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ON ESTIMATING AN ARMA MODEL
WITH AN MA UNIT ROOT

B.P.M. McCABE

University of British Columbia

S.J. LEYBOURNE
University of Nottingham

This paper investigates the behavior of the maximum likelihood estimator of a
Gaussian autoregressive moving average model with a unit root in the moving av-
erage polynomialThe results are primarily of interest in testing hypotheses that
involve moving average unit roots,dsr example when testing for stationarity of

a series

1. INTRODUCTION

It is well known that classical likelihood theory.€i, T 2-consistency and as-
ymptotic normality) does not apply to autoregressive (AR) models that contain a
unit root The fact that this is also true of moving average (MA) models with a
unit root seems to be less well known in spite of the warkong otherf Cryer

and Ledolter (1981)Sargan and Bhargava (1983anaka and Satchell (1989)
Potscher (1991)and Shephard (1993)n the MA(1) case when a unit root is
presentthe maximum likelihood estimator (MLE) &f, the MA parameteris
T-consistent in contrast to the usda¥'? rate wher| 6| < 1. Recentlythe asymp-

totic distribution of the MLE off has been rigorously derived by Dayhen

and Dunsmuir (1994) and Davis and Dunsmuir (1996) in the Gaussianloase
addition to very accurate approximations to the distribution they also provide
critical values for the generalized likelihood ratio test and show it has good power
properties for a broad range of valuegiofn the ARMA case the consistency of
the MLE’s of # and the AR parameters has been established by Potscher in the
presence of an MA unit root even when a Gaussian pseudolikelihood isTused
object of this paper is to establish the (vector) marginal distribution of the MLE
of the AR parameters in the case where an ARNA) model is fitted to obser-
vations from a stationary Gaussian ARNIA 1) process and the true value @&f

the MA parameteiis unity. It turns out that the marginal distribution of the MLE

of the AR parametersn this situation is asymptotically the same as the distri-
bution of parameter estimates (MLE’s) in a pure @dRmodel fitted to a station-
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ary pure AR p) processin addition it is shown that the marginal asymptotic
distribution of the MLE of the MA parameter is the same as if a pure MA(1)
model was fitted to an MA(1) process with a unit ro8trictly speaking the
results presented here refer to a consistent root of the score equation and are
termed “local minimizers” by Davis and Dunsmuir (19986) principle the re-
sults presented here could be extended along the lines of Potscher but at the
expense of considerable complications in the algebra

These distributional results prove usefolr examplein the context of testing
for stationarity of a series; say against a difference stationary alternativhis
arises because testing the null of stationarifyrissenceequivalent to testing
whethery, = Ax, contains an MA unit root In practice it is usually necessary to
account for correlation ig in excess of thatimplied by the pure MA unit root and
(asinthe case of AR unitroot processes) it often proves efficacious to account for
this correlation by inclusion of an autoregressive component in the modgl for
Thus we are led to consideration of an ARNI# 1) model in such testing prob-
lems Implementation of these tests requires that the order of the autoregressive
component has to be chosen prior to conducting the test for the MA unit®oot
results allow this choice to be made by means of the familiar backward or forward
t-test procedures

In fact, the distribution theory generalizes to an ARMgq) processwhere
the MA polynomial contains a single unit rodtan ARMA ( p,q) model is fitted
to such a processhe limiting distribution of MLE of the autoregressive param-
eter vector is the same as if it was estimated from an ARJlAq — 1)) model
fitted to an invertible ARMA p,(q — 1)) processlt proves convenient to provide
some background on estimating nonergodic models to facilitate the presentation
of the proof of the foregoing results

2. MAXIMUM LIKELIHOOD ESTIMATION OF NONERGODIC MODELS

Lety =[¢’,0'] be a vector of parameters partitioned into the subveetasd
0. Letl () =1(y|¥) be the log likelihood of th& X 1 vectory =[y4,¥s,...,¥r]".
We denote the vector of partial derivativeslads|, and the matrix of second
derivatives a$,,, where

log oo
I‘/"P = | I .
s0  loo

Our treatment follows Barndorf-Nielson and Sorenson (19@&#gre regularity
conditions and further details may be foullde assume thqre is a consistent root
of the score equatignvhich we define to be the MLE af, . Thus

|¢(lﬁ) =0= |¢(¢) + |¢/¢;(¢*)(lﬁ - lﬂ),

where the vectoy* is made up of convex linear combinations of the elements of
i andys, the true value of the paramet®@/e suppress the subscriptor economy
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of notation Scaling to allow “information” of possibly different orders for the
elements off, we have

—Ep @) Y21,(p) = T, Ep() Y2 — i), 1
= I ) Eo (W) Y2() — o) + R,y ), ()

whereR(,*) is a remainder term

R, y*) = [T, ¢™) — T )] Ep () Y2( — )

and

I gp™) = Eo ()2, (b ")Ep ()2

and the definition ofl (i, ) follows from that of] (,4*). HereE represents the
information matrix E() = E[l, ()1, ()], andEp () is the block diagonal
matrix

E[l,l] 0
ED<¢):[ Halé] ]
0 Ellyls]
It is clear that the behavior of the MLE depends critically on the standardized
score and the matrix(iy, ).

