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PROBLEMS AND SOLUTIONS

PROBLEMS

99.4.1. The KPSS Test for Cointegration in Case of Bivariate Regressions with
Linear Trendsproposed by Uwe HassleConsider the cointegration model

Vi =a+b'x +e, b # 0, e ~ 1(0), t=1...,T, (1)

wherex, is integrated of order ong; — x;_1 = U;. Lete; denote the ordinary least
squaregOLS) residuals from the regression (). Shin(1994) investigated the
limiting distribution of the so-called KPSS statistic based on regression residuals
to test for the null of cointegratiort turns out that it depends on

A= Ee:r), Q= > E(Ue.y.
k=0

k=—o0

To getrid of these nuisance parameters efficient modifications of OLS are required
We now assume that is (a) a scalaid (1) series(b) with drift

X; — X_1 = @+ Uy, neR /{04, u; ~ 1(0). (2)

Prove with assumptiof2) that the limiting distribution of the KPSS statistic
based on OLS residuals fro¢h)

(i) does not depend anand() (and hence no efficient modifications are necesgary

(ii) is given by Kwiatkowski Phillips, Schmidf and Shin(1992 in case of the de-
trended univariate KPSS tesind hence percentiles from the lower panel in Kwiat-
kowski et al, 1992 Table 1 are correct instead of those from the middle panel in
Shin 1994 Table 1.

REFERENCES

Kwiatkowski, D., P.C.B. Phillips, P. Schmidf & Y. Shin (1992 Testing the null hypothesis of sta-
tionarity against the alternative of a unit rodournal of Econometric§4, 159-178

Shin Y. (1999 A residual-based test of the null of cointegration against the alternative of no cointe-
gration Econometric Theor{0, 91-115

99.4.2. AModified Estimator of the Error Variance in Linear Errors-in-Variables
Models proposed by Hua Liand.et{X;,Y;,W,i = 1,...,n} be independent and
identically distributedi.i.d.) observations fronY; = X8 + & andW = X; + U;,
whereX; are ii.d. p-dimensional variables with mean zep are ii.d. random
errors with mean zero and finite variangé, W, are the surrogates of, that is
we can not observ¥; butinsteadM . We also assume that the measurement errors
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U; are ii.d., independent ofY;, X;), with mean zero and covariance matkiy,,,
and that¥,, is known

The moment estimates Bfando 2 atvi-rates of convergence can be explicitly
expressed a8, = (WTW — n3,,) " H(WTY) and

-t 21(Y| - \NlT,Bn)2 - r-lw—zuu,Bn (1)

whereW = (W,,...,.W,)T andY = (Y,...,Y,)T. Then we can prove thaif
E(e*+ |U|*) < oo, thenn¥?(a2 — ?) converges tdN(0,02) in distribution
wheres? = E{(e —U'B)? — (B"2uB + 02)}%.

We are interested in whether we can construct estimators for the vatignce
whose asymptotic variance is smaller thgh The following result gives a pos-
itive answer for this issuéThe reader is asked to prove it

Define ﬁ'n = g2 — vn/nfnZ,” 1 & as the estimator ofr2, where &, =

1/n EI 1€ anan =1/n ZI 1€ 2 with & & =Y — \NiTBW

THEOREM Suppose BAWT) is a positbe definite matrix and E(e* +
||U|\4) < oo. Then\F(an — o?) corverges to NO,o2) in distribution where
o2=c2—v?a?withv=E(s—UTB)%and & =E(s — UB)2

99.4.3. The Relative Efficiency of the Between Estimator with Respect to the
Within Estimator proposed by Badi HBaltagi Consider the simple panel data
regression model

Yit=a+,8Xit+Uit |=19253N’ t=1,23'~5T7 (1)
wherea andg are scalarsSubtract the mean equation to get rid of the constant
-y . =BMX¢—X)+ug—0, ()

wherex =3NS, x,/NTandy anda_are similarly definedAdd and sub-
tractx; from the regressor in parentheses and rearrange

— V. =B — %)+ B(Re —X )+ U — 0, 3)
wherex; = 3, X, /T. Now run the unrestricted least squares regression
V.= Bu(Xit —Xi) + Bp(Xi, — X )+ Uy — 0, (4)

wherep,, is not necessarily equal 18,.

