
subdimension groups are concerned. In fact, it is easy to show directly from the two
diagrams in Figure 6 thatQ(K0(Y,ψ)) ∼= Z[1/3] andQ(K0(X, φ)) ∼= Z.

Open problem.Answering a question posed in an earlier version of this paper, Downarwicz
and Durand [4] characterized completely the factors of a Toeplitz flow.
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It follows from earlier results [7] that if the Cantor minimal factor of a Toeplitz flow is
expansive, then it is Toeplitz. (We are grateful to Lacroix for pointing this out to us.)

One may ask the even more ambitious question: is every factor (not necessarily
assuming a Cantor system) of a Toeplitz flow of the above nature? (It can be shown
that Toeplitz flows cannot have (topological) connected factors [6]. This is in contrast
to substitution minimal systems, which may have such factors.)

Acknowledgement.We would like to thank Fabien Durand for helpful discussions during
the initial stage of this work.
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