The most common case (assuming the remainder term is negligible asymptot-
ically) is whereJ (,4r) converges in probability to a constant nonsingular matrix
V (), and such models are called ergadia this situationEp ()2 — )
is asymptotically normal with covariance math&s) L. This result includes
maximum likelihood (ML) under classical regularity and also the case where
is a stationary invertible autoregressive moving average (ARMA) proéess
example

A generalization is the case whevdys) is a random matrix (the nonergodic
case) and the mode of convergencé @f, ) is convergence in probabilitfhe
randomness of (¢) induces a limiting distribution foEp () Y2(;y — ) thatis no
longer normal The limiting distribution is a variance mixture of normals and
gives rise to the so-called locally asymptotic mixed normal (LAMN) family

Yet another case arises wh&@, ) converges in distributigras opposed to
converging in probability as was previously assumedhis situation nonnormal
limiting distributions for the standardized MLE ari§éhe most familiar example
is the MLE of p, the parameter in an AR(1) model when the true valug of
unity. This category also includes the case of an MA unit root

Now, consider the problem of estimatinf assuming the true value @fis
known The MLE of ¢, ¢ say is defined by
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where¢ ' is a vector of convex linear combinations of the elemenig ahdd.
Similarly, the MLE of # wheng is known 4 say is defined by

|0(¢’0~) =0= |0(¢),0) + |00(¢’0+)(0~ - 0),

andg * is defined in the usual wag ombining these two expressions into a vector
equation and standardizinge may write

—Ep )21, () = Io(W,)Eo ()Y — ¢) + Ry ™), ©)

where

RW,¢ ) = oWy ™) — IoW ) Eo @) Y2 — ¢),
IoWy™) = ED(‘I’)_UZ'WDW+)ED(¢)_1/2,

lyyo(@ ) is the block diagonal matrix

O |00(¢79+) '

and the definition ofl(i,) follows from that of the block diagonal matrix
Jo(i,¢p 7). Combining equations (2) and (3) yields

Ep () Y2 — ) = Jo @) 2T, ) Ep (0) Y2 — ) + Re, 4

whereR; is the (scaled) compound remainder term

Rc = JD(¢7¢)71[Q(¢7¢+) - Q(l/}'vl/'*)]

Regarding (4)in the context of the present paper it will be apparent from the
preceding paragraphs that neitligfy, ) norJ(,4) can converge in probabil-

ity to either a fixed or random matrix because this would contradict the nonnor-
mality known to be associated with the MA unit rodteverthelessit may be
possible to show that the produgt(i/, ) 1 (,4) converges in probability (dis-
tribution) to the identity matrixIf so, equation (4) will show that the (standard-
ized) full MLE’s and the MLE’s with partially known parameters have the same
asymptotic distribution ifin addition R, can be shown to be,(1). The following
section implements this approach for the ARKM#1) model with an MA unit
root

I¢¢D(¢’+) = |:

3. THE ARMA( p,1) MODEL WITH AN MA UNIT ROOT
Consider an ARMADp,1) model fory,, t=p + 1,...,T, given by
O(L)y, = (1—60L)e;. (5)

Hered®(L) =1— ¢,L — --- — ¢,LP is apth-order autoregressive polynomial in
the lag operatok, with roots outside the unit circle and tkgare assumed to be
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normally and independently distributed with mean zero and variarfcéVe
condition on the starting valuss, ..., y, throughout

In conformation with the notation used in Sectiom& definey = [¢',0]’
whereg = [¢,...,$,]". Also, s = [$',0] denotes the vector of full MLE’s ap
and@ from (5), andyy = [¢',6] contains the MLE ofp(8) from (5). It is as-
sumed that (¢) is known As a general rule in this section most of the details
have been relegated to the Appendix

Our aim is to establish the behavior#fin the case wheré = 1. Define the
proces (), valid for 8 = 1, by

D(L)z(0) = &, (6)

where the disturbance tergpis exactly the same as that in (hus assuming

is known and not being estimatdtle MLE of the autoregressive parameter vec-
tor ¢ in (5), ¢, is the same as that of the MLE ¢ffrom thepure AR ( p) process
(6) in z;, even wherp = 1. Similarly, we may define another proceag(¢) =
®(L)y,, such that

Wi () = & — Og 1 (7)

and using analogous argumentgiend is known the MLE of g in (5), 4, is the
same as the MLE of from thepure MA(1) process (7) inw;, even wherg = 1.