(a) Show that the least squares estimatgBpfrom (4) is the within estimator and that
of By is the between estimator

(b) Show that ifuy; = ui + vy whereu; ~ 11D (0,02) andw;, ~ 11D (0,0,2) independent
of each other and among themselw#en ordinary least squar€SLS) is equiva-
lent to generalized least squal&lS) on (4).
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(c) Show that for model1), the relative efficiency of the between estimator with
respect to the within estimator is equal B,/ W) [(1 — p)/(Tp + (1 — p))],
where W, = SN2, (X — Xi.)2 denotes the within variation anB,, =
TS, (%. — x)? denotes the between variatiohlso, p = o2/(02 + o2) de-
notes the equicorrelation coefficient

(d) Show that the square of thestatistic used to test.; B, = By in (4) yields exactly
Hausman'g1978 specification test

REFERENCE

HausmanJA. (1978 Specification tests in econometrid&conometricad6, 1251-1271

99.4.4. An Upper Bound for the Eigenvalues of the Product of a Symmetric
Idempotent and a Non-negative Definite Matpxoposed by Jan Graffelman and
Michel van de VeldenLet A be ann X n non-negative definite matrix and IBt
be a symmetric idempotent matri@how that

Ai(AB) = wi(A)  (i=1...,n),

where A;(-) and u;(-) represent the eigenvalues of the respective matrices in
decreasing order of magnitude

NOTE

1. The spectral decomposition @B is at the heart of canonicatestricted correspondence
analysis(see JongmamTer Braak and van Tongererl987 Sect 5.9), and the eigenvalues are the
principal inertias in the restricted analysis this context A is the matrix subject to a spectral de-
composition in ordinary correspondence analysee Greenacyd984 p. 92). For such a matribA
the eigenvalues are in the intery@J1]. (See also a recent problem by NeudecBatorraand van de
Velden 1997). The resultA; = u; shows that théth principal inertia in canonical correspondence
analysis is always smaller than tit& principal inertia in ordinary correspondence analysis and
consequently the inertias of the restricted analysis are also in the inféyvAl

REFERENCES

GreenacreM.J (1984. Theory and Applications of Correspondence Analysesw York: Academic
Press

JongmanR.H.G., C.JF. Ter Braak & O.F.R. van Tongerer1987) Data Analysis in Community and
Landscape Ecologyudoc Wagenigen

NeudeckerH., A. Satorra & M. van de Velder(1997) A fundamental matrix result on scaling in
multivariate analysisEconometric Theor{3 (6), 890

99.4.5. Asymptotic Bias of the OLS Estimator for a Censored Pareto Regres-
sion Mode] proposed by XK. SapraGreeng1981) derived the asymptotic bias
in ordinary least square®LS) estimator for the censored normal regression
model under the assumption of multivariate normality of the right-hand side vari-
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ables Chung and Goldbergei 984 derived general results for a wide class of
limited dependent variable models under weaker distributional assumptions
Consider the censored regression model

yi*:a+B’Xi+Ui, i=L2,...,n, (l)

whereu; are independent and identically distributedd.) with mean 0 and vari-
ancec? and are independent af for i = 1,2,...,n, « is an unknown scalar
Bis an(m X 1) vector of unknown constants axd= (X, Xi2,...,Xim)'. The
variabley* is unobservedand the observed responseg/is min(k, y*), wherek
is a known constanAssume thaty", x/)’,i = 1,2,...,n are independently dis-
tributed with a joint multivariatém + 1) Pareto densitysuppressing the sub-
scripti for conveniencg

m —(a+m+1)
f(y*,X)=a(a+1)...(a+m)<y*+2xj_m> ,
j=1

a>0, y > 1 X > 1, i=12,....,m (2)

(@) Show that each element @f the OLS estimate o8, has the same proportional
asymptotic bias as — oo. Derive the common proportionality constant

(b) Show tha{3 anda, the OLS estimates ¢ ande, respectivelyare asymptotically
unbiased ak — oo (as the degree of censoring approachesr@in — co.

