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Abstract We construct Bratteli-Vershik models for Toeplitz flows and characterize a class
of properly ordered Bratteli diagrams corresponding to these flows. We use this result
to extend by a novel approach—using basic theory of dimension groups—an interesting
and non-trivial result about Toeplitz flows, first shown by Downarowicz. (Williams had
previously obtained preliminary results in this direction.) The result states that to any
Choquet simplexK, there exists a 0—1 Toeplitz flogy, ), so that the set of invariant
probability measures ofY, ) is affinely homeomorphic t&. Not only do we give a
conceptually new proof of this result, we also show that we may ch@iasg) to have

zero entropy and to have full rational spectrum.

Furthermore, our Bratteli-Vershik model for a given Toeplitz flow explicitly exhibits
the factor map onto the maximal equicontinuous (odometer) factor. We utilize this to give
a simple proof of the existence of a uniquely ergodic 0-1 Toeplitz flow of zero entropy
having a given odometer as its maximal equicontinuous factor and being strongly orbit
equivalent to this factor. By the same token, we show the existence of 0—1 Toeplitz
flows having the 2-odometer as their maximal equicontinuous factor, being strong orbit
equivalent to the same, and assuming any entropy vali@ in 2).

Finally, we show by an explicit example, using Bratteli diagrams, that Toeplitz flows
are not preserved under Kakutani equivalence (in fact, under inducing)—contrasting what
is the case for substitution minimal systems. In fact, the example we exhibit is an induced
system of a 0—1 Toeplitz flow which is conjugate to the Chacon substitution system, thus
it is prime, i.e. it has no non-trivial factors.

The thrust of our paper is to demonstrate the relevance and usefulness of Bratteli—
Vershik models and dimension group theory for the study of minimal symbolic systems.
This is also exemplified in recent papers by Forrest and by Durand, Host and Skau, treating
substitution minimal systems, and by papers by Boyle, Handelman and by Ormes.
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1. Bratteli diagrams, dimension groups and Bratteli-Vershik models for Cantor minimal
systems

We give a brief survey of Bratteli diagrams and how they are employed to give models for
Cantor minimal systems. We also state some basic facts about dimension groups and their
relation to Bratteli diagrams and to Cantor minimal systems. For further details, the reader
should consultg, 9, 11, 14

We letN, Z, Q and R denote the natural numbefs, 2, 3, ...}, integers, rational
numbers and real numbers, respectivelyMlfis a set, we letM| denote its cardinality,
and if M is a subset of a topological space, weMedenote its closure.

1.1. Topological dynamical systems and Cantor minimal systerAs.topological
dynamical systenmis a pair (X, ¢), where X is a compact metric space amdis a
homeomorphism oX. We say thatp is minimal if for any pointx € X theorbit of x,
Oy (x) = {¢"(x) : n € Z}, is dense inX. If (X, ¢) and(Y, y) are topological dynamical
systems, we say thavt, ) is anextensiorof (X, ¢), or that(X, ¢) is afactorof (Y, ¥),

if there exists a continuous surjective map: ¥ — X suchthatF oy = ¢ o F. In
particular, if F is injective, then(Y, v) and(X, ¢) areconjugate If (Y, ) is conjugate to
either(X, ¢) or (X, ¢~1), we say thatY, ) and(X, ¢) areflip conjugate

We say that( X, ¢) is aCantor minimal systerif ¢ is minimal andX is a Cantor set,

i.e. X is totally disconnected without isolated points. All su€hare homeomorphic, and
they can also be characterized by the property of having a countable basis of clopen sets
and having no isolated points.

Examples of Cantor minimal systems that we shall meet later will be minimal subshifts
over a finite alphabekE. Specifically, letS : [[* = — [[¥, £ denote theshift
(Sx)(n) = x(n + 1) for x € [[X =, where[[* = is given the product topology.
Then(X, ¢) is a minimalsubshiftover the alphabek if X < [[> X is shift invariant
and the restrictiog of S to X is minimal.

1.2. Bratteli diagrams.

Definition 1. A Bratteli diagramis an infinite directed graptV, E), whereV is thevertex
setand E is theedge set These sets are partitioned into non-empty disjoint finite sets
V=VUViU... andE = E1U E>U - .., whereVp = {vo} is a one-point set. There are
two maps, s : E — V such that(E,) C V, ands(E,) C V,,_1 forn € N. Furthermore,
s7Yv) # oforallv e Vandr~t(v) # @ forallv € V\ Vo. We callr ands the
range mapand thesource mapf (V, E), respectively. We say thate V,, is connectedo

v € V41 ifthere is an edge € E, 1 such thak(e) = u andr(e) = v.

If Vi = {ug, ..., ux} andV,q1 = {v1, ..., vp}, we define arim x k) matrix A, = (a;;),
whereq;; is the number of edges connectingo u ;. We call A, thenth incidence matrix
of (V, E).

It is convenient to give a diagrammatic presentation of the Bratteli diagramWyithe
vertices at (horizontal) level and E, ;1 the edges (downward directed) connecting the
vertices at leveh with those at leveh + 1, as illustrated in Figure 1. The vertices of
V, = {u1, ..., ui} are placed in the given order from left to right.
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FIGURE 1. Two levels of a Bratteli diagram and the corresponding incidence matrix.

Giveney € Ey, ex+1 € Exy1y .-+, €ktm € Eg+m SUch that (e;) = s(e;j+1) fori =k,
k+1,...,k+m— 1, we call the sequendey, ..., ex+n) apath(of lengthm + 1) in
(V, E) starting ats(ex) € Vx—1 and terminating at(ex+m) € Vi+m. In the same manner,
we define infinite pathsges, ez, e3, .. .), starting from the top vertexg € Vp. We say
that two infinite pathses, ez, ...) and(f1, f2, ...) arecofinalif they agree from a certain
level on, say, i.e.e; = f; forall i > k.

Let {ni}72 o be a subsequence @, 1,2,...}, where we assume thap = 0. We
telescope(V, E) into a new Bratteli diagrantV’, E) by letting vV, = V,, and letting
A = Ap-1An 2+ - Ay be the new incidence matrices. Notice thElt ' and
s" are obtained in a natural way from the incidence matriégs Furthermore, we see
that the edge#,; from V,_, to V; correspond to the paths froby,_, to V,, in (V, E).
Microscopingis the converse operation of telescoping. In other wortds, E') is a
microscoping of V, E) if (V’, E’) can be telescoped int&/, E).

A Bratteli diagram issimpleif it can be telescoped so that all the incidence matrices
have only (strictly) positive entries. Equivalently, a Bratteli diagrdm E) is simple if
and only if for eacth € N U {0} there exists a#), € N such that there is at least one path
from each vertex irV, to each vertex irv,,, .

1.3. Ordered Bratteli diagrams. For eachv € V \ Vo we may giver 1(v) a linear
ordering. This induces a partial orderin E, and we obtain anrdered Bratteli diagram
which we denote byV, E, >). Let Emax and Emin denote the set of maximal and minimal
edges, respectively. An infinite pathrgaximal(minimal if all the edges making up the
path are elements dfmax (Emin).- An ordered Bratteli diagram igroperly orderedf it is
simple and if it has a unique maximal and a unique minimal path, denoted respectively by
xmax @ndxmin. The partial order induces a (lexicographic) order on infinite cofinal paths.
Specifically, ifx = (e1, e2, ...) # xmax letk be the smallest integer such that¢ Emax-
Let f; be the successor @f (and sor(er) = r(fx)). Then thesuccessoof x is the
path(f1, fo, ..., fk, €k+1, €k+2,-.-.), Wheref1, ..., fr—1 € Emin- There is an obvious
way to induce an order’ on any telescopingV’, E") of the ordered Bratteli diagram
(V, E, =), namely by the (bottom-up) lexicographic order on paths fiom, (= V/_,)
to V(= V) terminating at the same vertex. It is easily verified tHat, £/, >") will be
properly ordered ifV, E, >) is so.