Given these relationshipthen (4) specialized to an ARM#,1) model with
an MA unit root will establish that the MLE o in the ARMA(p,1) model
(5), that is ¢, has the same asymptotic distribution as the MLEgoin the
corresponding pure AR) model (6)($) if we can show thalip (i, 1) 2T (i, )
converges to the identity mattiband thatR. converges to zercAt the same
time, this will also establish the equivalence of the asymptotic distributions of
the MLE of ¢ in the ARMA( p,1) model (5)() and that o in the pure MA(1)
model (7)(6).

The behavior off (¥,#) is dependent on the first and second derivatives of
the log-likelihood function of the ARMAp, 1) model (5) Appendix A establishes
the following results when the derivatives are evaluated at the true values of the
ARMA (p,1) parametergr = ° = [¢*,0°] =[4",1]":

TE[@)1s@)'] = Vi+o(D), (8)
T Hyph) = =Vi+ 0y(D), 9)

T 2E[l,)?] = vo + 0(1), (10)

T 2lge(h) = —v, + Op(D), (11)

T () = Op(1). (12)
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HereV, =0 2E[zz{],z,=[z,...,2zp+1]’, andz is defined as in (6)Also, v, =
E[Sw(r)2dr] = fE[w(r)?]dr = frdr = 3, wherew(r) is a Brownian motion
processHence

—lp+0p(1)  Op(T™2) } (13)

_ ~172 12 _
JW,¢p) = Ep() ™ 1y (W) Ep (4) [ 0,(T¥2)  —1+0,(1)

Thus the (p + 1,p + 1) element ofJ(i,) converges in distribution to a
random variablewhereas all the other blocks converge in distribution to con-
stants The blocks ofl, (¢,4) are simply the diagonal blocks @f, ), and so
Io(, ) LI () =4 | p+1 by the continuous mapping theorem because the off
diagonal blocks of (,¢) converge in distribution to zero

Turning toR. we have from Appendix B

R,y ™) = 0,(D),
R, ™) = 0p(D),
and because from (13) it follows tha (,¢) "> = O,(1) then
Re = Jo(,¢) [RW, ") — R, ")
= 0p(1).

Finally then taking all these results togethéd) shows that the full MLE’s
have the asymptotic distributions given in the paragraph following (7)

4. A NUMERICAL ILLUSTRATION

We illustrate the result derived previously for the case of the estimated AR pa-
rameter in an ARMA(11) model with an MA unit roatThe following AR(1)
model was simulated

Xi = (l)lxt,l'i‘ Et, t= 1,...,T+40,
XOZO

with &, generated as independent and identically distributed.Jistandard nor-
mal Next, y; = Ax, was constructed for thEobservations=41...,T + 40 (the

first 40 observations being discarded to eliminate the influence of starting val-
ues) Thus vy, follows an ARMA(L1) process with an MA unit root and AR pa-
rameterp,. For each replicatiaran ARMA(1,1) model was fitted tg, using the
GAUSS ML algorithmAccording to our resultsvhen| ¢4 | < 1 the estimated AR
parameter in this modgf,, behaves asymptotically as if it was estimated from a
pure AR (1) process with parametel;; that is TY2($; — 1) —4 N(0,(1 —

$?)). We considered the standardized variable

Zyy = T1/2(d;1 - ¢1)/(1 - &%)1/2,
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which ought to possess a standard normal limiting distributiigures la—d
show the empirical cumulative distribution functiond¢.) of Z;+ when¢, =

0.4, based on D00 replicationsAlso shown is the exact.d.f. for a standard
normal variatedenotedZ. Itis clear that even when the sample size is as small as
T = 50, the distribution ofZ, is reasonably close to that @f Moreover as the
sample size increases the two distributions rapidly convdrgjag virtually in-
distinguishable wheil = 400 Results in the case whegg = 0.8 are shown in
Figures 2a—dBecause this ARMA(]L) generating process implies a hear com-
mon factor in the AR and MA polynomials and this causes convergence problems
for the ML algorithm in small samplesve start the simulations witfi = 100
Convergence o¥Z,t to the standard normal is once more evident although it
occurs more slowly than feb, = 0.4. This is only to be expectedoweveyin the
presence of a near common factor in the generating process