REFERENCES

Chung C. & A.S. Goldberger(1984 Proportional projections in limited dependent variable madels
Econometriceéb2, 531-534

Greene W.H. (1981 On the asymptotic bias of the ordinary least squares estimator of the Tobit
model Econometricat9, 505-514

SOLUTIONS

98.4.1. A Determinantal Identity-Solution® proposed by Simo Puntanen
George M. Styan and Hans.Werner We will present two solutions
Solution 1—Factoring outA |, we may write the right-hand side ¢f) as

[A+B|/|A]l =l +A7IB|=|l + ATIXX'A = XX'| = |l + FG'|, (2)
say whereF = (A71X: —X) andG = (AX : X). It is well known that
[l + KL | =l + LK]| 3)

for any conformable matricd$ andL (cf., e.g., Harville, 1997, p. 416). Putting
K =FandL + G’ in (3) yields

21y —X'AX
I +FG'|=[I +G'F|=]|
X'A™IX 0
= (20| X"AX (21, I ATEX, (4)
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as determinant is multiplicative on the Schur complemeft e.g., Harville,
1997 p. 189. Because the right-hand side @ simplifies at once to the left-
hand side of1), our first solution is complete

Solution 2—There exists anX (n — k) matrixY so that the matrie = (X :Y)
is orthogonaland soX'Y = 0,Y'X =0, andY'Y = |,_. LetM = |, +
A7IXX’A — XX’ and letW = P’MP. Clearly

W[ =[M[=|A+B|/[Al,
the right-hand side ofl). Moreover because

X'ATIXX'AX 0\ /1 (X'AX)"IX’AY
Y'ATIXX'AX 1)\ O I ’

also
W[ = [X'A™EX]-[X"AX],

the left-hand side ofl), and our second solution is complete

NOTE

1. Excellent solutions have been proposed independently By. FFarebrother by B.D.
McCullough and by H Neudecker and Mvan de Veldenthe posers of the problem

REFERENCE

Harville, David A. (1977) Matrix Algebra from a Statistician's Perspectivew York: Springer-
Verlag

98.4.2. An Alternative Way to Calculate the SUR EstimateBolution pro-
posed by Paolo Parualbgive two solutionsthe first one based on the associated
likelihood function the second one on explicit matrix calculations

Solution 1—The SUR estimator is the ML estimator for fixed= Q, and it is
unique We want to show that steps 1-3 define an alternative way to compute the
ML estimator The likelihood function associated with) under(2) can be con-
centrated with respect ipby performing step lsege.g., Johanse/1996 Lemma
A.17). The concentrated likelihood as a functionégfandQ corresponds to the
equationsy,, = yz, + error, under the given restrictions veg) = Hq,£.; this
likelihood can be maximized for fixeft = ) by calculating the SUR estimator
(4) for £, as in step 2The corresponding estimator gis found substituting =
v in equation(1), leading to the regression estimatonpin step 3