Itis fairly straightforward to show that ifV, E, >) is properly ordered, then there exists
a telescoped diagram with the following propeity[Proposition 2.8]: iz ande’ are both
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iN Emax (Emin) With r(e) = s(¢'), thene is in xmax (xmin). In particular, the edges in
E, N Emax (E;, N Emin) have the same sourees V,,_1 (u € V,—1) foralln € N.

An ordered Bratteli diagram is said to beft/right ordered (or vertex ordereyl if
whenevere; > ez (hence necessarily(e1) = r(ez)) ands(er) = v;, s(e2) = vj, we
havei > j. In other words, if two edges emanate from different points, the lesser one is
the one further to the left. A left/right ordering is not preserved by telescoping, as is easily
seen by examples.

1.4. Bratteli-Vershik models for Cantor minimal system&et X be the set of all
(infinite) paths associated to a properly ordered Bratteli diagrdnE, >). A cylinder
setconsists of those (infinite) paths that agree from the top vargew somev € V,,
n € N. Itis easily seen that if we topologiZé by choosing as a basis of open sets the
cylinder sets, theiX becomes a Cantor set, and the cylinder sets will be clopen sets. Note
that the topology is also obtained by the metiie, y) = 1/(m + 1), where the paths,
y € X agree to leveln but not to leveln + 1. (We will tacitly assume that the Bratteli
diagrams we consider are non-trivial, avoiding the cases wXiese finite set.)

Lety : X — X bethe map that takes an infinite path to its successor in the lexicographic
ordering. This is well defined for all paths except for the unique maximal path and
we defineg (xmax) = xmin, the unique minimal path. It is straightforward to verify that
¢, called theVershik mapassociated tgV, E, >), is a minimal homeomorphism. Hence
(X, ¢) is a Cantor minimal system which we call tBeatteli—\Vershik systerassociated to
(V,E,>).

There is an obvious conjugacy between the Bratteli-Vershik systems associated
respectively tqV, E, >) and(V’, E’, =), where(V’, E’, >’) is obtained fromV, E, >)
by telescoping.

It is a theorem 14, Theorem 4.7] that any Cantor minimal systém i) is conjugate
to a Bratteli-Vershik system, which we will callBratteli-Vershik modefor (Y, v). We
briefly recapitulate the construction. We start by choosing a decreasing seqUgite,
of clopen sets, wher€y = Y, shrinking down to a base point, and constructing
towers over these determined by first returns. The floors of the towerstyveill be
a finite partition’P,, of Y consisting of clopen sets, which we will call tkakutani—Rohlin
partition associated t@,. The clopen seC, will correspond to leveh in the properly
ordered Bratteli diagramV, E, >) we construct. Each tower ovél, corresponds to a
vertex inV,, and the way towers oveT, ;1 traverse towers ovef, determines the edges
E,+1 and the orders on these. If a tower ov&r corresponds to the vertax € V,,
then the height of the tower equals the number of paths from the top vgytexVp to
v. In the general case, we may have to subdivide vertically the various towers to make
sure that the Kakutani—Rohlin partitidn, 1 is a refinement of?, and that the floors of
the towers generate the topology of the space. In our situation, such a subdivision will
automatically be achieved by the way we construct the towers. By the above construction,
the base poing will correspond to the unique minimal pathin of the resulting Bratteli—
Vershik system. (Note: inlfl, 14, the roles of the base and top floors are reversed, so
that therey will correspond taxmax.) It is important that the Bratteli-Vershik system we
obtain is the same up to conjugacy regardless of the choice of base point and the choice of
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FIGURE 2. The Bratteli-Vershik model for an odometer system.

the sets shrinking down to the base point. This fact yields a great deal of freedom when
we are going to perform the construction for concrete examples. A judicious choice of
the shrinking sequence may hugely simplify the construction and yield a ‘nice’ Bratteli—
Vershik model.

For the odometer system associated todreic groupGq, a = (gi);24, which we
shall encounter in 882—4 we obtain a Bratteli-Vershik model with a single vertex at each
level as shown in Figure 2. The ordering of the edges is indicated, starting with zero.

1.5. Kakutani equivalence. Let (X, ¢) be a Cantor minimal system, and itC X be
a clopen subset. Lets : A — A be the ‘first return map,’ i.e. if € A then

da(x) = ¢ (x), wherers(x) =inf{m € N: ¢"(x) € A}.

We callg 4 theinduced transformationn A and say thatA, ¢4) is theinduced systertor
derivative of (X, ¢) with respect toA. We observe thatA, ¢4) is again a Cantor minimal
system.

Definition 2. Let (X1, ¢1) and (X2, ¢2) be Cantor minimal systems. We say that the
systems ar&akutani equivalenif they have a common derivative (up to conjugacy).

Kakutani equivalent systems have a succinct and elegant description in terms of
Bratteli-Vershik systems. In fact, any system Kakutani equivaleiiktap) is obtained
by making a finite change (i.e. adding and/or removing any finite number of edges and
then making arbitrary choices of linear orderings of edges meeting at the same vertex for a
finite number of vertices) to a Bratteli-Vershik model féf, ¢) [11, Theorem 3.8].

1.6. From Bratteli-Vershik systems to minimal subshifts over a finite alphalftecall
that (X, ¢) is expansiveif there exists ana > 0 such that for everyx # vy
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sup, d(¢"(x), " (y)) > a. Hered is a metric yielding the topology of. Expansiveness

is independent of the metrit[23, Corollary 5.22.1]. (However, thexpansive constaiat
depends od.) It is a fact that the family of expansive Cantor minimal systems is the same,
up to conjugacy, as the family of minimal subshifts over a finite alphabet (i.e. minimal
symbolic systems This follows easily from a well-known result for expansive minimal
systems23, Theorem 5.24].

Let (X, ¢) be the Bratteli-Vershik system associated to the properly ordered Bratteli
diagram(V, E, >). Fork > 1 let Z; be the set of paths froi to Vi, i.e. the set of
paths starting atg € Vp and terminating at some € V;.. There is an obviousuncation
mapm; : X — X, obtained by restriction of paths to their initial segments of lerigth
To eachx € X one associates a bisequergéx) = (i (¢"(x))), in ZkZ. The mapm,
is clearly continuous. Clearlyi (¢ (x)) = Sk (7x (x)), whereS; denotes the shift. Hence
we obtain that the subshift’, Si) over X, whereY; is the compact spaceg (X), is a
factor of (X, ¢), the factor map being;. One verifies thatX, ¢) is the inverse limit of
{(Yk, Sk)}ken-

If (X, ¢) is expansive, it is easy to see that there exigtsach that the mag; : X —

Y is one-to-one. (The converse is also true.) Hefd€ep) and(Yy, Sx) are conjugate. By
telescoping the diagram between level 0 andie may assume that= 1.