NOTE

1. Test procedures based on this principle have been suggesiatebywlig Tanaka (199Q)Tsay
(1993) and Leybourne and McCabe (199496)
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APPENDIX A

We suppose that we observe a sampjeé=1,...,T, generated from (5) of the main text
We initialize by defining

7,(6) =y, 2,(0) = 02,(0) + ¥a,...,2,(0) = 0Z,_1(0) + Yy,

and so conditioning on thgstarting values is the same as conditioning on those Ibf
follows that

1-6L)D(L)z(0) = (1 —6L)g,
= oLy,
and on canceling th@ (L) we have fot =2,...,T
z,(0) = 6z,_,(0) + ;. (A1)

Notice that the “disturbance” in the AR (1)-style processlAs not noise but is the series
y; itself. Moreover (A.1) is valid even fop = 1. Asimilar sort of derived process was used
by Chan and Tsay (1996) in the pure MA case

From (A1) it is straightforward to demonstrate that the Jacobian of the transformation
betweery andzis unity. Hence the log likelihood of they; may be expressed in terms of
thez. We deduce that the log likelihood of the observatigns=p + 1,...,T, (i), under
model (5) is in view of (6),

I() = —0.5(T — p) In(270-2) — 0.50 2 i [@(L)z(9)]2

p+1

The derivatives of with respect tap andé are

.
=02 % ®(L)z Xz, (A.2)
t=p+1
.
lpgp = —o? 2 Zi 17, (A.3)
t=p+1
T
lp=—0"2 > @(L)z X ®(L)dz/db, (A.4)
t=p+1
T T
lpgg=—0"2 > [®(L)dz/d#]?— o2 > @(L)z X ®(L)d?z/de? (A.5)
t=p+1 t=p+1
T T
lyp =02 > 21X ®(L)dz/do+0 2 > &(L)z X dz,_,/d6, (A.6)
t=p+1 t=p+1

wherez; =[z,...,z_p.1]". For the true values of the ARMA parameteérs 4° = [¢*,6°],
®(L)z(0°) = &, regardless of whethé® = 1, and (8) and (9) follow straightforwardly
from (A.2) and (A3).
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Now, (A.4)—(A.6) require derivatives af(f). From (A1) fort = 2 we obtain

dz /do = 0dz_,/do + z,_4, (A7)
d2z,/d6? = 9d?z,_,/d6? + 2dz_, /do, (A.8)
wheredz,; /dd = 0 andd?z,/d6? = 0 by virtue of the definition of;, (incidentallyd?z,/

d#? = 0 also holds)On setting?® = 1 we have

t—1

dz/do = X z, t=2
m=1

t—1 t—p ’
dzt/d0_|:22m7""22m:| tz(p“l‘l),
m=1 m=1

t—1 m-1

d?z/de2=2> >z, t=3,

m=2 n=1

with dz,/d§ = d?z,/d#? = d?z,/d#? = 0. We require expressions fdr(L)(dz/df) when
t=(p+1). Fort=(p+ 1) we may showb(L)(dz/df) = f, wheref, depends only on
2y,...,2,. Fort > (p + 1) from (A.7) with 6° = 1 we obtain

®(L)dz/do = ®(L)dz_,/d0 + ®(L)z_4

t—1
= d(L)dz,.1/d0 + D d(L)zy

m=p+1

t—1
=+ S em (A.9)

m=p+1

Similarly, we needb (L)d?z/d6? for t = (p + 1). We may show thab (L)d?z,,,/d§? =
Op-1, Say Whereg,_; only depends om,...,z,-; and also thatb(L)d?z,,,/d6? = h,
whereh, only depends om, ..., z,. Fort > (p + 2), from (A.8) with #° = 1 we have

®(L)d?z,/de? = & (L)d?z_,/d? + 2d(L)dz_,/do
t—1

= ®(L)d%z,:2/d0% +2 >, P(L)dz,/do

m=p+2

t—1 m—1
=h,+2 <fp+ > £n>.
m=p+2 n=p+1
On substitutingwe obtain

T t—1 2
T2, = -0 T2 3 <fp+ > £m>

t=p+2 m=p+1

T t-1 m-1
-0 T2 E et[hp+2 E <fp+ 2 8n>]+0p(1),

t=p+3 m=p+2 n=p+1
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where the various end-effect terms fer p + 1, p + 2 have been subsumed into thg1)
term Further calculation of the relevant orders then establishes that