Solution 2—In this solution we exploit standard properties of the vec operator
(see e.g., Magnus and Neudecker988. Rewrite(3) asé = A"'B and partition
A=(H' (M ® QO 1)H) andB = (Bj, By)' = H'ved (1~ *My,) conformably with
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H = (Hy, Hy); this defines; = H/ (M, ® Q1) H,,i,j = 1,2. Denote also byl
the blocks ofA™1. Observe that
Hi = H:/Ll((lm,omxu) ® Ip) H; = ((Ouxm, l) ® Ip); (6)

henceA;; = His(M,,® O 1)Hyy, Ao = Aoy = Hiyu(M,, ® O71), Ao = (M,, ®
Q~1). By the inversion formula for partitioned matrices one obtait$ =
(Hix(Mz, ® Q71 Hyy) % A2 = (A1) = —AMC, A2 = (M,,' ® O) + C'AMC,
whereC = H13(M,, M.t ® 1,). From(6) one also obtainB, = Hi;ved 1My,
andB, = ved ) ~*M,,); note thatB; — CB, = Hi;ved )~ My,,). Multiplying
A~1Bin (3) one obtains for the first block

&, = AlB, + A?2B, = A'(B, — CB,)
= (H{1(M;2, ® O *)Hyy) *Hived 0 *My,,). (7)

This expression equals the ond4n. For the second block of rows {8) one has
recalling thatH,,£, = ved(y) and using7),

&, = APB, + A?B, = —C'AB; + (M;' ® Q) + C'AC)B,

= (M;,' ® Q)B, — C’¢; = vedM,, M;,") — (M,'M,,, ® Ip)H1éy

= ved My, M;,") — (Mp,'M,, ® Ip)vedy) = ved(My, — 7Mz )M, 1),
which is identical ta5).

REFERENCES

JohanseyS. (1996 Likelihood-Based Inference in Cointegrated Vector Autoregressive Mddeis
ford: Oxford University Press

Magnus JR. & H. Neudecke(1988 Matrix Differential Calculus with Applications in Statistics and
EconometricsChichesterWiley.

98.4.3. Regression Specification Error Test as a Gauss—Newton Regression
Solution® proposed by Giovanni Baiocchi and Walter DistzaBbis problem can
be addressed in the more general problem of variable addition(fRagan and
Hall 1983. Whenever we test the general linear model

Yo = X{B + U (1)
against
Ye=X(B+Zitte, )

with Z" aT X | matrix andr anl X 1 vectorwe can compute an ordinaRytest for
T=0as

(RSSR- USSH/I
USSR(T—k—1)’

®3)
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where RSSRand USSRare the sums of squared residuals fr¢tm and (2),
respectively

B B
If we compute a GNR regression @), evaluated a€ = <A o) the
T

estimates under the null hypothesige get
v — X{ B = X{b + Zc + residuals (4)

Applying the Frisch—-Waugh-LovelFWL) theorem(Frisch and Waughl933
Lovell, 1963 to both(2) and(4) we can see that the two equations will yield the
same SSR as

My 'y = 0 = My Z'c + residuals (5)

whereMy: is the matrix that projects off the subspace spanned by the columns of
X'. Hence the F-statistics based of#) will be identical to(3), the F-statistics
based on the ordinary regressi@. In the case of interest

0
Zi=[(X{B)2 (X B)% (X(B)*] and 7=|{7v]|.
A
So equatiori4) becomes
Yo — X{B = X{b + (X{ B)%cs + (X{ B) %, + (X{ B)*cs + residuals (6)

and theF-statistics on

are equivalent to the on7 = 0 from regression
Ve = X{B+ (X[ B)20 + (X{B)3 + (X{B)*A + residuals (7)

NOTE

1. Excellentsolutions have been proposed independently®yS8tewartand by Badi HBaltagi
the poser of the problem
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98.4.4. Regression with Missing Observations on an Explanatory Variable
Solution proposed by Enrique Sentarfarst, let us find the maximum likelihood
(ML) estimators based on the combined samBleassumption

Yi My\ [Oyy Oyx Oy
Xi | ~ii.d N[ | x|, Oyx Oxx Oxz||= N([I:,E),
Z; Mz Oyz Oxz Uzz
SO
YilXi,zi ~ N(Bo + BuXi + B.zi;07),
where
Oxx  Oxz\ 1
(,Bxugz) = (o'yx’a'yz)< ) s (1)
Oxz Ozz
Bo = My — Bx tx = Bz iz (2)
Oy Oyz\ 1 Tyx
w? = Oyy — (o-yx’o-yz)(o_xz 0'zz> <0'yz)‘ (3

Because the reparameterization of the joint distribution into marginal and con-
ditional is one to onghe invariance property of ML estimation implies that if we
have ML estimators of ands, i and3, say ML estimators of( 8o, By, 3,) and
w? can simply be obtained by inserting them(in—(3).