1.7. Basic facts about dimension groupslo a Bratteli diagramV, E) is associated
a dimension groupG = Ko(V, E). In fact, to (V, E) is associated the system of
(simplicialy) ordered groups (cf. Definition 1)

zIVol Ao givil AL 7ival Az

where the order-preserving homomorphisms are given by matrix multiplication with the
incidence matrice$A;}%°,, andZ!"i! denotes the set af V;| x 1)-column vectors over
Z. By definition, Ko(V, E) is the direct limit of the system endowed with the induced
order. The ordered groufp(V, E) has a distinguishedrder unit namely the element of
the positive cone&G* = Ko(V, E)T corresponding to the elementel ZIVol = Z. One
can show that two dimension groufig(V, E) andKo(V’, E') are order isomorphic, by a
map preserving distinguished order units, if and onlgtif, £’) is obtained fromV, E)
by a finite succession of telescopings and microscopings. This gives us a great degree of
leverage in choosing a suitable Bratteli diagram presentation of a given dimension group
G. We will take advantage of this in the following.
It is a theorem by Effros, Handelman and Ché&h that dimension groups may be
abstractly characterized as countable, ordered abelian g¢6us"), whereG* = {a €
G : a > 0} is the positive cone, with the properties:
() (G,G7h)isunperforatedi.e. ifa € G andna € G for somen € N, thena € G+.
(Note that this implies that is torsion free.)
(i) (G, GT) satisfies th&Riesz interpolation property.e. givenas, az, b1, b2 € G such
thata; < b; (i, j = 1, 2), then there exists@ae G such thaw; < ¢ < b; forall i, j.
A dimension group(G, GT) is simpleif G contains no non-triviabrder ideal (A
subgroupJ of G is an order ideal if/ = J* — J* (whereJ* = J N G*) and
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0 <a < b € Jimplies thata € J.) Itis a fact that the dimension grougo(V, E)
associated to the Bratteli diagraivi, E) is simple if and only if(V, E) is a simple Bratteli
diagram. Since we want to avoid trivial cases, we will tacitly assume that all the simple
dimension groups we shall encounter are acyclic, i.e. not isomorpHic to

If (G, G™T) is a simple dimension group, then amye G+ \ {0} is anorder unit i.e.
Gt ={a € G : 0 < a < nu,forsomen € N}. Fixing an order unitz, we say that a
homomorphisnp : G — R is astateif p is positive (i.e.p(g) > 0 wheneveg € GT)
and p(u) = 1. Denote the collection of all states By(G), which is a compact, convex
set. Itis a fact thas, (G) determines the order ai. We have, namely,

G ={aeG:pa)>O0forall p € S,(G)} U{0}.

If e = p/q,wherep, g € N, thena < eu means thaga < pu. Theinfinitesimal subgroup
Inf G of G consists of those € G such that-ex < a < euforall0 < ¢ € QT. One
verifies that

INfG={aeG:pa)=0forallp € S,(G)}.

Itis easy to see that I does not depend on which order umiive choose. The quotient
G/ Inf G with the induced ordering is again a simple dimension group.

1.8. Dimension groups associated to Cantor minimal systems and orbit equivalence.
The family of simple dimension groups coincides with the family

{(K°Y, ¥), KO(Y, ¥)") : (¥, ¥) a Cantor minimal system

wherekO(Y, ¥) = C(Y, Z)/dy C(Y, Z), with the induced order frorg' (Y, Z), and where
C(Y, Z) denotes the continuous functions Brwith values inZ. Here

3y : C(Y,Z) — C(Y,Z)

is thecoboundary mayplefined bydy, (f) = f — f o v 1. (There is a distinguished order
unit 1 for K2(Y, ), corresponding to the constant function 1.) The proof of this follows
immediately from the result about Bratteli-Vershik models for Cantor minimal systems,
cf. 81.4. In fact,K°(Y, y) is order isomorphic to the dimension gro&f(V, E), with

1 mapping to the distinguished order unit §(V, E), where(V, E, >) is the properly
ordered Bratteli diagram associated ¥o ). For example, th& °-group of the odometer

(cf. 81.4) associated to theadic groupGg, a = (¢i);2;, is

def
Z11/al € im/qrqz - qi ke N,m € Z)} C Q,

with the obvious ordering and with distinguished order unit equal to one.

If (A,y4) is an induced system a, v), thenkK°(A, v4) = K°(Y, ¥) as ordered
groups, but the distinguished order units are different. In fact, the distinguished order unit
of KOA, vwa)is[xalin KO(Y, v). (Herex4 denotes the characteristic functiondfand
[f1is the element ok °(Y, ¥) corresponding tgf € C(Y, Z).) This fact is an immediate
consequence of the Bratteli—Vershik description of Kakutani equivalence, cf. §1.5.
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Definition 3. The Cantor minimal system, ) and(X, ¢) areorbit equivalentf there
exists a homeomorphisi : ¥ — X such thatF(Oy (y)) = Oy(F(y)) forall y € Y. We
call F anorbit map

Let (Y, ), (X, ¢), and F be as in Definition 3. For each pointin Y, there exists a
unique integen(y) such thatF (v (y)) = ¢"®)(F(y)). Likewise, there exists a unique
integerm (y) such thatF' (™) (y)) = ¢ (F(y)). We call the maps:, n : ¥ — Z theorbit
cocyclesassociated to the orbit map.

Definition 4. Let (Y, ¢) and (X, ¢) be orbit equivalent Cantor minimal systems. We say
that(Y, ¢) and(X, ¢) arestrong orbit equivalenif there exists an orbitmap : ¥ — X
such that the associated orbit cocychkesn : Y — Z each have at most one point of
discontinuity.

Strong orbit equivalence is a notion lying between orbit equivalence and flip conjugacy
and is the mildest possible weakening of the latfel, [Theorem 1.4]. It is a theorem
[11, Theorem 2.1] thatY, v) and (X, ¢) are strong orbit equivalent if and only if
KOy, v) = K°(X, ¢), as ordered groups with distinguished order units.

There is a bijective (affine) correspondence between the convel §6tyr) of -
invariant probability measures an and the set of states ok °(Y, v), K°(Y, y)t, 1),
given by the map

f—>/fdu, feC¥, ),
Y

wherep € M(Y, ¥). So thek °-group of(Y, ¥) gives complete information about the set
of y-invariant probability measures dh

In particular, we note that ifY, ¢) is uniquely ergodic withM (Y, v) = {u}, then
KOy, v)/Inf KO(Y, ¥) is order isomorphic to the subgroup

{/fdu:feC(Y,Z)}
Y

of R, with the order inherited frorR. This linearly ordered group, with order unit 1, is a
complete invariant for orbit equivalence for uniquely ergodic Cantor minimal systeins [
Theorem 2.2].

1.9. Simple dimension groups and Choquet simplicd3ecall that a compact convex set,

K, in alocally convex space is callec€Choquet simplei eachp € K is the barycenter of a
unique probability measure on the set of extreme poinf§.of he relation between simple
dimension groups and Choquet simplices is rather intimate, and we refer to Biffos [

a detailed discussion. We will just state the one result that we shall need in the following.
First of all, if (G, G, u) is a simple dimension group with order umit then the state
spaces, (G) is a Choquet simplex, whe$), (G) < RY is given the relative topology from

RS with the usual product topology.

THEOREMS. Let K be a Choquet simplex and l€f be a countable, dense (in the
uniform topology) subgroup &ff (K), the additive group of real, affine, and continuous
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functions onk . Then(G, G*) is a simple dimension group without infinitesimal elements,
whereGT = {a € G : a(k) > Ofork € K} U {0}. Furthermore, ifG contains the
constant functiom = 1, thenKk is affinely homeomorphic t8), (G) by the evaluation map
k(@) =ak),a € G, ke K.