T t—1 2
T Ugy=—-02T2 < > sm>

t=p+2 \m=p+1
T t—1 m—1
—o72T 2 Y et[ > ( > en>}+op(1). (A.10)
t=p+3 m=p+2 \n=p+1

A very similar analysis also shows that

T t—1 T
T_lld,g =g 2T1 2 Zi 1 E emt+ o 2T 1 2 £:S—2 + 0p(1), (A.11)
t=p+2 m=p+1 t=p+2
wheres, = [Sh-1Zm, .., Sots “zm]"
Now, using (A4), (6), and (A9) we have
T t—1
T Uy=—=02T 1Y & > emtopd). (A.12)

t=p+2 m=p+1

Squaring (A12) and taking expectations establishes (10) whereas (11) follows frdr@) A
Finally, (12) is immediate from (AL1).

APPENDIX B

That the firsip elements oR(/ %,y ) areop(1) follows by virtue of standard arguments in
the case of the ARp) component
As regardR(y%,y*), for 4 = s° we have

RWOy™) = [TWo%4™) — IW Oy OEs(h )2 — ¢°). (A.13)
The term in square brackets on the right-hand side cf§Mis
ED('pO)_l/z[la/n//(‘ﬂ*) - l(//(//(djo)]ED(lpo)_l/z' (Al4)

At this point we examine (AL4) only for the case = 1. The following results generalize
to the ARMA( p,1) case but at the expense of substantial complication in the notation
Consider first ,,(¢*,0%), element (11) of 1, (). In view of (A.3) this does not de-
pend ong (recall thatz; depends only on the true valg€), and so expanding around the

true valued® we have

T Hyg(d*0%) = T Hyy(4°,6%)

=T Hyp(9%6°) + T Hype(d°67)(6* — 6°). (A.15)
From (A3) (withp = 1),
T
T71|¢¢9 = 70'2T71 2 ZZt,le(,l/dB. (A16)
t=p+1
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Evaluated af ~ <1, z_, anddz_,/d6 are stationary in view of (&) (withy, from (5), the
true process) and (&). Thus (A.16) converges to a constahtow

E[z1dz_1/d0] = E[z_1(0dz_»/d6 + z_>)]
=Elz 12 2+ 0212 3+ 0°2 12 4+ - + 60" %2 ,74],

and soitis seen that the limiting constant for18) is a function of the covariance procgss
Vs, Of Z;. By writing

(1-¢L)X-0 L)zt = (1—L)ey,

it is seen thatz; is a stationary ARMA process for all values 6f in the range
of interesf that is 0 = #~ = 1. Thusys is a continuous function of ~ as is the mean
E[z_,dz_,/de]. Sq the limit of (A.16), being a continuous function on the closed inter-
val0=6~ = 1,is boundedHence a bound has been established for Tm*l 5,4(4° 6 )
whend~ <1.Now, for6~ =1, z_, is stationary because thisis the true value of the MA(1)
parameter and (6) holddz_,/dg is thenl (1) and (A16) isOy(1). Sq (A.16) isOp(1) at
most Also, (6* — 6°) = 0,(1) becausdf — 6°) = 0p(1) as shown in Potscher (1991)
Hence the second right-hand-side term in.{&) iso,(1) and

T71|¢¢(¢*70*) - T71 I¢¢(¢o,00) —d 0.
For the (22) element of ("), expanding around the true valgé gives
T 2pe(*,60%) = T 2ye(¢p%0%) + T72|09¢(¢7,9*)(¢* - ¢°). (A.17)

Analogous arguments to those made previously can be used to show g, (¢ ~,6%)

is Op(1) at most Again, from Potscher (1991)¢* — ¢°) = 0,(1) so that the second
right-hand-side term of (A7) iso,(1). The first right-hand-side term of (A7) behaves
exactly like its counterpart from a pure MA(1) process for any true value of the AR(1)
parameterp®. We may appeal to Davis and Dunsmuir (1996) to show

T 2lyp(¢%6%) — T 21y (¢°6°) = Op(1),

yet

T 2p9(*,0%) = T 2lye(p°,07) —4 0.

In the case of element @) of |, (14*), we find from a similar analysis that
T 32 40(%,0%) = T 3245 (¢p%6 ") —40.

These results (when generalized to the ARMAL) case) combined with the known or-
ders ofEp (/°) in (A.14) establish that

JWO0*) —IWo%¢™) —40. (A.18)
Finally, asJ(%°) = O,(1), (1) and (A18) imply Ep (°)Y2() — 4°) = Op(1). Thus
Re = 0p(1).
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