The joint likelihood function for théN; observations in the first sample is the
joint distribution ofy; andx;. On the other handhe joint likelihood function for
theN, observations in the second sample is the joint distribution,of, andz;,
which can be factorized as the conditional distributioz;@iveny; andx; times
the joint distribution ofy; andx;. Both components are norm&pecifically

zi %, ¥i ~ N(yo + vxXi + ¥y ¥i;A?)
with
Oxx Oxy -1
(Yx,yy) = (szao'yz)< >
Oxy Oyy

Yo = Mz VxMx — VyMy

/\2 o _ Oxx  Oxy\ 1 Oxz
= 0,,— (0%, 0. yz) .
Oxy Oyy Oyz

Hence ML estimates of the parameters in the joint distributioy;@fndx;, are
simply their combined smaple means and covariance matith denominator
N = N; + N,), whereas ML estimates ¢, y«, vy) andA? can be obtained from

and
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the ordinary least squaré®LS) regression of; on (a constantx; andy; over the
second sampléd.et us call(yo, ¥x, ¥y) andA? such estimatorsindjz, 3 the stan-
dard ML estimators of means and variances over the second sarhgle the
invariance property implies that

A A Oxx Oxy o Oxx  Oxy\~ 1[Gy Oxy
(sz’ O'yz) = (7x s 7y) A A = (sz, (Tyz) — _ N N ,
Oxy Oyy Oxy Oyy Oxy Oyy

Az = Yo+ Vxfix + i’y/ly: Bzt V(i — my) + ';’y(,ay_ /Iy)

o A N1 /A
N Oxx Oxy Oxz
A _ 2 A A
0= A"+ (sz,a'yz) ~ N N
Oxy Oyy Oyz

— JNEEEN &XX &Xy &Xx o Xy ’)A’x
= 05,1 (')’xv')’y) N A —| _ _ ~ -
Oyxy Oyy Oxy Oyy Yy

Thereforg the ML estimator computed from the pooled sample is using the
information in the first sample to “improve” the estimateqqf oy,, oy, ando,,
obtained from the second samyBaut if the estimates ofiy, wy, oyy, 0%y, @andoyy
are the same in both sampl@® such improvement takes place

and

CORRIGENDUM

97.5.3. A Fundamental Matrix Result on Scaling in Multivariate Analysis
Solution proposed by Heinz NeudeckAitbert Satorraand Michel van de Velden
The following solution was omitted by mistake from the set of published solu-
tions to Problem 956.3. The Editor is grateful to the authors for pointing out this
mistake

The singular values of = D; Y2FD¢ %2 are the(positive) square roots of the
positive eigenvalues of 'T and hence of T'.

The eigenvalues are nonnegativelds (andT’'T) are positive semidefinite
Clearly TT' and T'T have the same eigenvalues Rs*F’'D,; *F. Note that
Dc'F'Dy tFL, = 1,.

From this follows that the matrix has a unit eigenvalaied hencd has a unit
singular valueFurther

ID*F'D | =1,
where|Z[, = max >_1|z; | is the row sum norm for any matri& = (z;). The
nonnegativity ofD; *F’D, 1F is of strategic importance

As no eigenvalue can exceéd absolute valugthe row sum normit follows

that all eigenvalues dd; 1F'D,; 1F are in the(0,1) interval So are the singular
values ofD; V2FD¢ /2.
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