2. Bratteli-Vershik models for Toeplitz minimal flows

Toeplitz minimal flows were first introduced by Jacobs and Kedrg [ Subsequently,
Williams [22] contributed an important work on Toeplitz flows. We will make use of some
of her notations and results. Poeplitz sequende a non-periodic element= (x(n));>

of [[>, =, whereX is a finite alphabetX could also be taken to be a compact metric
space 22)) so that for eactw € Z there exists an € N such thatc(m) = x(m + kn) for
allk € Z. We letS : [[> £ — [1Z, = be the shift operato§x(n) = x(n + 1), and

we endowt = [[>7 £ with the product topology. ThenBoeplitz flowis the topological
dynamical systentY, S) = (Os(n), S), wherey is a Toeplitz sequence and@) is the
orbit of 5. Itis known that a Toeplitz flow is minimal. f € Y, p € Nando € X, we let

Per,(x,0) ={n € Z: x(m) = o forallm = n (modp)},
Per,(x) = U Per, (x, o).

o€eX

The p-skeletorof x is the part ofx which is periodic with periogp. We say thap is an
essentiaperiod ofx if the p-skeleton ofx is not periodic with any smaller period. The least
common multiple of two essential periods is again an essential period, a fact which is easily
verified. A periodic structurefor a Toeplitz sequence is a strictly increasing sequence
(pi)ien, such thaip; is an essential period affor all i, p;|pi+1, and ;24 Per,, (1) = Z.
A periodic structure always exists for a Toeplitz sequence. In fact, order the essential
periodsy1 < r2 < r3 < ---, and letp; be the least common multiple §f1, 2, ..., r;}.
A periodic structure is obtained by deleting repeated terms from the seqggice

Now let (p;);<n be a periodic structure for the Toeplitz sequenc&hen theodometer
or theadding maching'add (1, 0, 0, . . .)’) associated to the-adic group

o0

G(l - l_[{oa 17 ] pi/pi—l - 1}a
i=1
wherea = (p;/pi—1)ien (Setpo = 1), is the maximal equicontinuous factor of the Toeplitz
flow (Y, S) associated tg. (Note thatG, is naturally isomorphic to the inverse limit group

7] p1Z & 7] p2Z & 7] p3Z & .-+, whereg; (n) is the residue of: modulo p;.)

If a = (¢i);en, Whereq; = p for all i, we call G4 the p-adic group and the associated
odometer is called thg-odometer For detailed information on-adic groups (‘odometer
groups’), we refer to Hewitt and Rost4].

Furthermore(Y, S) is an almost one-to-one extension of its maximal equicontinuous
factor (in the literature sometimes called ‘an automorphic flow’). Moreover, Toeplitz
minimal systems can be characterized as expansive systems which are minimal almost
one-to-one extensions of odometer systefjis [

Foreach e N,n € Z/p;Z, let Al = {S"n : m = n (modp;)}. Williams [22] showed
that:
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® A_; is exactly the set of alb € Og(n) with the samep;-skeleton as” »;
(i) {Al :n € Z/p;iZ}is a partition ofOs () into clopen sets;

(i) Al > Alfori < jandm =n (modp;);

(V) SAL= A _

(V) if (pn)uen is a periodic structure fon and (2; A}, (wheren; = n; (modp;)

for j > i) contains a Toeplitz sequenag then(\2; A} = {w}. In particular,

Nreq Ag = {n}. Thisimplies that the factor map on€®, is one-to-one on the set of
Toeplitz sequences i = Og(n). (In general, we have that y € ﬂj’ilA_f“ if and
only if x andy have the samg;-skeleton for ali € N.)

Forx € []%, =, we letx[m, n] denote the subworg(m)x(m + 1) ---x(n) of x of
lengthn —m + 1. We letL () denote théanguageassociated tq, i.e. the set of all (finite)
subwords ofj.

Before we proceed with the proofs, we exhibit an example of a Toeplitz sequence whose
periodic structure is particularly simple. The Toeplitz flow associated to this sequence will
reappear later in this paper, and the Bratteli-Vershik model is shown in Figure 6 below.
Consider the constant length substitutienover the alphabe®: = {a, b} defined by
o(a) = aab, o (b) = abb. The bisequence

<«

_
n=Ilima"(b) .limo"(a)=...aababbabb.aabaababb. ..,
n n

where the dot . is placed between th& and 0 coordinate, is easily seen to be a Toeplitz
sequence with periodic structuf8, 32,3%,...,3",...}. In fact, the 3t1l-skeleton is
generated by[—3", 3" — 1] = o"(b).0"(a).

LEMMA 6. Letn be a Toeplitz sequence. Forn € N U {0}, there exists an essential
period p, x for n such thaty[n, n + k] = nln + mppx,n + k + mpy ] for all m € Z.
Moreover,p, ;| pn, j, Wheni < j.

Proof. Let p, o be an essential period such th@t) = n(n +mp, o) for all m € Z, which
exists sincey is a Toeplitz sequence. By induction, assume that we have constpygcied
Let p,.x+1 be the least common multiple @f, x and p,+«+1.0. The result follows. O

Definition 7. Let (V, E) be a simple Bratteli diagram. The map: V \ Vo — N is
defined by lettingP (v) be the number of paths fromy € Vp to v. If (V, E) is such that
Pw)=P@)ifu,v e V,,n > 1, we say thatV, E) has theequal path number property
An equivalent definition would be to say that for eack 1, |r~1(u)| = |r~1(v)| for every
u, v € V,. (In other words, ifA is any incidence matrix ofV, E) andA; denote row of
A, then the sum of the elements 4f equals the sum of the elementsAf for everyi, j.)

Observe that the equal path number property is preserved under telescoping.

THEOREM8. The family of expansive Bratteli-Vershik systems associated to Bratteli
diagrams with the equal path number property coincides with the family of Toeplitz flows
up to conjugacy.

Proof. Suppose thatX, ¢) is an expansive Bratteli-Vershik system with the equal path
number property. By expansiveness, we may telescope the diagram such that the orbits
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of two distinct infinite paths andy are separated between level 0 and 1, i.e. there exists
ann € 7Z such thatp" (x) = (e1,e2,...) and¢”(y) = (f1, f2,...), wheree1 # f1.
Furthermore, by telescoping, we may assume that all elemettts OfEmax (E; N Emin)

have the same soured” D e V,_; (WD e V,_q) forn € N (cf. §1.3). It is easily
verified thatt1(xmin) is a Toeplitz sequence, and#9is a conjugacy map betweéx, ¢)

and a Toeplitz minimal flow, wheré1 is the map associated to the truncation map
described in §1.6.

Now we assume that we have a Toeplitz fl@s (), S) over the alphabeE, and we
want to construct a Bratteli-Vershik system with the equal path number property, which
is conjugate ta(Os(n), S). We will make use of the results about Toeplitz sequences
summarized above, retaining the notation already introduced. We assunie; that is
a periodic structure fon. Let Co = Y (= Ogs(n)). Let p1 be the least common multiple
of po o (recall the notation from Lemma 6) agd. We shall makep; the first element in
a new periodic structure foy. Let W1 be the collection of words in the languadgén)
associated tg of length p1, beginning withn (0). For eachw € Wy we define

BY = {x € A} : x[0, p1 — 1] = w}.
Eachw € W1 suchthaBl # @ gives rise to a tower ovafy = A} of heightpy, the floors
being the clopen sets

($/BY:.j=0,1,...,p1—1).
We obtain a Kakutani—Rohlin partition af,
Pr={(S'BL:weWyj=01..., p1—1},

w

over the basal. (Note that(S/ B1) N AL = @ for 1 < j < p1 — 1 by (ii) and (iv) above.)
By induction, letp,+1 be the least common multiple @k ,,—1 andg,+1. (Notice that

n[0, p, — 1] is part of thep, 1-skeleton ofy.) SetC, 1 = A’é*l and letW, ;1 be the
collection of words inL(n) of lengthp, 41 beginning withy[0, p, — 1]. Then as above we
obtain a Kakutani—Rohlin partition:

Pur1=1{S/Bpttiw e Wyy1:j=0,1,..., par1— 1},

whereB*1 = (x ¢ A’é*l : x[0, pur1—1] = w}. Also, P41 is arefinement oP,, and the

heights of the various towers ov€f, 1 = A’5+1 are all equal tg,+1. Carrying on in this
manner, we see that eaphis an essential period gfand thatp; | p; -1 for all i. (The latter
follows becauseg ;| po,; whenj > i (by Lemma 6) and;|g;+1.) Furthermore, sincéy;)
is a periodic structure foy andg; | p; for all i, it follows that| J:2; Per, (1) = Z, so(p;)
is a periodic structure foy. According to the construction outlined in §1.4 we obtain a
properly ordered Bratteli diagraV, E, >) with the constant path number property, the
number of paths fromg € Vo tov € V, beingp,.

To verify that this diagram with its Vershik map models the Toeplitz system, we must
show that ;> ; P, generates the topology &f = Og(n). This amounts to showing that
UsZ1 P, separates the points &f. In other words, it € (72, S/ B. , we must show
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thatx is uniquely determined. Clearly,e S/ B}, 0 < j; < p; — 1, implies thatc(— ),
x(—=ji+1),...,x(pi —1— j;)is uniquely determined.

There are three possibilities.

First, sup(j;) = oo and sup(p; — ji;) = oo. In this casex(n) is determined for all
n € Z by theS’i B}, ’s, andx is unique.

Second, sufj;) < oo. Then there exists av € N such thatj; = N for all but
finitely manyi. (In fact, sincesV Bl, < Al by (iv), this is a consequence of (i) and
(iii).) It follows that x (m) = n(m + N) for all m > 0. In other words(S" n)(m) = x(m)
form > 0. This implies thats"n € (721 8/ Bu, S 21 A%, As SV is a Toeplitz
sequence, we conclude from (v) that SV 5, and hence is uniquely determined.

Third, sup(p; — ji) < oo. This case is treated similarly as the second case to conclude
thatx is uniquely determined, and the proof is complete. |

Recall that a substitutioft on a finite alphabe# is properif there exist ap € N and
two symbols-, [ € A such that for everyr € A, r is the last and is the first symbol of
oP(a).

COROLLARY 9. Substitution minimal systems associated to (primitive, aperiodic) proper
substitutions of constant length are Toeplitz flows (up to conjugacy).

Proof. It may be shown that the Bratteli diagram associated to a proper substitution of
constant length is stationary and has the equal path number proeRsoposition 16].
Combining this with Theorem 8, the result is obvious. |

Remarks.t is not true that substitution minimal systems associated to (primitive,
aperiodic) substitutions of constant length are Toeplitz flows; the Morse—Thue substitution
is an example. In fact, Martirlp, 6.03 Theorem] has given a general criterion to decide
when a substitution of constant length gives rise to a Toeplitz flow.

Downarowicz and Lacroixg] proved that(X, S) is a Toeplitz flow if and only if it is a
minimal and expansive almost one-to-one extension of some odometer, which then is the
maximal equicontinuous factor @f, S). (This result was originally stated by Markley
and Paul 18] without proof.) Our Bratteli-Vershik model gives us the odometer and the
factor map right away by ‘collapsing’ the vertices at each level to one vertex. Figure 3
illustrates how this works. (An edgee E, with ordinal numbek is mapped to the edge
f € E;, with ordinal numbek (as illustrated withE3 and E7 in the figure). This induces
an obvious map on infinite paths, which, by an easy verification, is the factor map. Observe
that the pre-image of the unique minimal path of the odometer is the unique minimal path
of the ‘Toeplitz diagram’, which by construction corresponds to the Toeplitz sequence

It is natural to ask whether it is necessary to assume that the Bratteli-Vershik system
in Theorem 8 is expansive. In fact, if one excludes the special cases of odometer systems
(which are not expansive), it could be that the equal path-number property implies that
the system is expansive. However, this is not the case as may be seen from the example
illustrated in Figure 4. The figure exhibits a properly ordered Bratteli diagiank, >),
where|V,| = |V,—1| + 2 for alln > 2. Each vertex at level is connected by exactly
one edge to each vertex at lewel- 1. The edges are left/right ordered (cf. §1.3) with the
exceptions noted in the figure.
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(VaEaz) - = (VlaElazl)

FIGURE3. ‘Collapsing’ the Toeplitz system to obtain its maximal equicontinuous factor.

[
1
1
5 6 7 2n-4  2n-3 2n-2 2n-1 2n 2n+l  2n+2

FIGURE4. A ‘Toeplitz-like’ diagram yielding a non-expansive system which is not an odometer.
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The left-most vertex and the three right-most vertices have all left/right ordering of
edges. Now the two paths drawn with thick lines in the figure cannot be separated above
level two by (the same iteration of) the Vlershik map. More generally, a path which follows
the unique minimal path down to leve] and then passes through vertex numbef&
all k > n, cannot be separated above lewdtom another path which follows the unique
minimal path down to level, and then passes through vertexZ for allk > n. It follows
that this ‘Toeplitz-like’ diagram yields a Cantor minimal system which is not expansive,
and therefore it cannot be a Toeplitz system. However, the example does exhibit an almost
one-to-one extension of an odometer (the 2-odometer) with the factor map as explained
previously. Furthermore, the system has a Toeplitz flow as an ‘intermediate factor’, which
is obtained via one of the truncation maps of §1.6. In fact, not all the ‘truncation factors’
(Yx, Sx) of 81.6 can be finite since the inverse limit of these is not an odometer. Hence one
of them has to be Toeplitz. (Cf. the first part of the proof of Theorem 8.) It is easy to verify
that the K °-groups, as ordered groups with distinguished order units, of the ‘Toeplitz-
like' system and the odometer factor are isomorphic, both being isomorphic to the dyadic
rationalsZ[1/2], and so they are strong orbit equivalent. In particular, the ‘Toeplitz-like’
system is uniquely ergodic.

We show that the ‘Toeplitz-like’ system is not (conjugate to) an odometer system.
To see this, assume that it is conjugate to an odometer system with a Bratteli—Vershik
model(V', E’, >"), where|V/| = 1 for all i. Then there exists an ‘aggregate diagram’
(V',E",="),i.e.(V", E",>") is a properly ordered diagram which when telescoped to
odd levels yields a telescoping 0¥, E, >) and when telescoped to even levels yields a
telescoping of V’, E’, >’) [11, Theorem 3.6]. This implies that there exists a telescoping
of (V, E, >) having the property that edges ranging at the same level and with the same
ordinal number have the same source. This is easily seen to be impossible.

Open problemlet (V, E) be a simple Bratteli diagram with the equal path number
property. Does there exist a Toeplitz flaW, ¥) such thatk°(Y, ) = Ko(V, E) as
ordered groups with distinguished order units?

If this were the case, we would have a Bratteli diagram ‘presentation’ & &fjroups
that arise from Toeplitz flows. (We may assume without loss of generalityWhat- 2 for
n > 1. The difficulty lies in giving(V, E)—or a telescoping ofV, E)—a proper ordering
such that the associated Bratteli-Vershik system is expansive, and so is a Toeplitz flow
according to Theorem 8. If the number of verti¢®s| at leveln does not increase ‘too
fast’ compared to the number of edges ranging at eaehV,,, it can be done, cf. the first
part of the proof of Lemma 10.)

Itis noteworthy that there does exist an expansive Cantor minimal sygtef of zero
entropy such thak%(Z, 9) = Ko(V, E) [2]. The Bratteli diagram used to constrye, )
does not necessarily satisfy the equal path number property however.

3. Realizing Choquet simplices as sets of invariant probability measures of Toeplitz flows
We will prove that any Choquet simplex may be obtained as the set of invariant probability
measures of a Toeplitz flow, in fact, a 0—1 Toeplitz flow, i.e. Witk= {0, 1}. This result has
already been proved by Downarowicz, by a long and intricate argur8enije will use
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the Bratteli—Vershik model we have constructed for a Toeplitz flow to extend this result and
show that it is a consequence of basic dimension group theory, specifically as highlighted
in Theorem 2. The manipulations with Bratteli diagrams that are performed in the proof
are fairly standard procedures.

We want to express our gratitude to David Handelman for providing us with a key idea
for the proof of the theorem.

We shall need the following technical lemma. (Recall thats the truncation map to
level 1 (cf. 81.6).)

LEMMA 10. Let (V, E) be a simple Bratteli diagram such that all pairs of vertices at
consecutive levels are connected by edges, i.e. all incidence matrices have strictly positive
entries. Assume thavV,| > 2for k > 1. Letn; be the minimum number of edges between

a pair of vertices inV;, and V1. If ng > 6|V41] forall k£ > 1, then it is possible to give

the diagram a proper ordering such that the corresponding Bratteli-Vershik systet)

is expansive. Furthermore, for any two distinct pathy € X there is armn € Z such
thatmy1(¢™(x)) # m1(¢™(y)), in other words,x andy are separated between lev@and

levellby¢.
If, moreover,
In V
im (k| Viel) _o,
k—o00 ng
then(X, ¢) has zero entropy.
Proof. Let Vy = {u1, ..., us}, Vig1 = {v1, ..., vs}, wherek € N. Forv; € Vi1 order the

edges —1(v;) in the following manner. The firgtn; /3] + i edges shall have sourceat
(Here|!] denotes the greatest integer less than or equdl The next|n; /2| edges in the
ordering shall have source . The remaining edges of 1(v;) are ordered left/right.

Endowing(V, E) with this ordering, we first observe that we obtain a properly ordered
diagram. In fact, the unigue minimal (maximal) path will pass through the left-most (right-
most) vertex at each level. Furthermore, it is easily verified thatahdy are two paths
that agree down to levél but not down to levet 41, then we may find am € Z such that
¢™(x) and¢™ (y) do not agree down to levélfor k > 1. In fact, they will pass through
distinct vertices at levdl, i.e. they will be separated at leviel\We see this in the following
manner. Assume (y) passes through vertex (v;) at levelk + 1, wherei andj may be
equal. By applying (the same (negative) iteration of) the Vershik gnépx andy, we
may reduce the problem to the case that, say) = v;, s(x) = u1, and the edge;1
in Ex41, which is part ofx = (e1, e2, ...), lies in Emin, and thatr(y) = vj, s(y) = uz.
(Otherwisex andy would already have been separated at 1&g} some (other) iteration
of ¢, and we would have been done.) Now a simple argument, treating a few cases, will
show that by applying a suitable iterationg®fo bothx andy they will separate at levél.
By repeating this procedure, we eventually obtain thahdy will be separated at level 1
by ¢. In particular,(X, ¢) is expansive.

To see thatX, ¢) has entropy 0, we refer the reader to a result by Boyle and Handelman
[1, Proposition 2.2]. It is easy to see that their proof, which assumes left/right ordering,
may be adapted to our setting. In fact, our ordering has been chosen so that @y 1
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lies in a subset (oE1) consisting of consecutively ordered edges with the same source
and with cardinality at leastuy /3]. m|

Remark 11.For a Bratteli diagran{V, E) where|V;| is bounded, the last condition of
Lemma 10 is redundant because we may telescope the diagram su@h ihat becomes
an increasing sequence.

THEOREM12. Let K be a Choquet simplex. There exists a Toeplitz {lbw)) of zero
entropy over a two symbol alphabet (i.e.0al Toeplitz flow) such thak is affinely
homeomorphic to the séf (Y, ¥) of y-invariant probability measures. Furthermore, we
may choosdY, ¢) so that the (unique) maximal equicontinuous factor is the odometer
(X, ¢) associated to the-group G, wherea = (2, 3,4, 5, ...). Hencek%(X, ¢) = Q as
ordered groups with distinguished order units, and the set of (topological) eigenvalues of
(Y, %) is {7 : r € Q).

Proof. Choose a countable, dense subgraupf Aff (K), the additive group of affine
continuous functions o, such thaiG is a vector space ovép containing the constant
functionu = 1. SoG is a divisible group. By Theorem % is affinely homeomorphic to
Su(G).

We will first show thatG has a Bratteli diagram presentation which has the equal
path number property. In fact, 1€V’, E’) be a simple Bratteli diagram such th@t =
Ko(V’, E’) (cf. 81.7), where= denotes order isomorphism preserving the distinguished
order units. Hencé is the ordered direct limit of the system

Ag v/l A1 v A2
7 =% 71l 2L 7] 2‘—>~~,

where we assume that all the incidence matriegs;° , have strictly positive entries. We
may also assume thgl,| > 2 forn > 1 and thafV;| = 2 with a single edge connecting
each of the vertices ilf] with vo € V{. (Thisis easily obtained by the procedure described
in 81.7.) SinceG is divisible, it is clear that is also the ordered inductive limit of the

system
Q29 gvil A%, vl A2, .
Let A1(1,...., D" = (al,az,...,aw)", where tr denotes transposition. Then

JpA1(L, 1, .., D" = (L, 1,..., D", whereJ} is the diagonal| V| x |V3|) matrix
: -1 -1 -1
diagler; *, a5 ""’ale’l)’

Let my be the least common multiple of the denominators of the entrie%@i, and

let ko = 2molo, wherels is chosen so that the conditions of Lemma 10 will be satisfied
between levels 1 and 2, with the incidence matBix defined below. Setl, = kzjé.
Then all entries of/,A1 are inN and are divisible by B. Also J2A1(1,..., D' =

(k2, k2, . .., k2)". Assume we have constructés] Js, ..., J,—1. LetJ! be the appropriate
diagonal invertible matrix ove@, such that/;A,_1J, (1, 1,..., D" = (L, 1,..., D"

Let m,, be the least common multiple of the denominators of the entridﬁm_ljn‘_ll,

and letk,, = nmyl,, wherel, is chosen such that the conditions of Lemma 10 will be
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satisfied between levets— 1 andrn, with the incidence matrixB,_1 defined below. Set
Jn = kyJ,. Then all entries ofl,lA,l_ljn‘_l1 are inN and are divisible by:l,. Also,
JnAn—1d 5L D = (ky, kn, - . ., ky)'. Observe that is a divisor ofk,. Letting
B, 1= J,,A,l_ljn‘_l1 forn > 1, where we sefp = id, J; = id, we obtain a commutative
diagram:

G:Q —20, gvil A1, qivsl A2,

Jo:idl leidl le

H:Q — 2, ovil B, qval P2, ...,

which establishes an order isomorphism between the two ordered gumsd H

associated to the two systems. Ndw is order isomorphic to the dimension group
associated to the system

7 2 gvil By vy B ©)

since the latter system yields a divisible group becauisea divisor of each entry aB,,.
Hence we conclude that = Ko(V, E), where(V, E) is the Bratteli diagram associated
to (). SinceB,(1,1,..., )" = (ku, ks, ..., k,), we see thatV, E) has the equal path
number property.

By construction, we have ensured tli#it £) satisfies the conditions of Lemma 10. (In
fact, this is achieved by letting > max{|V,_,|, 6|V, |}.) Combining this with Theorem 8,
we conclude that there exists a proper orderinGyofE) such that the associated Bratteli—
Vershik system(Y, ) satisfies the first part of the theorem (cf. also §1.8).

Now the maximal equicontinuous fact@x, ¢) of (Y, ¥) is the odometer associated to
the a-adic groupG,, with a = (k,);2; (cf. the remark subsequent to Theorem 8). Recall
that the odometers associated to #hadic groupsG,, andGg,, wherea; = (p;)7°; and
a2 = (pi)2,, are conjugate if and only if for eaehthere exists am such thaf [/_, p; is
a divisor of[]i"; p;, and the symmetrical condition (switching tpgs and thep;’s) also
holds. Sincer is a divisor ofk, for eachn, we thus obtain the maximal equicontinuous
factor as claimed.

The last part of the theorem is a consequence of the fact that the (topological)
eigenvalues all come from the maximal equicontinuous factor. |

COROLLARY 13. LetG be a simple dimension group which is divisible. Then there exists
a Toeplitz flow(Y, ¥) of zero entropy over a two-symbol space such &Y, ) = G.

Proof. This is an immediate consequence of the proof of the theorem. a

Remark.It is natural to ask whether a uniquely ergodic Toeplitz floiy /) is orbit
equivalent to its maximal equicontinuous factaf, ¢). For this to be the case, we must
show that the set of values

{/deutfeC(Y,Z)}, )

wherep is the uniquey-invariant probability measure, consists of rational numbers, cf.
§1.8. However, this is not true in general. In fact, et= Q + Qu(C R), wherex is
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irrational. ThenG is a linearly ordered and divisible dimension group with order unit 1.
In particular,G has a unique state. By Corollary 13 there is a Toeplitz fltiwy) such
that KO(Y, ) = G as ordered groups with distinguished order units. Cle@rly)) is
uniquely ergodic and the set of values (f) will@et+ Qw, containing irrational numbers.

4. Miscellaneous applications of dimension groups and Bratteli diagram techniques to
Toeplitz flows

4.1. Toeplitz flows and their maximal equicontinuous factor.is noteworthy that the

maximal equicontinuous factdiX, ¢) of a Toeplitz flow (Y, ) can be detected from

KOy, v) (with distinguished order unit). In fact, tirational subdimension grou@(G)

of G = KO(Y, v), where

QG)={geG:ng=ml,neN,melZ},

is order isomorphic to a subgroup @f, via the mapg € Q(G) — m/n € Q, where

ng = ml. Itturns out thatk%(X, ¢) = Q(G), and this determinegX, ¢) uniquely, cf.
[11, Remark to Theorem 2.4]2pD, Theorem 2.2]. Furthermore, one can also show that
G/Q(G) is torsion free 12].

PrRoOPOSITION14. Two strongly orbit equivalent Toeplitz flows have the same maximal
equicontinuous factor.

Proof. As pointed out in §1.8, th&k®-group is a complete invariant for strong orbit
equivalence. Since the maximal equicontinuous factor can be detected fréffl-greup,
the result follows. |

We now state a theorem of which the first assertion is knddin Theorem 3.1], T,
Section 3]. Our technique provides us with an easy proof—illustrating a feature of the
Bratteli diagram approach.

THEOREM15. Let (X, ¢) be the odometer associated to theadic group G4, where
a = (¢)2,. There exists a uniquely ergodi-1 Toeplitz flow(Y, y) of zero entropy
such that(X, ¢) is the maximal equicontinuous factor@f, v).

Furthermore, we may choosg, v) such thatk °(Y, v) = K°(X, ¢) as ordered groups
with distinguished order units—hen¢® ) and (X, ¢) are strong orbit equivalent.

If (X, ¢) is associated to atationarys-adic group, i.egr = gx+1 = qk+2 = --- from
a certaink on, we may choosg’, ¥) such that it is also a substitution minimal system.

Proof. The Bratteli-Vershik model for the odometer is exhibited in Figure 2. By
telescoping the diagram, we may assume that gac¢he N, can be written ag; = r; + s,
wherer; — oo ands; — co. Now we microscope and telescope (in that order) the Bratteli
diagram(V, E) of the odometer as shown in Figure 5. We see that the right-most diagram
(V, E) in Figure 5 satisfies the equal path number property|Ag = 2, by Lemma 10,

its subsequent remark and Theorem 8 we may giWeE) a proper ordering such that

the associated Bratteli-Vershik systéin ) is a Toeplitz flow of zero entropy over a
two-symbol alphabet. According to the remarks subsequent to Theorem 8, the maximal
equicontinuous factarX, ¢) is as claimed. Now

KoY, v) = Ko(V,E) = Ko(V, E) = KX, ¢)
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FIGURES. Diagram manipulations as described in the proof of Theorem 15.

as ordered groups with distinguished order units (cf. 881.7 and 1.8). In particlar)
is uniquely ergodic sinceX, ¢) is so (cf. §1.8).

If the a-adic group is stationary, we may clearly do the construction in Figure 5 such
that(V, E) with the imposed ordering is stationary, i.e. from a certain level on, the diagram
with the ordering repeats. Then it is known that the associated Bratteli-Vershik system is
substitution minimal$, 10. |

Remarks.It has recently been shown that there is an uncountable number of non-conjugate
0-1 Toeplitz flows of zero entropy with the same maximal equicontinuous fagtoflf

fact, the result is even stronger, in that any entropy valadO0, log 2) can be preset. See

also our Theorem 16.)

We would like to point out that by our approach we could obtain a similar result, since
there is an algorithmic way to determine when two Bratteli—\ershik systensoameedly
conjugate 11, Theorem 3.6]. In our context, this means that we can decide when two
Toeplitz flows are conjugate by a map which is over the zero element of the maximal
equicontinuous factor (cf7] for terminology). The immense leverage we have in choosing
the diagrams above, makes it possible to find a ‘lot of’ non-(pointedly)conjugate Toeplitz
flows.

Letw : (Y,¥) — (X, ¢) be the factor map, wheré€, v) and (X, ¢) are as in
Theorem 15. It may be show@3, Proposition 3.1] that induces a canonical embedding
n* of K9(X, ¢) as a subdimension group &1°(Y, ). In our case, it is easy to show that
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7*(K%(X, ¢)) = KO, ¥). In fact, one shows that*(K°(X, ¢)) = Q(KOY, ¥)) =
KO(Y, ¥) (= Z[1/a)).

Boyle and Handelmanl] showed, using Bratteli diagrams, that there exist Cantor
minimal systems which are strong orbit equivalent to the 2-odometer, and which assume
every entropy value iif0, co]. By examining their proof of this result, we realized that it
could be adapted in order to obtain the following theorem.

THEOREM16. For any 0 < ¢ < oo there exists a uniquely ergodic Toeplitz flow
(Y, ¥) with entropy equal ta, and with maximal equicontinuous factor tReodometer.
Furthermore(Y, v) is strong orbit equivalent to th2-odometer. In particular, if0 < ¢ <
log 2, we may choos€’, ) to be a0-1 flow.

Proof. Inthe proof of [L, Theorem 2.8], Boyle and Handelman construct a Bratteli diagram
(V, E) with the equal path number property in such a way KatV, E) = Z[1/2] as
ordered groups with distinguished order units. They introduce a proper orderiig Bj

such that the associated Bratteli—\ershik systéme) has entropy equal ta It is not
clear that(X, ¢) is expansive (and so is a Toeplitz flow). However, they do show that the
‘truncated system(Y1, S1) obtained via the mafy; (cf. §1.6) has entropy (cf. the proof

of [1, Lemma 2.6]). Barring the zero entropy case 0, which has already been treated
in Theorem 15, we conclude th@fz, S1) is an aperiodic minimal subshift. Hen¢g, S1)

is a Toeplitz flow (cf. the first part of the proof of Theorem 8). 8&ty) = (Y1, S1). By

the second remark subsequent to Theorem 15, there is an embégidingf K°(Y, )

as a subdimension group &°(X, ¢) preserving the distinguished order units. Now
KX, ¢) = Ko(V, E) = Z[1/2], and it is easily verified th&[1/2] has no subdimension
group (containing 1) excef® or Z[1/2]. We must thus hav&%(Y, v) = Z[1/2] as
ordered groups with distinguished order units. Hence the 2-odometer is the maximal
equicontinuous factor af, ¥), by the remarks at the very beginning of this section. Also,
(Y, ¥) is strong orbit equivalent to the 2-odometer, since the associkifegroups are
order isomorphic.

Finally, if 0 < ¢t < log 2, Boyle and Handelman show that one may choose the number
of vertices at level 1 of the Bratteli diagrai¥i, E) to be two, with a single edge connecting
each of these to the top vertex. Hence tkig S1) above is a subshift over a two-symbol
alphabet. ]

Remark.If one substituteg-odometer for 2-odometer in the theorem, wheris a prime
number, one obtains analogous results.

4.2. Kakutani equivalence—an exampldf (X, ¢) is Kakutani equivalent to a
substitution minimal systert, ) (arising from a primitive, aperiodic substitution) then
(X, ¢) is again substitution minimaB[ 1. One may ask whether the analogous result
is true for Toeplitz flows. The answer is a resounding no, as the following remarkable
example will show. In fact, we shall exhibit an example of an induced sys¥¢n) of

a Cantor minimal syster, ¥), the latter being simultaneously Toeplitz and substitution
minimal (associated to a constant length substitution), suclixhaf) is prime, i.e. (X, ¢)

has no non-trivial factors. In particulatX, ¢) can neither be Toeplitz nor caiX, ¢) be
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(V,E,>) (V' E',>')
o [ ]
a \
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Y,y) ® ® ¢ e (X, 9)
12><23 1| 2| T 213
[ J ] [

FIGURE6. A Toeplitz system and a Kakutani equivalent non-Toeplitz system.

associated to a substitution of constant length, since such systems have odometer factors.
In fact, we shall show thatX, ¢) is conjugate to th€hacon substitution systelive. the
substitution minimal system associated to @teacon substitutiod — 0010, 1— 1. The
latter system is well known to be prime.

Specifically, let(Y, 1) be the Bratteli—Vershik system associated to the properly ordered
Bratteli diagram(V, E, >) exhibited to the left in Figure 6. FirstlyY, ¢) is conjugate to
a substitution minimal system associated to a proper (aperiodic) substiiubforonstant
length, namely: — aab, b — abb [8, Proposition 16]. (In fact, one shows that(xmin)
is equal to the limit bisequenegobtained by applying iterations 6fto b.a, i.e.

«— —
o = 71(xmin) = lIM 6™ (b).lim 6" (a) = ...aababbabb.aabaababb. . .,
n n

where. is used to keep track of the zeroth coordinate. Notedli@) = w. Herexmi, is
the unique minimal path of the diagrai¥i, E, >) of Figure 6, and we obtain th&y, )
is conjugate via the maf; to (Y1, S1), Ssinceys separates paths at level 1 (easily seen),
cf. 81.6.)

Secondly, sincé€V, E) has the equal path number property, it is conjugate to a Toeplitz
flow according to Theorem 8.

Consider now the systertX, ¢) associated to the properly ordered Bratteli diagram
(V', E’, =") exhibited to the right in Figure 6. Sina@’, E’) is obtained from(V, E)
by first telescoping the latter between level 0 and level 2 and then ‘erasing’ some of the
resulting new edges, we obtain th@&t, ¢) is an induced system @¥, ), cf. §1.5.

We sketch the argument wiiX, ¢) is conjugate to the Chacon substitution system. In
the first place, similarly to the aboveY, ¢) is conjugate via the maip, to (Y, S7), where
we use’ to refer to entities associated to the diagréi, E’, >’) in Figure 6. Clearly,
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ﬁ’(xr’nin) is obtained fromty (xmin) by substitutingxg for a andy for b. So

o =7 (xpin) = - .. aBaByaByyafyy.afapyafafyafyy ... .
Observe that in the bisequenséthe symbokx appears only beforg, and the symbojy
appears only before or y. This implies that the sliding 1-block code (cf. Lind and Marcus

[17])) associated to
a—>0 Bg—>1 y—>0

will be a one-to-one mag' from Y; (< {a, B, y}%) ontoC = F(¥}) (S {0, 1}%). Clearly,
F intertwines the two shift map$; and S, respectively, and sY;, S;) is conjugate to
C,9).

We finish the argument by showing th@t, S) is the Chacon substitution system. Itis
clearly enough to show that the langudg®), i.e. all subwords o&, where

@ = F(0') =...01010010001001010010100100 .

is contained in the languadgwc) associated tac, where

wc = lim¢"(0).lim¢"(0) = ...0010001010010010001010010..
n n

is the bisequence fixed under the Chacon substitutiomhere

0— 0010
1— 1.
Observe that neith&s nor wc contains the subword 11. Because of minimality (uniform
recurrence), it is sufficient to show that any subword of the one-sided sequwenee
[0, 0o) is a subword of the one-sided sequefw®ge)+ = wcl0, o).
For any substitutiory on an alphabeA there is a natural extension by concatenation to
AZ+ also denoted by . HereZ, = N U {0}. Now we have the commutative diagram

{a, )+ —2 s (a, py7+
o o
{0, %+ —2— (0, 1%+,

wherep is the word-to-word substitution

_ |01 01010
~ lo— 0100

andG is the mapG(a) = 01, G(b) = 0. In fact, one checks thato G(a) = G o 6(a),
poG(b) =G ob(b). Sinced(wy) = wy andG(wy) = F(o,) = wy, we conclude that
p(w1) = @4+. (Note thatp is uniquely defined on sequences starting with zero and where
11 does not occur.) Now let be a non-empty word of0, 1} such thaty starts with zero

and 11 does not occur . We claim that

o (y)0 = 0p(y). ()
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Itis true fory = 0 and it is easily established by induction. With the same conditiop,on
we also claim that

" (y0) = u1p" (y)Ouz #)
for someu1, us. Infact, forn = 0, we obtain (usingb))
o(y0) =0 (y)o(0) = o (y)0010= Op(y)010= u1p(y)Ouz,

whereu; = 0, u2 = 10. Assumef]) is true forn. Applying o to both sides off) and
using ¢) we obtain

"t (y0) = o (u1)o (0" (¥))o (0)o (u2)
=0 (u1)o (" (y))0010 (u2)
= 0 (u1)0p"1(y)0100 (u2)
= uyp" T (y)0u),

whereu; = o (u1)0,u’, = 100 (u2). So ) is proved by induction.

Now choosey = 01 and useff) to obtaina”(010) = u10"(01)0us. Since 010 occurs
in (wc)+, 0" (010 occurs in(wc)+. Since any subword i) is a subword of” (01)
for somen € N, the proofis complete.

Notice that () implies that(wc)+ = o ((wc)+) = Op((we)+). This gives us the clue
to find which path in the Bratteli diagragv’, E’, >') of Figure 6 corresponds toc, i.e.
which path that is mapped toc by 7; whenwe setr = 0,8 =1,y = 0. In fact, it is the
path going down vertically on the right-hand side of the diagram, starting with the single
edge at the top and then the edge with ordinal number 3. All the other edges have ordinal
numbers equal to two. (There is exactly one other pativinE’, >’) that is mapped by,
to a sequencé such that®) . is equal to(w¢ )+, namely the path going down vertically
on the left-hand side of the diagram, from level 2 on, the edges all having ordinal number
equal to two. From level 2 to level 1 the edge has ordinal number equal to three.)

It is easy to exhibit a primitive, aperiodic substitutiansuch that the associated
substitution minimal system is conjugate to the above example, i.e. to the Chacon system,
using B, Lemma 9]. In fact,r may be chosen to be the substitution over the alphabet
A=1{,e, f}

d — de
T=1e—def
[ — deff.
Remark.As was pointed out in §1.85°(Y, ¥) and K°(X, ¢) are order isomorphic, as
(Y, ¥) and(X, ¢) are Kakutani equivalent. However, the distinguished order units are not
preserved under the isomorphism. This has dramatic consequences as far as the rational

subdimension groups are concerned. In fact, it is easy to show directly from the two
diagrams in Figure 6 th@(K°(Y, v)) = Z[1/3] andQ(K (X, ¢)) = Z.

Open problem Answering a question posed in an earlier version of this paper, Downarwicz
and Durand4] characterized completely the factors of a Toeplitz flow.
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It follows from earlier resultsq] that if the Cantor minimal factor of a Toeplitz flow is
expansive, then it is Toeplitz. (We are grateful to Lacroix for pointing this out to us.)

One may ask the even more ambitious question: is every factor (not necessarily
assuming a Cantor system) of a Toeplitz flow of the above nature? (It can be shown
that Toeplitz flows cannot have (topological) connected factjis This is in contrast
to substitution minimal systems, which may have such factors.)

Acknowledgement.We would like to thank Fabien Durand for helpful discussions during
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